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Abstract. The Riemann-Liouville operator has been extensively investigated and has witnessed a remark-
able development in numerous fields of harmonic analysis over a couple of decades. The aim of this
article is to explore two more aspects of the time-frequency analysis associated with the Riemann-Liouville
wavelet transform, including the Shapiro uncertainty principle and the scalogram.

1. Introduction

The spherical mean operators constitute a vital class of operators in harmonic analysis in the sense that all
the harmonic functions are characterized by the fact that they coincide with their spherical mean values.
These operators can also be viewed as the generalized Radon transform that is self dual in the context of
Helgason’s double fibration. In the classical work of John [13], the spherical means have been successfully
applied to diverse problems in the theory of partial differential equations. Subsequently, they paved the
way into the Fourier analysis with the celebrated theorem of Stein on spherical analogue of the Lebesgue
differentiation theorem. A recentaddition to the theory of spherical mean operators on R? appeared with the
work of Trimeche [23], wherein the author generalized the spherical mean operators on R? by introducing
the permutation operator which commutes with some partial differential operators. Besides, Triméche also
studied the harmonic analysis associated with this permutation operator, which is being widely employed
in literature under the name Riemann-Liouville operator [3-6, 12, 15-18]. As of now, these operators have
found numerous applications in image processing of synthetic aperture, radar data and acoustics [9, 11].

On the other hand, the wavelet transform is a multi-scale integral transform, which serves as one of
the corner stones of non-stationary signal processing. It can be used in time-frequency analysis wherein
the scale and frequency are inverse to each other. The wavelet transform decomposes a signal into com-
ponents determined by the translations and dilations of a single function known as the mother wavelet.
By applying these local decomposition filters, the wavelet transform has proved to be of substantial im-
portance in capturing the local characteristics of non-stationary signals and has paved its way to a number
of fields including signal and image processing, sampling theory, geophysics, astrophysics, quantum me-
chanics and so on [7, 8, 24]. Recently, Rachdi and Herch [20] introduced the notion of Riemann-Liouville
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wavelet transform by using the generalized scale-translation procedure and the singular partial differential
operators.

As the harmonic analysis associated to the Riemann-Liouville operator has been extensively inves-
tigated and has witnessed a remarkable development, it is natural to study several aspects of the time-
frequency analysis associated with the Riemann-Liouville wavelet transform. The aim of this article is to
explore two subjects of the time-frequency analysis associated with the Riemann-Liouville wavelet trans-
form, viz, the Shapiro uncertainty principle and the scalogram. It is worth mentioning that the scalogram
plays a vital role in the applications of the wavelet transform to different aspects of signal processing. For
example, Addison et al.[2] employed the Morlet wavelet scalograms to detected a previously unknown co-
ordinated contractility behaviour of the atrium during ventricular fibrillation, a phenomenon which is not
captured in a normal electrocardiogram. Besides, Sukiennik and Bialasiewicz [22] applied the scalogram
to biomedical signals to detect their short-lived temporal interactions.

The remainder of this paper is arranged as follows: In §2, we present a gentle exposition regarding
the Riemann-Liouville operator. In §3, we formulate both the quantitative Shapiro’s dispersion uncertainty
principle and umbrella theorem associated with the Riemann-Liouville wavelet transform. In §4, we study
the eigenvalues and eigenfunctions of the time-frequency localization operator. Besides, we also study the
scalogram associated with the Riemann-Liouville wavelet transform.

2. Preliminaries

The aim of this section is to present a healthy overview of the prerequisites circumscribing the Riemann-
Liouville operators, Schatten-von Neumann classes, and the localization operators associated with the
continuous wavelet transform. For a detailed perspective regarding the content of the section, we refer to
[4, 20, 23, 25]. For the sake of distinction, we sub-divide the section into three sub-sections.

2.1. Harmonic analysis associated with the Riemann-Liouville operator
Prior to starting the formal aspects of this sub-section, we fix some notations as under:

e C.(IR?) denotes the space of continuous functions on R?, even with respect to the first variable.

C.(R?) denotes the subspace of C.(IR?) formed by functions with compact support.

&.(IR?) is the space of infinitely differentiable functions on R?, even with respect to the first variable.

S.(R?) denotes the Schwartz space of rapidly decreasing functions on IR?, even with respect to the
first variable.

e S!is the unit sphere in R?, S! = {(17, eR*: P +& = 1}.
o R2={(nx) e R2: r>0.

Note that, for all (i, A) € C?, the system

Mu(r,x) = —idu(r,x),
AzM(T, x) = —[JZM(T, X)
u©0,00 = 1, %0,x)=0, VxR,

admits a unique solution ¢, 1, given by [4, 23]

Pua(r,x) = ja(r\Ju? + A2)eihx,
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where A; and A; denote the singular partial differential operators, given by

Al = ir
P aas10 @
A2 = ﬁ‘l_T;_ﬁl (r,x)G(O,OO)X]R, a

and j, is the normalized Bessel function defined as

) -1 k
VzeC, ja(z)=T(a+ 1)2 m
k=0

\Y%
&

(z/2)%.

Definition 2.1. For any (r, x) € R2, the Riemann-Liouville operator on C.(IR?) is defined by:
Raf(r/ x) =

Remark 2.1. (i) The function ¢y, (4, A) € C?, can be expressed as
Y(r,x) € ]Ri, Pua(r,x) = Ra(cos(y.)e_“')(r, X).
(ii) For all v € N?, (r,x) € R2 and z = (u, A) € C?, we have

D@y (r, 01 < 117, )M exp (7, )l [Tmz]]),

where
oM
D! =——— and | =vi+w.
° 0z'0z)

In particular, for all v € N?, (r,x) € R% and z = (u, A) € C*
Pun(r 0l < 1.

Next, consider the set I defined as
T=R2U{(it,x) : (t,x) € R, |f] < ).

and let I'; denotes the subset:
T, =R U{(it,x): (t,x) e R0<t < ),

then for all (u, A) € I', we have

sup |pua(rx) = 1.
(r,x)€ER?

