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Generalized matrix functions, permutation matrices and symmetric
matrices

Mohammad Hossein Jafari?, Ali Reza Madadi?

“Department of Pure Mathematics, Faculty of Mathematical Sciences, University of Tabriz, Tabriz, Iran

Abstract. The purpose of this paper is to study generalized matrix functions only using the permutation
matrices and symmetric matrices. Firstly the zeroness of a generalized matrix function and then the
equality of two generalized matrix functions on the permutation matrices and symmetric matrices will be
examined. Secondly generalized matrix functions preserving commutativity of the permutation matrices or
commutativity of the symmetric matrices will be characterized. Thirdly generalized matrix functions which
preserve product of the permutation matrices or product of the symmetric matrices will be investigated.

Finally the Cayley-Hamilton Theorem for generalized characteristic polynomials using the permutation
matrices and symmetric matrices will be studied.

1. Introduction

Throughout the paper denote by M,,(C) the set of all n-by-n matrices over C and let 5, and A, be the
symmetric group and the alternating group of degree n, respectively. Let G < §, and x : G — C be an

arbitrary function. The generalized matrix function associated with G and y is the function d$ : M, (C) — C
given by

n

dSa) =Y x@) [ | ot

oeG i=1

where A = (4;7) € M,;,(C). The determinant and the permanent are two famous generalized matrix functions.
In fact, if G = 5, and x = ¢ is the alternating character of G, then d)f = det is the determinant and if G = §,,

and x = 1¢ is the principal character of G, then d$ = per is the permanent. Clearly if x,¢ : G — C are
two functions and A € C, then d? g = d? + /\dg, and if { is the unique extension of x to 5, which vanishes

outside of G, then dAG, = d'“;". We refer the reader to [6] and [7] for some deep information about generalized
matrix functions. The reader may also consult the papers [3], [4], [5], [8], and the references therein.

Let us introduce some notations and preliminaries which will be used throughout. For each o € 5, let

Fix(o) ={i: 1<i<n,o() =1}
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be the set of fixed points of ¢ and I(¢) = n — |Fix(0)| be the length of 0. Obviously ¢ = 1 if and only if /(c) = 0,
and also [(0) # 1 for all 0 € 5. It should be noted that /(0) < 2 if and only if 0 = 1 or ¢ is a transposition,
and /(o) < 3 if and only if 0 = 1 or ¢ is a transposition or o is a 3-cycle. It is important to note that the
composition of permutations in 5, means left-to-right, that is, (07)(?) = 7(c(i)), for any 0,7 € 5,. Also we
know that each 1 # 0 € $, can be uniquely written as a product of (nontrivial) disjoint cycles. The number
of (nontrivial) disjoint cycles in the decomposition of ¢ is denoted by c(o).

Let E;s = (0;05j) € M,(C) be the standard matrix units, i.e., the matrix which has 1 in the (7, s)-th entry
and zeros elsewhere. Also for each o € §,, let A; = (04();) € M,(C) be the permutation matrix induced by o.
It can be easily verified that for any 0,7 € 5, :

(1)As; =I,ifand only ifo = 1;

(2) Asr = AGAs;

(3) det A; = sgn(o);

(4) A, is diagonalizable;

() if 0 has order m, then each eigenvalue of A, is an m-th root of unity;
(6) A;' = A = AL

(7) A, is a symmetric matrix if and only if 6 = 1;

(8) ExsAs = Ero(s) and AGE;s = EU*T(r)S'

The set of involutions of 5, plays a crucial role in the paper and so we denote it by
T,={c€S,: o> =1).

Finally for each o € 5, let S; = (a;;) € M,,(C) in which 4;; is given by

_{ 1 if o(i)=] or o(j)=1i
aij—

0 otherwise.

These matrices were originally introduced in [8]. It is clear that for any 0 € 5, :
(1)Ss; =1l,ifand only if 0 = 1;
(2) Sy is a symmetric matrix;

(3) S = S

It should be noted that the matrices S, may be singular or nonsingular, for example, S(1234) is singular
while S(123) is not. It is not difficult to see that for any o € 5, the following are equivalent:
(1) o e Ty;
(2) 0 is a product of disjoint transpositions;
(3) A, is a symmetric matrix;
4) S; = Ag;
(5) 2 is not an eigenvalue of S,.

The main objective of this paper is the study of generalized matrix functions using the permutation ma-
trices and symmetric matrices. The results presented here can be viewed as deep generalizations or analogs
of the results presented in [3], [4], and [8]. The most results obtained here, regarding the generalized matrix
function d¢, are proven first in the case y is a character of G and then for an arbitrary function y. This is
because one can obtain more results and the proofs also are easier when x is a character of G compared
with the case y is not a character of G.

The paper is organized as follows. In section 2, first we examine the zeroness of a generalized matrix
function on the permutation matrices or on the symmetric matrices, and then, as a corollary, some equivalent
conditions will be given for the equality of two generalized matrix functions on the symmetric matrices. In
section 3, generalized matrix functions preserving commutativity of the permutation matrices or commu-
tativity of the symmetric matrices will be characterized. In section 4, we concentrate on those generalized
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matrix functions which preserve product of the permutation matrices or product of the symmetric matrices.
Finally, in section 5, our study is focused on the so-called generalized characteristic polynomials and the
Cayley-Hamilton Theorem.

2. Zeroness and equality
We begin this section with a rather simple theorem.

Theorem 2.1. Let G < S, and x be an irreducible character of G. Then either dS = det or d¢ = per if and only if
dS(As) # 0 forall o €S,

Proof. 1t is trivial that if 0 € 5, then
det(A;) = e(0) = £1 #0,

per(A;) =1s,(0) =1 #0.

Conversely, if d)‘(;(AU) #0forallo €8, then f(0) # Oforallo € $, and so G = $, and x is an irreducible
character of 5, which vanishes nowhere. By Burnside’s Theorem, see Theorem 3.15 in [2], every nonlinear
irreducible character vanishes somewhere, hence we deduce that y is a linear character of 5,,. Since 1s, and
¢ are the only linear characters of 5, one has either y = ¢ or x = 1g, and the proof is complete. [J

Irreducibility of the character x in Theorem 2.1 is essential, as the following example shows.

Example 2.2. It is obvious that x = 1s, + 2¢ is a character of S, which is not irreducible. Also di‘?(Aa) = x(o0) =
1+2¢&(0) #0forall 0 € 5, and di’? # det and df,z # per.

For any character y of a group G, one has |x(g)| < x(1) for any g € G. It is proved that the set

Z(x)=1g€G: x(@l = x(}

is a normal subgroup of G, see Chapter 2 of [2]. Every nonlinear irreducible character vanishes somewhere
by Burnside’s Theorem. Hence one can deduce that an irreducible character x of G is linear if and only if
G = Z(x). It should also be remarked that if a character x of G is the sum of two characters ¢ and ¢ of
G, then Z(x) € Z(¢) N Z(y). The zeroness of d)(? on the symmetric matrices, when x is a character of G, is
examined in the next theorem.

