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On a family of p-valently analytic functions missing initial Taylor
coefficients

Lateef Ahmad Wani?

*Department of Mathematics, Indian Institute of Technology Roorkee, Uttarakhand-247667, India

Abstract. Fork > 0, 0 < y < 1, and some convolution operator g, the object of this paper is to introduce
a generalized family 7U,(g,7,k b,a) of p-valently analytic functions of complex order b € C \ {0} and
type a € [0,p). Apart from studying certain coefficient, radii and subordination problems, we prove that
T’L(; (9,7,k b, a) is convex and derive its extreme points. Moreover, the closedness of this family under the

modified Hadamard product is discussed. Several previously established results are obtained as particular
cases of our theorems.

1. Introduction

Let D := {& : |€| < 1} be the open unit disk. An analytic function f : ID — C is said to be p-valent (p € IN)
in D if it takes each of its values at most p times in ID. If p = 1, then it is said to be univalent in ID. The
function f(&) = £ is univalent while f(&) = &2 is 2-valent. For some important problems and recent works
in the theory of p-valent functions, we refer to [4, 5,9, 13, 14, 22-24, 26, 27, 29, 40] and the references therein.
For n,p € N, let A,(n) be the famiy of analytic p-valent functions f : ID — C of the form

=8+ Y ad. (1)

j=n+p

Set A := Ay(1). A function f € Ay(n) is in the family S;(p,a) of p-valently starlike functions of order
a € [0,p) if and only if R (£f'(E)/f(&)) > a, & € D. The class Sj(p,a) = S'(p,a) was introduced in [28].
A function f € A,(n) is in the family C,(p,a) of p-valently convex functions of order « if and only if
RA+Ef(E)/f (&) > a, & € D. Furthermore, f € Ay(n) is in the family K, (p, @) of p-valently close-to-
convex functions of order « if and only if there exists h € S;,(p, a) such that R (f'(£)/9(£)) > a, & € D. Since
h(&) = &P is a member of S;,(p, @), it follows that a function f € A,(n) which satisfies R ( &)/ 5”‘1) >
in D is a member of the class K, (p,@). We note that, S* := §;(1,0), C := C1(1,0) and K := Ki(1,0) are,
respectively, the families of starlike, convex and close-to-convex functions in ID.
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Functions of complex order.

Afunction f € A,(n)isin the family S, (p, b, a) of p-valently starlike functions of complex order b (b € C\{0})
and type a € [0,p) in D if

53 (e 7)) >

Further, let f € C,(p,b,a) &= zf" €S, (p, b, a).

k-uniformly starlike functions.

Extending the classes introduced in [8, 16, 21, 30, 31], Kanas and Wisniowska [20] introduced the family
of k-uniformly starlike functions as
.

5f'(5>) e

f(& f(&)

In geometrical terms, f € k — 87" if and only if Q(ID) C O, where Q¢(&) = Ef'(E)/ (&) and Q) is the conic
region Q. := {(x, y) 1 x% > kP ((x -1+ yz) , x> 0}. Further, f € k—UC, the corresponding k-uniformly convex
family, if and only if zf” € k — S7. Several generalizations and unifications of these families have been
introduced into the literature for which we refer to [3, 12, 18, 19, 25, 35, 36, 44] and the references therein.

-1

k—S’/":z{feﬂ:‘R(

Definition 1.1 (Hadamard Product). For f(&) = &+ Z}'iz ajéf and g(&) = &+ Z}’iz bjcfj, the Hadamard product
(or convolution) of f and g, denoted by f + g, is defined as

(fr&)=<E+ Zajbjéf, EeD.
=2

The convex function p(&) := £/(1-&) =&+ Yo, & plays the role of identity element under the operation
of Hadamard product. Using Hadamard product, Aouf et al. [6, 7] introduced the family S, (g, &, k) as

)

Sy(g, k) = {f € A: R(Dy(f, 9,&) — a) > k|®y(f,g,&) - 1

where

E(f*g) (&) +yEX(f+9)" (&)
A=) * (&) + yE(f =) (&)

withk>0,0 <y <1, -1 < a <1, and the function g given by

y(f,9,¢) =

£eb, )

gE =&+ ) bi&l (b2 0; E€D). (3)
j=2

The authors in [7] discussed several characteristic properties of a subfamily of S, (g, a, k). Recently, Bukhari
et al. [10] extended the idea of Aouf et al. [7] to introduce a new analytic function-family U(g,y, b, k)
involving complex order. For b € C \ {0}, Bukhari et al. [10] defined U(g,y, b, k) as

where @, (f, g, &) and g(&) are given by (2) and (3), respectively.