In the following, we denote by

e dv (r,x) the measure defined on R2 by
dv_(r,x) = k,7**"dr ® dx,
with
o= 1
29T (ar + 1)(2m)1/2°

1 1

= f f FrsV1—£2,x + )1 - 22 (1 =2 ldtds if a>0
-1J-1
1

%ff(r\/l—tZ,xwt)(l—tz)—%dt if a=o0.
-1

45

(1)
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For p € [1, 00], p’ denotes as in all that follows, the conjugate exponent of p.

LP(dv,),1 < p < oo, the space of measurable functions on R?, satisfying

£ 1z v, )

[z, )

1/p
(jﬂ;z If(r,x)l”dva(r,x)) <oo, 1<p<oo,

ess sup |f(r,x)| < o0, p=co.
(rx)eR;

Br, the o-algebra defined on I'; by
Br, ={07'(B): B e B (RY),

where 0 defined on the set I'; by

O, A) = (Jp2 + A2, A). (©)

dy, the measure defined on Br, by
YACSBr, v.(A)=v/(0(A)).

LP(dy,),1 < p < oo, the space of measurable functions on I',, satisfying

1/p
1 f1lzr @y, ) ( If(u, Dy, (u, /\)) <0, 1<p<oeo,
I,

ess sup |f(u,A)| < oo, p=oo.
(u,A)eTy

I|f| |L°°(dyd)

We have the following properties.

Proposition 2.1. i) For every non-negative measurable function g on Iy, we have

[A]
|y un =k [ s and  ruduadas [ 02 - @ dunda]
I, R2 R Jo

ii) For every non-negative measurable function f on R3 (resp. integrable on RR2 with respect to the measure dv ),
f o 0 is a measurable non-negative function on Iy, (resp. integrable on I, with respect to the measure dy ) and we
have

f fob(u Ny, (u,A) = f f(r,x)dv (r,%). 4)
T, R2

Remark 2.2. The eigenfunction ¢y, satisfies the following product formula

T 1 n
Pur (1, X)Pua(s,y) = (@+1) ) f Pu (\/r2 +82 +2rscos 0, x + y) sin®* 0d0.
0

\nr (oz +3
Following is the definition of the translation operator 7(,) associated with the Riemann-Liouville operator.

Definition 2.2. Let f bein L7 (dv,), p € [1, 0], forall (r, x) € R2, we define the translation operator T, associated
with the Riemann-Liouville operator by

_Te+1) f f( Vi2 +52 + 2rscos 0, x + ]/) sin®* 0d0, ©
\rr (a + %) 0

T () y) =

for all (s,y) € R2.
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Proposition 2.2. Forevery f € LP(dv,), 1 < p < o0 and (r,x) € R2, the function T, v(f) belongs to LP(dv,) and we
have

Pl y < WAl ®)

Definition 2.3. The convolution product of f, g € L'(dv,) is defined by
fraglr,x) = f To(F)S Yg(s, Ydv,(s,y), forall (r,x) e R2, (7)
RE

with f(s,y) = f(s,—y).

Proposition 2.3. Let 1 < p,q,r < oo, such that % + % — L = 1.If f is a function in LF(dv,) and g an element of

Li(dv)), then f =, g belongs to L'(dv,) and we have

“f “a I,y S ”f”U’(dva) ”g“L@(dva)' (8)

Next, we have the notion of generalized Fourier transform ¥, associated with the Riemann-Liouville
operator R,.

Definition 2.4. The Fourier transform associated with the Riemann-Liouville operator is defined on L'(dv,) by
TP = [ F00000000,0,, ¥ (@ 2)€T. ©)
R+

Below, we recall some fundamental properties of the generalized Fourier transform 7.
(i) Forall f € L(dv,),
IFa(Ole=@y,) < Nflliav,)- (10)
(ii) For every f € L(dv,), we have
FalNw,A) = Falf) o 6, Y), (D) €T,
where for every (u,A) € R?,
TP = [0 e v, 0
and 0 is the function defined by the relation (3). +

(iii) For f € L'(dv,) such that F,(f) € L}(dy,), we have the inversion formula for %, : for almost every
(r,x) €RE,

£, = [ T a0y, ). )
Theorem 2.1. i) (Plancherel’s formula for F,). For every f in S.(R?), we have
f (Fa( ), Py, (1, A) = f |f(r, x)Pdv, (1, x). (12)
L. R

In particular, the generalized Fourier transform F, can be extended to an isometric isomorphism from L*(dv,) onto
L2(dy,).
ii) (Parseval’s formula for F,). For all f,q in L*(dv,) we have

| e TG Ay, = [ s 000 0, 13
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2.2. Basic Riemann-Liouville wavelet theory

In this subsection, we shall recall some fundamental results on the Riemann-Liouville wavelet transforms
due to Rachdi and Herch [20].

For (a,b) € (0, ) x R*, the dilation operator D, of any measurable function & on R? is defined by
Dp(h)(r, x) := a"‘“lbl%h(ar, bx), VY (r,x) e R2. (14)
In the following proposition, we assemble some fundamental properties of the dilation operators.
Proposition 2.4. (i) For all (a,b), (c,d) € (0, 00) X R*, we have
Dby © Dcdy = Dacpa- (15)

(i) Let (a, b) € (0,00) X R*. For all h € LP(dv,), p € [1, 0]. The function D, )h belongs to LF(dv,) and we have

1_1 p=2
ID@nllravyy = 2701617 ||l ar,)- (16)

In particular, Dy is an isometric isomorphism from L(dv,) onto itself whose the inverse operator is D1 1). Moreover
we have

Y R FDan @) =~ Fa0E ) 17)
(iii) Let (a,b) € (0,00) X R*. For all h, g in L*(dv,), we have

Dy (1), Pravey = heDia 1y ()2, (18)
(iv) Let (a,b) € (0, 00) x R* and (r, x) € R%. We have

Dapten =15 Dap- (19)

Definition 2.5. A generalized wavelet on R? is a measurable function h on R2 satisfying for almost all (u, A) belongs
to (0, 00) X IR*, the condition