Theorem 2.3. Let G < S, and x be a character of G. Then the following are equivalent:
(i) dS = x(1) det;

(ii) d?(A) = x(1) det(A) for all symmetric matrices A € M,(C);

(iii) d?(SU) = x(1)det(S,) for all o € Sy,;

(iv) dS(Agksn) = —x(1) forall1 <k <n-1;

(v) df(A) = 0 for all singular symmetric matrices A € M,(C);

(vi) d?(A) # 0 for all nonsingular symmetric matrices A € M, (C);

(vii) d?([n + A(kk+1)) = 0f01" alll<k<n-1

Proof. First note that Sy i+1) = Ak+1y and the matrix I, + Ay 1) is a singular symmetric matrix for any
1<k<n-1. So (i) = (ii) = (iii) = (iv), (ii)) = (vi), and (ii) = (v) = (vii) are obvious. Hence it suffices to
prove (iv) = (i), (vi) = (i), and (vii) = ().
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In the remaining cases, we first claim that 2((k k + 1)) = —x(1) for all 1 < k < n — 1, where n > 2. The
claim is obvious if hypothesis (iv) holds. For any 1 < k < n — 1, using the matrix

2, |0 0
11
Li+ Ak =| 0 11 0
0 0 2L 54

one has by hypothesis (vii) that
0= dy(In + Ageren) = 272 (x(1) + R((k k + 1)),

implying that £((k k + 1)) = —x(1). Now assuming hypothesis (vi), suppose by way of contradiction that
X((kk+1)) #—x(1) for some 1 < k < n — 1. Since y is a character of G, x(1) is nonzero and so the matrix

Iy 0 0
_ X(kk+1))
A= 0 x(1) 0
1 1
0 0 In—k—l

is a nonsingular symmetric matrix. But this contradicts hypothesis (vi) because d%(A) = 0. Hence the claim
is proved.

Now by the claim {((k k+1)) = —x(1) # 0, forany 1 < k < n —1, and so G contains all transpositions
(k k + 1) and hence x((k k + 1)) = —x(1), where 1 < k < n — 1. In particular, |x((k k + 1))| = x(1), for
any 1 < k < n — 1, which implies that the subgroup Z(x) also contains all transpositions (k k + 1), where
1 <k<n-1. Buttheset{(kk+1)1<k<n—1}generates S, and thus G = Z(x) =5, and ¢ = x. Therefore
if @ is an irreducible constituent of yx, then 5, = Z(¢) by the remark mentioned before the theorem. This
means that all irreducible constituents of x are linear. But 15, and ¢ are the only linear characters of 5, and
hence x = rls, + se for some nonnegative integers r,s. Thus

—(r+s)=-x(1) = x((12)) = r =,
which implies that 7 = 0 and so x = x(1)e. This completes the proof. [

The next example shows that Theorem 2.3 does not hold if x is not a character of G. It is also not true
even if x is a class function of G.

Example 2.4. (i) Let x : $3 — C be a function given by

1 ifo=1

a1 i e =2
XO) =3 2 if 5 =023)
0 if o=(132)

One can see that df'f (A) = det(A) for all symmetric matrices A € M3(C).

(ii) Let x be a class function of As given by

0 ifo=1
Xx(o) = 1 if 0=(123)
-1 if 0=(132)

One can easily verify that d?3 (A) = 0 for all symmetric matrices A € M3(C).
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To state our next results, we need some preliminaries. We define a binary relation on 5, as follows. For
any o, T € 5,, we say that

n

n
o ~ 7 if and only if H Aiol) = H Aiz (i),

i=1 i=1

for all symmetric matrices A = (a;;) € M,(C). It is clear that ~ is an equivalence relation on §,. The
equivalence class of o € 5, is denoted by [¢]. The next lemma gives us some information about ~.

Lemma 2.5. Let 0,7 €5, — {1}. Then

@ 1] =11}

(ii) {0,071} < [0];

(iii) if 0 = 01...05 and T = 11 ... T, are the decompositions of o and T into disjoint cycles, where the cycles o;, T; have
the same moving points for any 1 <i < s, then

o~rtifand onlyif o; ~ 7;, forany 1 <i<s;

(iv) if 0 = 01... 05 is the decomposition of ¢ into disjoint cycles, then

{o]"...o8

sm,..ns € (=11 C [o];

(v) if t(k) € {o(k), 07 (k)} for any 1 < k < n, then Fix(t) = Fix(0) and c(1) > c(0);

(vi) if o, T are two cycles and t(k) € {a(k), 07 (k)} for any 1 <k < n, then © € {o,07};

(vii) if 0 = 01...05 is the decomposition of ¢ into disjoint cycles, ©(k) € {o(k),07 (k)} for any 1 < k < n, and
c(t) < ¢(o), then

n

T € {0]

e 0 ng,... s € {=1,1};

(viii) if o

01...0, is the decomposition of o into disjoint cycles, then

Ns

[c1={o"...0% : ny,...,ns € {-1,1}};

(ix) [[a]] = 2™ for some nonnegative integer m;
(x) 0 € T, if and only if |[0]| = 1.

Proof. (i): Taking the symmetric matrix A = (a;;) to be I, gives [1] = {1}.
(ii): It is enough to show that 6~! € [¢]. For any symmetric matrix A = (a;j) € M, (C) we have

n n

Haia-l(i) = Hao(j)a-l(o(/'))

i=1 j=1

Il
IS
S
<
=

which means that o ~ 071

(iii): By hypothesis the cycles g}, T; have the same set Q; of moving points for any 1 < i < s and so 0,7 have
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the same set ) of fixed points. Now we have
n n
o~T S H Aig(i) = H air(), for any symmetric (a;j)
i=1 i=1

= H Big(i) = H air(), for any symmetric (a;j)

i¢Qq i¢Qq
S S
o H ( H ajgl.(]-)) = H ( H a]-T,.(j)), for any symmetric (a;;)
=1 jeQy =1 jedy
=3 Hal-g,.(j) = H ajr(j), Y1 <i<s, for any symmetric (a;})
jE()i j€(2,‘
n n
o H“}'Ui(i) = H ajr(j), Y1 <i < s, for any symmetric (a;;)
j=1 j=1

S oi~1T, ¥Y1<i<s.

(iv): It comes from (ii) and (iii).

(v): Since Fix(0) = Fix(071), using hypothesis we obtain Fix(t) = Fix(c). Now assume that o = 07 ... 0 is the
decomposition of ¢ into disjoint cycles and €; is the set of moving points of 0; for any 1 <i < s. Thus (); is
the set of moving points of 07" and by hypothesis 7(k) € Q; for any k € €);, which means that 7 maps each
Q; into itself. Hence 7;, the restriction of 7 to Q;, lies in S, and therefore T = 17 ... 75, that is, ¢(7) > ¢(0).
(vi): The two cycles ¢, T have the same fixed points by (v) and so have the same moving points. It then
follows that

o=@o@)...c" ), t=(@t@)...7" a)),

for some m > 2 and 1 < a < n. By hypothesis we have either 7(a) = o(a) or t(a) = 0~'(a) and will show that
either 7 = 0 or T = 07, respectively. Suppose that 7(a) = 0(a) and 2 < k < m — 1 is the least number so that
7(a) # *(a). So by hypothesis

(@) = (7" @) = 16" @) = 07 (0" @) = 0" () = 77%(),
1

which implies that 72(a) = a, that is, m = 2, a contradiction. Similarly, if t(a) = o Ya), thent =071
(vii): We have c(t) = c(0) using hypothesis and (v). Now the proof of (v) tells us that 7 = 77...7; is the
decomposition of 7 into disjoint cycles and €); is the set of moving points of the cycles j, 7; forany 1 <i <.
Since t;(k) € {o;(k), oi‘l(k)} for any 1 < k < n, one deduces by (vi) that 7; € {o;, oi‘l} forany 1 <i < s and the
proof is complete.