Motivated by the above works, in this paper, we extend U(g,y,b, k) to introduce a novel family
U (9,7, k b,a) consisting of p-valently analytic functions of complex order b and type a with initial Taylor
coefficients missing. We define this function family as follows:

Uy, b,k) = {fey{ : %(1 N %(q)),(f,g,é)—l)) >k‘%(®y(f,g,é)—1)
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Definition 1.2. Let f € A,(n) be defined as in (1). Let k > 0, y € [0,1], b € C\ {0}, and a € [0,p). Then
feUi(g,y kb, a),if for some g € Ay(n) given by

gE =&+ Y b (1;20). (4)

j=n+p

satisfying (f * g)(&) # 0 we have
R (p + % (q),/(f,g, &) - p)) > k'% ((Dy(f,g, &) - p)' +a. (5)

Functions with negative coefficients.
Let 7,(n) denote the subfamily of A, (1) whose members are of the form

(o)

fO=&-Y ag, az0 (6)

j=n+p

The class 71(1) = 7 was introduced by Silverman [34] and later on studied extensively by a number of
authors including the ones in [3, 35, 36, 45-47]. The importance of the class 7~ C A in the theory of univalent
functions is due to the fact that some conditions which are only sufficient for the members of A prove to
be both necessary and sufficient for the members of 7. The coefficient characterization makes several
computations in 7~ manageable which can be very messy and difficult for the whole of A.

The Family T(L{Z(g, v,k b, ).
We now define the family T(L(;’ 9,7,k b,a) by

TUG,y,k b, a) = UG,k b,a) N T(n). 7)

This paper studies several geometric and analytic properties of the family 7U,(g,7,k b, a). In Section 2,
apart from solving the coefficient problem, we determine the radius of close-to-convexity, starlikeness, and
convexity for the members of T(LIZ (9,7,k, b, ). Section 3 proves that the family T(LIZ (9,7,k b, a) is convex
and investigates its extreme points. A subordination problem involving the concept of subordinating factor
sequences is discussed in Section 4. In Section 5, we prove that the family ‘7”7/(; (9,7,k,b,a)is closed under the
modified Hadamard product. Finally, Section 6 summarizes the paper and provides certain future prospects.

2. Coefficient and Radii Problems

Theorem 2.1. Let f(&) be of the form (6) and g(&) beas in (4). Letk >0, 0<y <1, 0<a<p,andbe C\ {0}.
Then f € TU,(g,,k b, a) if and only if

(e8]

Y (Ge+1)G=p) + (= @bl)[1+ (G = D]ajp; < (p = 1+ y(p = 1)] bl )

j=n+p

Proof. Let f € T(LIZ (9,7,k, b, a), then (5) holds. Upon using the series forms (6) and (4) in the expression (2),
and then letting £ — 1~ along the real axis, we obtain
1 LiZurp(F =PI+ (= Dlajb
P7 Tl ([1 +y(p = DI- L[+ - 1)1%%‘)
K ( LiZurp(F =PI+ (= Dlajb i
I [1+y(p = D] = L2, [1 + (= Dlajb;
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A simplification of the above expression yields the desired inequality (8). Conversely, assume that (8) holds.
Then, in view of Definition 1.2, it is sufficient to prove that the inequality

1 1
k ‘E (@, (f,9,8) - P)‘ -R (g (@(f,9.0 - P)) <p-a ®)
holds for each & € D. For & € dD, the boundary of ID, we have

(k+1)|D)(f, 9,8 -
k’%((D)/(flgfg)_P)’_%(%((Dy(f,g,g)_p))S + )| }lé_lfg ) P‘

The last expression of the above inequality is bounded above by p — a provided (8) holds. Applying
maximum modulus principle, we establish that the inequality holds true for each £ € ID whenever (8)
holds. [

Corollary 2.2. Let f() be given by (6). If f € TU, (g, 7,k b, ), then

(p—a)[1+y@-D]bl

YE T DG-p+ b+ UEEP (10)
The equality in (10) is attained for f(&) given by
- - D] .
o= - (p—a)[1+y(p -1l g (jzn+p) a

((k+1)(j = p) + (p — )IBI)[1 + y(j - D]b;
Remark 2.3. The condition (8) is only sufficient for the family Uy (g,y,k, b, a),

Definition 2.4 (Radius Problems). Let ¥ and G be two subfamilies of A. Then the ¥ -radius of G, denoted by
Z5(G), is the largest number p (0 < p < 1) such that r' f(r&) € F for all f € G, where 0 < r < p. The problem of
finding the number p is called a radius problem. Further, if we can find an fo € G such that 1~ fo(r&) ¢ F whenever
r > p, then the number p is said to be sharp.

