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Abstract. Left and right resolvents of left and right generalized Drazin invertible operators are introduced
in this paper. The construction of left and right resolvents allows us to find, in terms of the coefficients of
Laurent series, new representation results for left and right generalized Drazin inverses and the associated
spectral projections. Fundamental characterizations of left and right generalized Drazin invertible operators
are also obtained, using essentially the range, the quasi-nilpotent part and the analytic core.

1. Introduction and Preliminaries

Let H be a nontrivial complex Hilbert space equipped with an inner product (., .) and the corresponding
norm ||.||. By M+ we denote the complement orthogonal of a subspace M C H. The set of all bounded linear
operators on H is B(H). Given A € B(H), we denote by N(A), R(A) and o(A) the kernel, the range and the
spectrum of A, respectively. A" is the adjoint operator of A. The identity operator will be denoted by I. The
restriction operator of A to M is denoted by Ay and is such that Ayx = Ax for all x € M. The resolvent set
p(A) = C\o(A) of A € B(H) is the set of all complex number A € C such that A — Al is invertible in B(H).

The resolvent operator R (A, A) = (A - AD7is an analytic function on p(A) since it satisfies the resolvent
identity:

R(AA) —R(u,A)=(A-p)RMA,A)R(u,A), forall A, u € p(A). (1)

We note in what follows Ay = A - Alif A € B(H) and A € C. If A, is not bijective but does possess a left
(resp. right) inverse, we can consider the left (resp. right) resolvent. Let A € B(H) and Q be an open set in
the complex plane C, the function R; : Q X B(H) — B(H) (resp. R, : Q X B(H) — B(H)), is said to be a left
(resp. right) resolvent of the operator A on Q if the following conditions are satisfied:

(D) R (A, A) Ay =1 (resp. AxR, (A, A) =) forall A € O;

(2) Ri (., A) (resp. R, (., A)) satisfies the resolvent identity 1, for all A, u € Q.
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As an immediate consequence of the definition R; (., A) and R, (., A) are analytic on the hole Q as they
satisfy the resolvent identity. Left and right resolvents are special cases of the generalized resolvent that
has been widely used in many fields such as spectrum theory and Fredholm operators theory, see e.g [4].
An operator A € B(H) is bounded below if there exists some ¢ > 0 such that c||x|]| < ||Ax]|, for every
in the Hilbert spaces setting, A is left invertible if and only if A is bounded below and A is right invertible
if and only if A is surjective. A is said to be quasi-nilpotent if the spectrum c(A) consists of the set {0}. The
approximate point spectrum o,,(A) and the surjective spectrum oy, (A) of A are defined respectively by:

ogp(A) = {1 € C: A, is not bounded below}
and
osu(A) = {A € C: A, is not surjective} .

Lemma 1.1. ([1]) Let A € B(H), then A is bounded below (resp. surjective) if and only if A* is surjective (resp.
bounded below).

Since (A — AI)* = A*=Al, then, using the notation o(A) for the set {/\ ‘Ae o(A)}, it follows from Lemma 1.1,

that o,y and o, are dual to each other in the sens that 0,,(A") = 05,(A) and 05,(A*) = 04p(A). 04p(A) and 05, (A),
are non-empty compact subsets of C and the boundary do(A) € 05,(A) N 04p(A) € 0(A) = 05u(A) U 04p(A).

We say that A is completely reduced by the pair (M, N), denoted as (M, N) € Red (A) or A = Ay AN, if M
and N are two closed A-invariant subspaces of H such that H = M@N (thatis H = M+ N and MNN = {0}).
In such case, it is easily seen that N(A) = N(Am) ® N(An), R(A) = R(Am) ®R(An) and A" = A} & AY, for all
n € IN. Moreover, A is bounded below (resp. surjective) if and only if Ay and Ay are bounded below (resp.
surjective). We have respectively, 0,,(A) = 04p(Am) U 04p(An) and 05, (A) = 0su(Am) U 0su(An).

The quasi-nilpotent part Hy(A) of an operator A € B(H) is defined by Hy(A) = {x € H : lim ||A"x||V" = O}.

The analytic core of A, denoted by K(A), is the set of all x € H for which there exist 6, > 0 and a sequence
(¥n)nen In H satisfying xo = x, Axy41 = X, and ||x,|| < 8% ||x|| for all n € IN. The basic properties of Hy(A)
and K(A) are given in [1]. In particular, Hy(A) and K(A) are (not necessarily closed) subspaces of H,
N(A) € Ho(A); for every x € H, x € Hy(A) if and only if Ax € Hy(A); A(K(A)) = K(A); if M is a closed
subspace of H and A(M) = M then M C K(A); Hyo(A) = H if and only if A is quasi-nilpotent. If A is bounded
below, then Hy(A) = {0}, if A is quasi-nilpotent, then K'(A) = {0} and if A is surjective then K(A) = H.

The concept of generalized Drazin invertibility on a Banach space was introduced by Koliha in [5]. It is
defined as follows :

Definition 1.2. An operator A € B(H) is generalized Drazin invertible if there is an element AP € B(H) such
that:

AATP = ATPA, ATPAATD = AP and A (I - AA™) is quasi-nilpotent on H
AP is called the generalized Drazin inverse of A.