(viii): One part is trivial by (iv). Suppose now that ¢ ~ 7 and so we have for the symmetric matrix S, = (a;;)
that

H Aiz(i) = H Aigiy = 1,

i=1 i=1
implying thata;.; = 1 forany 1 < i < n. It follows by definition of S, that 7(i) € {0(i), 07 (i)} forany 1 <i < n.
Hence we deduce that c(7) > c(0) by (v). In a similar manner, using the symmetric matrix S;, one obtains

c(0) = c(t). Therefore c(0) = c(t) and the result follows by (vii).
(ix) and (x): It is clear from (ii) and (viii). [

It should be noted that for any ¢ € $, the set [0] is contained in 0%, the conjugacy class of ¢ in S, and
hence every class function of 5, is constant on [c].

Taking a closer look at Example 2.4 would lead us to the following generalization of Theorem 2.3. Notice

that the following can be compared with Theorem 2.1 of [3] or Theorem 2.1 of [4]. The zeroness of di” on
the symmetric matrices is examined in the next theorem when y is an arbitrary function on 5.
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Theorem 2.6. Let x : S, — C be a function. Then the following are equivalent:

(i) Leero) X(7) = l[allx(De(o) for all 0 € S,

(ii) di” (A) = x(1) det(A) for all symmetric matrices A € M,,(C);

(iii) 43"(Ss) = x(1) det(S,) for all o € S,;;

(iv) di" (A) = 0 for all singular symmetric matrices A € M, (C);

(v) di” (A) = x(1) det(A) for all nonsingular symmetric matrices A € M, (C).

Also, any one of the conditions (i) — (v) together with the condition x(1) # 0 is equivalent to:
(vi) di" (A) # 0 for all nonsingular symmetric matrices A € M,(C).

Proof. (ii) = (iii), (if) = (iv), (i) = (v), ((ii) &x(1) # 0) = (vi), and ((v) &x(1) # 0) = (vi) are obvious. So it
suffices to show that (i) = (ii), (iii) = (i), (iv) = (@), and (vi) = ((i) &x(1) # 0).

(i) = (ii): Let Q be the set of representatives for the equivalence classes of ~ on $,. Using hypothesis and
Lemma 2.5, for any symmetric matrix A = (a;;) € M,,(C) we have

Z Z x(7) H Air(i)

0€Q 1€fo]

= Z ZX(T) Hﬂia(i)

0eQ)  1€fo]

= Z Ila]lx(De(o) H T

geQ)

= (1)2 ZE(T) Hﬂia(i)

0eQ)  t€lo] i=1

R OPIDINC Halm)

0€Q 7€[0]

= x(1)det(A),

dy(A)

which completes the proof.
(iif) = (i), (iv) = (i), and (vi) = (() &x(1) # 0): If ¢ : 5, — C is a function given by

@(0) = x(0) — x(1e(o),

then

Y e = Z X0 = Y xe) = Y. x(@) = llollx(De(o),

1€[o] 1€[o] €[o]

and so we have to show that

Y 0 =

7€[o]

for any 0 € 5,. Obviously
Y p(@) = (1) =
€[]

By way of contradiction, choose 1 # ¢ € §,, so that /(o) is minimal and ¢(¢) is maximal and
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Thus if T € $,, and either [(1) < I(0) or I(7) = [(0) and ¢(7) > ¢(0), then
Z p(a) =0.
a€lt]

Now let A = (a;;) be the symmetric matrix xI, + S;, where x € C. By definition of ~, the set

n

Q={tes,: Haif(i) # 0}

i=1
is a union of equivalence classes of ~. Clearly

n

H iy = (x + 1)1

i=1

andsoo € Qif x # —1. Let I, containing o if x # —1, be the set of representatives for the equivalence classes
of ~ contained in Q. If & € T, then by definition of A we have a(i) € {i,0(i),0}(i)} for any 1 < i < n and so
Fix(o) € Fix(a). If Fix(0) C Fix(a), then [(a) < I(0) and so by the choice of ¢ we have

Z (1) = 0.

7€la]

But if Fix(0) = Fix(a), then (o) = I() and a(i) € {0(i),071(i)} for any 1 < i < n. Hence by (v) of Lemma 2.5,
c(a) = c(0). If c(a) > c(0), then again by the choice of ¢ we obtain

Z (1) =0.
T€[a]

Now if c(a) = c(0), then by (vii) of Lemma 2.5, a € [¢] and so a = ¢, because a, 0 € T'.

Therefore

d3(A) = x(1) det(A)

a5 (A)

= Z Z ¢(1) ﬁﬂn(z‘)
i=1

a€l’ tefa]

= Z Z ¢(1) ﬁﬂia(i)
a€l’ t€fa] i=1
n

= 2 ( 2 @) [[ oo

ael  tela] i=1
n
= ( Z (P(T)) Hﬂig(i)
7€[o] i=1

= @+)7OY o). ()

7€lo]
Putting x = 0 in relation (+) will result in
a5 (8,) = x(1) det(S,) = ) (1) #0,
7€[o]

which contradicts hypothesis (iii). This completes the proof of (iii) = (i).
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Since tr(S;) = n — I(0) # n, hence S; has an eigenvalue A # 1. Thus the matrix A = —Al, + S, is singular
and so by putting x = —A in relation () we obtain

d>(A) = (1 - 1)@ Z @(1) 0,

7€[o]

contradicting hypothesis (iv). This completes the proof of (iv) = (i).

Assuming hypothesis (vi), we have x(1) = di" (In) # 0. Hence it can be easily seen that p(x) = x(1) det(xI, +
S,) and

900 = p) + (x + 1" Y (1)
T€lo]
are both polynomials in x having degree n and leading coefficient x(1).
Suppose by way of contradiction that each root of g(x) is also a root of p(x). So each root of g(x) is a root

of q(x) — p(x), too. We get a contradiction if /(o) = n. So if [(0) < n, then it follows that —1 is the only root of
g(x). Thus g(x) = x(1)(x + 1)" and

pe) = XD +1)" = (x + 1" Y g(v).

7€fo]
One can see using /(o) > 2 that the coefficient of x"~! in p(x) is x(1)n. But this implies that the coefficient
of "1 in det(xI, — S,) is —n, that is, tr(S,) = 1, a contradiction. Hence one can choose some root A of g(x)
such that A is not a root of p(x). Therefore the matrix A = AI, + S, is nonsingular and so by putting x = A in
relation (*) we have

& (A) = q(A) = 0,

which contradicts hypothesis (vi). Therefore the proof of (vi) = ((i) &x(1) # 0) and so the proof of the
theorem is completed. [

As a consequence of Theorem 2.6 we obtain:

Corollary 2.7. Let G < S, and x be a class function of G with x(1) # 0. Then the following are equivalent:
(i) d§ = x(1) det;

(i) dS(A) = x(1) det(A) for all symmetric matrices A € M,(C);

(iii) d$(Ss) = x(1) det(S,) for all 0 € S,;;

(iv) d?(A) = 0 for all singular symmetric matrices A € M,(C);

(v) d)(?(A) = x(1) det(A) for all nonsingular symmetric matrices A € M,(C);

(vi) d)f(A) # 0 for all nonsingular symmetric matrices A € M, (C).