Goodman [15, Chapter 13] listed, systematically, several radii results concerning some classical subfamilies
of 8. For some recent works on radius problems, we refer to [1, 2, 11, 49] and the references therein. In
the following theorems, we find the radii of p-valent close-to-convexity, starlikeness, and convexity for the
members of the family T‘Ll;(g, v, kb, a).

Theorem 2.5. Let f(&) defined in (6) be a member ofT(L{Z (9,7,k,b,a) and let g(&) be of the form (4). Then f(&) is
p-valently close-to-convex of order 6 (0 < 6 < p) in || < 11, where

] (p—a)[1+yp-D]bl

The result is sharp for f(&) defined in (11).

i . 1/G-p)
_o\ ((k+ 1) - —a)B)IL + (- Db,
r= inf {(P '5)(( +1)(j = p) + (p = B[ + (- 1)] ,} |

Proof. Let f € TU,(g,7,k b,a). Then it is easy to etablish that the inequality
whenever [£] < 7. O

£1(&)/&1 = p| < p -6 holds

Theorem 2.6. Let f(&) defined by (6) be in the class T (LIZ(g, v,k b, a) and let g(&) be of the form (4). Then f(&) is:
(i) p-valently starlike of order 6 (0 < 6 < p) in |&| < 1y, where

7o := inf
jzn+p

(P - 5) ((k+1)(j = p) + (p — )BI)[1 + y(j = DIb; 1/(-p)
= (p =)l +y(p-DIb '
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(ii) p-valently convex of order 6 (0 < 0 < p) in |&| < r3, where

r3 := inf
jzn+p

jG -0 (p—a)[1+yp-DIbl

Both the results are sharp for f(&) defined in (11).

{( p—d ) ((k+ 1)~ p) + (o = @lbI)[1 + (- 1)1@}””‘”)
) .

Proof. (i). The result is proved by verifying that |£ f (&) f(E) - p( < p = o for |E| < r;. On using the fact that
f(&) is p-valently convex &= &f’(&)/p is p-valently starlike, the proof of (ii) follows immediately. [

3. Convexity and Extreme points of 7~ ‘Ll;(g, VY, k, b, )

Theorem 3.1. Let the functions f; (i = 1,2,...,m) be defined as

ﬁ(é) = &P - Z {lj,iéj ({Z]',i >0; n,p € N).

j=n+p

Suppose that f; € TU,(g,7,k b, a) for all 1 <i < m. Then the function h given by

h(&) = Zm: Aifi(), [)\i >0, Zm: Ai= 1],
i=1 i=1

also belongs to the family TU,(g,7,k, b, ).

Proof. Since f; € T ‘LIZ (9,7,k,b,a), it follows from Theorem 2.1 that

= [(k+D(—p)+ (-l +y(G - 1] .
y ](p _’”a)[lp+ yo(‘p - 1)]|b|y I = b <1, (A<i<m). (12)

J=n+p
From the definition of i(&), we have
e =Y ==Y (Z Aiaj,i] g=- Y 48,
i=1 j=n+p \i=1 j=n+p

where d; = Y., Aiaj;, j = n+ p. Now, in view of (12),

co [k+1)(G—p)+@—-a)bll+y(-1)] N m N
Z (p—a)[1+yp-1Ibl dibj < Z Ai=1.

j=n+p i=1

Therefore, by Theorem 2.1, we conclude that i € 'T(LIZ (9,7,kb,a). O
Theorem 3.2. If f € T(Ll;’(g, v,k b,a), then f(e&)/ef € T‘Ll;’(g, v,k b,a), where 0 < e < 1.

Extreme Points.

Let X be a topological vector space over C and suppose that U € X. Then U is convex if sx1 + (1 —s)x, € U,
whenever x1,x; € Uand s € (0,1). The closed convex hull H(U) of U is the intersection of all closed convex sets
containing U. A point u € U C X is said to be an extreme point of U if it can not be written as u = sx + (1 —s)y
for distinct x1,x, € U and 0 < s < 1. Let [E(U) be the set of all extreme points of U. Since the family
T’LIZ (9,7,k, b, a) is convex, we determine its extereme points. The following lemma will be useful.
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Lemma 3.3 ([32]). Let X be a topological vector space. If 0 # (2 C X is compact, then Q2 C H(IE(X)). Further, if Q
is convex in X, then QO = H(E(X)).

