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Abstract. In the present paper, we study a new generalization of warped product manifolds, called
sequential warped product manifolds, with respect to a semi-symmetric metric connection. We obtain
relations for covariant derivatives, Riemannian curvature, Ricci curvature and scalar curvature of the
sequential warped product manifolds with respect to the semi-symmetric connection, respectively, and
demonstrate the relationship between them and curvatures with respect to the Levi-Civita connection.
Also, we consider sequential warped product space-time models, namely sequential generalized Robertson-
Walker space-times and sequential standard static space-times, with semi-symmetric metric connections
and obtain conditions for such space-times to be Einstein.

1. Introduction

The concept of singly warped product manifolds or simply warped product manifolds was first defined by
Bishop and O’Neill [2]. They used this concept to give examples of Riemannian manifolds admitting
negative sectional curvature. Curvature of a warped product manifold in terms of the curvatures of
the components included in the warped product, was released by O’Neill [9] and he also revealed the
importance of warped products in physics by investigating Robertson-Walker, static, Schwarschild and
Kruskal space-times as warped product manifolds, which are models using for finding exact solutions to
Einstein’s field equation.

As generalizations of singly warped product manifolds, doubly warped products and multiwarped prod-
uctswere introduced and covariant derivative formulas, geodesic equations for these spaces and appli-
cations for some generalized space-times such as generalized Robertson-Walker and generalized Kasner
space-times were investigated (see [4], [5], [16], [17]).

A singly warped product was also naturally generalized to a new type product manifold, namely a
twisted product, such that the warping function depends on the points of both factors [10]. Wang defined
multiply twisted products by using the concept of multiply warped products and twisted products [18].

From a different perspective, a new class of warped product manifolds, called sequential warped product
manifolds, was firstly introduced by Shenawy [12]. Sequential warped product manifolds are warped
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product manifolds where the base factor of the warped product itself is another warped product manifold.
Then De, Shenawy and Unal [3] studied the geometry of such manifolds, derived curvature tensor formulas
and presented some classes of sequential warped product space-time models. In [15], Sahin initiated the
study of sequential warped product submanifolds of Kaehler manifolds, gave examples and established
Chen’s inequality for such submanifolds.

The idea of semi-symmetric linear connection, a linear connection with non-zero torsion T, vy =o(V)U-
o(U)V, on a differentiable manifold was introduced by Friedmann and Schouten [6], where U, V are vector
fields and ¢ is a 1-form on the manifold. Such a connection V is called a semi-symmetric metric connection
if there is a Riemannian metric g on the manifold satisfying Vg = 0, otherwise it is named as non-metric.
Hayden [7] defined a semi-symmetric metric connection on a Riemannian manifold and this concept was
further developed by Yano [19]. After that, by adapting this topic to different manifolds and submanifolds,
a serious resource has emerged in the literature. Of course, such a connection has physical meanings and
applications. The movement of a person on the earth’s surface by facing to a certain point, like Jerusalem,
Mekka or North Pole, is a semi-symmetric and metric displacement (see [11]).

Sular and Ozgiir [13], studied warped products admitting semi-symmetric metric connection and ob-
tained some results for such Einstein warped product manifolds. Einstein doubly warped product mani-
folds endowed with a semi-symmetric metric connection was investigated in [8]. Multiply warped product
manifolds with respect to a semi-symmetric metric connection and applications of some results to the
generalized space-times were given by [18].

Motivated by the above studies, in the present paper we consider sequential warped products with
respect to a semi-symmetric metric connection.

2. Preliminaries

2.1. Semi-Symmetric Metric Connection
A linear connection V on a Riemannian (as well as, semi-Riemannian) manifold N having torsion tensor
T which satisfies

T, V) = s(V)U - o)V, )
is called a semi-symmetric connection. Here, ¢ is a 1-form associated with the vector field £ on N defined
by

a(U) = g(U, &).

