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Hypersurfaces of trans-S-manifolds
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Abstract. We study hypersurfaces isometrically immersed in a trans-S-manifolds in order to find out
under what conditions they could inherit the structure of the ambient manifold and so, to obtain new

examples of such trans-S-manifolds. Mainly, we investigate this situation depending the behaviour of the
second fundamental form of the immersion.

1. Introduction

Riemannian manifolds with a complementary structure adapted to the metric have been widely studied,
for instance, almost complex and almost contact manifolds. More in general, K. Yano [12] introduced the
notion of f-structure on a (21 +s)-dimensional manifold as a tensor field f of type (1,1) and rank 2# satisfying
2+ f = 0. Almost complex (s = 0) and almost contact (s = 1) structures are well-known examples of f-
structures. Riemannian manifolds endowed with an f-structure compatible with the metric satisfying
certain additional conditions are called metric f-manifolds. In this context, almost-Hermitian manifolds
(s = 0) and almost contact metric manifolds (s = 1) are metric f-manifolds.

For metric f-manifolds, D.E. Blair [3] defined K-manifolds (and particular cases of S-manifolds and C-
manifolds). Then, K-manifolds are the analogue of Kaehlerian manifolds in the almost complex geometry
and S-manifolds (resp., C-manifolds) of Sasakian manifolds (resp., cosymplectic manifolds) in the almost
contact geometry.

Recently, P. Alegre, L. M. Fernandez and A. Prieto-Martin [1] have introduced a new class of metric
f-manifolds called trans-S-manifolds because, when s = 1 they actually are trans-Sasakian manifolds (see
[10]). This class contains many types of metric f-manifolds studied in the literature: S-manifolds and
C-manifolds of D.E. Blair, homothetic s-th Sasakian manifolds of I. Hasegawa, Y. Okuyama and T. Abe [7]
f-manifolds of Kenmotsu type introduced by M. Falcitelly and A.M. Pastore [5] and generalized Kenmotsu
manifolds of L. Bhatt and K.K. Dube [2] and A. Turgut Vanli and R. Sari [11]. In [1] more examples of
trans-S-manifolds are given by using generalized D-conformal deformations and warped products as tools.

The purpose of this paper is to study if an oriented and isometrically immersed hypersurface in a trans-
S-manifold inherits the property of being trans-S. In general, the answer is negative. Thus, we consider the
particular case of hypersurfaces tangent to all the structure vector fields and we investigate the situation
depending the behaviour of the second fundamental form of the immersion, that is, if the hypersurface is
totally geodesic, totally umbilical, totally f-geodesic, totally f-umbilical or pseudo-umbilical. Finally, we
study the case of hypersurfaces normal to one of the structure vector fields.
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2. Trans-S-manifolds

A (2n +s)-dimensional Riemannian manifold (M, g) endowed with an f-structure f (that is, a tensor field
of type (1,1) and rank 2 satisfying f° + f = 0[12]) is said to be a metric f-manifold if, moreover, there exist s
global vector fields &1, ..., & on M (called structure vector fields) such that, if 11, ..., 1, are the dual 1-forms
of &1,...,&;, then

fa=0niof=0; F=-I+) nog;
i=1

9%, ) = g(fX, fV) + Y nXom(y), (1)

i=1

forany X, Y € X(M)and i =1,...,s. The distribution on M spanned by the structure vector fields is denoted
by M and its complementary orthogonal distribution is denoted by L. Consequently, TM = L& M.
Moreover, if X € L, then n;(X) =0, foranyi=1,...,sand if X € M, then fX =0.

Let F be the 2-form on M defined by F(X, Y) = g(X, fY), for any X, Y € X(M). Since f is of rank 2n, then

mA---Ans AF"#0
and, particularly, M is orientable. A metric f-manifold is said to be a metric f-contact manifold if F = dn;, for

anyi=1,...,s.
The f-structure f is said to be normal if

[f,f]+225i®d77i=0,
im1

where [f, f] denotes the Nijenhuis tensor of f. If f is normal, then [6]
[, &1=0, (2)
foranyi, j=1,...,s.