0<ChZ:Caf f
0 R

1
2T(a+1)2m)3

2 da db
—— <

~ A
Fan S 5| S <

(20)
where ¢, =

For (a,b) € (0,00) Xx R* and h € LP(dv,), p € [1, 0], consider the family £, (r,x) € R2, of generalized
wavelets on R? in L#(dv,) defined by

ha,b,r,x(sr y) = T(r,—x)(D(a,b)h)(sr y)/ (S/ y) € IR-ZH (21)
where 7(,_y), (1,%) € R2, are the generalized translation operators given by (5).
Remark 2.3. Let h be in L*(dv,). We have

V(a,b) € (0,00 xR,V (r,0) € RS, haprllizgiy) < Willizgan,)- (22)
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Notation. We denote by
L, (R3 xR%), p € [1, 0], the space of measurable functions f on R% x R? such that

1/p
”f”Lp (R2 xIR%) = (f |f(€l, b/ r,x)|pdya(a, b/ T, x) < 0, 1 < p < 0o,
Ha + + REXR%

Iflly gexmy = esssup If(@,br] <o,
g VX (a,b,r,X)eRZ XR?

where the measure (1, is defined by
du,(a,b,1,x) = dve(a, b)dva(r,x), Y (ab,rx)e€ ]R%r X ]Ri.
Definition 2.6. Let h be a generalized wavelet on R2 in L>(dv,). The generalized continuous wavelet transform o
on R2 is defined for reqular functions f on R by
Dr(f)a,b,1,x) = f F6 hapr(s, y)dval(s, y), VY(ab) € (0,00) xR, (r,x) € ]Ri. (23)
RE

Definition 2.6 can be recast as
D7 ()@, b,7,x) = f %o Daph(r, x), (24)
where , is the generalized convolution product given by (7).

We note that the adjoint of @ is (P%)* : Lfﬂ (R2 x R?) — L%(dv,) and is defined as

) 1
(@) (F)s,y) = C f L F@ bir ha (s, Y)dpa(a, b1, %), (s, y) € RR. (25)
1 JR2XR2

Theorem 2.2. (Plancherel’s formula for ®). Let h be a generalized wavelet on R in L*(dv,). For all f in L*(dv,)
we have

f |f(r,x)|2dva(r,x): lf ICDZ(f)(a,b,r,x)|2dya(a,b,r,x). (26)
R2 Cn Jr2xr2

Corollary 2.1. (Parseval’s formula for ®2). Let h be a generalized wavelet on R} in L*(dv,) and fi, f» in L*(dva).
Then, we have

- 1 -
f fl(r/ .X)fz(?’, x)dva(r, x) = = f q)g(fl)(ﬂ/ br r, x)(DZ(fZ)(a/ br t, x)d[‘la (ﬂ, b/ 7, X). (27)
R2 Cn Jr2xr2
Remark 2.4. Let h be a generalized wavelet in L?(dv,). Then from the relations (23) and (22), for all f in L*(dv,) we
have
PR, ey < 1 iz, 28)

2.3. Schatten-von Neumann classes

In this sub-section, we recall the notion of Schatten-von Neumann classes. Prior to that, we set the following
notation:

e [P(IN), 1 < p < oo, the set of all infinite sequences of real (or complex) numbers x := (x;)jen, such that

00 1/]!7 .
lxll, = (Z |x]-|P) <oo, if 1<p<oo,
=1

[Ixlleo = sup |x;| < oco.
jEN
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For p = 2, we provide this space [*(IN) with the scalar product
(X, Y)2 = Z XY
j=1

e B(LP(dv,)), 1 <p < o, the space of bounded operators from L*(dv,) into itself.

Definition 2.7. (i) The singular values (s,(A))nen of a compact operator A in B(L*(dv,)) are the eigenvalues of the
positive self-adjoint operator |A| = VA*A.

(i1) For 1 < p < oo, the Schatten class S, is the space of all compact operators whose singular values lie in IP (IN). The
space S, is equipped with the norm

IAlls, = (Z(snm»l’)’l’. (29)
n=1

Remark 2.5. We note that the space S, is the space of Hilbert-Schmidt operators, and Sy is the space of trace class
operators.

Definition 2.8. The trace of an operator A in Sy is defined by
tr(A) = Y AV, Oz, (30)
n=1

where (vy,), is any orthonormal basis of L*(dv,).
Remark 2.6. If A is positive, then
tr(A) = [IAlls,- 31)

Moreover, a compact operator A on the Hilbert space L*(dv,) is Hilbert-Schmidt, if the positive operator A*A is in the
space of trace class S1. Then

IAIIFs == IIAIIE, = 11A°Alls, = tr(A°A) = Z lAv||

L2,) (32)
n=1
for any orthonormal basis (v,), of L*(dv,).
Definition 2.9. We define So := B(L*(dv,)), equipped with the norm,
lAlls., = sup A2y, )- (33)

vELZ(dva):Hvlle(dV“)=1
Remark 2.7. It is obvious that S,C8;,1<p<qg<oo
2.4. Localization operators for the generalized continuous wavelet transform.

In this subsection, we shall recall some fundamental results associated with the Riemann-Liouville wavelet
localization operators [15].
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Definition 2.10. Let h be measurable function on R2 and o be measurable function on the set R% x R2, we define
the localization operator for the generalized continuous wavelet transform, denoted by L, (), on LF(dv,), 1 < p < oo,
by Y (s,y) € R2,

Lh((j)(f)(s, y) = Cih j]l;Z - 0(11, b/ 1, x)q)z (f)(ar b/ 7, x) hu,b,r,x(sl y)d‘uu (ﬂ, br 7, x)' (34)

Often it is more convenient to interpret the definition of L,(0) in a weak sense, that is, for f in LF(dv,), 1 < p < oo,
and g in LV (dv,)

1 -
<-£h(0)(f)/ g)Lz(dvﬂv) = C_h ‘[RZ R O‘(lZ, b/ T, x)CDZ(f)(a, b/ T, x)q)]c;(g)(a/ br 7, x)d[ia ({1, b/ r, X). (35)

For the sake of simplicity, we will call the above defined operator L, (o) as the localization operator.

