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Abstract. In this paper the authors gave an iteration identity for the generalized Laplace transform £,,
and the generalized Glasser transform G»,. Using this identity a Parseval-Goldstein type theorem for the
Ly,-transform and the G,,-transform is given. By making use of these results a number of new Parseval-
Goldstein type identities are obtained for these and many other well-known integral transforms.The iden-

tities proven in this paper are shown to give rise to useful corollaries for evaluating infinite integrals of
special functions. Some examples are also given.

1. Introduction

The Laplace transform, the Widder potential transform and the Glasser-transform are defined by

(o)

L)) = f exp(—xy) f()dx, M
0

PO ) = xﬁffxy)z ax, )

Glresy = [ L9 _a

dx. (©)
)

J VX2 +y

Yurekli [18, 19] defined the L,-transform

o

LolfGy) = f xexp(—x2y2) f(x)dx @

0
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as a generalization of the Laplace transform.
Dernek and Aylikci [5] introduced the £, and £y, transforms as follows:

)

LAfx);y) = fx”_l exp(—x"y") f(x)dx, )
0

Lonlf(x); ¥t = f " exp(=x¥"y*") f(x)dx. ©)
0

The Lp,-transform is related to the L,-transform and the Laplace transform by means of the following
relations:

Lon{f(0); 9} = —Lz ey LUf; 97 (7)

Dernek and Aylikci defined in [5, 6] the Py 2,-transform, the $P,-transform and the G,,-transform as
generalizations of the Widder Potential transform and the Glasser transform (see [7, 13, 16]) respectively as
follows:

1 (x)
Pl ;) = f e ®
P x2n71f(x)
Pl f(0); y} = dex )
and
)
Gty = [ L2 (10)
g VX +y "
The Gy,-transform and the $;, 5,-transform are related when v = % by means of the following identity:
(%)
Gonl f(x); Y} = P1/2,20 j;l Sk (11)

The F; ,-transform and the ¥ ,-transform are introduced in [6, 8] as generalizations Fourier sine and Fourier
cosine transforms,

(o)

Fsnlf(x); v fx sin(x"y") f (x)dx, (12)
0
Foul ;) = f 1 cos(¥y") fx)dx, (13)
0
where Fourier sine transform and Fourier cosine transform are defined as
Fulf@yv) = [ sint) s, (14)

0
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FolF) y) = f cos(xy) f()ix. (15)
0

The K, ,-transform and the H, ,-transform are defined in [6] as generalizations of the K-transform and the
Hankel transform as follows:

Kol f); y) = f Ly VK (e F ), (16)
0
H o f () y) = f Y2 () f (), 17)

0

where K, is the Bessel function of the second kind of order v and J, is the Bessel function of the first kind of
order v. K, is also known as Macdonald function.
The XK, ,-transform is related to the K,-transform

1ol f(2); Y} = Kol F(); ") (18)
The generalized Hankel transform is related to the Hankel transform with
nHonl f(); v} = Holf); y")- (19)

We introduce the &, 1-transform as a generalization of the & ;-transform [3, 4] as follows

S {F00; 1) = f 2 exp(@ 2 (M2 f (), (20)
0

where Ej(x) is the exponential integral function defined by

(e8] (o)

Ey(x) = —Ei(~x) = f @du: f wdt. @1)
X 1

Setting v = %, U= —% in the definitions (16) and (17), we have

Hippulf(x); v} = \/%Ts,n{f(x» v} (22)

H_1 0l f(x); 9} = \/gﬁ,n{f(x); yh (23)

Ko nlf(x); ¥} = \/glin{f(X); vl (24)
where

i) = = sin), 25)
_ 2
]_1/2(x) = o cos(x) (26)
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K@) = & exp(-2). 27)

The beta function is defined by

and

1
B(x,y) = f F1 -1 dlx >0,y >0 (28)
0

and it is related to the gamma function through

)T (y)

By =t (x+y)