If A is generalized Drazin invertible then A?" exists and is unique, P = [ — AAYP is the spectral projection
of A corresponding to {0}, A + P is invertible and AP = PA is quasi-nilpotent. It is well known that the
generalized Drazin inverse of A exists if and only if 0 is not an accumulation point of 0(A), or equivalently,
if and only if Hy(A) and K(A) are both closed and H = K(A) ® Hy(A), in such case A, is invertible
and Aqy sy is a quasi-nilpotent operator if Hy(A) # {0}, see [6]. If A = Aga) ® Agqa) is the described

-1
decomposition, then A% = (A7<( A)) ® 04,4y and there exists a punctured neighborhood € of 0 in C such
that:

R\, A) = — i ATLATP 4 i A (Aﬂ’)"+1 ,Aeq. 2)
n=0 n=0
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Remark 1.3. Since the definition above requires the existence of a quasi-nilpotent operator (i.e an operator having
{0} as spectrum) then we can not have dim H = 0, this justifies the exclusion of the trivial space H = {0} at the
beginning.

In addition, if A € B(H) is generalized Drazin invertible, it is not accurate to say that Agq sy is quasi-nilpotent
since Hy(A) is allowed to be {0}. But we have a(A(HO(A)) C {0} instead ofa(A(HO(A)) = {0}, since U(A(HO(A)) = {0}
means that 0 € o (A), and in this case, invertible operators can not be generalized Drazin invertible which is completely
false according to the definition 1.2.

We think it is important to mention this imprecision here, as it appears in several papers dealing with left and
right generalized Drazin invertible operators.

Now, consider two classes of operators, called left generalized Drazin invertible operators and right
generalized Drazin invertible operators, introduced by Miloud, Benharrat and Messirdi in [7] which extends
the class of generalized Drazin invertible operators. This two classes are defined as follows :

Definition 1.4. We say that A € B(H) is left generalized Drazin invertible if Hy(A) is closed and complemented
with an A-invariant closed subspace M C H such that A(M) is closed.
The pair (M, Hy(A)) is called a left generalized Drazin decomposition of A and denoted by (M, Hy(A)) € IRed(A).

Definition 1.5. We say that A € B(H) is right generalized Drazin invertible if K(A) is closed and complemented
with an A-invariant closed subspace N C H such that N € Hy(A).
The pair (K(A), N) is called a right generalized Drazin decomposition of A and denoted by (K (A), N) € rRed(A).

The following theorem gives some equivalent characterizations.

Theorem 1.6. (2], [8]) Let A € B(H), then the following assertions are equivalent:

1) A is left (resp. right) generalized Drazin invertible;

2) there is a pair (M, N) € Red(A) such that A is bounded below (resp. surjective) and o (An) C {0} ;

3) there exists a projection P € B(H) such that AP = PA is quasi-nilpotent and A + P is bounded below (resp.
sutrjective).

4) there exist two operators L (resp. R), Q € B(H) such that Q is quasi-nilpotent,

ALA = LA’=A-Qand LAL=1?A=L.
(resp. ARA = A?R=A-QandRAR = AR* = R).

We say that L (resp. R) is a left (resp. right) generalized Drazin inverse of A (not necessarily unique).
AllgD} (resp. AP}y denotes the set of all left (resp. right) generalized Drazin inverses of A.

Remark 1.7. 1) A € B(H) is generalized Drazin invertible if and only if A is both left and right generalized Drazin
invertible. In such case we have A9P} = AfraD} = {A?D} )

2) If (M, Ho(A)) € IRed(A) and R (Ap) is dense in M, then A is generalized Drazin invertible.

3) Assertion (3) in Theorem 1.6 involves (N (P), R (P)) € IRed (A) (resp. € rRed (A)) as A is left (resp. right)
generalized Drazin invertible. In particular R(P) = Hy(A) and K (A) € N (P) (resp. R(P) c Hy(A) and
K (A) = N(P)).

4) The link between assertions (3) and (4) in Theorem 1.6, keeping same notations, is given by :

P I—LA (resp. P=1-AR),
Q = AP

for some L € AllaD} ¢ resp. R € AlraDY) . At the opposite of the generalized Drazin decomposition, a left (resp. right)
generalized Drazin decomposition of A if it exists is not necessarily unique.
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5) If A = Am @ An is a reduction of a left (resp. right) generalized Drazin invertible operator A € B(H) as
described in the assertion (2) in Theorem 1.6 and if Ay has a left (resp. right) inverse Al (resp. A”) on M, we obtain:

Aeoy e alib)
(resp. A’ @0y € AlD}),
6) If A is a left (resp. right) generalized Drazin invertible operator then straightforward arguments give:

7_{)/
H).

R(A) + Hy(A) is closed (resp. R(A) + Ho(A)
K (A) + Ho(A) is closed (resp. K (A) + Ho(A)

Various expressions and applications of the resolvent R (A, A) are known in the literature where A is
generalized Drazin invertible operator see e.g. [9] and [3]. In this work we extend results of Djordjevic and

Stanimirovic [3], where we investigate the existence of the left (resp. right) resolvents of left (resp. right)
1

generalized Drazin invertible operators in Hilbert spaces by means of the operators A) (A%A 1 )7 A*X (resp.

-1
A*X (A AA%) Aj)). Then a representation for the left (resp. right) generalized Drazin inverses and spectral

projections, in terms of the coefficients of Laurent series of the left (resp. right) resolvent, is established in
this paper.