Proposition 2.5. Let p € [1,00). The adjoint of the localization operator
Li(0) : LP(dv,) — LP(dva)
is Ly(0) : LV (dvy) — LF (dv,).
Theorem 2.3. Let ¢ be in Lfta (R2 X R3), 1 < p < co. Then there exists a unique bounded linear operator
Ly(0) : L2 (dv,) — L*(dv,), such that
1.1

1Ln(0)lls,, < (C—h)PIIUIILza(Rgme- (36)

Proposition 2.6. Let o be in L, (R} X RY), then the localization operator

Ly(0) : L*(dv,) — L*(dv,)
is in S, and we have

1
1£3(0ll, < -l e

Proposition 2.7. Lef ¢ be in Lf,a (R2 X R2),1 < p < 0. Then, the localization operator L,(0) is compact.

Theorem 2.4. Let o be in L, (R3 X R). Then,

1 - 1
C_;HG”L}%(]REX]RE) < [1Lu(@)lls, < C_h”G'lL}‘a (R2XR2)/ (37)
1

where G is given by
O_(ﬂ, br 7, x) = <,£h(0)( hu,b,r,x)/ ha,b,r,x)LZ(dva)/ (ﬂ, br r, x) € Ri X IR-Zi-

Corollary 2.2. For o in L, (R} x R3), we have the following trace formula
1
tr(Ln(0) = = f 0@, b, 1, ) hap,rlli2a,du, (@, b, 1, %). (38)
h JR2xR2

Corollary 2.3. Let ¢ be in Lﬁa (R2 X R2), 1 < p < 0. Then, the localization operator
Ly(o) : LZ(dVa) - LZ(dVa)

is in S, and we have
1

1\»
n&wmqa)w%mmy
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3. Mean dispersion theorem for the wavelet transform
In this section, we shall present some useful results regarding the concentration of ®7(f) on small sets.
Proposition 3.1. Suppose that U C R2 x R? satisfies

C
ta(U) < ——, (39)
IR, .

then, for all f in L*(dv,), we have

I, @ Pz, ey = VG \/ 0 10010 (40)
where x - denotes the characteristic function of the complementary U* of U.
Proof. From Plancherel’s Theorem 2.2, we have

Cul By = IO, garmey = 1PN o+ IOEHIE, 1 (41)

On the other hand from the relation (28), we have
fu D@7 D Pdpala b, ) < IR, eyl

< paDIAR: g VI - (42)

Thus, the result follows immediately from the relations (41) and (42). O

A

Remark 3.1. Let U be a subset of R X IR} satisfying the relation (39). If ®(f) is supported in U, then f = 0.

Proposition 3.2. Let h be a generalized wavelet such that ||h||

inequality hold.
There exists a constant C(s) > 0 such that, for all f in L*(dv,), we have

= 1. Let s > 0. Then the following uncertainty

2(dva

2 CElf, - (43)

L2(dva)

SHY
[Tl I
Proof. Let 6 > 0. We consider the subset V; of R2 X IR? defined by

Vs = {(a, b,r,x) € R2 xR? : ||(a, b, 1, %)|| < 6},

and satisfying 0 < 14(V5) < Cy. By applying the relation (40) with U = V5 we obtain

gy < ==y fv O3(@, b1, ) Pdaala, by, )
o

mf ll(a, b,f’,x)||2s|q)§f(f)(11/ b, 7,x)|2dya(ﬂ, b,7,x)
K (a,b,r,x)|[>6

IN

e, b, |

1
525(Ch - Pa(vb)) 12 IRZ X]R%) :

Ha

Thus, we obtain the relation (43) with C(s) := 6° \/Cj, — pa(Vs). O
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Proposition 3.3. ([19]). Let h be a generalized wavelet on R} in L*(dv,). Then, @ (L*(dv,)) is a reproducing kernel
Hilbert space with kernel function

’ ’ / / 1
Kol 13,0, = [ g6, 0 G, ). 49
R+

The kernel satisfies:

117

L2(dva)

V(a,V,r,x), (abrx)e R2xR?, Ky, v, x;abrx)< C
h

(45)

Notation. We shall adopt the following notations:

(i) Py : L, (RE x R3) — L7, (R% x R?) denotes the orthogonal projection from L7, (R% x R?) onto @ (L*(dvy)).
(ii) Py : L (R xR}) — Li (R X R}) denotes the orthogonal projection from L (R} x R3) onto the
subspace of functions of L}, (IR} x R}) supported in a subset U C R} x R} satisfying

0<allD) = [ a0 < o0 (46)
u
Next, we recall that
1
”PUPhHHS = (f |Xu(a/ b/ 7, x)|2|(]<h(a,/ b,/ r//x,;a/ b/ 7, x)lzd‘u'a(a’/ b// 7’,, x,)d[ua(a/ b/ 7, x))2
R2 xIR2XR2 xIR2
(47)
< Hh”Lz(dva) W < oo
= ‘\/C_h o N
That is, Py Py is a Hilbert-Schmidt operator and, therefore it is a compact operator.

Remark 3.2. i) The operator Py = @;/(Dy)* can be explicitly expressed as an integral operator
PyF(z) = f F(a,b,r,x)Kun(z;a,b,1,x)dpqe(a,b,1,x), z=(a', V0,7, x') € ]R%r X ]Ri,
R2 xR?

with integral kernel ¥,
ii) As Ky, is the integral kernel of an orthogonal projection, it satisfies

Ki(z;Z') = Ki(z/;z), forallz,z € R2 x R2, (48)

and

Ki(z;7) = fRz . Kin(z 2" YKz 2 )dpaz”), 2,72 € R2 X R2. (49)
+XIRY

iii) I {v, : n € N} is an orthonormal basis of (I)Z‘(Lz(dva)), Ky, can be expanded as

0o

Ki(z;2') = Z 0,(2)v,(2'), 2,7 € R2 x R2. (50)

n=1

Definition 3.1. Let 0 < ¢ < 1 and let f € L*(dv,) be a non-zero function.
We say that @ is e-time-concentrated on U, if

