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A system of matrix equations over the commutative quaternion ring

Lv-Ming Xie?, Qing-Wen Wang?

*Department of Mathematics, Shanghai University, Shanghai 200444, P. R. China

Abstract. In this paper, we propose a necessary and sufficient condition for the solvability to a system of
matrix equations over the commutative quaternion ring, and establish an expression of its general solution
when it is solvable. We also present an algorithm for finding an approximate solution to the system when
it is inconsistent. Finally, we give an example to illustrate the main results of this paper.

1. Introduction

As well known that the Hamilton quaternion discovered in 1843 [1] was not only applied in mathemat-
ics, but also penetrated into mechanics, quantum physics, signal and color image processing, etc (e.g. [3-7]).
However, the multiplication of Hamilton quaternions is not commutative which causes many difficulties in
studying problems. In 1892, Segre [15] proposed another kind of quaternions satisfying the commutative
property of multiplication. The set of all commutative quaternions is a ring which contains zero-divisor
and isotropic elements. The collection of all commutative quaternions is a four-dimensional space over the
real number field. The commutative quaternions have been widely used in signal and image processing
(e.g. [8,10]). In [2], Kosal et al. gave the complex matrix representations of a commutative quaternion and
a commutative quaternion matrix, respectively. After this, Kosal et al.[12] presented a universal similarity
factorization equality to give the real matrix representations of a commutative quaternion and a commuta-
tive quaternion matrix, respectively. On this basis, they gave an expression of the general solution to the
commutative quaternion matrix equation AX = B when it was solvable. Moreover, Kosal et al.[16] also
investigated the so called the Kalman-Yakubovich-conjugate matrix equations by the real representations
of commutative quaternion matrices.

We know that Sylvester-type matrix equations are widely used in system science and control theory.
Wang et al. [17, 18] considered some systems of one-sided coupled Sylvester-type quaternion matrix
equations. In 2019, Wang et al.[9] also found the solvable conditions and an expression of the general
solution to the following two-sided coupled Sylvester-type matrix equations over the quaternion algebra,

A1 X =C1,A)Y =Gy, A3Z = G5,
XB1 =D1,YBy = Dy, ZB3 = D3, (1)
AyXBy+ CyYDy =P, A5ZB5 + C5YD5 = Q,
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where X, Y, Z are unknown matrices and the other matrices are given with appropriate orders. To our best
knowledge, so far there has been little information on the exact solution and the approximate solution to
the system (1) over the commutative quaternion ring. Motivated by this mentioned above, we in this paper
consider the solvability conditions, the general solution, and the approximate solution of the system (1)
over the commutative quaternion ring.

This paper is organized as follows. In Section 2, we discuss the structure of the operator vec(RYU)
over the commutative quaternion ring. In Section 3, using the different method from one in [9], we present
a necessary and sufficient condition for the solvability to (1) and an expression of the general solution to
(1) when it is solvable. We also present an algorithm for finding an approximate solution to the system (1)
when it is inconsistent. In Section 4, we provide an algorithm and a numerical example to illustrate the
main results of this paper. Finally, we conclude this paper by giving some remarks in Section 5.

Throughout this paper, we denote the real number field, the complex number field, the commutative
quaternion ring by R, C,Q,, respectively. We denote the set of all m X n matrices over Q. (C or R) by
QP (€™ or R™"). For A € C"™",Re(A) and Im(A) denote the real part and the imaginary part of A,
respectively. We denote the addition of the main diagonal elements of a square matrix A by tr(A). We
denote AT € Q™ as the transpose of A. Let A® B = (a;;B) be the Kronecker product of A and B. The
Moore-Penrose inverse of A € R™", denoted by AT, is a unique matrix X satisfying the Penrose equations

AXA=A, XAX=X AX)T=AX (XA = XA.

2. Preliminary

In this section, we first recall the complex representation of the commutative quaternions, some prop-
erties associated with the commutative quaternions, and the structure of the operator vec(RYU) over Q..
The following notation used in this paper is as in [11].