After giving in section 2 some preliminary results which our investigation will need, we present, in
section 3, criteria for the existence of the left and the right generalized Drazin inverses, but also we give
explicit expressions of the left and right resolvents and corresponding left and right generalized Drazin
inverses. In addition, new characterizations of the left and right generalized Drazin invertibility are stated
by establishing that the existence criteria presented are not only sufficient conditions, but also necessary
ones. This result will be also investigated in order to formulate a second characterization of the left and
right generalized Drazin invertibility. This last characterization is given essentially via the range, the
quasi-nilpotent part and the analytic core.

2. Some useful results

The following lemma states the duality between the left and right generalized Drazin invertibility.
Lemma 2.1. ([2]) Let A € B(H) then A is left (resp. right) generalized Drazin invertible, if and only if A* is right
(resp. left) generalized Drazin invertible, and if (M,N) € IRed (A) (resp. (M,N) € rRed (A)) then (N*,M*) €
rRed (A*) (resp. (N*, M*) € IRed (A*)), in particular, K(A*) = Ho(A)* (resp. Hy(A*) = K(A)*L).
Lemma 2.2. Let A € B(H) be left (resp. right) generalized Drazin invertible, then:

(R(A) + Ho(A)" KA)NNAT)
(resp. (K(A)NN(A)" = R(A") + Ho(A")).

Proof. In the left generalized Drazin invertibility case, Hy(A) and R(A) + Hoy(A) are closed in H. Since A* is
right generalized Drazin invertible, K(A*) is also closed in H. Thus,

KA + N(A) = KA +R(A)
= Ho(A) + R(A) = R(A) + Ho(A).

(K(A) N N(A)*

The second equation is simply the dual of the first one. [

The following properties of left and right generalized Drazin invertible operators, established by Miloud
et al. in [7], will be required in the next section. We include a proof for the sake of illustrations.
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Proposition 2.3. Let A € B(H). If A is left (vesp. right) generalized Drazin invertible, then 0 is not an accumulation
point of oy (A) (resp. o5 (A))

Proof. Suppose that A is left generalized Drazin invertible. If (M,N) € I[Red(A), then, since 0,,(A) =
0ap(Am) U 04p(An), we have 0 € 0,,(Apm) and 0,y(An) C {0}, then 0 is at most an isolated point of 0,,(A) which
also means that 0 is not an accumulation point of g4, (A).

We may use duality to deduce the result for right generalized Drazin invertible operators. [

3. Left and right resolvents of left and right generalized Drazin invertible operators

Here, our first main objective is to investigate the left and the right generalized Drazin inverses via the
left and the right resolvents in the algebra B(H). The idea, to describe the left and the right resolvents, is
to use Proposition 2.3 and some classical results on operators of type A*A and AA* where A € B(H). The
operator A*A is an important technical tool in operator theory, we will show its role in the characterization
of left and right generalized invertibility. The operator A*A is self-adjoint, N(A*A) = N(A) and if R(A) is
closed in H, we have R(A*A) = R(A").

Lemma 3.1. Let A € B(H) be bounded below (resp. surjective). Then,
1) A*A (resp. AA”) is invertible in B(H).
2) Aj = (A*A) T A* (resp. A, = A" (AA")™') is a left (resp. right) inverse of A.
3) AA; = Pgay (resp. A, A = Preas) is the orthogonal projection of H onto R(A) (resp. R(A*) = N(A)*).

Proof. According to Lemma 1.1, we show the results for A bounded below, the dual case is obtained by
replacing A by its adjoint.

1) If A is bounded below, since H = N(A*) @ R(A), then A;e( n is injective and so A*A is injective too, on
the other hand:

R(A") = A* (R(A)) = R(A*A) = H.

So, A*A is surjective, and then bijective and by the closed graph theorem (A*A)™" is bounded.
Assertions (2) and (3) are easy to verify since (AA)? = AA,;, (AA)) = AA;, R(AA) = R(A) and if A is
replaced by A* we obtain that A,A is an orthogonal projection of H onto R(A*). O

To simplify our notations, we denote for A € B(H) and A € p,y (A) = C\ogy(A) (resp. A € pg (A) =

-1
C\osu(A)), Ary = (A}A/\) AZand Pa,; = AjAy (resp. Ay, = AL (A/\A%) and Paa, = AyrAd)- Pun
denotes a bounded projection according to the decomposition H = M @ N such that R(Py,n) = M and
N(Puyn) = N, when N = M*, Py is simply denoted Py.

Ay (resp. A, ;) is a left (resp. right) inverse of Ay, and Py, (resp. P4 ) is an orthogonal projection of
H onto R(A,) (resp. R(A*X)).

Lemma 3.2. Let A € B(H), Q C pyp (A) be open and L : QO — B(H) be a function such that L(A) Ay =1, then L
satisfies the resolvent identity on Q if and only if N(L (1)) is contant on Q.

Proof. The necessity of the condition is obvious. For the sufficiency, suppose that there is a closed subspace
N e H such that N(L(A)) = N for every A € Q. Then, since L (1) Ay = I we have N N R(A,) = {0}, on the
other hand:

x = (x—ALx) + (ALx)

which means that N + R(A)) = H, thus N @ R(A)) = H. Now, for every x € H and A, u € Q we have
L(A)L(u)AuAy = I, then L(A)L(u) is a left inverse of A,A,. Furthermore, N(L(A)L(u)) = L (y)_1 (N) =
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N & A, (N), then:

LWLMW)(NoA,(N)) = L(u)L(A)A,(N)
= L)L) (Ar—(u-2)D)N)
= LU -(p-MLA)N)
= L(w)(N)={0}.