(LA

2 < ellfllz@v) Il 2 (dv,)-
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Proposition 3.4. Let h be a generalized wavelet and (u/;)ﬁeNz be an orthonormal sequence in L*(dv,) and U be a

measurable subset of R2 x R2. If p,(U) < oo, then for every non-empty finite subset K C IN?, we have

) IR,
Y (1= I @l oy ) € —eaa W)
BeK e Co

Proof. As Py Py is an Hilbert-Schmidt operator then by (32)

Z(Puq’ﬁ(“ﬁ)r qDZ(Mﬁ»Lﬁ“ (R2XR2) = Z(Plzpuph@ﬁ(uﬁ)f qﬁf(”ﬁ))q‘a (R2XR2)

peK peK
< tr(P,PyPy)
= |PuPyl2s.
Then by (47) we get
N N 2 4,
Z(Pucph(uﬁ),@h (45 bz, ey <~ HalU): (51)
pek

Now by the Cauchy-Schwartz inequality we have for every § € K,

(Pu®;; (up), ‘Dﬁ(“ﬁ)hﬁa ®exrz) = 1 = (PueDy(up), ‘I’Z(“ﬁ»% (R?xR2)
>1- ||XUC(DZ(Mﬁ)|Iiia (R2XR2)
in particular, using relation (51), we obtain
W2 4,

3, (1= Il iy ) < Y (PP ), DNz ) < — U]
pek peK

N

O

As a consequence of the proposition 3.4, we shall demonstrate that, if the generalized continuous wavelet
transform of an othornormal sequence are ¢ time-frequency concentrated in a given centred ball of R2 X R2,
then such a sequence is necessarily finite.

Proposition 3.5. Let ¢ and 0 be positive real numbers such that 0 < € < 1, and h be a generalized wavelet. Let

K c IN? be a non-empty subset and (uﬁ)ﬂe'?( be an orthonormal sequence in L*(dv,). If @4 (up) is e-time-frequency

concentrated in the set
By = {(a,b,7,x) € R X R? : ||(a, b, 1, v)|| < 6}

for every p € K, then K is finite and

64a+6
Card(K) < 1= g)M(a, h). (52)
hlliz

Il
where M(a, h) = —C:""” ta(B1).

Proof. Let M C K be a non-empty finite subset, then by Proposition 3.4, we deduce that

) .
X (1= sl e ) <~ (Bo), (53)
BeM
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however for every g € M, Ilxs: (Df;(uﬁ)llLia (R2xR2) S & and

La(Bs) = pia(B1)5% 8, (54)

hence by combining relations (53) and (54), we deduce that

o (B,
< Va) c4a+6
Card(M) —a-o0, ,

which means that K is finite and satisfies relation (52). O

Let p be a positive real number, & be a generalized wavelet and f € L?(dv,), we define the generalized p'"
time-frequency dispersion of ®¢(f) by

ot =( [

+

1

@, b, , 0P |02 (F)(a,b;7, 9| dptala, b7, %))
R

Corollary 3.1. Let A, p be positive real numbers and h € L*(dv,) be a generalized wavelet. Let K C IN? be a
non-empty subset and (u/;)ﬁew be an orthonormal sequence in L*(dv,). Assume that for every € K,

pp(®;,(up)) < A,
then K is finite and
Card(K) < A*™°M'(a,p, ),

1+ 8a+12

r M(a, h).

where M’ (a,p,h) =2
Proof. Assume that p,(® (1)) < A for every € K, then we have

[ @b 9o, b ) < et < 5. 65
: ]

1
Relation (55) means that for every € K, ug is E-concentrated in the set B 3/ hence according to Proposi-
tion 3.5, we deduce that K is finite and

pSTNY

A2

Card(K) < A**°M’(a, p, h).
|

Lemma 3.1. Let h be a generalized wavelet and p be a positive real number. If (uﬁ) , is an orthonormal sequence

BeN
in L*(dv,), then there exists jo € Z such that
VB € IN?, pp(D, (up)) > 200,
Proof. The proof is an immediate consequence of Heisenberg-type inequality (43). [

Theorem 3.1 (Shapiro’s Dispersion Theorem). Let I be a generalized wavelet and (uﬁ)ﬁeNZ be an orthonormal

sequence in L*(dv,), then for every positive real number p and for every non-empty finite subset K c IN?, we have

Zw(pp@z(uﬁ»)” > %(W) " (Card(K) s (56)
BE
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Proof. For every j € Z, let
={BeIN? : p,(®}(up)) € [27,2))],
then for every € P;
f}R - @, b, 1, )P |©F (1) @, b, 7, )| ditala, b, 1, %) < 2V,
thus, using the relation (55) yields

1pp(up) 1
< - 7
4 2 4 ©7)

ch |0 (ug)(a, b, 7, x) 1 dua(a,b,1,%) <

7

Therefore, as a consequence of the relation (57), we deduce that every B € Pj, ug is 3-concentrated in the
ball B , In other words, the sequence (u;;)ﬁep satisfies the conditions of proposition 3 5, which shows that

Pjis f1n1te and

Card(P;) < 249N (a, p, h). (58)

m
Form € Z, m > jo, we denote by Q,, = U P; then according to relation (58), we have
j=jo

M ’ /h
Card (Qn) = Z Card(P (a P )2(M+1)(4a+6)‘

j=jo
2M'(a,p,h) . .
Now, if Card(K) > %200”)@“%), then we can choose an integer n > jo such that
2M' (e, p, h 2M'(a, v, h
(g |4 )Zn(4a+6) < Card(K) < (g P )2(n+1)(4a+6). (59)
Thus, by relation (59) we get
P
N p _ Card(K) 1) 1oL 3 o+
t;((pp(q)h(vﬁ))) > 5 _—2 » > = (Card(?()) 6 W .
2M'(a,p,h) _,.
Finally, if Card(%) < %2“0”)(4‘”6), then
N p o1 ) % ; a6
é@mmﬂ>&mmww>&mmW{M@mmmJ-

O

Remark 3.3. By taking Card(K) = 1, relation (56) appears as a general version of Heisenberg-Pauli-Weyl inequality
for the generalized continuous wavelet transform including the p" dispersion with 0 < p < 2.