A metric f-manifold is said to be a K-manifold [3] if it is normal and dF = 0. In a K-manifold M, the
structure vector fields are Killing vector fields [3]. A K-manifold is called an S-manifold if F = d7;, for any
i and a C-manifold if dn; = 0, for any i. Note that, for s = 0, a K-manifold is a Kaehlerian manifold and, for
s = 1, a K-manifold is a quasi-Sasakian manifold, an S-manifold is a Sasakian manifold and a C-manifold is

a cosymplectic manifold. When s > 2, non-trivial examples can be found in [3, 7]. Moreover, a K-manifold
M is an S-manifold if and only if

Vxéi = —fX, Xe X(M), i=1,...,s,
where V denotes the Riemannian connection associated with g and it is a C-manifold if and only if:
Vx&i=0, XeXM),i=1,...,s.

It is easy to show that in an S-manifold,

VxAY = Y {a(f X, 0+ nn X}, 3)
i=1

for any X, Y € X(M) and in a C-manifold:

Vf=0. (4)
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A (2n + s)-dimensional metric f-manifold M is said to be an almost trans-S-manifold if it satisfies

Vxf)Y = ) [ailg(F X, O + (0 X)
i=1
+ Bilg(fX, V)& — (V) fXY],

for certain smooth functions a;, fi, i = 1....s, on M and any X, Y € X(M). If, moreover, M is normal, then it is
said to be a trans-S-manifold.

So, if s = 1, a trans-S-manifold is actually a trans-Sasakian manifold.

Observe that condition (5) does not imply normality. In fact, in [1] it is proved that an almost trans-S-
manifold M is a trans S-manifold if and only if

Vx&i = —aifX - Bif*X, (6)

forany X € X(M)and anyi=1,...,s.

)

3. Hypersurfaces of trans-S-manifolds.

Though all this section, let (1\7[, ﬁ’él, ..., Es,?fl, ..., 7s,9) be a metric f-manifold and let M be an oriented
and isometrically immersed hypersurface in M such that N denotes the unit normal vector field of M in M

and the structure vector fields &5, ..., 35_1 are tangent to M. Put Es = A&s + uN, where &; is a unit tangent
vector field to M. Then,

A=0(E); p=1(N); A2+ p? = 1. )
Firstly, we are going to suppose that A # 0. Then,

1~
£s+1 :_XfN

is a unit vector field tangent to M such that f:fs = ués+1. Now, we define s — 1 vector fields on M by &; = gx,
for any x € M and

niX)=n(X),i=1,...,s -1,

10 = =3, 1 (X) = 90X Exa), ®

FX = FX = At CON + e ()& = (),
for any X € X(M). Then, it is straightforward to prove that

M, f, &1, &1, M, -+ 1 Ns51, 9)

is also a metric f-manifold with rank(f) = rank( f) — 2. Moreover, given X, Y € X(M), we have that

FX = X = e (0&en = p2n(XE + Auns (N ©9)
and:

90X, FY) = g(FX, FY) + f21(0n:(Y) + 1 (X (). (10)

For M, the Gauss-Weingarten formulas are given by

VxY = VxY + (X, Y); VxN = —AX, (11)
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forany X, Y € X(M), where now V (resp., V) denotes the Riemannian connection of M (resp., M) and 0 and A
are the second fundamental form of the immersion and the shape operator associated with N, respectively,
related by 0(X, Y) = g(AX, Y)N.

By using (8) and (11), we compute that, given X, Y € X(M):

(Vx )Y =(Vx )Y = Anen(V)AX
- #7]5+1(Y)VX55 + [JT]s(Y)VXésH
= {X(pns+1(Y)) + uns1(VxY)es
+{X(uns(Y) + uns(VxY) + Ag(AX, Y)} s
+{X(Ans1(Y)) + A1 (VXY)IN + o(X, fY)
= unss1(Y)o(X, &) + uns(Y)o (X, Es11).