Theorem 3.4. Let fi(&) = & and

_ (p = )1 +y(p - DIk g
[+ D) —p)+ (p— bl + G- Db~

wherek 20,0<y<1,0<a<p, beC\{0}and E € D. Then f € TU,(g,,k b,a if and only if

fil&)=¢

>n+p,

FE@ =8AE)+ Y SifE), (13)
J=n+p
where 91 20,82 0forall j2n+pand 1+ L2, 9 =1

Proof. Let f(&) be of the form (13), then

fO=8AO+ ), 9fE) =& =) v,
j=ntp j=n+p
where
®: = 9, (P -1 +yp - DI
P+ 1) = p) + (p — @bl + (G - Db

Since

[+ 1) = p) + (p = lbll[1 + (= 1]
) = b=l

&, 1+ (= DIl

it follows from Theorem 2.1 that f € TU,(g,y,k b, a). Conversely, suppose that f(¢) defined by (6) is a
member of the family T(Ll;' (9,7,k,b,a). Then

(p—a)[1+yp-DI]bl

R T P T v L
Setting
kDG -p ool G-l
: (p - oL+ y(p -1l ™
and 91 =1-Y72,,, 9, it can be easily seen that f(&) is expressible as (13). [

Let us define the set U as

U:= {ff(é) LAE) =& and fi(&) =& — k&, j2n+ p}. (14)
where «; 1= 16 +1)(](p p)i)gJZ)\iu[lfllzl(] ;- Clearly U is a subset of E (T (LIZ(g, v,k b, a)), the set of extreme points

of ’T‘LI;‘ (9,7,k,b,a). Also, from Theorem 3.4, we conclude that T(Ll;’ (9,7,k,b,a) = H(U). Using the fact that
U is compact and then applying Lemma 3.3, the following result follows:

Theorem 3.5. The set U given by (14) is the set of extreme points of the function family TU, (g, 7,k b, @), that is,
E(TUNg,7,kb,a)) = U
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4. Subordination Problem

Definition 4.1 (Subordination). Let fi be analytic and f, be univalent in ID. Then we say that fi is subordinate
to f, in D, written as f1 < f», if and only if £1(0) = £,(0) and f1(ID) C f,(ID).

Definition 4.2 (Subordinating factor sequence). A sequence {s j}]f"’:l in C is called a subordinating factor sequence
if for every convex univalent function

nE=&+) e, (£eD) (15)
=2
we have the subordination 27’:1 sjcjéf <h(),&eD,c =1.
Lemma 4.3 ([50, Theorem 2]). The sequence {s]-}]f“’:1 is a subordinating factor sequence if and only if R(1 +
2Y.728&0) > 0.
Theorem 4.4. Let f € T (Ll;'(g, v, k, b, ) be as in (6) and let
- [n(k + 1) + (p = BT+ Y1 + p — Dby |
2{(p = W1+ y(p = D]+ [k + 1) + (p = B + ¥ +p = Dby
Then for every convex h(&) given by (15) we have

(tf)/&)+h(E) < h(E),  &eD. (16)
Furthermore,
R(7FE)>-1/21, EeD. (17)

If p and n are odd, then the constant factor T in (16) and (17) is best possible.

Proof. From the representations (6) and (15) of the functions f(&) and (), respectively, we have (’L’ f(&)/ & ‘1)*
h(é) =T (5 - Z}.o:n+p+1 ﬂ]'_lC]'Ej) = Z;il d]CJEJ, where

T, j=1
dj:Z 0, 2Sj§1’l+p
—-taj-1, jzn+p+1.

Thus, in view of Definition 4.2, it follows that the expression (16) will hold true if {d ]-}]i’i is a subordinating

1
factor sequence. In view of Lemma 4.3, the sequence {d;} is a subordinating factor sequence if we show that

R +2 Z]f'il d]Ej) > 0. Consider the function W(j) given by W(j) = ((k +1)(j-p)+@p- oz)lbl)[l +y(j — DIb,
j = n+p. Itis easy to verify that W(j) is an increasing function of j and hence W(j) > W(n +p),j = n +p.
Therefore for |£| = r < 1, we obtain after some simplifications that

R [1 +2) diél
j=1

Hence the subordination result (16) is established. Now taking h(&) = £/(1 — &) in the subordination (16)
and noting that this function maps ID onto R(w) > —1/2, the result (17) follows easily. For the sharpness T,
consider the function