The set of all commutative quaternions is denoted by

Q. ={a=a0+mi+ayj+ask:ap,a1,a,,a3 € Rand i, j k ¢ R}, 2)
where i, j, k satisty
2 =k=-1,7=1,ijk=-1,ij=ji =k, jk =kj =i ki = ik = —].
Leta =ag +a1i + axj +ask, b = by + byi + byj + bsk € Q,, p € R. Then we easily have that

ab =ba =(ﬂ0bo - ﬂlbl + azbz - a3b3) + (ﬂlbo + ﬂobl + ﬂ3b2 + a2b3)i
+ ({Ilobz + azbo - a1b3 - ﬂ3b1)j + (113b0 + ﬂ0b3 + {11b2 + azbl)k,
a+b= (LI() + bo) + (011 + bl)l + (Elz + bz)] + (ag + b3)k,
pa = p(ag + ari + azj + azk) = pag + paqi + pazj + pask.
Clearly, the commutative law holds in Q.. For any given a € Q,, there are three different types of conjugates

with
aV = ag — ayi + axj — ask,

a? =ay+ayi - ayj — ask,
a® =ag —aqyi — ayj + azk.
Definition 2.1. [2] Ifa = ag + a1i + azj + ask € Q,, then the induced norm over a € Q. is defined as
||11||4 = aaWq?,403

= [(ﬂo + @)+ (m + a3)2] [(ao — ) + (a1 — a3)2] > 0.
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2.1. The complex representation over Q.

Theorem 2.2. [2] Every commutative quaternion can be represented by a 2 X 2 complex matrix.

From Theorem 2.2, we know that

b b
g:QC—>M::{( b; bf):bl,bzeC}
: bi b
a=h+bﬂﬂg@=(é ﬁ)

is isomorphism. We call g(a) is a complex representation matrix for commutative quaternion a. It is easy to
verify that the following statements are true.

Proposition 2.3. Leta,b € Q. and A € R. Then

a="bo ga)=g0),
g(a+b) = g(a) + g(b),
g(ab) = g(a)g(b),

g(Aa) = Ag(a),

9(@)" = g(a) and tr(g(a)) = a + a®.

Ol W=

If A € QI>", then three different types of conjugates of A are given by

o —(,M 2 _(,2 3) _ (,3)
AV = (al.j ),A = (aij ) and AV = (al.j )
According to the i(i = 1,2,3) conjugate of A, A = (AD)T € Q™" is said to be the i"'(i = 1,2,3) conjugate
transpose of A. For any a € Q. and by, b, € C, itis easy to know thata can be written as a = by + b j. Similarly,
if A e Q™" A1, Ay € C"™, then A can be written as A = A; + Ayj € Q.

Definition 2.4. [2] Let A1, Ay € C™" and A = A1 + Ayj € Q™" be given. We define the complex representation of
A as the following

qm:(ﬁ 2)’

Theorem 2.5. [2] Let C,D € QP". Then

G(In) = Dby,

G(C + D) = G(C) + G(D),
G(CD) = G(C)G(D),

G(C™) = (G(O))L, if C Y exists,
G(C1) = (G(©O)).

Ol W=

Remark 2.6. In general, G (C2) # (G(C))*, G(C®) # (G(C))* where (G(C))* is the conjugate transpose of G(C).

2.2. The structure of the operator vec(RYU)

For any C = Cq + Cpj € Q1" , Cy1, C; € €™, we have

Ci+GCj=C=Wc=[C, ],



L.-M. Xie, Q.-W. Wang / Filomat 37:1 (2023), 97-106 100

where the symbol = denotes an identification. Define

Re (Cy)

s _[Re(Cy) | o_| Im(Cy)

o[ | B

Im (Cy)

We h h

e have that vec(Re (C1))
.. [ vec(Re (Cy)) A | vec(Im(Cy))
vec(Im (Cy))

For any given C; € C"™*", its Frobenius norm is defined as
y

m

Y'Yl

i=1 j=1

2
IC1ll = Nleiill* = (Reci)? + (Im.cij)*.

For any given C = C; + Cyj € Q" we define

G = IRe Gyl + ltm Cy | + [Re Colf? + [lim Col

Obviously, [|Wcl| = ICIl = [Ivec(O)|l. Next, we present some properties related to W as follows.