= B(y,x). (29)

2. The Main Theorem

Lemma 2.1. The following identity holds true,

2nLop{u™" Lon{f(x); ul; y} = VRG2n ™ f(2); v}, (30)

provided that the integrals involved converge absolutely.
Proof. Using definition (6) of the L,,-transform, we get
Lon{u™ Lonlf(x); ul, v}
= fu”‘l exp(—uZ"yZ”)[ fo”_l exp(—xz”uzn)f(x)dx]du. (31)
0 0

Changing the order of integration, which is permissible by absolute convergence of the integrals involved,
then changing the variable of the integration from u to t where u"(x*" + y*")!/2 = t and using definition (10)
of the G»,-transform, we obtain

~onl
Loali Lol 0l y) = 2 f EaON) f exp(~)it]x

n x2n + yZn

\/_

= Gl ;. (32)
Corollary 2.2. We have for 0 < Re(u) < 1,
_ _ 1 u
np— 1 n(u—-1) - _
nGalx™ ™y} = 27y VB, 5~ ), (33)

where B(x, y) is the beta function (28).
Proof. Putting

flx) =x"72), 0 < Re(u) < 1 (34)

in Lemma 2.1 and using relation (7) and the known formula [9, p.137, Entry (2)] twice, we find that

Gonl™ ) = %LZH{u-"LZH{x"W-D;u};y}, (35)
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(36)

(37)

(38)

(39)

_ I'(u/2)
n(u-2). —
Lop{x™H 5 u} S
and
1TG-5
—n(u+l), oy - = 2 2
Lantu =5 YD)
Substituting (36) and (37) into (35) and utilizing the following well known formulas for the gamma function
(2, p-414, Eq(43)],
By, 1y 1-
F(E)F(E + E) = V2" T ()
and for the Beta function (29),
B( 1 3 E) _ T(H)T(% - g
Hr 2 2 r(% + %) 7

we obtain the assertion (33).

Corollary 2.3. We have for -1 < Re(v) < 1,

n \/ggzn{x”(“z)_l]v(znx"); y) = Z—n/Zyn(v+%)Kv+% @"y").
Proof. Setting

f) = x"Jo(2"x")
in Lemma 2.1, then we get

2
v
Using relation (7) and the known formulas [9, p.185, Entry(30); p.146, Entry(29)], we have

Gonl X" (@) y) = = Lol Lonfx™ Jo(2"x"); u); y).

ZZn

4y )

LG{xm]]v(znxn); u} _ %(%)Uu_zn(w—l) exp ( _

and

~ Z2n 1 2v+ 3 ynv+§
Lofu™®* exp (- W); W= e Ken @Y
Now, substituting the results (43) and (44) into equation (42), we get assertion (40).

Corollary 2.4. We have for Re(v) > -1,

Gl Jo(2"X"); y} = % v/Z(EZHyH)KU/Z(%Znyn)‘
Proof. Setting

fx) =x"]o(z"x"), Re(v) > -1
in Lemma 2.1, we get

2

n—1 n,ny. —
Gonlx" ™ Jo(2"x"); v} = N

Lop{u™ Lop{x" o (Z"X"); u}; y).

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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Using relation (7) and the known formulas [9, p.185, Entry(29)] and [14, p.325, Entry(10)], we have

2n 2n

2Lyl oY) = N exp (= oo Yora(5 ) (48)
and
2n 2n
Lafu e (- ooz ) = (529 Kora(52'9"): (49)

Substituting (48) and (49) into (47), we obtain the assertion (45).

Theorem 2.5. If the conditions stated in Lemma 2.1 are satisfied, then the Parseval-Goldstein type relations hold
true:

e8]

f "1 Lonl F(); Y} Lanlg(u); yid \/_ f 2171 £(0)Gonfu®" g (u); x}d (50)
0
( n—1 . . _ﬁ ( 2n-1 2n—-1 .