Corollary 3.2. Let p > 0, h be a generalized wavelet and let (”B) be an orthonormal sequence in L*(dv,). Then

BeIN?
for every K < IN?
e e
ﬁewWW®WMMrwzwwﬁWMM®NMMm@%Mm)
>3 (W)ﬁ Card(K)*as.
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Proof. The result is an immediate consequence of the previous theorem and the fact that
(@, b,7, )" < 2°(li(a, DI + 1I(r, )IIF).
O

As a consequence of the last dispersion inequality, we infer that, there does not exist an infinite sequence
in 2
(”ﬁ)ﬁgK in L*(dv,) such that the two sequences

1@, BIr o @, b, )

L2 (RZXR?)

and
16 0P @8 45)(a, b7, )

12 (R2XRZ)
are bounded.

Corollary 3.3. Let p > 0, h be a generalized wavelet and let (uﬁ)peNZ be an orthonormal sequence in L*(dv,). Then
for every K c IN?

supjere (||, BIPDs u5)(a, b, 7, ) I, PP 1)@, b, 7,)

: )
L2 (RZXR?) 12 (REXR2)

14
1 3 Za+6 P
Z1 (W) Card(K)ws.
In particular

| l@, bIP®S (45)(a, b, 7, )

S [ AT

sup (

fen z, aszRa))

12 (RZxR?

Theorem 3.2 (Shapiro’s Umbrella Theorem ). Let h be a generalized wavelet and K ¢ IN? be a non-empty subset
and (uﬁ)ﬁe‘K be an orthonormal sequence in L*(dvy), if there is a function g € L2 (R} x RY) such that

D}, (ug)(a, b, 1, %)l < g(a, b, 1, x),
for every B € K and for almost every (a,b,r,x) € R2 X R2, then K is finite.

Proof. Following the idea of Malinnikova [14], for every positive real number 0 < ¢ < 1, there is a subset
Age € RZ X R3, such that

ta(Dge) = inf{ya(U) : ff |g(a,b,r,x)(zdya(a,b,r,x) < 52}’
IR2 XIR2\UI

and

f f l9(a, b, 1, %) da(a b, x) = €.
R3XIRI\A e

Hence, according to the hypothesis, for every a € K, we have

f \fn;ix]Ri\AW 91 (ur) @ x)|2 dita(a,b,1,%) < &,

and by the Theorem 3.4, we get Card(K)(1 — ¢€) < pa(Aye). O
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4. Riemann-Liouville wavelet Scalograms

The aim of this section is to study the scalograms associated with the Riemann-Liouville wavelet transform.
The obtained results generalize the results proved by Ghobber in [10], in the context of Riemann-Liouville
wavelet transform.

4.1. Calderén-Toeplitz operator
Definition 4.1. Let h be a generalized wavelet on R2 in L*(dv,,). We define the Riemann-Liouville wavelet scalogram

of f as
SY(f)a, b,r,x) = C; 1@ f(a,b,1,x), (a,b,1,x) € RE x R3. (60)

Remark 4.1. From the Plancherel formula associated with @}, we have

Si(f)(@, b, 1, x)dpa(a,b,7,%) = | fllF gy, - (61)
IR_%_X]R%_ ( 1\’)

It justifies the interpretation of a scalogram as a time-frequency energy density. Also, note that (35)
(LD, rravy = fR . a(a,b,1,x)S5(f)a, b, 7, x)du(a,b, 1, x). (62)
IXRE

In this section we shall keep our focus on localization operators L;(¢) with symbol ¢ = x,, and h is a
generalized wavelet on R? in L?(dv,), and U is subset of R2 x R? with finite measure p,(U) < 0. For the
sake of simplicity, such an operator will be denoted as L£;,(U).

Definition 4.2. We define the Calderén-Toeplitz operator
Tyu : DF(LA(dva)) = XL (dv,))

by

Tju F = P,PyF. (63)
Proposition 4.1. The operator Ty, : ©p (L*(dv,)) — CDZ“(LZ(dva)) is trace-class and satisfies

0<Thu <Pu<] (64)
and

Thu = D, Lu(U)(D)". (65)

Proof. For all F € ®(L*(dvy)),

(TwuF, F>Lf (R2xR2) = <Ph(PuF)/P>Lf (RZXR2) = (PuF, F>Lf (R2XIR2) = f |F(a, b, 7, x)|2d/~ia(11, b,1,x). (66)
la la Lo u

Thus we deduce (64), and T},;; is bounded and positive.
Now, we want to prove (65). Indeed, using @} and (®y)", the time-frequency localization operator

L(U) : L(dve) — L(dva)

can be expressed as
LiU)(f) = (@) (Pu®;f),  f € LA dva).

Therefore,
(@ Li(U)(@)F = PyPuF = Tyu F, - F € QL3 (dvy)). (67)
Therefore, the time-frequency operator £;(U) and the Calderén-Toeplitz operator Tj,;; are related by
Thu = Oy Lu(U)(P;)"
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Remark 4.2. From the above proposition, we deduce that Ty, and L,(U) enjoy the same spectral properties, in
particular, we have the following proposition.

Proposition 4.2. The Calderén-Toeplitz operator Ty, is compact and even trace class with
tr(Th,u) = tr(Lu(U)) = Ma(h, U), (68)

where
1
Ma(h/ u) = C_ f ||ha,b,r,x”i2(dva)d[~la(a/ b/ T, X). (69)
hJu

Proof. Note that the operator T}, ; : o (L*(dv,)) — o (L?*(dv,)) is bounded and positive. Now, let {e,}” ; be
an arbitrary orthonormal basis for @ (L%(dv,)). Then, if we denote by v, = VCj (P5)"(en), then {ov,}7; is an
orthonormal basis for L2(dv,).