If Vg = 0, then V is said to be a semi-symmetric metric connection on the manifold. The relation between
the Levi-Civita connection V and the semi-symmetric metric connection V of a Riemannian manifold (N, g)
is given by [19]

VuV = VvV + (VU - g(U, V)E. )

Moreover, the curvature tensors R and R of V and V, respectively, are related by
RU, V)Y = RWU V)Y + g(Y, Vu&)V - g(Y, VvOU
+g(ULY)VyE = g(V,Y)Vyué
+0(Olg(U )V - g(V, V)U] ©)
+[g(V, V)o(U) = (U, Y)a(V)]E
+o(V)[o(V)U —o()V],
for any vector fields U, V, Y on N [14].
A Riemannian manifold (N, g), (n > 2), is called an Einstein manifold if the condition
S V) =09(U, V) (4)

is satisfied, where ¢ = + and r denotes the scalar curvature of N. It is well-known that if n > 2, then g is a
constant [1].
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2.2. Sequential Warped Product Manifolds

In this subsection, we give some basic notations for sequential warped product manifolds.

Definition 2.1. [3] Let N; be three semi-Riemann manifolds with metrics g;, fori =1,2,3,and A : Ny — (0, o),
p 2 N1 X Np — (0, 00) be two differentiable positive functions on N1 and N1 X N, respectively. Then the sequential
warped product manifold, denoted by (N1 Xy N2) X, N3, is a triple product manifold N = (N1 X N2) X N3 endowed
with the metric tensor

9= (91 ®\92) & 1?gs. (5)

The functions A and u are called warping functions. Note that if (N;, g;) are all Riemannian manifolds,
for any i = 1,2,3, then the sequential warped product manifold (N1 X3 N») X, N3 is also a Riemannian
manifold. One can easily observe that (N7 X, N,) is a warped product with the metric tensor g1 ® A%g; [3].

Proposition 2.2. [3] Let N = (N1 X, N2) X, N3 be a sequential warped product manifold with metric g = (g1 ©
A2g2) @ p?gs and also let U;, V; € x(N;), forany i = 1,2,3. Then

1. Vu,Vi = VL, Vi,

Vi, Uz = Vi, Uy = Ur(In AUy,

VUZVZ = VIZJZ V2 — Agz(UZ, Vz) gradl A,
Vi, Uy = Vi, Uz = Ui(In p)Us,

Vi, Uz = Vi, Up = Up(In u)Us,

Vu,Vs = VZS V3 — ugs(Us, V3) grad 4,

SR

where grad® A and grad u denote the gradient of A on Ny and the gradient of 1 on Ny X Ny, respectively.

Lemma 2.3. [3]Let N = (N1 X, N2)X, N3 bea sequential warped product manifold with metric g = (91 ©A*g2)®ugs
and also let U;, Vi, Y; € x(N;), forany i =1,2,3. Then
. R(Uy, V1)Y1 = RY Uy, V1)Y3,
2

. R(Uz, V2)Y2 = R¥(Uy, V2)Y2 — ||grad’ A|| {g2(Uz, Y2)V2 — g2(V2, Ya)Ua},
. R(Uy, V2)Y1 = —}Hess] (U, Y1)Va,
R(Uy, V2)Y2 = Aga(Va, Y2) Vi, grad' A,
R(Uy, V2)Y5 =0,
R(U;, Vl‘)Yj =0, i#],
R(U;, V3)Y; = —%HESS”(Ui, Y)Vs, i,j=1,2,
R(U;, V3)Ys = ugs(Vs, Y3)Vy,grady, i=1,2,

2
R(Us, V3)Y3 = R3(Us, V3)Y3 — ||grad p||” {g3(Us, Y3) Vs — g3(V3, Y3)Us),

© %NS TR W=

where ||grad1 /\”2 = gi(grad’ A, grad' A) and ||grad y”Z = g(grad u, grad p).

Lemma 2.4. [3]Let N = (N1X, N2) X, N3 be a sequential warped product manifold with metric g = (g1 ©A%g2)®u?gs
and also let U;, Vi, Y; € x(N;), for any i =1,2,3. Then

1. S(Uy, V1) = SY(Uy, Vi) — R Hess) (Uy, V1) — “*Hess!(Uy, V1),
2. S(Uy, V1) = S¥ (U, Va) — (AA'A + (np — 1) ||grad AHz)gz(Uz, V2) = 2 Hess! (U, V),

2
3. S(Us, V3) = $3(Us, V) — (uhp + (3 — 1) ||grad || )ga(Us, Vs),
4. S(U;, V) =0, i#]j
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3. Sequential Warped Product Manifolds With Respect to A Semi-Symmetric Metric Connection

In this section, we consider a sequential warped product manifold endowed with a semi-symmetric
metric connection and give the fundamental relations between the curvature, Ricci curvature and scalar cur-
vature of the manifold with respect to the Levi-Civita connection and the semi-symmetric metric connection,
respectively.