Thus, L(A) L (u) and L (1) L (A) have same kernels, and since A A} = AyA, we have L(A) L (u) = L(u)L(A),
which means that L (1) an L (1) commutes. Now we have:

(A-wLA)L() = LAL( (A —Ay)
= LI -L(w)Ay)

1)

1)

—L(u)L(A) Ay
—L(w).

i

Which gives the result. [

Corollary 3.3. Let A € B(H), Q C psu (A) be open and R : QO — B(H) be a function such that A\R () = I, then
R satisfies the resolvent identity on Q if and only if R(R (1)) is constant on Q.

Proof. Indeed, R(R (1)) constant & N(R (1)") constant. [J
Proposition 3.4. Let A € B(H) be left generalized Drazin invertible operator. Then,

%ii% Par1 = Preay«tya)-

Proof. From Lemma 2.2, (R(A) + Hy(A))* = K(A*) N N(A*) and it follows that N (PR(A)+7{0(A)) = KA)N
N(A”). Since A is left generalized Drazin invertible, we deduce from Proposition 2.3 and Lemma 3.1, that
there exists r > 0 such that P4, is an orthogonal projection with R(P4 A1) = R(Ar), N(Pa 1) = R(A))* and

H =RANBRANL = R(AA)®N(A%), 0<|Al<r.SinceA #0and o (A(HO(A)) C {0}, then A, (Ho(A)) = Ho(A)
that is Hy(A) € R(A,). On the other hand, we have forallx € Hand 0 < [A| < 7:

PA,/\,le = PA,/UA/\X + APA,)\,ZX =Ax+ /\PA,/\JX.

Then, since “PA,M“ =1 we have }‘135 AP 4 2 1x = 0 and hence }‘iil’(l) Py jAx = Ax, in H.

Let x € K(A*) N N(A"), then A*x = 0 and there exist 0, > 0 and a sequence (x,,),en in H satisfying xo = x,
A*xpy1 = X, and |[x,|| < 0% ||x|| for all n € IN. Thus,

Papix = Ar(AAL) A=A, (ALA) 1= A4, (AA)
= AA(AA) A = - (ZPAJL,x1 P A (A4 xl)
=~ (WPans + X Pappa + T A2 (A740) " 2]
= L =- (PA,M [Xxl Ny R Lo I G (A"xm)_1 xn).

Then we have:

(A [+ X e |

1<j<n

P A < [52 A
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-1
Soifr< 6%' then lim o7 |/\|”Jr1 A, (A%A A) = 0, and taking the limits in last inequality we have:

Pasid| < 1) 1541

=1
O [A x|
T 1-06. 041

Then, %iné HPA,A,lx“ = 0. Finally, %in(} Pax = Priayraya)X, for all x € H. At this level we have proved that

Py = Preay+,a) is the point-wise limit of P4 ,; as A — 0. Now, we will show that it is in fact its uniform
limit. Indeed, since H = (K(A*) N N(A*)) @ A(M) & Hy(A) where (M, Hy(A)) € IRed(A), we can define
the three bounded projections Pj, P, and P; onto K(A*) N N(A*), A(M) and Hy(A) respectively, such that
N(P;) = R(P))®R(PPx), i # j,i #k,j # kand i, jk € {1,2,3}. As Ay is left invertible on M, let Ly be a left
inverse of Ay on M, then:

||PA,/\,lx_P0x| = ”(PA,/\J —Po) (P1X+P2X+P3X)”
< Oy s AP A LaPaA]| + IPsx — Pxi
~ 1-6pixlAl w
Op,x Al
< |\ ———= Pl + LMl IP .
< (1—5P1XMI P11+ [ATIE Ml el
Moreover, since K(A”) is closed and A* (K(A*)) = K(A*) then by the open mapping theorem Al 18 Open,

that is there exists ¢ > 0 such that B' ¢ A* (cBl), where B! is the unit closed ball, then for every x € K(A")
there is some x; € K(A*) such that A*x; = x and ||x1]| < c||x||. So, by induction, there exists for all n > 1,
some X1 € K(A*) such that A*x,;1 = x,, and ||x,,41]] < c||x,|l, which involves that ||x,41]] < "1 ||x||. Then, if
xo = x, and C = max {1, c}, we have ||x,|| < C" ||x||. The argument used above shows that if r < % we have:

[Parix—Pox| ¢
<

su < Pl + 1ALl 1Pl
oty T-cp e

This means that }\in& Pa; = Po = Priay+,(a) uniformly. [J

Proposition 3.5. Let A € B(H) be a left generalized Drazin invertible operator. Then there exists a punctured
neighborhood V of 0 in C such that:

PA,/\,I (I - Po (I - PA,A,I))_l = PR(A/\)/‘]((A*)QN(A*), fOT ﬂll Ae (V
Proof. As %ir% Po(I = Pa,y) = 0in B(H), then there exists a small enough punctured neighborhood <V of 0 in

C such that ||P0 (I— Py, A,l)” <1,forall A € V. Thus, I - Py (I — Pa,,) is boundedly invertible and the inverse
is given by the Neumann series:

00

(I - PO (I — PA,/\,[))71 = Z (PO (1 - PA,A,I))n , AeV.
n=0

Since (I = Pa1)" Pajyy =0, foralln >1and A €V, we get:
(I—=Po(I=Papp) " Pajs= Z (Po(I=Pan1))' Paas=Pany
n=0

and

P -
[PA,/\,I (I =Po(I=Pan) 1] = Pans(I=Po(I=Papp) "
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Furthermore,

Papi(I=Po(I=Paps)) " Paji=Panr,
And since I — Py (I — P4 ) is invertible then:

R(Pari(I=PoI=Psp))") = R(Pan) 3)
R(A,), forall A € V.
On the other hand, since (I — Py) Py (I — P4 ;) = 0 for all n > 1, we have:
PoPai(I=Po(I=Pay)™
= [(PoPans+1—Po)=T+Po](I-Po(I-Par))”
= I=(I=P)(I=Po(I=Pan)"'

= 1-) (I-Po)(Po(I-Pay)"
n=0

= I—(I—Po):PQ,AE(V.

So, N(PA,/\,I (I - Py (I - PA,A,Z))_l) cN (Po) .
In addition, let x € N (Po) N R(Pa 1),

llxll = ||(I = Po) Payx|| < ||(Z = Po) Pai lIxll, A €V.

If x # 0 we will have ||((I— Po))PA,MH > 1, which is absurd since %irr&”((l— Py)) PA,M“ = 0. Therefore,
N(Po) N R(PA,A,I) = {0} and N(PA,A,I (I - P() (I - PA,/\,I))il) = N(P()), forall A € V. Consequently, N(Po) D
R(Pan) = H, where R(Par1) = R(AL) and N (Py) = K(A)NN(AY), forallA e V. O

Let us now consider the operator P4 1 = Paa; (I = Po (I - Pa, ,\,1))_1. We obtain, by virtue of Proposition
3.5, the following corollary.

Corollary 3.6. Let A € B(H) be a left generalized Drazin invertible operator. Then there exists a punctured
neighborhood V of 0 in C such that forall A,y € V :

ParPaus = Panri-

Proof. We know, from Proposition 3.5, that N (Pa.;) = N (Po),so forall A, ueV:

Par (1 - PA,p,l) =0

This completes the proof. [

Theorem 3.7. Let A € B(H) be left generalized Drazin invertible. Then there exists a punctured neighborhood V
of 0 in C such that the operator Rip (A, A) = AP, satisfies the following conditions for all A, u € V

1)Rp (A, A)Ay =1;

2) RID (A/A) - RID (MIA) = (A - ‘U) RlD (HIA) RID (A/A)/

That is Rip (A, A) is a left resolvent for A on V.

Proof. By virtue of formula 3, there exists a punctured neighborhood V of 0 in C such that P A = A
for all A € V. Thus,
1)

Rip (A, A) A,

Ay PariAx
A/\,ZAA =1, AeV.
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We also obtain:

A)Rip (A, A) ANALIP A (4)

PariPari =Par, A€V.

2) We have since Py 5 is a projection Rip (A, A) Par; = Rip (A, A), which means that N (Pg) € N (Rjp (4, A)).
On the other hand, from formula 4 we deduce that N (Rjp (A, A)) € N (Py). So, N (Rpp (A, A)) = N (Py)
and now we can apply Lemma 3.2 to deduce that Rp (., A) satisfies the resolvent identity on a punctured
neighborhood V of 0inC. O

From the resolvent identity, we deduce immediately the continuity of the operator-valued function
Rp(A,A)onV,so lim | Rip (1, A) = Rip (A, A) . Thus, for all A € V,

ueV\(A}

d Rip (1, A) = Rip (A, A
ZRpAA) = lim —2 WA =Ro@A,A) Rip (4, A)Rip (A, A)
dA u — A u—= A L — A
weM\iA) peM\(A)

Rip(4,4) lim Rip (4, A) = (Rip (1, 4))°,

neV\{A}

Theorem 3.8. Let A € B(H) be left generalized Drazin invertible, then the residue Res ()\ Rip (A, A), ) of A —
ARip (A, A) at 0 is a left generalized Drazin inverse of A, i.e. Res( “IRp (A, A), O) e AllaD},

Proof. As Rip (A, A) is analytic, then Rjp (A, A) admits in V a Laurent series expansion around 0, given by:

(o]

Rip(,4) = ) A"A, (5)

n=—o00

where A, are bounded linear operators on H and and the series ), A"A, converges by the operator norm

n=—o0o
in H. Using resolvent identity, we see that for A,y € V and positively-oriented small circles I',I" ¢ V
enclosing 0, we have, supposing I is of small radius than I :

R JA
L,fRID(A’A)dA Lf o (@ ) du
2mi Jp Aml 2ni Jpo prtt

_ fﬁ Rip (4, A)RID(#/A)d#dA

AnA,

an) /\n+1 p+1
Rip(A,A)—R ,A
= ~2 ff = (n+1 )+1 = (/J )d/”ld/\
(27i) o APt (A — )

since A # u. And then:

Rpp(A,A)—R ,A
Auy = ff 0 (A, A) = Rip (1 )dyd/\. ©)
(2mi)? o A2 ‘up+1 %)
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. 1 ifn>0
Define 7,, = { 0 eclsewhere Then we have:

—p-1
ff RID()\A _ _Ro@W A o - leD(ri;A) u —dudA
I /\n+2yp+1 X) T A rl-— 5

27
leD (A, A) (2mty il
r /\n+2 AP

R A
= 2711"{pr£1/\
r

An+p+2

= (zni)z TpAn+p+1 .