Thus, by (35) and Fubini’s theorem, we get

0o

Y (Thulen ez masmey = ) (LaD@) (e, (@)@,

n=1 n=1

— 1 . et 2
= =) fu [0 (@)@, b, 7, x)Pdpa(a, b,7,)

n=1

1 00
= = CDLY n /b/ 7 Zd /b/ 7
& |, Lereae b of b

_ 1 . 2
= C, L nZ:f | <Un/ hu,b,r,x>L2(dV(X) | dlua(a/ b,1, X)

1
- 2 fu Vil et b7, 2)
= M, {nW.

Therefore, by Definition 2.8 and Remark 2.6, the operator Tj,y; is trace class with
IThulls, = tr(Thu ) = Ma(h, U).
O

Let Vi : Lil (R2 xR?) - Lix (R2 x IR2) the operator defined by Vj,;; = P,PyPy. The advantage of Vj,i;
compared to Ty, y is that it is defined on Lfm (R2 x IR?) and consequently its spectral properties can be easily
related to its integral kernel. Since T}, ; is positive and trace-class, then using the decomposition

1
L2 (R2 X R2) = O (L2 (dva)) ® (Df (L2 (dva)))
we deduce that V},; is also positive and trace-class with
tr(Vi,u) = t(TY) = Ma(h, U). (70)

In addition, we have the following result.

Proposition 4.3. The trace of T}, is given by

tr(Tiu) = f f |7(h(a/ b/ X, a// bl/ 7’I/ xl)lzd‘uﬁl(a/ b/ T, x)d[vla(a// b// 7’I/ xl)' (71)
uJu
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Proof. Since, Vy, i is positive, then

tr(T, ) = tr(V} ) (72)

On the other hand using the fact that the space @} (L?(dv,)) is a reproducing kernel Hilbert space with kernel
K, we get that for F € L*(dv,)

ViuF(a,b,r,x) = f F(a’,b’,r’,x’)f Xule,d, t, ) K(a, b,r,x;c,d, t,y) X
R2xIR2 R? xIR2

+

Kile,d, t,y;a b, v, x")dua(c, d,t, y)duaa’, b, v, x). (73)

That is, Vj, iy has integral kernel

Nh,U(a/ b/ 1, X; ﬂ,, b,/ 7’/, x,) = f Xu (C/ d/ t/ ]/)7(11(“/ br 1, X,c, d/ t/ ]/)(Kh(cz d/ t/ v, ﬂ,, b,/ 7’/, x,)d(ua(cl d/ t/ y) (74)
2

R2 xR?

Therefore,

(V) f f INyu(a, b, 1,00, v, x")Pdua(a, b, r, x)dp @', b, 7', x')
’ R2xR? JR?xR?

= Xu(Z0)x, (22)Kn (215 22)dpa(z1)dpa(22)
R2xR2 JR2XR?

where by using the properties of the kernel of the reproducing kernel Hilbert space

Ki(z1;22) = Ki(z2;a,b,1,x)Kp(a, b, 1, x;21) Ky (z1; 0", U, ¥, X)X
R2xR? JRR2XR?

K@, b, v, x';20)dua(a, b, v, x)dua (@’ , b, v, x)
= Ki(z2;21)Ki(z1; 22).

Using (48), we get
Ki(z1;22) = [Kiu(z1; 22)*- (75)

This follows us to conclude. [

4.2. Eigenvalues and eigenfunctions
Since the localization operator £;(U) = (@) x, P} that we consider is a compact and self-adjoint operator,
the spectral theorem gives the following spectral representation

(o)

L)) = Y saW(fod) . ol f e LXdvy), (76)

112 (dvy)
n=1

where {s, (L)}, are the positive eigenvalues arranged in a non increasing manner and {v;}>  is the

corresponding orthonormal set of eigenfunctions. Note that s,(U) \, 0 and by (36), we have foralln > 1,
s,(U) <s1(U) < 1. (77)
This, together with (65), we can deduce that the Calderén-Toeplitz operator
Thu + @5 (L3 (dva)) — @ (L3 (dva)
can be diagonalized as
ThuF = i sa(D) (F,ct') e, Fed(¥(dvy)), (78)

- 12, (RExRE) "7

where e} = O (v}).
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Lemma 4.1. Forall z = (a,b,,x) € R2 x R?, we have

(o9

0@ = [ ki@ = Y s (WS 79)

T n=1

Proof. From (44), we have for all z = (a,b,7,x) € R3 X R}, the function %,(.;2) is in ®(L*(dv,)). Therefore
using the properties of the kernel of the reproducing kernel Hilbert space, we get

<Th,uWh('}Z),(](h(-}Z»Lia(]Rix]Ri) = <PU7(h(-?Z)/(}(h(JZ))Lia(IRilei)
f K@) w3 2@ Diaalw)
R2xIR2

_ f (@) K3 2)Pdptal@).

R2 xR?

Let {w! b, C (I)Z‘(Lz(dva)) be an orthonormal basis of Ker(T},i; ) ( eventually empty).
Hence, {e SN {w! b, is an orthonormal basis of (L*(dv,)) and therefore the reproducing kernel K, can
be written as

Kia, b1, x50, 6,7, ) = Kl b7, ¥52) = ) el@ell@, b, v, ) + ) wil @ull@, b, 7, %), (80)
n=1 n=1

Using this, we compute again

<Th,u (.5 2), Kl Z)>L}21a (RExR?) = <Th,u Z EE(Z)e;lll/ Z ¢3(Z)¢5>
k=1

n=1 L2 (RIXR})
u u ,u
= Y H@N@(Thuel o), e
Py o + +
= ) suWel )R,
n=1

and the conclusion follows. [

Let ¢ € (0,1) and define the quantity
n(e, U) := card{n tsy(U) =1 - e}.

Then an easy adaptation of the proof of Lemma 3.3 in [1], we obtain the following estimate for the eigenvalue
distribution.