142162 ) 10,6

j=n+p

=R >1-r>0

(p ML +y(p - DI nip
[(k+D(G-p)+ @ -1 +y(-Dlbpyy
which is a member of T’L(Z(g, v, k, b, a). Thus from (16), we have ’cfo(é)/é”_1 < &/(1 - &). Moreover, it can

be easily verified that if p and n are odd then for & = -1, (fo(&)/ &1y = -1/27. This proves that the constant
factor T cannot be improved further. O

fo&) =& -
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5. Closedness under modified Hadamard product

Forx =1,2and n,p € N, define

00

fl@=8-Y apd (@20 x=12) (18)
j=n+p
The modified Hadamard product of the functions f; and f,, denoted by f; ® f>, is defined as

(e8]

(e f)E) =& = ) ajapdl

j=n+p
Theorem 5.1. Let the functions f,(£), x = 1,2, be defined as in (18). If f1, f» € ‘7"7/[;(;7, v,k b,a), then 1 ® f, €
T(LIZ(g, v,k, b, B), where

B<p- n(k+1)(p — a)*[1 + y(p - D]b|
=P [n(k+1) + (p — P+ y(n + p = Dlbpsp — (p — @)?[1 + y(p — DIBP

The result is sharp for the functions f,(E) given by
B (p— )1 +y(p - D]l
[(k+1)(j = p) + (p = a)IblI[1 + y(j = 1Ib

Proof. We will make use of the technique adopted by the authors in [33]. Accordingly, we need to determine
the largest 8 so that

i [(k+1)(j—p)+ (p = PIbIIL + y(j — 1)Ib;
(p =PI+ y@p-DIbl

f(&)=¢& &, (x=12j=n+p).

aj1a;2 <1. (19)

j=np

Since f(&) € T(LIZ(g, y,k,b,a) for x = 1,2, the inequalities

& [k + 1) = p) + (p = a)lblllL +y( = DIb;
j—Zn:p (p— @)1+ y(p - 1)]b] a1 <1 (20)
and

> [+ 1)( = p) + (p = )L +y( - DIb;
L (p — L +y(p - DI a2 < 1. (21)

j=n+p

hold in light of Theorem 2.1. By means of the well known Cauchy-Schwarz inequality, we obtain from (20)
and (21) that

= [k + DG = p) + (p = bl + y( - DI
f;p (p - )1 +y(p - DIl Vaiadjz < 1 (22)

Therefore, the inequality (19) will hold true if
[+ )G —p) + (= PIbA] L k+ DG —p) + (p — a)lbl]

r-p) iz = - Vaidiz .

that is, if

—— _ [(k+ DG —p)+ (p—a)bl] (r-p)
vz = v- “ e+ DG —p) + (p— P’

(23)
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for j > n + p. Also from (22), we obtain

(p— )1+ y(p-DIb|

V2 = [ DG - p) + (- B + G- Dl P 24
Thus, in view of (24), the inequality (23) will hold true if
(p—a)1+y@p-Dlbl LMk+DG=p) + (P~ )lbl]
[(k+1)(—p)+(p-a)blll+y(-DIb; ~ (p-a)
(r—p)

[(k+ 1) = p)+ (p = bl

for j > n + p. On simplification, the above expression yields

p<p- (k+1)(j —p)p — @[ +y(p - DIIb]
=P DG —p) + (- WP+ G - DIb; = (p — a)[1+ y(p - IR

For j > n + p, define the function M(j) as

B (k+1)(j = p)p — a)*[1 + y(p = D]lb|
[(k+ 1) = p) + (p = bIP[1 + y(j = DIbj = (p = )*[1 + y(p — DIDP

It can be observed that M(j + 1) > M(j) for j > n + p with n,p € IN. Therefore, we have f < M(n + p). This
completes the proof. [

M(j)=p

6. Conclusion

In this paper, we use Hadamard product to introduce a novel family 7 U (g, y,k, b, a) of p-valently
analytic functions with missing initial Taylor coefficients and involving complex order. Several interesting
geometric and analytic properties of this family are discussed. Since 7U, (g, y, k, b, a) is a generalization to
several other recently introduced function families, the earlierly proved results can be easily obtained as
special cases. In particular, setting p = 1 and o = 0, we obtain the results of Bukhari et al. [10].

In light of the recent works of Srivastava et al. [41-43, 48], we note that the results presented in this
paper has several future prospects for g-extensions. Moreover, we reiterate that by applying some obvious
parametric and argument variations, the g-extensions can easily (and possibly trivially) be translated into the
corresponding results for the (p, g)-analogues (0 < g < p < 1), the additional parameter p being redundant.
For comprehensive details, we refer to the survey-cum-expository review article Srivastava [38, p. 340]
(also see Srivastava [37, 39]) which encourage and motivate significant further developments on g-calculus
and other related topics.
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