On the other hand:

Rip (, A) B R(u,A) A—n-2
IL An+2 p+1 _k T (e = f up+t 1-& dAdy
H A) r r(1-4%)
R(u,A Ty
(s,
W u

R(u, A
= 27‘(i’[_n_1f (u )dy

p+2
oy

= (zni)Z T—n—lAn+p+1-
Substituting 7 and 8 in 6 we get:
AnAp = (Tp - T—n—l)An+p+1

= <¢n + qbp) An+p+1
i ifn>0
1 = 2 - = = — mn:
with ¢, { 1 elsewhere ° Hence, for n = p = —1 we obtain:
A A1 =-A,

thus —A_; is a projection and foralln e N, n > 1,

(A)" = (-1)"" AL

Furthermore, since Rip (A, A) Ay = and A Rjp (A, A) = P4, are analytic on V, we get:

PA,/\,I = i AHA/\AH = i A" (AAn - An—l)/
I = i AALA, = i A (ALA = Aps).
n=-—oo n=-o0

The singular parts of the two previous series are necessarily zero:
Z AT (AA—n - A—n—l) =0, Z AT (A—nA - A—n—l) =0.
n=1 n=1

So,

I=A)A-A_1and AA_, = A_,A=A_,_foralln > 1.

30

©)

(10)

(11)
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We show by induction that, for all n € N,

Ay =A"A. (12)
Since AgA_1 = A_1Ag=0and I = ApA — A_1, we can write:

Ap = Ap (ApA — A1) = ApApA = (ApA — A1) Ay = ApAAy.
Thus,

Ap
AAA

ApAgA = AyAAo,
A+AA_1, ApAA = A+ A_A,

and
ApAA — A =A_1A = AA_1 = AA)A — A.

Consequently, it follows from Theorem 1.6 that Ag is a left generalized Drazin inverse of A if AA_; is
quasi-nilpotent. Indeed,

(AA)' = A"(A)" = (1) A"A, = (1) A, n > 1

moreover the convergence of ), A™"A_, on V implies that [|A_,|| < |A]" as n — oo, so:
n=1

lim [|(AA_)" [ = Tim Il < lim A

n—oo

as V is a small enough punctured neighborhood of 0, we can assume that it is included in the open unit
disc of center 0, which gives finally lim |/\|1+1/ " =|A| and then
n—oo

lim [[(AA_)"]|* < min|A| =0.

n—oo

It is clear that A_; is the residue of Rjp (A, A) and Ay is that of A"'R;p (A, A) at 0,i.e. A_; = Res(Rjp (A, A),0)
and Ay = Res (A"'Rp (A,4),0). O

Remark 3.9. By formula 9 we get:

Apt1 = AnAg foralln >0
Then we conclude by induction that:

A, = Ag“for alln >0,
and substituting 12 into 5, we obtain:

Rip (A, A) = Y A"AR+ ) ATA"IA

n>0 n>1

So, we derive an expression for a left resolvent analogous to formula 2.

Now let (M,N) € IRed (A), P = Py and L be a left generalized Drazin inverse of A such that P = I — LA.
We have Ly (Am — Alm) = Iy — ALp, then for sufficiently small |A|, Ly (Am — Alp) is invertible and then we can
construct an analytic function S (A, A) on a punctured neighborhood V of 0 in C such that:

S(LA) = (Lm(Am = AIm) ™ Ly @ (Ay = Aly) ™
= ((Ly (An = An)) ™" @ (An = AIn) ™) (L & In)
= (LA-AD(I-P)+(A-ADP) (L +DP)
= (L(I-P)Ay+PA) ™" (L+P)
= (LA, +PA) ' (L+P)
= (L+P)A) ' (L+P).



D. Ounadjela et al. / Filomat 37:1 (2023), 21-36 32

The relation S (A, A) A, = I is now obvious, and

S(AA) = Z)\"LX/‘IH] @ [_ Z AHAI:In_l
120 n<-1
= Z/\nLnH (I-P)+ Z (_AnA—n—lp)
n=0 n<-1
— Z/\nLlﬁl _ Z/\nA_n_”).
n>0 n<—1

Since N(S (A, A)) = N(L + P) forall A € V, then by Lemma 3.2 S (., A) satisfies the resolvent identity on V. On the
other hand,

lim 435 (A, A4) lim [(An = Ang) (I = ALy) ™" Las @ (An = Aly) (An = Aly) ™|
AV AeV

= AmLpy®ly
Now, since (N(A-1), R(A-1)) € IRed (A) and if we take L = Ag and P = —A_; we find:

Rip (A, A) = (Ao — A_1) Ay) ™ (Ao — Aly)
So, we have proved the following main result.
Theorem 3.10. Let A € B(H)) be a left generalized Drazin invertible operator, then :
Rip (A, A) = (Ao = A1) A1)~ (Ao — A1)
on a punctured neighborhood V of 0 in C.
We now give a link between the residue of Rjp (A, A) and the spectral subspaces Hy(A) and K(A).
Theorem 3.11. Let A € B(H)) be left generalized Drazin invertible, then:
Ho(A) = R(Res (Rip (A, A),0)) and K(A) C N (Res (Rjp (A, A),0)).
Proof. The statement is an immediate consequence of (N(A_1), R(A-1)) € [Red (A). O