Proof. First note that d)(? = df’é’“. Now, using (x) of Lemma 2.5 and x(1) # 0, the condition (i) in Theorem 2.6
reduces to {(0) = x(1)e(o) # 0 for any transposition o € S, which means that G = 5,,. Hence y is a class
function of $,, and the condition (i) in Theorem 2.6 reduces to xy = x(1)¢ and hence d? =x(1)det. O

Another interesting corollary of Theorem 2.6 is the following which is a generalization of Theorem 3.9
and Corollary 3.12 of [8]. It can also be compared with Theorem 2.2 of [3].

Corollary 2.8. Let x, ¢ : S, — C be two functions. Then the following are equivalent:
() Yorepo) X(7) = Loy @(7) forall 6 € 8,;

(ii) di” (A) = dz" (A) for all symmetric matrices A € M,(C);

(i) d3"(So) = dyy (S) for all 0 € S,.;

(iv) di” A) = dg;’ (A) for all singular symmetric matrices A € M, (C) and x(1) = p(1);
(v) di” (A) = dg,” (A) for all nonsingular symmetric matrices A € M,(C).
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Proof. First note that if 0 = 1, then S; = I, and so we have the equality
x(1) = dy (1) = dig (1) = (1),
by any one of the conditions (i)-(v). Now consider the function 0 : 5, — C given by
0(0) = €(0) + x(0) = ¢(0).

Hence 0(1) = 1 if each of the conditions (i)-(v) is satisfied. Since

Y 0) = llolle@) + Y x(@) = Y p(0),

1€[o] 1€[o] t€lo]
for all ¢ € $, and since for any matrix A € M,,(C)
Sy’ — S,, Sn
dy'(A) = det(A) +dy'(A) — d ) (A),
hence by applying Theorem 2.6 for 0 the result follows. [

It should be remarked that if x, ¢ are two class functions of 5,, then the condition (i) in the above
corollary is equivalent to “x = ¢@”. Also, the condition “x(1) = ¢(1)” is essential in part (iv) of Corollary 2.8,
as part (ii) of Example 2.4 shows.

Applying Corollary 2.8 will immediately give the next corollary which generalizes Corollary 3.13 of [8].

Corollary 2.9. Let x, ¢ be two class functions of $,,. Then the following are equivalent:
@O x =9

(i) di” (A) = d%‘ (A) for all symmetric matrices A € M,(C);

(i) 43"(So) = d2 () for all o € S,,;

(iv) di" (A) = dg," (A) for all singular symmetric matrices A € M, (C) and x(1) = p(1);
() di’“ A) = di” (A) for all nonsingular symmetric matrices A € M,(C).

Notice that a result similar to the above corollary does not hold if x, ¢ are two class functions of a proper
subgroup of 5.

Example 2.10. Let x be the irreducible character of Az given by
1 ifo=1
x(0)=3 w if 0=(123)
w? if 0= (132)

where w is a primitive cube root of unity. It can be easily verified that if @ = ¥, the conjugate of x, then d?3 A = d$3 (A4)
for all symmetric matrices A € Ms(C).

3. Preserving commutativity
The first result of this section gives a criterion for a map to be a class function.

Theorem 3.1. Let G <8, and x : G — C be a function. Then x is a class function of G if and only if d$(AnAp) =
dS(ApA,) forall o, p € G.
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Proof. Assume that y is a class function of G and «, § € G are arbitrary. Then
7 (Audp) = dY(Aap)
= x(ap)
= xa(Ba)a)
= x(Ba)
= di(Ag)
= dS(AgAL).
Conversely, if @, p € G are arbitrary, then by hypothesis
43 (Aq)
= di(Aupp)
= dS(Aupds)
= dS(Ag1Aap)
= dApp)
= x(B'ap),

which means that y is a class function of G. [

x(a)

As a corollary we obtain:

Corollary 3.2. Let G < S, and x : G — C be a function such that x(c) # 0 for some 1 # 6 € G. If n # 4 and
dS(AAp) = dS(AgAL) forall a, B € Sy, then either G = A, or G = S,
Proof. Since df';(" = d¢, it follows by Theorem 3.1 that { is a class function of §,. By hypothesis, { is nonzero

on ¢%, the conjugacy class of 0 in $,,, and so 6> C G. If N is the subgroup of $, generated by ¢*, then N is
a nontrivial normal subgroup of $, contained in G. But 5, has at most three normal subgroups for n # 4.
Therefore, either G = A, or G = 5, and the proof is completed. O

We need a lemma, whose easy proof is omitted, which plays a key role in the sequel.
Lemma 3.3. (i) Let 0 = (@142 .. .ay) € S, where m > 2. Then o = af, where o, p € T,, are defined as follows:
a = (mam)(@2am-1) - - - (@1-1012)(W141),
B = (@maz)(@m-1a3) - - - (a1:301-1)(@142a1),
if m = 2l is even, and
a = (1) (a2am-1) - - - (@1-1143)(@a142),

B = (amaz)(am-1a3) - - - (a1e301)(@1420141),
ifm=2l+11isodd;
(ii) For each o € S, there exist a, p € T, such that o = ap and Fix(o) = Fix(a) N Fix(p).

It is a well-known problem that if G < §, and x : G — C is a function, then x(0) = x(c7!) forallo € G
if and only if df(A) = df(At) for all A € M,,(C), see either Exercise 7 in Section 2.4 of [6] or Exercise 3 in
Chapter 7 of [7]. The authors in Theorem 3.14 of [8] added another equivalent condition to that problem,
that is,

dAG,(AB) = d)f(BA) for all symmetric matrices A, B € M,,(C).

Their proof uses a theorem due to Frobenius saying that every square complex matrix is a product of two
symmetric complex matrices, see [1]. The next theorem not only generalizes Theorem 3.14 of [8] but also is
comparable with Theorem 2.2 of [4]. Of course, our proof is different than theirs.
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Theorem 3.4. Let G <5, and x : G — C be a function. Then the following are equivalent:

() x(0) = x(c™) forall o € G;

(if) dS(A,) = dS (A1) for all 0 € G;

(iii) d$(A) = dS(A") for all A € M, (C);

(iv) d$(AB) = d$(BA) for all symmetric matrices A, B € M, (C);

(v) d$(AB) = d$(BA) for all nonsingular symmetric matrices A, B € M,(C);

(vi) d$(AB) = d$(BA) for all nonsingular symmetric matrix A € M, (C) and singular symmetric matrix B € M, (C);
(vii) dS(AB) = d$(BA) for all singular symmetric matrices A, B € M,(C);

(viii) d$(SaSp) = dS(SpSa) for all a, B € 8,;

(ix) d9(AaAg) = dS(AgAy) for all @, € T,

Proof. (i) & (ii), (iii) = (iv) = (v) = (ix), (iv) = (vi), (iv) = (vii), (iv) = (viii) = (ix) are obvious. We have
to prove the following remaining cases.
(i) = (iii): Let A = (a;;) € M,,(C) and A’ = (b;j). Then by hypothesis

n

Z x(0) H Aio(i)
oeG i=1
n

= Z x(0™) H boiyi

oeG i=1

= ) x@™ ﬁ bjg1j
1

oeG j=

= Y x@[]bro
1

€G j=

dy(A)

= dS(A").
(vi) = (vii): Let A, B € M,,(C) be singular symmetric matrices. Hence there exists some € > 0 such that for
all 0 < x < e the matrix xI, + A is nonsingular and so by hypothesis

dS((xl, + A)B) = dS (B(xI, + A)).