(12)

Now, suppose that M is an almost trans-S-manifold with characteristic functions (ay, ..., as,B1, .-, Bs)-
If u # 0, we observe that M can not be an almost trans-S-manifold too. Thus, we are going to consider that
u = 0, that is, that A = 1 and all the structure vector fields are tangent to the hypersurface. Moreover, we
denote by «; and f; the restrictions of the characteristic functions to M. Then, from (12) and taking into
account (8), (9) and (10), we deduce

(V)Y = Y {aig(fX, FE + e (s (NE;
i=1

+ 10i(Y) F2X = a1 ONi(Y)Ess1) (13)
+ Bi(g(fX, V)& = ni(Y) fX)}
+ 775+1(Y)AX - H(AX/ Y)£s+1/

for any X, Y € X(M) and consequently, M is neither, in general, an almost trans-S-manifold.
Regarding the normality condition (6), from (8) and (11) we obtain, for any X € X(M),

Vxéi=-— aifX + ﬁi(nsﬂ(x)ésﬂ - sz)/

(14)
Ni(AX) = = ains (X),
foranyi=1,...,s and, by using (5):
S
Vx&sn = FAX = Y Binea(X)&: (15)
i=1

Therefore, it seems interesting to study if M can be an almost trans-S-manifold depending on the

behaviour of the shape operator. Firstly, we consider that the hypersurface M is totally geodesic in M, that
is, A = 0. Then, from (13), we can prove the following theorem.

Theorem 3.1. Let M be a totally geodesic hypersurface tangent to the structure vector fields of an almost trans-S-

manifold M, with characteristic functions a;, i, i = 1,...,s. Then, M is an almost trans-S-manifold if and only if
a; = 0, for any i and, in such a case, its characteristic functions are a; = 0, Bj, fori =1,...,s and ass1 = Psr1 = 0.

Now, if Misa trans-S-manifold, from (14) and (15) we deduce:

Corollary 3.2. A totally geodesic hypersurface M tangent to the structure vector fields of a trans-S-manifold Misa
trans-S-manifold if and only if M is a C-manifold. In this case, M is also a C-manifold.

If M is totally umbilical, that is, if A = kI, being h a differentiable function, a direct expansion of (13)
shows that it is not an almost trans-S-manifold. Therefore, it seems necessary to use a variation of these
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concepts concerning the shape operator, more related to the structure. In this context, following the ideas

introduced by Ornea [9] for S-manifolds, we say that an hypersurface M of a (almost) trans-S-manifold Mis
totally f-geodesic (resp., totally f-umbilical) if the distribution £ = {X € X(M)/n;(X) =0,i =1,...,s} is totally
geodesic (resp., totally umbilical), that is, if 6(X, Y) = 0 (resp., 0(X, Y) = g(X, Y)V, being

s
2n—1

v=(1+ )H),

where H denotes the mean curvature vector field, for any X, Y € L.

In other words, since for any X, Y € X(M) we have that FX, fiY € L, by using (1) the hypersurface is
totally f-geodesic if and only if

o(X,Y) = Y ((X)o (Y, &) + mi(V)o(X, &)
i=1

s (16)

=Y XN, &)

ij=1

and, by using (8), it is totally f-umbilical if and only if

(X, Y) = Y (XY, &) + pi(Vo(X, &)

i=1
- Z niX)ni(No(&i, &) + g(f X, fY)V
i=1

s (17)
=Y (X)o(Y, &) + m(V)o(X, £)
i=1

= ) nXm(Me(E, &)

=
+ (g(fX' fY) + Ns11(X)s11(Y) V.

Then, a totally f-umbilical submanifold is totally f-geodesic if and only if it is minimal. On the other
hand, it is easy to show that any totally f-geodesic submanifold is minimal and totally f-umbilical.