Theorem 2.7. Let C = Cy + Cpj € Q"",D = D1 + Dyj € Q" where C1,Cy, D1, Dy € C™". Then
1. C=Difand only if V¢ = Wp,
2. Weip =¥+ V¥p and Wi = l\yc,l eR,
3. Wep = WeG(D).

Proof. Clearly, (1) and (2) hold, we only need to prove (3). By calculating, we have
CD = (C1 + Cz]) (D1 + Dz]) = (C1D1 + CgDz) + (ClDz + Cle) ]

Thus
Wep = [Ci1Dy + CoD,, CiDy + CoDy ]
_ D; D,
- [Clr CZ][ D2 D1 ]
— W.G(D).
O

Based on this theorem, we have the following results.
Theorem 2.8. Suppose that R = Ry + Ryj € QM"Y = Y1 + Yaj € QP and U = Uy + Uyj € Q, where
Ry,R; € men, Yi,Yr € C"™ gnd U, U, e CSXt, then

vec (Wy) ]

vec (Wryu) = [G(U)T ® Ry, GU)" ® RZ] [ vec (Wy) @

Proof. By Theorem 2.7, it follows that
Wryu =WrG(YU)

=WrG(Y)G(U)
=[R1,R2][ 2 Q ” 5; gj ]

= [R1Y1U1 + RzYzU1 + R1Y2U2 + R2Y1UZ
RiY1Us + RyY,Us, + R1Y2U1 + RzYlul] .
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Therefore,
vec (Wryu)
B (U{@Rl)vec (Yq) + (U{@Rz)vec(l/z) + (U2T®R1)V6C (Y2) + (U2T®R2)Vec(Y1)
| (Ul ®Ry)vec (Y1) + (UL ® Ry) vec(Y2) + (Uh" ® Ry ) vec (Y2) + (Uy" ® Ry) vec(Y1)
u u | w u 1" vec (Wy)
:H o U ] ®RL| ([ 1 ] RZH Vec(\Ifi) ]
= [G(U)T®R1,G(Uj)T®R2][ e gg }
0

Note that the above results are important for solving a system of constrained two-sided coupled
Sylvester-type matrix equations over the commutative quaternion ring.

Lemma 2.9. For B = B; + Byj € Q°, By, B, € C. Let

Iis il,s 0 O
0 0 Ly il

K=, i, 0 o | ©
0 0 I il
Then
vec(Ws) | _ A
[ vec (Wp) ] = K vee(B). ©)
Proof. If B = B1 + B,j € Q, then it follows that
[ vec(B1)
vec(Wp) | | vec(By)
vec(W3) | | vec(B;)
| vec(Bs)
[ I, i, 0 O vec (Re (By)) (7)
00 L il vec (Im (By))
| Ls i,y 0 0 vec (Re (B,))
0 0 I il vec (Im (By))

= K, vec(B).
O

By Theorem 2.8 and Lemma 2.9, we can obtain the following corollary.

Corollary 2.10. IfR=R; +Ryj € Q™" Y = Y1+ Y2j € QP and U = Uy + Upj € Q¥, then

vec (Wryu) = (G(U)T ® Ry, G(jU)" ® Ry ) K vec(Y). 8)
Lemma 2.11. [13] The matrix equation Ax = b, with A € R™" and b € R", has a solution x € R" if and only if

AA'D = b. 9)
In this case, it has the general solution given by

x=A'b+ (I, - ATA)y, (10)

where y € R is an arbitrary matrix, and it has a unique solution A% if rank(A) = n.



3. The Solution of (1)

L.-M. Xie, Q.-W. Wang / Filomat 37:1 (2023), 97-106

102

From the previous discussion, we now turn our attention to solving the system of commutative

quaternion matrix equations (1). For convenience, we define some useful notations which will be used in
the sequel. LetA; = A +A12j, Ay = An +A22j, A3 = A31 +A32j (S Qéﬂx", Cq,Cy, C3 € Qrcnxn’ B1,B>,B3,D1,D,, D3
€ QP Ay = Ay + Anj, As = As1 + Aspj,Cs = Ca1 + Caj, Cs = Cs1 + Cspj € Q", By, Bs, Dy, D5 € Q™! and
P,Q e Q. Set