Y Lonl 591 Lanlg0; iy = - [ g 0)Gn b f0) &)
0 0

and

f 1 )G 1 g (1) ) f g (1) G b F(x); ) 52)
0 0

Proof. We only give the proof of (50), as the proof of (51) is similar. Identity (52) follows from the identities
(50) and (51). Using definition (6) of the L,,-transform and changing the order of integration which is
permissible by absolute convergence of the integrals involved, we have

f Y Lol f(x); v} Lonlg(u); yidy
0

00

=[] [ v exp(ay) Ladgtuy idys
0

0
- f ) Lonly™ Lanlg(u0) y); 1l (53)
0

Now the assertion (50) easily follows from (53) and (30) of Lemma 2.1.

Corollary 2.6. If the integrals involved converge absolutely then we have for 0 < Re(u) < 1

[e9)

2n f y—n(y—l)—l Lol f(x); yldy = r(% — g) f K 1)1 f(x)dx, (54)
0

0

T g)fy—n(u+1)—l£2n{f(x); y}dy = \/Efuny—lgh{xh—lf(x); u}du (55)
0 0
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and

[e9] [e9]

2”[ ny— 1g 2= 1f(x) uld (Zl_g+%)fxn(y+1)—1f(x)dx_ (56)

0 0
Proof. Setting
gu) = u"#=? (57)
into (50) of Theorem 2.5 and utilizing the relations (33) and (36) of Corollary 2.2, we have

(o8]

f ' Lol FO0; Y} Lol yldy

0

= F(g)f y T Lol f(); iy = N f " f(0)Gon ™ xdx
0 0

o)

) f XD £ dx, (58)

0

Ny, ]
= 2Bl g -

N|=

Using the duplication formula (38) for the gamma function on the right-hand side of (58), we arrive at the
assertion (54).

Similarly, the proof of assertion (55) could be obtained with setting g(u) = u"#-2 into (51) of Theorem 2.5
and using the formula (36) of Corollary 2.2.

The assertion (56) follows from the identities (54), (55) and the relation (39).

Corollary 2.7. Ifthe integrals involved converge absolutely then we have the following identities for —1 < Re(v) < 1:

n Loy @D Lon{ f(x); 21/ny} 2 = 20RO F(x); 2, (59)
1
2% Loaly" @D Lo f(2); m}; z)
— \/Ez—n(v+%)7_{v { n(v+2)g 2n 1f(X) 1/£ (60)
and
V2K, 1 (6" f(x); 2} = 1 VTZE Ho "2 Gl () 1) 2). (61)

Proof. We start with the proof of assertion (59) by setting

g(u) = u"Jo(z"u"), (62)

into (50) of Theorem 2.5. Then utilizing identity (40) of Corollary 2.3 and the known formula [9, p.185,
Entry (30)] and setting y = 5 /,, , we get

S10nv+1 f]/n(zvﬂ) Lexp(=2"y*") Lol f(%); 21/”1/} I
0

= n—\f f KUKy (72O (). (63)
0
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Using the definitions (6) of the Lp,-transform and (16) of the K, ,-transform respectively, we obtain the
assertion (59).

Assertion (60) is obtained similarly with setting g(u) = u"°J,(z"«") into (51) of Theorem 2.5 and using
definitions (6) of the L,-transform and (17) of the H, ,-transform, respectively.

Assertion (61) immediately follows from the relations (59) and (60).