Now, suppose that M is a trans-S-manifold. From (6) and the second equation of (14), we get that
G(X/ él) = _ains+l(X)Nr
forany X € X(M)and i =1,...,s. Consequently, 6(&;, &;) = 0, for any i, j and formulas (16) and (17) become

to

S

AX ==Y (X + nea (X)E) "
i=1
and

S

AX == Y (0 + 101 ()8) - hFPX, "

i=1

respectively, for any x € X(M), where h = g(V,N).
Therefore, for totally f-geodesic hypersurfaces of a trans-S-manifold, we have:
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Theorem 3.3. Let M be a totally f-geodesic hypersurface tangent to the structure vector fields of a trans-S-manifold

M with characteristic functzons ai, Bi, i =1,...,s. Then, M is an almost trans-S-manifold with characteristic
functzons oz,, ﬁ,, fori=1,...,sand as11 = Ps41 = 0 Moreover, M is a trans-S-manifold if and only if B; = 0, for any
i=1,.

Proof. From (13), a direct expansion using (18) gives that M is an almost trans-S-manifold with such
characteristic functions. Now, from (14) and (15) we conclude the proof. [J

For totally f-umbilical hypersurfaces of a trans-S-manifold, by using a similar reasoning from (19), we
can prove:

Theorem 3.4. Let M be a totally f-umbilical hypersurface tangent to the structure vector fields of a trans-S-manifold

M whit characteristic functzons a;, [31, i=1,...,5. Then, M is an almost trans-S-manifold with characteristic
functions a, Bi, fori=1,...,sand as1 = —h, ﬁs+1 0. Moreover, M is a trans-S-manifold if and only if B; = 0, for
anyi=1,...,s

Next, let M an S-manifold, that is, a trans-S-manifold with characteristic functions a; = 1 and ‘E, =0, for

i=1,...,s. Anhypersurface M tangent to the structure vector fields of M is said to be pseudo-umbilical [4] if
its shape operator satisfies

=~ f2X + onea (X)&en = ) | (X)&si1 + 1s1(X)E), (20)

i=1

for any X € X(M), where h; and h;, are differentiable functions on M. Pseudo-umbilical hypersurfaces of
S-manifolds correspond to n-umbilical real hypesurfaces of Kaehlerian manifolds [8] (for more details and
examples, the mentioned paper [4] can be consulted). Then, by using (13), (20) and the properties of the
structures, we have the following theorem.

Theorem 3.5. Any pseudo-umbilical hypersurface of an S-manifold is a trans-S-manifold with characteristic func-
tionsa;=1,6=0,fori=1,...,sand ase1 = —hy, fsi1 =0
Now, we are going to consider the case A = 0 and so, u = 1. Consequently, the structure vector field &,

is normal to the hypersurface. In this context, we define s — 1 vector fields on M by &;, = E}x, foranyx e M
and

ni(X) = T(X), fX = fX. (21)
for any i=1,..., s and X € X(M). Then,
(M/frglr- . '155711171/' . -/775—1/9)

is also a metric f-manifold with rank(f) = mnk(ﬁ. Moreover, given X, Y € X(M), we have that

F2X = f2X and g(fX, fY) = g(fX, fY). (22)

It is necessary to point out that any hypersurface of M normal to the structure vector field & is an
invariant submanifold because 7;(fX) = 0, for any X € X(M). On the other hand, if dn; = F (for instance,
if M is a metric f-contact manifold or, in particular, an S-manifold) it can be proved that an hypersurface
M normal to & should be an anti-invariant submanifold. So, in such a case, there are no hypersurfaces
satisfying the required condition.

By using the same notations as above. we can prove:

Theorem 3.6. Let M be an hypersurface normal to the structure vector field & of a (almost) trans-S-manifold with
characteristic functions a1, ..., &s,B1, ..., Bs. Then, M is a (almost) trans-S-manifold with characteristic functions
0(1/ crcy as—llﬁlr e /ﬁS-l*
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