But both sides of the above equality are polynomials in x and therefore their constant coefficients are equal,
that is,

d$(AB) = dS(BA),

as required.
(vii) = (i): The assertion is true for the elements of T,. Suppose by way of contradiction that o € 5, — T,
has been chosen so that /(c) is minimal and c(c) is maximal and x(c) # x(c~'). Thus if T € S, and either
I(t) < I(0) or I(7) = I(¢) and c(7) > c(0), then x(1) = x(t71).

Let 0 = 07...0 be the decomposition of ¢ into disjoint cycles, where 01 = (a142...ax) is a k-cycle
with k > 3. By Lemma 3.3 there exist disjoint permutations «ay,...,as; € T, and disjoint permutations
Bi,...,Bs € T, so that

a=aj...a;, p=Pp1...ps, 0c=ap,

a1 = (map)(azar-1) - - (@-1a2)(@ag),

B1 = (axaz)(ax-1a3) - - - (a143a1-1)(@r2a1),
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if k = 2] is even, and
a1 = (@ax)(a2ax-1) - - - (@1-1413)(@a142),

B1 = (akaz)(ax-143) - - - (a143a1)(@142a141),

if k =2/ +11is odd.
Now the symmetric matrices

A=Ay +Ega +Egg, B=Apg+Egs, +Egyg,
are clearly singular and

AB

Ay + Ea(ﬂz)ﬂz + Ea(ﬂk)ﬂk + Eﬂlﬁ(ﬂl) + Eﬂkﬁ(ﬂk) + Eﬂkﬂk
= A,+E + Egq, + Eajay + Ega, + Egays

A-142

BA = (AB)! = A, +E + Ega, + Eayay + Eaga, + Eapay-

a20k-1
Now consider the sets

n

Q={t€s,: Hui'[(i) # 0},

i=1

I'={tes,: an(i) # 0},

i=1

where AB = (u;;) and BA = (v;j). Obviously, u;; = vj; € {0,1} and so
7_1€F<:>T€Q<:>u,-T(,-):1, Vi<i<n.

It is not also difficult to see that if 7 € ), then
©(m) € {ar, a2, a}, T(ax) € (a2, ai, T(ax) € {ar, a2, a1},

T(b) = a(b), Yb ¢ {ay, ak_1, ar}.

Three cases can occur for 7 € Q:

3131

If 7(a1) = a1, then either t(a,_1) = a, and t(ax) = a; or t(ax_1) = a, and 1(a;) = a,. In this case 7 € {11, 72},

where
T = (le...ﬂk_l)ﬁz...as, Ty = (az...ak)Gz...O's.

If 7(a1) = ap, then 7(ax_1) = ax and so t(ax) = a;. In this case T = o.
If ©(a1) = ay, then t(ax_1) = a; and so t(ax) = a;. In this case

T=1T3 = (alak)(az .. .ak_l)oz ...0g.

Since I(t1) + 1 = I(12) < I(0), I(13) = I(0) and c(t3) > c(0), hence by the choice of ¢ we have

x(m) = x(r7!), 1<i<3.
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Therefore by hypothesis

Y x@

7€)
_ G
= d%(AB)
_ G
= d%(BA)

= Y x(0

el

= Y x

7€Q)
= X+ x(rh + x(h) + x(z3Y)
= x(07Y) + x(11) + x(12) + x(13),

which means that x(c) = x(c7!), a contradiction.
(ix) = (i): Let 0 € G be arbitrary. By Lemma 3.3, there exist a, € T,, such that o = a. Hence by hypothesis

dS(Ao)

x(0) + x(t1) + x(12) + x(13)

Xx(o)

O

4. Preserving product

We begin this section with a useful theorem characterizing generalized matrix functions which preserve
the product of permutation matrices.

Theorem 4.1. Let G <5, and x be a character of G. Then the following are equivalent:
(i) either d$ = det or d$ = per;

(ii) dS(AaAp) = d$(Aa)dS(Ap) forall o, p € S,

(iii) d$ (AaAp) = dS(Aa)dS (Ap) for all o, p € T,,;

(iv) d$(AnAp) = dS(AL)dS(Ap) for all a, B € S, with I(a), I(B) < 2;

(V) dS(Ag) = dS(An)* forall a € Sy,;

(Vi) d$ (1) = dS(A)AS(Ay-) forall a € Sy,

(vii) d$(I,) = d$(Aa)? for all a € S, with I(er) < 2.

Proof. (ii) = (iii) = (iv) = (vii), (ii) = (v) = (vii), and (ii) = (vi) = (vii) are obvious. We have to prove the

following remaining cases.
(i) = (ii): The assertion is true if d)? = det. So assume that df = per and &, € 5, are arbitrary. Then

per(AaAp) = per(Anp) = 1s,(ap) = 1s,(a)1s,(B) = per(Aa)per(Ag).

(vii) = (i): For any a € 5, with /(@) < 2 one has

x(1) = di(ly) = dF(Aa)* = R(@)*.
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Hence x(1) = x(1)?>and so x(1) = 1, for x is a character. Alsoif a € S, is a transposition, then {(@)? = x(1) = 1
and so G contains all transpositions of 5,. Therefore G = $, and y is a linear character of 5,. It follows that
X =1s, or x = ¢ which concludes the proof. [

Some parts of Theorem 4.1 may not be true if x is not a character of G, as the following example shows.

Example 4.2. Let x : 54 — C be a class function given by

(1 i o) #2
X(O)_{—l if 1(0) = 2

It is easy to see that parts (iv), (v), (vi), and (vii) of Theorem 4.1 hold but d;’f # det and df’f # per.

Our next result is a generalization of Theorem 3.19 of [8]. There are of course some errors in Theorem
3.19 of [8] and its proof, because matrices other than the matrices S, have been employed by the authors
when n = 2. In fact Theorem 3.19 of [8] is not true for n = 2, as part (iv) of Theorem 4.1 shows.

Corollary 4.3. Let G <5, and x be a character of G, where n # 2. Then the following are equivalent:

(1) df = det;

(ii) d$(S4Sp) = dS(Sa)dS (Sp) for all a, p € S, with (), 1(B) < 3;

(iii) d$(S3) = d$(S,)? for all a € 8, with I(er) < 3.

Proof. It suffices to prove (iii) = (i). Since S, = A, for any a € 5, with I(a) < 2, hence, by hypothesis and

Theorem 4.1, d$¢ = det or d¢ = per. We may assume by way of contradiction that n > 3 and d¢ = per. So if
a = (123) then

01 1
1 0 1 0
Se=| 11 ¢
0 |ILs
and
2 1 1
1 21 0
2 _
Sa=| 11 2
0 | I3
and so

per(S2) = 16 # 4 = per(S,)?,
a contradiction, completing the proof. [

We show by means of an example that Corollary 4.3 may not be true if y is not a character of G. In fact,
Corollary 4.3 need not be true even if y is a class function of G.