Remark 2.8. Setting v = 0 in Corollary 2.7 and then using the formula (24) and definitions of the .L,-
transform (5), K, ,-transform (16) and the H,, ,-transform (17), we have

202" Loy ™" Lo f(); 21/ny} = VLl f(x);2), (64)

22" Lonly™ Laaf f(2); 21,ny} = VI Houlu? Goul® ™ f(x); ul; (65)
and

L,{x"f(x);2} = nz" 2(Ho,n{u%§zn{x2"‘1f (x); ul; 2). (66)
Remark 2.9. Setting v = —3 in Corollary 2.7 and then using the formula (23) and definition (13) of the

generalized Fourier cosine transform we obtain

1

nz"/2.£2 2n_£2n{f(x 21/"]/

2} = Koalx? f(x);2), (67)

Vr
V2
= FenlGanld® f() ) 2) (68)

Lonly™ LG{f( x); zl/n } z} = H1/20{Gon X f(x); u); 2)

and

Konlx? f(x);2) = nz%?tc,n{gzn{xz"‘1 f(x);ul;z). (69)

Remark 2.10. Setting v = 5 in Corollary 2.7 and then using the formula (22) and the definition (12) of the
generalized Fourier sine transform we have

-3n/2

Lol Laal f0 21}—ny}; ) = Sl 02, (70)

Lon| Lonf fx); 21/,1 2} = 23‘/2_ o Hi o (1" Gl f(x); ) 2

= g(fs,n{ungm{xznflf(x); u}; z} 71)
and
Konfx® f(x);2) = nzd Foufus" Gon 6 £(0); 1) 2 72)

Corollary 2.11. If the integrals involved converge absolutely, then we have

* on 2n
Of v exp (- ;yﬁ)zv/z(ﬁ)zn{ﬂx» yidy
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1 ( n— Zzn n,n
= f 2 f(x)lv/z(SyZH) Koya(2"x")dx, (73)

e8]

2n

Z
Ofy exp ~3 Zn)lv/2<w)£n{f(x)}y}dy
— Z_"/zﬂv,n{ n/Zg 2 1f x) ul; z) (74)

and

(o)

n— z*" nan
fxz 1f(x)1z,/2(8yﬁ)1<v/2(z x")dx

0

= nz P Hy {2 Gon (X" f(x); ulk; z). (75)
Proof. Setting
g(u) = u™"J,(z"u") (76)

into (50) and (51) respectively and using the relations (45), (48) of Corollary 2.4 and the definition (17) of
H, ,-transform, we obtain the assertions (73) and (74). The assertion (75) immediately follows from (73)
and (74).

Corollary 2.12. If the integrals involved converge absolutely, then we have

Exn iy " Laal f(X); yh; 2} = NTPonGanla® ™! f(x); 1) 2). (77)
Proof. Setting

g(u) = " + 27! (78)

into (51) of Theorem 2.5 and using the known formula for [9, p.137; Entry(4)] for v = -1, we have

(e8]

2 f " Lol FG); Y Lan (02" + 2 y)dy

VR f e Gl SO, 79)

u2n + Z2n

Using definitions (20) of the &, 1-transform and (9) of the $,,-transform, we obtain the assertion (77).

3. Illustrative Examples

Example 3.1. We show for 2Re(u) > |Re(v)| — 2 and Re(y) > 0,

a2

o o 3 2n 2n "
fx Ei-&) 2\/‘ TV op (2 )wl,o(;%)f "
0

[y ar 2y

where the the exponential integral function defined as

[

Ex(x) = —Ei(=x) = f %(_”)du: f explat) ), (81)

t
x 1
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and Wq,g(x) = Wa,p(x) denotes the Whittaker’s second function and it is represented as
Wa_, o) = exp( )x “T'(a, x). (82)

Demonstration. Putting
2n

f) = Eit=5) (83)

in the relation (30) of Lemma 2.1, then using the relation (7), the known formulas [14, p.136, Entry(13)] and
[14, p.353, Entry(3)] respectively, we have

Lo{Ei( - Z;)u} = —%u-Z"KO(za"u"), (84)
_3nK ) - B y2n a2n o, a2n 85
Lon{u™"Ko(2a"u"); y} = e eXP(ﬁ) 1,0(ﬁ)- (85)

Substituting the formulas (84) and (85) into identity (30) of Lemma 2.1 and using the definition (10), we
obtain the result (80).