GD'®An  G(NT®Ap, ] [ 0 0
0 0 GDIT®An GG ®Axn
0 0 0 0
| GB)IT®I 0 _ 0 0
L= 0 0 Ko M=1" @) er 0 K,
0 0 0 0
G(By)"®Au  G(jBs)" ® Ay G(Ds)" ® Cy1 G(jD4)" ® Cyp
0 0 | G(D5)"®Cs1 G(jDs5)" ® Csp |
0 0 [ vec(W¢,) |
0 0 vec(Wc,)
GDT®Asn  G(DT® As vec(Wc,)
B 0 0 | vec(W¥p,)
N = 0 0 K E = vec(Wp,) |’
GB3)' eI 0 vec(Wp,)
0 0 vec(Wp)
| G(Bs)' ® As1  G(jB5)" ® Asy | [ vec(Wq) |
L=Rel, L,=ImL, M;=ReM, M,=ImM, N;=ReN, N,=ImN, a
Vi =[L1,M1,Ni1], V3 = [L2, M2, No],
and
[ vec(ReW¢,) ] [ vec(ImWc¢,) ]
vec(ReWc,) vec(Im We,)
vec(Re W¢,) vec(Im Wc,)
_ | vec(ReWp,) | vec(ImWp,) Eq
Er= vec(Re Wp,) B2 = vec(Im Wp,) |’ Tl E | (12)
vec(Re Wp,) vec(Im Wp,)
vec(Re Wp) vec(Im Wp)
| vec(ReWq) | | vec(ImWp) |

Now we can give the expression of general solution to the system (1).

Theorem 3.1. For A1, A, A3, C1,Ca,Cs3 € Q"", By, By, B3, D1,D2,D3 € Q% Ay, As,Cq, Cs € Q*", By, Bs, Dy,
Ds € Q™ and P,Q € Q™. Let V1, V, € be defined in (11) and (12). Then the system (1) has a solution X, Y, Z € Q"

if and only if
+
Vi Vi _
[VZ][VZ]E_& (13)
In that case, the set of general solution can be expressed as
vec(X) t +
r=1xYzl|| vee® |=| U [ et| te=| 2 || V2 ||y L, (14)
. Vs Va Va
vec(Z)
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where y is an arbitrary vector with appropriate order. Moreover, the system of commutative quaternion matrix
equations (1) has a unique solution [X,Y, Z] € I if and only if

rank[ Vi ] = 12n%. (15)
Vs

In this case, we have

Vec():() vi T
r= [X,Y,Z]‘ vec(Y) =[ V1 ] el (16)
vec(2) 2

Proof. By Corollary 2.10 and Theorem 2.7, it follows that

Wax =W, WYay=%Y¥c, WVYaz=VY¥c,
(1) = Wxp, = Wp,, Wy, =¥p, YWz, =Y¥p,,
Waxs, + We,vp, = Wp, Wasze, + Weovps = Yo,

= Lvec(X) + Mvec(Y) + Nvec(Z) = E,
&= ([ReL +iImL)vec(X) + (Re M + iIm M) vec(Y) + (Re N + i Im N) vec(Z)

=E; +1iE,, A (17)
RelL ReM ReN Vec(}é) o
ImL ImM ImN || V&) |=&
vec(Z)

vec(X)
Vi Y) |=¢
Vv, vec( =&

=
vec(Z)

By Lemma 2.11, we can see that the system (1) has a solution [X,Y,Z] € T if and only if (13) holds.

Consequently, X

<[ e e[ [ 2]
vec(Z) 2 2 2

which implies (14) holds. Furthermore, if (13) holds, then the system (1) has a unique solution [X, Y, Z] € T’

if and only if
v [wvi]_ ;
V2 V2 = 112p2,

that is to say, (15) holds and (16) is trivial. [J
Next, we consider the Moore-Penrose generalized inverse of the column block matrix. Let

q = 6mn + 6kn + 4st,
$ = (Ipe = ViVa) V3,

W = (I, + (1, - S'S) VaVIVITVE (1, - §*S))
J =S+ (I, - S'S)WVVIVIT (I — V3 S7),

©1 = I, - ViVi + VITVIW (I, - §'S) v, v},

®, = -VITV] (1, - S'S)w,

®s = (I, - S'S)W.
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From the results in [14], we have

t t
Vil 1yttt Tl | W Vi|_ t
[Vz] =[vi-rvavt PLEVE L v = viveesst (18)
vil[vi] _[e e
1 1] _ 1 O
AR &
Corollary 3.2. The system of commutative quaternion matrix equations (1) has a solution [X, Y, Z] if and only if
0 6| _
[ el o ]e =0. (20)