Example 4.4. Let x : 57 — C be a class function given by

(1 i le)=7
X(")‘{o if 1(0) <7

For each o € Sy consider the set

7
Q,={1€5;: Ha,‘m) # 0},

i=1



M. H. Jafari, A. R. Madadi / Filomat 37:10 (2023), 3119-3142 3134

where S, = (a;j). Obviously, T € Q; if and only if ajrq = 1 forall 1 <i < 7. Hence if T € Q, then Fix(1) = Fix(0)
and so I(t) = I(0). Now we have

d57 (So) = Z){(T) Han(l) = Z x(7) H“n(l) = Z x(t

T€S; T€Q); T€Q);

Therefore if a, € Sy with I(), [(B) < 3, then dff(Sa) = dff(Slg) = 0. It suffices to show that d%(SaS,g) = 0. To this
end, let k € Fix(a) N Fix(B). Now if Sy = (a;j) and Sg = (b)), then forany 1 <i <7

Aix = A = Oj,
bix = by = Oi.

Hence if S,Sp = (cij), then it can be easily seen that ci = cy; = Oy forany 1 <i <7. Now

d7(SaSp) = Y x(@) H Cint
€Sy
= Z X(T)Cre(e) H Cin(i)
TE€S;
#k
= Z‘ X(T)(Sk'[(k) H Ciz(i)
TESy
z#k
= Z X(T) H Ciz(i)
7€%;
t()=k ik
= 0,

the last equality holds because [(t) < 7 and so x(t) =

As another consequence of Theorem 4.1 one can achieve the following which can be compared with
Corollary 2.4 of [4].

Corollary 4.5. Let G < 5, and x be a character of G. Then the following are equivalent:
(i) dC = det;

(ii) dS(AB) = d$(A)dS(B) for all symmetric matrices A, B € M, (C);

(iii) d$(AB) = dS(A)dS (B) for all nonsingular symmetric matrices A, B € M, (C);

(iv) d$(A?) = dS(A)? for all symmetric matrices A € M, (C);

(v) d$(A?) = d$(A)? for all nonsingular symmetric matrices A € M, (C).

Proof. (i) = (ii) = (iii) = (v) and (ii) = (iv) = (v) are obvious. So it is sufficient to show that (v) = (i). If
o € 5, with [(0) < 2, then A, is a nonsingular symmetric matrix and so by hypothesis

dS(A)? = dS(A2) = dS(Az) = dS(1),

hence d¢ = det or d¢ = per, by Theorem 4.1. We may assume by way of contradiction that n > 2 and
d$ = per. So if

2 1
11 0]

0 111—2

A=
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then

A =

and one gets
per(Az) =19+#9= per(A)z,
a contradiction, which completes the proof. [J

The analog of Corollary 4.5 for singular symmetric matrices is the following which can be compared
with Corollary 2.3 of [4].

Theorem 4.6. Let G < 5, and x be a character of G. Then the following are equivalent:

(i) dS = x(1) det;

(ii) d?(AB) = dAG,(A)df(B) for all nonsingular symmetric matrix A € M,(C) and singular symmetric matrix
B € M,(C);

(iii) d$(AB) = dS(A)dS(B) for all singular symmetric matrices A, B € M, (C);

(iv) d$(A?) = dS(A)? for all singular symmetric matrices A € My(C).

Proof. It suffices to show that (ii) = (iii) and (iv) = (i).
(ii) = (iii): Let A, B € M,,(C) be singular symmetric matrices. Hence there exists some € > 0 such that for all
0 < x < € the matrix xI, + A is nonsingular and so by hypothesis

dS((xI, + A)B) = dS (xI, + A)dS(B).

But both sides of the above equality are polynomials in x and therefore their constant coefficients are equal,
that is,

d$(AB) = dS(A)dS(B),

as desired.
(iv) = (i): For any 1 < k <n — 1, the matrices

T4 0 0 I 0 0
11 1 2
A=] 0 11 0 , B=( 0 2 4 0
0 0 In-k-1 0 0 In-k-1
are singular symmetric matrices and so
L4 0 0 I 0 0
2 2 5 10
2 _ 2
A= 0 | 0 B 0 5 | O
0 0 Ik 0 0 Ly—k—1
Hence by hypothesis

40c(1) + R((k k+1))) = d(A%) = dP (AP = (1) + R((k k+1)))?,

1000¢(1) + R((k k+1))) = d7(B?) = dF(B)* = 16(x(1) + 2((k k +1)))%,

which imply that

A7 (I + Ageren) = x(1) + R((k k+1)) = 0.

Now the result follows by Theorem 2.3. [
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It should be remarked that Example 2.4 shows that if x is not a character of G, then parts (iv) and (v) of
Corollary 4.5 are not equivalent to part (i) of Corollary 4.5, and part (iv) of Theorem 4.6 is not equivalent to
part (i) of Theorem 4.6.

In the sequel we want to prove results analogous to the above for an arbitrary function y on G. The next
generalizes Theorem 4.1.

Theorem 4.7. Let G <5, and x : G — C be a nonzero function. Then the following are equivalent:
(i) either d$ = det or d$ = per;

(i) d$(AaAp) = dS(Ax)dS(Ap) for all a, B € Sy;

(iii) d$ (AaAp) = dS(Aa)dS (Ap) for all o, p € T,

Proof. We need only to prove that (iii) = (i). For any a, § € T, one by hypothesis has
X(ap) = R()X(B), 1)

and in particular,
x(1) = x@)?, x(1) = f(@)*. @)

Also if 0 € §,,, then by Lemma 3.3 there exist «, § € T,, such that ¢ = af and so by (1) one obtains
X(0) = R(a)X(B). ®)

If x(1) = 0, then (2) and (3) imply that £ = 0, which is a contradiction. Thus x(1) = 1 and { vanishes
nowhere. This implies that G = 5,,, { = x and x(a) = +1 for any transposition a.

Since a, € T, there exist disjoint transpositions a3, ..., as and disjoint transpositions f, ..., 5, such
that

a=a...4, ‘32‘81...‘37.
It can be deduced using induction from (1) that
xlar...as) = x(a1) ... x(as),

XB1---Br) = x(B1) .- x(Br),
and hence one has by (3) that

x(0) = x(a1)... x(as)x(B1) - - - x(Br)- 4)

We now claim that x has the same value on all transpositions. We may assume that n > 3 and (a14243) is
a 3-cycle. From

(a1a2a3) = (a1a2)(m1a3) = (a2a3)(a102) = (a143)(a2a3)
and (1) we get

X((@ma2a3)) = x((a102)) x((a1a3)) = x((a203)) x (2142)) = x((a143))x((a243)),
implying that

X((@142)) = x((a2a3)) = x((a143))-
Also if n > 4 and (apa3a4) is a 3-cycle, then

X((a2a3)) = x((a2a4)) = x((a304)).

Now the claim becomes clear from the two latter relations.

If x has value 1 on all transpositions, then (4) shows that y = 1s, and so d¥ = per.

If x has value -1 on all transpositions, then (4) shows that xy = ¢ and so df = det. This completes the
proof. O
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The first consequence of Theorem 4.7 is the following which generalizes Corollary 2.4 of [4] and Corollary
4.5.

Corollary 4.8. Let G < S, and x : G — C be a nonzero function. Then the following are equivalent:
(i) dS = det;

(ii) dS(AB) = d$(A)d$ (B) for all symmetric matrices A, B € M, (C);

(iii) d$(AB) = dS(A)dS$(B) for all nonsingular symmetric matrices A, B € My(C).