Example 3.2. We show for Re(z) > 0, Re(v) > |Re(u)| — 2, Re(1) < 1, Re(u +v) > 0,

e8]

2n 2n zy—l 1"(_ — _)1"( 2)

10D exp (= = V(2= )d 2 86
f]/ P( 8y2") /2(8y2n) y= ann\/_ r(___+1) (86)
0

and

r 1 1 u 1,202 T(E+9)

nu—1 S n — b _
f LU/2 )Kv/2<zz y )dy nB(Z, 2 + 2) Zhp l-v(g _ g + 1)’ (87)
0

where K,(x) and I,(x) denote the modified Bessel function of order v and the modified Bessel function of the first kind,
respectively and B(x, y) is the beta function (28).
Demonstration. Setting

f) = x7"o(2"x") (88)
into the identity (54) of Corollary 2.6, we get

e8] )

f Y Lo (2 yldy = ir(l - g)f X (2", ®9)

0 0

Utilizing the formulas (48) of Corollary 2.4 and [9, p.326, Entry(1)] together with (89) we obtain the assertion
(86).

Similarly, using the relation (45) of Corollary 2.4 and the formula [9, p.326, Entry(1)] together with (56) of
Corollary 2.6, we arrive at the assertion (87) of Example 3.2.

Example 3.3. We show for Re(a>") > 0, Re(y") < 22

1 2n

[ xn exp(yz) y" 2\ 2"y om+ 1 at
- r ) 90
Bf X2+ y2n = OP (43/2” ) mZ:O am ( 2 Ty ) 0
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Demonstration. Putting

2n

F@) = x" exp(— 1) (91)

4c2n
in (30), we have

P | -
fx exp( XZ" = 2_n£2n{u_n.£2n {x—" exp ( h 461;211 ); u}; y} (92)
0

e R

Using the relation (7) and the formula [9, p.146, Entry(27)], we find

2n

Lz,,{x*” exp ( - éfxﬁ); u} = % V™" exp(—a"u), (93)

where Re(u?") > 0. Making use of the relation (7) and the definition (1) of the classic Laplace transform, we
have

(e8]

Lo exp(-a'ui) = 5 [ 1 expou) explatut (94)
0

Changing the variable of the integration on the right-hand side from u to z where u = z?, equation (94)
becomes

exp( 1) 1 a2
LG{u—Zn exp(—a un) y - fg exp 2]/271) )dZ (95)

0

Changing the variable of the integration on the right-hand side of (95) from y to t where y"(z + 2yz,,) ={, we
get

exp(ﬁf’%) f exp(—t?) it

Lofu™" exp(=a"u"); y} = — A (96)
gn/Zyﬂ 2yn
Substituting
1 3 Zy” > Zy” m
[T Z(ant)’ ©7)
Y m=0
into (96), we obtain
Lo (u™" exp(=a"u"); y)
1 112" 2]/" & zmymn < » )
:—Eexp(w) = Z — f £ exp(—£2)dt (98)
m=0 an/zyn
where
m 2 1 o]
t" exp(—t°)dt = 2 z 2 exp(—z)dz
an/2y" a2n [4y2n
1 m+1 a*
=21 (i) %9

Now, inserting equations (96), (98), (99) and (95) into equation (92), we arrive at the the assertion (90).
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Example 3.4. We show for =1 < Re(v) < % and larg(—a®")| < T,

f.o xzn—l exp(az”xz”)l’(v, aan2n)
dx
0

\/m 2n

- 1 1 2n, 2n
+(-1) ”B(v, 5~ v)F( + 5 may )]
Demonstration. In the relation (30), we take
f(X) - eXp(QZn ZH)F(U a2nx2n)
Making use the identity (7) and the formula [9, p.178, Entry(31)], we get

Lonfexp@®'x*)I (v, a™x*"); u)

_1 2 2ny-1 "
= 5 T ~a) (1- u2_) Re(v) > —1.