Proposition 4.4. Let ¢ € (0,1). We have

In(e, U) = Ma(l, )l < max(y, )%
1
|— K@, 0,7, x';a,b,1,x)Pdua(a, b, 1, x)dua @, b, 7, x') — Ma(h, U)|.
Cn JuJu
4.3. Scalogram of a subspace

Given an N—dimentional subspace V of L*(dv,), Py the orthogonal projection onto V with projection kernel
ky, is defined as

PofO = [ kit 9,99 oy

+
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Recall that if {vn} is an orthonormal basis of V, then

=1
N
kv(r,%:,4,5) = ) 0u(r,x)0u(E5).
n=1
The kernel ky is independent of the choice of orthonormal basis for V.

Definition 4.3. The scalogram of the space V with generalized wavelet h is defined

SCAL;V(a,b,1,x) := f f kv(t,s;0, Yhypr(t, 8)ap (b, ¥)AVa(t, 5)dva(b, y).
R2 JR2

Then, we have the following result.

Lemma 4.2. The scalogram SCAL;V is given by

N
SCALV = G, Z S%(0,).
n=1

Proof. We have

SCAL;V(a,b,r,x)

n=

Z (vn, ha,b,r,x> L2(dvy) <Un/ ha,b,r,x> L2(dvy)
n=1

N
Y 0 )@ b, )P @n)(a, b, 7,2)

n=1
N

P ACHICAS S

n=1

This completes the proof. [

Definition 4.4. We define the time-frequency concentration of a subspace V in U as:
Eun(V) = %{ f SCAL; V(a,b,r,x)dua(a,b, 1, x).
u

Then, using Lemma 4.2, we get the desired result:

Eun(V) = G Z f i (va)(a, b, 1, x)duq(a, b, 1, x).

N
f Je 0l 08 s b Y1 a0,

62

(82)

(83)

(84)

(85)

(86)

Theorem 4.1. The N—dimentional signal space Vy = span{v}N_ consisting of the first N eigenfunctions of L,(U)

corresponding to the N largest eigenvalues sn(U) | maximize the regional concentration &y (V) and

C N
Eun(Vr) = 57 ) su(lD).
n=1

(87)
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Proof. We have

N
wV= 1, [ S b i) )
Moreover, the min-max lemma for self-adjoint operators states that (see e. g. Sec.95 in [21])

su(U) = fu S5 (0)(a, b, 7, X)dpa(a, b,7,%) = max {{LuWF), Fragguny * Wfllzany = 1 F Lo, 0.

So, the eigenvalues of L;(U) determine the number of orthogonal functions that have a well-concentrated
scalogram in U. Thus,

C N
Eun(Vi) = 57 ) su(l). (89)
n=1

The min-max characterization of the eigenvalues of compact operators implies that the first N eigenfunctions
of the time-frequency operator L;,(U) have optimal cumulative time-frequency concentration inside U, in
the sense,

N

(LuW@), o)

n=1

N
Lny = max{z (Ln(W)on, vndr2gy,) : {Un}nl\’:1 orthonormal}. (90)
n=1

Therefore any N—dimensional subset V of L(dv,) cannot to be better concentrated in U than Vy, i.e
Eun(V) < Eun(Vn). 91)
The proof is complete. [

Remark 4.3. The time-frequency concentration of a subspace Vy in U satisfies,

sy(U) < Cihéu,h(VN) <s1(U) <1. (92)

4.4. Accumulated scalogram

Letp,,, = SCAL, Vn,uuy, the p,, , is called the accumulated scalogram, provided that N, (1, U) = [M,(h, U)]
is the smallest integer greater than or equal to M,(h, U) and

Na(h,U
VN () = span{v}f}n:il ),
Observe that,
Na(,U) Na (i, U)
Puw @ b, 7,x) = |CD“(U )a,b,1,x)* = |eff(a, b,1,x)P. (93)
n=1 n=1
Also,

”pUbU)”sza (R2xR2) = ChNa(h, U) = ChMa(h, U) + O(l)

Moreover, since
N (h,U)

Y, i) < (L) = Mol L)

n=1
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then we can define the quantity

N, (h,U)
Y si(
E(h,U):=1- m (94)
which satisfies,
0<E(mU) <1. (95)

More precisely, we have the following result.
Lemma 4.3. Let € € (0,1). We have

n(e, U)

0<E(hU) <1-(1~e)min(l, 7ro=rs

)- (96)
Proof. Let ¢ € (0,1) and define I,(e, U) = min(N,(h, U), n(e, U)). It follows that
sy(U)=21—-¢, 1<n<I (e U). 97)

As N, (h, U) > I,(h, U), we get

Ng/(h,U) la(e,U)
Y sz Y s 2 (1= e)late, U). (98)
n= n=1

Therefore

lo(e,U)

0<E(h W) <1= (1= )y,

(99)

As N, (e, U) = M,(h, U), we obtain the desired result. O

Consequently when the eigenvalues {sn(U)}ZS(’)U) are close to 1, then E(h, U) — 0. Moreover, we have the
following result bounding the error between p,, , and ©.

Proposition 4.5. We have

1 Ch
m“%,w - Ch@”% R2xR2) < JYRUAT) +2C,E(h, U). (100)

Proof. From Lemma 4.1, we have, forallz = (a,b,7,x) e U
Pun @ = CiO@) = Y (s = su(U)lel/ )P, (101)
n=1

where t, = 1if n < N,(k, U) and 0 otherwise. Now since
llew Plls rexwz) = Ci

and

(e8]

Y su(l) = Mo, L),

n=1
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we obtain

IA

lpgu — Ch@HL}lm (R2XR2)

Ci Y Itw = su(UD)
n=1
Ny (h,U)

= G Y, (A=s,UN+Cy Y, sl
n=1 n>N, (h,U)
) N (h,U)
= CiNa(h,U) + Gy, ) su(U) =2C, Y su(U)

n=1 n=1
Na(h,U)

= CiNa(h, U) + CuMa(, L) = 2C, ) su(U)

n=1
N(h,U)

= Cu(Nalh, U) = Ma(h, 1)) +2C,(Ma(h, L) = Y su(UD)

n=1
Nq(h, L)

Ci+2CH(Mall, L) = )" su(D),

n=1

IA

and the estimate (100) follows. O
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