Proof. It suffices to show that (iii) = (i). Since o € T, if and only if A, is a nonsingular symmetric matrix,
hence d¢ = det or d¢ = per, by Theorem 4.7. We may assume by way of contradiction that # > 2 and

d$ = per. Now similar to the proof of Corollary 4.5 if
21

11| °
0 In—z

A=

then one gets
per(A?) =19 # 9 = per(A)?,
a contradiction, which completes the proof. [J
The second consequence of Theorem 4.7 is the following which can be compared with Corollary 4.3.

Corollary 4.9. Let G <5, and x : G — C be a nonzero function, where n # 2. Then the following are equivalent:
(i) dS = det;

(i) dS(SaSp) = dS(Sa)d$ (Sp) for all a, B € S,;

(iii) d$(SaSp) = d$(S4)dS(Sp) for all nonsingular S, Sg.

Proof. 1t is sufficient to show that (iii) = (i). Since S, = Ay, S/; = Aﬁ for any a, § € T}, hence, by hypothesis
and Theorem 4.7, d$ = det or d¢ = per. We may assume by way of contradiction that # > 3 and d$ = per.
Now similar to the proof of Corollary 4.3 if « = (123) then

per(S2) = 16 # 4 = per(S,)?,
a contradiction, completing the proof. [
The next example shows that the condition
G(c2y _ 4G(c \2
d;(S3) = dy(Se)” forall a € 5,
cannot be inserted as an equivalent condition in Corollary 4.9.

Example 4.10. Let x : $53 — C be a class function given by

x(o) = {

It is easy to see that

if (o) =3
if 1(0) <3

(@) N[N

d3($2) = d3(Sa) = 0, if a € 85 with I(a) < 2
and

d3(S2) = dP(Sa) = 1, if a € {(123), (132)}.
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As a generalization of Corollary 2.3 of [4] and Theorem 4.6 we obtain:

Theorem 4.11. Let G < S, and x : G — C be a function. Then the following are equivalent:

(i) d$ = x(1) det;

(ii) df(AB) = dAG,(A)d?(B) for all nonsingular symmetric matrix A € M,(C) and singular symmetric matrix
B € M,,(C);

(iii) d$(AB) = dS(A)dS(B) for all singular symmetric matrices A, B € M, (C).

Proof. Obviously (i) = (ii) and the proof of (ii) = (iii) is the same as that of Theorem 4.6. So it suffices to
show that (iii) = (i).
First we claim that if ¢ : 5, — C is a function such that ¢(1) = 0 and

d> (AB) = dr (A)dy! (B)

for all singular symmetric matrices A, B € M,,(C), then ¢ = 0.
First we show that the assertion is true for the elements of T,,. Let1 # 1 € T, and 7 = 77 ... 7 be the
decomposition of T into disjoint transpositions with 7; = (4142). Then the symmetric matrices

A=A+ Ealal + Eﬂzﬂzl B=A;- Ea1a1 - Eazaz
are clearly singular and
AB =1, — E; 4 — Enya,-
Hence by hypothesis
0= dy (AB) = dyr (A)dy!(B) = (p(1) + (12 T5))%.

Now by induction on the number of transpositions in the decomposition of 7 one obtains ¢(7) = 0.

To complete the proof of the claim, by way of contradiction choose ¢ € S, so that /(¢) is minimal and
c(0) is maximal and @(o) # 0. Thus ¢ ¢ T, and if 7 € $,, and either I(7) < I(0) or I(7) = I(c) and ¢(7) > c(0),
then ¢(t) = 0.

Let 0 = 01 ...0; be the decomposition of ¢ into disjoint cycles, where 01 = (214> . ..ax) is a k-cycle with
k > 3. Let also a, 8 € T, be the permutations defined in the proof of Theorem 3.4, (vii) = (i). Thus, in a
similar manner, the symmetric matrices

A=A+ Ega +Egg, B=Ag+Egs, +Eyg,
are singular,

AB=As+E; 4, + Esya, + Egyay + Eqia, + Eqays
and

dy (AB) = p(0) + p(11) + 9(12) + (1),
where

Ty =(a2...0k-1)02 ...0s,

Ty =(ay...a;)02...05,

T3 = (max)(@az ...ax-1)02 . ..0s.

Since I(t1) + 1 = I(12) < l(0), [(t3) = I(0) and ¢(t3) > c(0), so by the choice of ¢ we have

p(11) = @(12) = @(13) = 0.
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Hence dg’,” (AB) = ¢(0).
Since a, B, (a1ar), (a2ar)p € T, and @ is zero on the elements of T,

Ay (A) = p(a) + p((@aga) = 0,

dy (B) = p() + p((axa)p) = 0.
Therefore by hypothesis
(o) = d5(AB) = d}y (A)d (B) = 0,

which is a contradiction and the proof of the claim is completed.
To complete the proof, suppose that ¢ = £ — x(1)¢ and so ¢(1) = 0. Thus for all singular symmetric
matrices A, B € M,,(C)

dy(AB) = d(AB)- x(1)det(AB)
= dS(AB)
= d(A)d3(B)

= dY(A)d)(B)
= (@A)~ x(1) det(A))(dy (B) - x(1) det(B))
—_— S)l SVI
= dy(A)dy (B).
Therefore ¢ = 0 by the claim and so = x(1)e. This completes the proof of the theorem. O

5. Generalized characteristic polynomial

In this final section we would like to look at generalized matrix functions from a different angle. Let us
recall a definition from [7]. Suppose that G < 5, and x is a complex valued function defined on G. For any
A € M,(C), the generalized characteristic polynomial of A associated with G and y is denoted by C$(x, A) and
defined by C$(x, A) = d$(xI, — A).

It is easy to see that C¥(x, A) is a polynomial of degree at most n over C. In fact, if A = (v;j) and

1

C)(?(x,A) =a,x" +a,_1x" + - +ag,

2

then the coefficients 4; are polynomials in n* variables x11, x12, . . ., X4, With coefficients in C. For instance, it

can be easily verified that
an=x(1),  ana = —x(DrA, o = (~1)"d{(A).

Notice that if G = §,, and x is an irreducible character of S,, then Cg(x, A) is called the y-th immanantal
polynomial of A. It is clear that the e-th immanantal polynomial of A is the ordinary characteristic polyno-
mial of A, where ¢ is the alternating character of S,,.

By the Cayley-Hamilton Theorem, we know that every square matrix satisfies its own ordinary char-
acteristic polynomial. The authors in Theorem 2.7 of [4] showed for a given generalized matrix function
that if every nonsingular (respectively singular) square matrix satisfies its own generalized characteristic
polynomial, then the generalized matrix function is a multiple of the determinant.