Substituting relation (102) into (30) and using (7) once again, we find
an{ 2n— 16Xp(612n ZH)F(U a2nx2n) y

1" -n 2nv
=19 e (- S )

uZn _ a2n

I'( n "o o2 n
ZTli}/— {u_{ZZn ? } a? L{M_QZn’yz }]

Using the known formula [12, p.348, (10)], we have

an{ 2n— 1€Xp(612n 271)1-'(0 aanZn) y

- 21;(3_[1"(0 exp(_aznyzn)r(%)r(%, _a2ny2n)
1) exp(-a )3 ~ o) (o + 5~y

Making use the following known formulas into (104),
1“(1) =V F(v)l’(1 - v) = \/EB(U L v) 1“(1 x) = Vrerfc(Vx)
2 ’ 2 "2 RV
we arrive at the identity (100).

Example 3.5. We show for Re(a*") > 0, Re(y*") > 0, Re(u®") > Im(a®"),

(o8]

= 2 exp(-ay™)| - VAT @erfelia" )

ia®" y2” +1i

3 3
TG

21-1 gin (a2 x2") - woon .3 3 . on on
| gl G ) (-
- % - 4\;{;1 [exp (i — i )erfc( Via"y") + exp (= ia™ " +i2 )erfc( V=iay" ]

Demonstration. Setting

flx) = sin(a®'x*")

—ia™"y

2958

(100)

(101)

(102)

(103)

(104)

(105)

2n Zn)

(106)

(107)
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in (30) of Lemma 2.1, we have

Z—V’%LG{u-'uzzn{sin(aZ"xZ");u}; " (108)

Using relation (7) and the known formulas [9, p.150, Entry(1)],[12, p.352, 6.3.(389)], we get the following
relations

g2n {x2n—1 Sin(a2nx2n)l, y} -

1 aZn
: 2n,2ny. _ 2 2
Loy fsin(@x™); u} = o T Re(u*") > Im(a™") (109)

and

- -3
ol ) = =g Lo i G

3my\./3
- 2n,2n . - 2n,2n
+exp(—za y +z—4 )F(E,—za y )] (110)
Using the definition of the incomplete gamma function, we have

(o]

F(g,x) = ftl/z exp(—t)dt = Vxexp(—x) + ?erfc( Vx). (111)

X

Now, inserting relations (109), (110) and (111) into (108), we arrive at the the assertion (106).

Example 3.6. We show for Re(a™>") > 0, Re(z*") > 0, Re(v) > —1,

f x1@+3)-1 cos(a*"x*") K41 2(x"z")dx
0

2o + § 2 -Pny 12
T etk [exp (i + =)z v igm)
22 (0=Hmy 1 .z
+exp(— rroriak )F(E - ,—zm)]. (112)
Demonstration. Setting
f(x) = cos(@'x*") (113)

in relation (59) of Corollary 2.7 and using the identity (7) and known formulas [9, p.154, Entry(43)] and [12,
p-352, 6.3.389] respectively, we find

' 1 B 1 y2n
-£2n{cos(a2nx2n)’ 21/”]/} T 8natn Y+ ﬁ (114)
n(20+1) 1 1y 1 yo-} 2 (e=Hmy 1z
LG{yfn_k—@ﬂ} = ET(U + §)<W)v 2[exp (l:az’l + ITZ)F(E - 0'1427)
2 _1 2
+exp(— i42a—2nn - i(v Zz)n)r(% -0, —i:a—;)]. (115)

Substituting (114) and (115) into (59) we obtain the assertion (112).
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4. Conclusion

The new Parseval-Goldstein type relations in this paper could be used in many other areas such as

applied mathematics, physics, statistics, medicine, etc. In literature, there are a lot of examples. The
equations for new generalized integral transforms in this manuscript could be used to evaluate many
infinite integrals which have not been calculated before. Thus, using the above theorems and lemmas, the
integral tables could be extented.
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