In this case, the set of general solution of system (1) can be expressed as

vec(X)
I= [X,Y,Z]‘ vee(Y) |=[VI-J"VoVI JT]le + (112,,2 -Viv, - ss*) vy, (21)
vec(Z)

where X, Y, Z € Q" and y is an arbitrary vector with appropriate order. Furthermore, if (20) holds, then the system
(1) has a unique solution [X, Y, Z] € I if and only if (15) holds. In this case,

vec(X)
r=1{[XYZ7] ‘ vee(Y) | = [VI-J"VVT JT]et. (22)
vec(Z)
Corollary 3.3. Let the condition be satisfied in Corollary 3.2. Then the optimization problem

min ([Wx|? + [WylP + ¥z
[X,Y,Z]eT'

has a unique minimizer [ Xy, Y, Zy] which satisfies
vec(Xy)
vec(Yo) |=[VI-T"VaVi J'le. (23)
vec(Zy)

Proof. From (21), we can see that the solution set I' is a nonempty closed convex set. Hence,

min_ (Il + Ny IP + 19217) = min (IXIP + 1917 + 12)F)

[XYZ]e [XY,Z]e
= min (||vec(X)II* + || vec(Y)|[* + || vec(Z)|?
Jmin_ (I vec(RIP + llvee(N)IF + |l vee(2)IP)
vee®) I
= pin e vee) -
KA vec(2)

VeC(Xw)
By Corollary 3.2, we have | vec(Y,) |is in the form (23). O
vec(Zu)
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4. Numerical exemplification

Next, we give a numerical algorithm and a numerical example to solve the system (1).

Algorithm 1

1. Input the matrix: A1 = A + A12j, Ay = Ay + Azzj,Ag, = A31 + A32j € Qéﬂxn, Cq,Cy, C3 €
Q™" By, By, B3, D1,Dy, D3 € Q% Ay = Asy + Apj, As = Asi + Aspj,Ca = Ciy + Ca2j, C5 = Cs1 + Cspj €
QY", By, Bs, Dy, D5 € Q" and P, Q € QY.

Compute Vi, V5,5 W, ],01,0,,0;, and ¢.

If both (15) and (20) hold, then calculate [Xy, Yy, Zy] € I according to (22).

If (20) hold, then calculate [Xy, Y, Zy] € I' according to (21). Otherwise, go to next step.

Calculate [Xy, Yo, Zy] € T according to (23).

G N

If the system (1) is consistent, then we have that
vilfwi] .
Va v, | €7¢

+
- Vi Vi| |61 6
Vs Vs 0, O3

Example 4.1. Given the commutative quaternion matrices:

Q1 =

and

are small.

[io |-tk —1+i+k 11
Al‘»o ]Cl_[1+0.5i—j 0.5k 'A3‘[1 1]'
c [ 2+05i+k -j+k c. | 1+i+05k 025
27 0 -025i |"2 7| 1+i+05k 0.25]

D. = 1+j+k 14+i+7j D, = -05-2i—-j —j—k
71 05-i+k 055 |72 0 -0.25i |’

1o B i o [
m=lo 1) w0 o|m=|] & |o=] i ]
]
0

i
0
-1+ -1+
D3‘[—o.5j ~0.5] ]'35 [
0= 0 1+ p= 025+ 4i+j+2k 3i—1.75] + 4k

10 -025 0.25+3i+0.5j+ 0.5k 1+2i-0.75j+2k

Ai1=Ay, Bi=-By=Ay A3=Cy As5=0.