We state similar results for right generalized Drazin invertible operators. Let R,p (A, A) = PaarArr
where:
Apr = AL(AAD) ", Papr = Arps, Qo = limPasy,
Panr =T = =Parr) Qo) Panr.
And let
Ap = Res (A'Rip (4,4),0),
A_1 =Res(R,p (A, A),0).
Then we have the following result:

Theorem 3.12. Let A € B(H) be a right generalized Drazin invertible operator. Then there exists a punctured
neighborhood V of 0 in C such that the operator R,p (A, A) satisfies the following six properties for all A, u € V :

1) AR (A, A) =1

2) Ryp (A, A) = Rep (4, A) = (A = ) Rrp (4, A) Rrp (A, A) ;

That is Rip (A, A) is a right resolvent for A on V, and

3) Ay € AlPl;

4)A 4 =AA -1

5) Rip (A,A) = (Ag — A1) (Ax (Ao — A1)

6) R(A_1) C Ho(A) and N (A1) = K(A).
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Proof. All is an immediate consequence of the duality between left and right generalized Drazin invertibil-
ity. O

From the preceding theorems, we get the following corollary.
Corollary 3.13. Let A € B(H) be a generalized Drazin invertible operator, then:
A = Res ((AA)™,0),
R (Res (A1), 0)) = Ho(A) and N (Res (142)™",0)) = K(A).

Remark 3.14. For a left generalized Drazin invertible operator A € B(H) we have first proved that the limit

\limOPA,,U exists. Moreover, to derive an explicit formula for a left generalized Drazin inverse of A, we have used

e

only the fact that the limit }imOPA,/\,I exists, and then we have constructed a left resolvent so that its residue is
AeV

a left generalized Drazin inverse of A. So, if we apply also the duality, we have proved in fact the following new

characterization:

Theorem 3.15. Let A € B(H), then A is left (resp. right) generalized Drazin invertible if and only if there is a
punctured neighborhood V of 0 in C such that the limit /\hmo Py a (resp. )}imOPA,A,,) exists.

A€V A€V

Lemma 3.16. Let A, B € B(H) be two bounded below (resp. surjective) operators having same ranges (resp. kernels)
then:

A(A"A) T A* = B(B'B) ' B (resp. A*(AA*)™' A =B (BB")' B).

Proof. A(A*A)™ A* (resp. A*(AA")™' A) is an orthogonal projection that depends only on R(A) (resp.
N ). O

Theorem 3.17. Let A € B(H), then the following statements are equivalent:
1) A is left generalized Drazin invertible;
2) Ho(A) and R(A) + Hy(A) are closed in H.

Proof. Assertion (6) of Remark 1.7 asserts that (1) implies (2). It remains to show that (2)=(1). Suppose
that Hy(A) and R(A) + Ho(A) = W are closed in H. Ag,ay is injective since N(Aggay:) = N(A) N Hy(A)*- C
Ho(A) N Hy(A)* = {0} . Furthermore,
A(Ho(A)") + Ho(A) © R(A) + Ho(A)
C  A(Hy(A) ® Hy(A)") + Ho(A)
C  A(Ho(A)") + Ho(A)
hence, R(A) + Ho(A) = A(Ho(A)*) + Hy(A). Moreover, since x € Hy(A) & Ax € Hy(A) then A(H(A)*Y) N
Hy(A) = {0}, so let us define the operator S by:
S RA) + Ho(A) — Ho(A)*"
Ax+yr— x; x € Hy(A)", v € Hy(A).
If (Axy+Yn, Xn)nen is a sequence in the graph of S which converges to (z, x) in H X H, it’s clear that x € Hy(A)*,
(Axy)nen converges to Ax and (), converges to an element y € Hy(A) with z = Ax + y. So, S is closed
between the Hilbert spaces R(A) + Ho(A) and Hy(A)*, it is then necessarily continuous.
Consequently, Saa)) is continuous and if (Ax,).en is a sequence in A(Hy(A)*) which converges
to y € H, then (SAxn),en = (Xu)pen converges to an element x € Hy(A)*. So, (Ax,)nen converges to

Ax =y € A(Hy(A)"). This shows that A(Hy(A)") is closed in H, Agy,4y: is bounded below and the continuity
of the projection Py = Paw,(a)1),7,4) € B(W) since R(A) + Ho(A) = A(Hy(A)*) ® Ho(A). Furthermore, the
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below boundedness of Ag,4): implies that there is a constant a2 > 0 such that for all x € Hy(A)* and for any
A e, A < 7—2—, |Ax|| = a|lx||, then:
||Oere9P()”

0w @ Po) Axxll = [|Ax = A (Ow= & Po) x|l

> (a—I[AOw= @ Poll) [lx]l-

Thus, PpAyx # 0 for all x € Hy(A)*\ {0} and then we have A (Ho(A)L) N Ho(A) = {0}. It's clear that
Aqgyayr + Igya is injective with closed range, this operator is then bounded below, therefore there is a
constant b > 0 such that:

ISax]l = (b = [A] [l
for all x € H and for any A € C, |A| < b, where S, = (ArHO(A)L ® IWO(A)) — Al On the other hand,
R(Sx) = R(A)) = Ax (Ho(A)*) + Ho(A)

which shows that Ay (Ho(A)*) + Hy(A) is closed for |A| < b. It now remains to show that Alimo P4 a1 exists.
0<|A|<b

Indeed, since S, is bounded below an has the same range as A,, we deduce, by continuity of Sy and Lemma

3.16, that:

Pari = Sa(SS0)7ISL,
Ah_n}oPA'A’l = }\iir(l)SA(S*XS,\)_ls*X:50(5650)_156.