The following results will indeed refine Theorem 2.7 of [4]. Similar to the previous sections, we verify the
problem first for a character x of G and then for an arbitrary function y on G. Recall that if a square matrix
A satisfies a polynomial p(x), then the minimal polynomial of A divides p(x). In particular, all eigenvalues
of A are roots of p(x).
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Theorem 5.1. Let G <5, and x be a character of G. Then the following are equivalent:
(i) dS = (1) det;

(i) C$(As, Ag) = 0 forall 0 € S,,;

(iii) C$ (A, As) = 0 forall o € T,

(iv) C)?(A,A) = 0 for all symmetric matrices A € M,(C);

(v) CS(A, A) = 0 for all nonsingular symmetric matrices A € M,(C);

(vi) CE(A,A) = 0 for all singular symmetric matrices A € M,(C);

(vii) C$(Ss,Ss) = 0 forall o € S,

(viii) CS(Ag, As) = 0 for all o € S, with I(0) < 2;

(ix) CS(Iy + Ag, I + Ag) = 0 forall 6 € S, with 1(0) < 2.

Proof. 1f d¢ = x(1)det, then CS(x, A) = x(1) det(xl, — A) and so we obtain (i) = (ii) and (i) = (iv) by the
Cayley-Hamilton Theorem. Now (ii) = (iii) = (viii), (iv) = (v) = (viii), (iv) = (vi) = (ix), and (iv) = (vii)
= (viii) are obvious. So it is sufficient to show that (viii) = (i) and (ix) = (i).

If CAG,(A,A) = 0 for a matrix A, then each eigenvalue of A is a root of Cg(x, A). We know that +1 are the
only eigenvalues of A r+1) and 0,2 are the only eigenvalues of I, + A k+1) for any 1 < k <n — 1. Hence by
hypothesis (viii)

0=CS(-1, Agker) = dS(=In — Agren)),
and by hypothesis (ix)
0= CS(0, I + Agers1) = dS(=Ly — A ks))-
In both cases one has
(=1)"dS(Ly + Agks)) = 0.
The result now follows by Theorem 2.3. [
The following example shows that Theorem 5.1 may not be true if x is not a character of G.

Example 5.2. Let x be a class function of Az given by

0 ifo=1
Xx(o) = 1 if 0=(123)
-1 if 0=(132)

It can be easily seen that for all symmetric matrices A € Ms(C) one has dﬁ“(A) = 0 and so Cﬁ” (x,A) is the zero
polynomial. Hence parts (iii) — (ix) of Theorem 5.1 hold but df‘ > # x(1) det.

The next theorem tells us that if all permutation matrices satisfy their generalized characteristic polyno-
mials associated with G and y, then df? is a multiple of the determinant.

Theorem 5.3. Let G < S, and x : G — C be a function. Then d$ = x(1)det if and only if C$(As, Ag) = 0 for all
ces,.

Proof. Assume that CS(A(,,AU) = 0 for any ¢ € 5,. It then follows that each eigenvalue of A, is a root of
CS(x,Ay). If ¢ : 8, — Cis a function given by

¢(0) = £(0) = x(De(o0),

then we have to show by induction on /(o) that ¢ = 0. Obviously ¢(1) = 0and solet/(c) > 2and o =07 ...0;
be the decomposition of ¢ into disjoint cycles. Since (A,,)"®) = I, and A,, # I,,, hence A,, is diagonalizable
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and so it has an eigenvalue A # 1 such that AO) =1, Let X = (x1,...,%,) bean eigenvector of A,, associated
with A. Obviously if j € Fix(o1) then x; = 0, for A # 1. This implies that A; X = X, for any 2 < i < 5. Since
Ay =Ag, ... As,, we deduce that A; X = AX, which means that A is an eigenvalue of A,.

Now suppose Al, — A, = (a;;) and suppose T € §, is chosen such that [T, aizgy # 0. Then (i) € {i, o(i)}
for any 1 <7 < n and so Fix(o) € Fix(7). If Fix(c) C Fix(7), then /(1) < I(¢) and so by induction we have
@(t) = 0. But if Fix(0) = Fix(7), then clearly 7 = ¢. Therefore,

0 = CY(A Ay
= dY(AL - A,)
= di:;n (AL — Ay)
_ d%’(/\ln —Ay) + x(1) det(AL, — Ay)
= dy (AL - Ay)

= Z ¢(1) H (i)
1

€5, i=

= ¢(o) ﬁ i (i)
i=1

= (A=) D9(),
which completes the proof. [

We close the paper with a theorem which says that if all symmetric matrices satisfy their generalized
characteristic polynomials associated with G and x, then d¢ is a multiple of the determinant on symmetric
matrices.

Theorem 5.4. Let G <5, and x : G — C be a function. Then the following are equivalent:
(i) X cejeq £(0) = llo1lx()e(o) for all o € S,;

(ii) C)((;(A, A) = 0 for all symmetric matrices A € M,,(C);

(i) C)?(A, A) = 0 for all nonsingular symmetric matrices A € M,,(C);

(iv) C)(?(A,A) = 0 for all singular symmetric matrices A € M,,(C);

(V) C¢(Ss,Ss) =0 forall o €S,

Proof. (ii) = (iii), (ii) = (iv), and (ii) = (v) are clear. It suffices to prove the following cases.
(i) = (ii): For any symmetric matrix A € M,,(C) we have by Theorem 2.6 that d?(A) = x(1)det(A) and so
Cg(x, A) = x(1) det(xl, — A). Now the result follows by the Cayley-Hamilton Theorem.
(iif) = (i), (iv) = (i), and (v) = (i): Let ¢ : 5, — C be a function given by
¢(0) = X(0) = x(De(0).

We show that

Y. o =0,

7€[o]

for any o € S,,, which is clearly true for 0 = 1. By way of contradiction, choose 1 # ¢ € 5, so that /(o) is
minimal and c(0) is maximal and

Z @(t) # 0.
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Thus if T € $,, and either [(1) < I(0) or I(7) = [(0) and ¢(7) > ¢(0), then
2 p(a) = 0.
a€T]

Similar to the proof of Theorem 2.6 one can deduce for the symmetric matrix AL, + S, that

dS(AL + S5) = x(1) det(AL, + S5) = (A + 1) Y o(v),

1€[o]

where A € C. In particular,

CS(x, AL + Sg) — x(1) det(x], — (AL + S5)) = (=1)"(A — x + )"~ Z @(1). (%)

T€lo]

Notice that if C}f (A, A) = 0 for amatrix A, then each eigenvalue of A is a root of Cg’(x, A). Now ifo € T, — {1},
then S; has —1 as an eigenvalue and if 0 € 5, — T, then S, has 2 as an eigenvalue. Hence in either case S,
has an eigenvalue Ay # 1.

Assuming (v) and putting x = Ag and A = 0 in relation (x) will result in

0= CS(Ao, S,) = x(1) det(Ao, — Sg) = (=1)"(1 = 2" Y (1),

1€[o]

a contradiction. This completes the proof of (v) = (i).
Assuming (iv) and notting that A¢l, — S, is singular, one can get by putting x = 0 and A = —A¢ in relation
(%) that

0= C5(0, Aol + o) = x(D) det(Aol, = S,) = (<1)"(1 = 1)@ Y (v),

7€[o]

again a contradiction. This completes the proof of (iv) = (i).
Finally assuming (iii) and choosing A; € C so that A1, + S, is nonsingular, one can see that Ag + A; is an
eigenvalue of A1l + S;. Now putting x = Ag + A; and A = A; in relation (x) will result in

0 C{(Ao + Ay, Al + S5) = x(1) det((Ao + ALy = (Aily + S,))
(=1)"(1 = 20)"™ Y p(2),

7€[o]

again a contradiction. This completes the proof of (iii) = (i) and therefore the proof of the theorem is
completed. [
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