Taking
7= 05+2i+j j+k 5 1+i 0255
a 0 025 [~ | 05k 0 |

\I’Cl = \I’Alc(X)I ‘I]Cz = ‘I]Azc(Y)/ ‘yca = ‘I]A3G(Z)r
Wp, =W5G(B1), Wp,=WyG(By), Wp,=W;G(Bs),
Yp = \I’A4G(X)G(B4) + ‘I’C4G(Y)G(D4), \I/Q = \I/ASG(Z)G(B5) + \I’CSG(Y)G(D5)

From Matlab and Algorithm 1, we obtain

%= 1+j+k 14i+j
"1 05-i+k 05j

Let

rank[ “f ] =44 <12n*> =48, Q, =1.3172x 107
2
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Therefore, we can easily see that the system (1) is consistent. Besides, we can also compute Q; =
1.4357 x 1071, Q3 = 2.7365 x 10~ !*. Consequently, the system (1) has infinite solutions [X, Y, Z] € T and an
approximate solution [Xy, Yo, Zy] € T and we can get W5 7 7; — Wix,,v,,z1ll = 9.8306 X 107°.

5. Conclusion

In this paper, we have proposed a necessary and sufficient condition for the solvability of the system (1)
by the complex representation of commutative quaternion matrices. In this case, we establish an expression
of the general solution of the system (1). If the system (1) is inconsistent, then we develop an algorithm to
obtain its approximate solution. Moreover, we also provide an example to illustrate our results.

References

[1] W.R. Hamilton, Lectures on quaternions, Dublin, Hodges and Smith, 1853.
[2] H.H. Kosal, M. Tosun, Commutative quaternion matrices, Advances in Applied Clifford Algebras. 24 (2014), 769-779.
[3] S.L. Adler, Quaternionic quantum mechanics and quantum fields, Oxford University Press, Oxford, 1995.
[4] N.Le Bihan, J. Mars, Singular value decomposition of quaternion matrices: a new tool for vector-sensor signal processing, Signal Process.
84 (7) (2004), 1177-1199.
[5] Q.W. Wang, 'The general solution to a system of real quaternion matrix equations, Comput. Math. Appl. 49 (2005), 665-675.
[6] Q.W.Wang, Bisymmetric and centrosymmetric solutions to systems of real quaternion matrix equations, Comput. Math. Appl. 49 (2005),
641-650.
[7] S.C.Pei, CM. Cheng, Quaternion matrix singular value decomposition and its applications for color image processing, IEEE Internatna-
tional Conference on Image Processing 1 (2003), 805-808.
[8] S.C.Pei,].H.Chang,].J. Ding, Commutative reduced biquaternions and their Fourier transform for signal and image processing applications,
IEEE Trans. Signal Process. 52 (2004), 2012-2031.
[9] Q.W. Wang, Z.H. He, Y. Zhang, Constrained two-sided coupled Sylvester-type quaternion matrix equations, Automatica 101 (2019),
207-213.
[10] S.C. Pei, J.H. Chang, JJ. Ding, et al., Eigenvalues and singular value decompositions of reduced biquaternion matrices, IEEE Trans.
Circuits Systems, I, Regular Papers 55 (2008), 2673-2685.
[11] E Catoni, R. Cannata, P. Zampetti, An introduction to commutative quaternions, Adv. Appl. Clifford Algebr 16 (2006), 1-28.
[12] H.H. Kosal, M. Tosun, Universal similarity factorization equalities for commutative quaternions and their matrices, Linear Multilinear
Algebra 67 (5) (2019), 926-938.
[13] A. Ben-Israel, T.N.E. Greville, Generalized Inverses: Theory and Applications, John Wiley and Sons, New York, 1974.
[14] J.R. Magnus, L-structured matrices and linear matrix equations, Linear Multilinear Algebra 14 (1983), 67-88.
[15] C. Segre, The real representations of complex elements and extension to bicomplex systems, Math. Ann. 40 (1892), 413-467.
[16] H.H. Kosal, M. Akyigit, M. Tosun, Consimilarity of commutative quaternion matrices, Miskolc Math. Notes. 16 (2) (2015), 965-977.
[17] Z.H. He, QW. Wang, A system of periodic discrete-time coupled Sylvester quaternion matrix equations, Algebra Colloq. 24 (2017),
169-180.
[18] Z.H.He, Q.W. Wang, Y. Zhang, A system of quaternary coupled Sylvester-type real quaternion matrix equations, Automatica 87 (2018),
25-31.