0<|A|<b

So, by Theorem 3.15 A is left generalized Drazin invertible. [

Theorem 3.18. Let A € B(H), then the following statements are equivalent:
1) A is right generalized Drazin invertible;
2) K(A) is closed in H and K (A) + Hy(A) = H.

Proof. Again assertion (6) of Remark 1.7 asserts that (1) implies (2). It remains to show that (2)=(1). If K(A)
is closed in H and K(A) + Hy(A) = H, then K(A) N N(A) is closed and Ag(ay — Alg(a) is surjective for |A| < ¢,
¢ > 0.Letx € Hy(A) such that A x = y € K(A). If 0 < |A| < ¢, we have:

A_
_Av-y Aoy _ax oAy
B A B A ToA2 A2 A
Alx o AT
_ oA ATy
AN A

=1
As x € Hy(A), then lim % =0and x = -}, ‘%;y Since y € K(A) and K(A) is closed we deduce that
n—oo j=1

x € K(A). Thus we observe that if x € Hy(A) and y € K(A) are such that x + y € N(A,), then A x € K(A)

and x € K(A), so x + y € K(A) and N(A)) € K(A) for |A] < c.
Let Ty € B(H) be the operator (Aq((A) GBIW(A)L) — Al Since Ty is surjective, we can assume ¢ < 1 and
then T is surjective for |A| < c. We have N(T;) = N(A,) € K(A) for |A| < c. It now remains to show that
limOPA,M exists. Indeed, since T is surjective having the same kernel as A,, we deduce, by continuity of

0<|A|<c

T, and Lemma 3.16, that:
Pajr = T%(T/\T%)ATA/
lim Pajy, = lm TUTIT) 7 Ty = Ty(ToT) ' To,

0<|A|<c

therefore A is right generalized Drazin invertible. O
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Remark 3.19. 1) Recalling duality principle between left and right generalized Drazin invertibility, one may con-
jecture after Theorem 3.17, that A is right generalized Drazin invertible if and only if K(A) and N(A) N K(A) are
closed in H, which is then equivalent to the only condition that K(A) is closed. Unfortunately, this is not true as if
A is the right shift then K(A) = {0} and 0 is an accumulation point of o5, (A).

2) Recalling duality principle between left and right generalized Drazin invertibility, one may conjecture after
Theorem 3.18, that A is left generalized Drazin invertible if and only if Hy(A) is closed and K(A) N Hy(A) = {0},
which is then equivalent to the only condition that Hy(A) is closed. Unfortunately, this is not true as if A is compact
with an infinite spectrum, then Hy(A) is closed and 0 is an accumulation point of o,y (A).

The approach used along this paper allows us to conjecture the following characterizations that seem
dual to each other :

Conjecture 3.20. Let A € B(H), then:

1. A s left generalized Drazin invertible if and only if R(A) + Ho(A) is closed and K(A) N Hy(A) = {0}.
2. A is right generalized Drazin invertible if and only if K(A) + Ho(A) = H and K(A) N N(A) is closed.

Example 3.21. 1) The left-shift on I* :
L(x1,x2,x3,...) = (x2,3,...)

and the right-shift on I :
R(x1,x0,x3,..) = (0,x1,x2,%3,...)

are mutual adjoints. The spectra o(L) and o(R) are the closed unit disk. R is injective bounded linear operator on 1>
but not surjective. Thus, R is left invertible with left inverse the left shift operator L. So, R (resp. L) is a left (resp.

right) generalized Drazin invertible operator on I and L € RU9P} (resp. R € LI9P}), Then:

IR=TandR-Al=R-ALR = (I - AL)R.

Further, the resolvent Rip (A, R) = (I — AL)™ L is given by the Neumann series Y, A"L™*! whenever |A| < LIt .

n=0

2) Let A € B(lz) be such that Ax = (%,x;;, 2, X6, %, ...)for every x = (Xn)pen: € 1% Let ¥ = (0, 9%2,0, 24, 0; ),

. k(K
and for every k € IN define x = (xn) such that:
nelN*
k .
X = 0,1<i<k
k 0o .
Xoivok = Xoj, 121
k .
X1 = 0,i20.

Then we have : Ak;rc1 = ch,for all k > 0 and ch = ”g)c , thus J% € K(A), thatis M = {x = (Xn)pen € 121 x0po1 = O} C

K (A). On the other hand, for x = (x1,0,x3,0, x5, ...) we have:

Aky = 0o Txopes o 2okgs
K77 k+1D)Y T kw20

So,
1A |* < ey

Then, x € Hy (A), that is N = {x = (x),en € 2 1 20 = 0f € Hy (A). But, > = M@ N, then, I* = K (A) + Hy (A),
and since K (A) NN = {0}, K (A) = M is closed. So by Theorem 3.18, A is right generalized Drazin invertible.
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