Lemma 3.1. Let N = (N; X, Na) X, N3 be a sequential warped product manifold with metric g = (g1 ® A*g2) ® u?gs
and the associated vector field & € x(N1). Then we have

Vi, Vi = Vi, vy,

Vi s = U (InA) U, Vi,Uy = (Us (InA) + o(Uh)) Uy,

vul Us = U, (ln [J) Us, WUB U, = (U1 (h’l y) + a(lll)) Us,

Vi, Va = Vﬁz Va = Aga(Ua, Vo) grad' A — (U, V1),

vuz U3 = vug UZ = Uz(h’l y)llg

vu3V3 = V%I3V3 — ‘Ug3(U3, V3) gracly - g(U3, V3)é,

SR N

where U;, Vi € x(N;), forany i =1,2,3, V1 is the lift of semi-symmetric metric connection V on Ny, V2 and V3 are
the lifts of V on N, and N3, respectively.

Proof. By using Kozsul formula, we write

2g(Vy, Vi, Up) = Uyg(Vy, Up) + Vig(Uy, Up) — Upg(Uy, V1) (6)
= g(Uy, [Vh, Uz]) = g(V1, [Uy, U2]) + g(Us, [Uy, V1]),

for all vector fields Uy, V1 € x(N71), and U, € x(N,), where V is the Levi-Civita connection on N. From (2)
the last equation reduces to

29(Vu, Vi, Up) = Urg(Va, Ua) + Vig(Uy, Up) — Uag(Uy, V1)
= g(Uy, [V1, Uz]) = g(V1, [Un, Up]) + g(Uy, [Uy, V1)) ()
= 20(Up)g(Uy, V1) + 20(V1)g(Us, Uy).

It is well known that [V, U] = 0 = [U;, Uz], [U1, V1] € x(N1) and g(V1, Up) = 0 = g(U;, Up). So we get
29(Vy, V1, Up) = =Uag(Uy, Vi) = 20(Ua)g(Un, V1),
which implies g(@ul V1, Uz) = 0, by using the fact that g(U;, V1) is constant on N, and & € x(N;). Similarly,
since we have g(Vi, V1, Us) = 0, for any Us € x(N3), then we obtain (1).
We know that g is a metric connection with respect to V and g(U, V1) = 0. So we write
g(Vu, Uz, V1) = =g(Vy, Vi, Up) = 0.

Also from Kozsul formula, we have

2g(Vy, Us, Us) = Uy g(Uy, Us) + Uag(Uy, Us) — Usg(Us, Uy)
— g(Uy, [Up, Us]) = g(Ua, [Uy, Us]) + g(Us, [U1, Ua]) (8)
= 20(U3)g(Uy, Up) + 20(Us)g(U4, Us),

which implies g(Vu, Us, Us) = 0, via g(Uj, Uj) = 0, [U;, Uj] = 0, # j, for Uj € x(Ni), i =1,2,3, and & € x(Ny).
By taking V; instead of Uj in (8), we get

2g9(Viy,Us, Vo) = Urg(Uy, V,),  for any V, € x(Na).
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Since g,(Ua, V) is constant on N, from (5), we obtain
Ulg(UQ, Vz) = 2/\111 (A) gz(Uz, Vz) = 2111 (ln A) g(uz, Vz),

which implies the first part of (2). Changing the roles of U; and U, in (8) and taking U; = V; gives
gV, Uy, V1) =0 = g(Vi, Uy, Us). If we substitute Us for V, with U; and U, interchanged in (8) and use (5),
we get

2g(Vi, Uy, Vo) = Urg(Ua, Va) + 20(Ur)g(Ua, Va)
=2(U; (nA) + o(Uh)) g(Uz, V),

which gives the second part of (2).
From Kozsul formula, we again have

2g(Vy, Us, Vi) = Urg(Us, Vi) + Usg(Uy, Vi) — Vig(Uy, Us)
—g(Uy, [Us, Vi]) — g(Uz, [Us, V1]) + g(V1, [Uy, Us]) )
- ZO(Vl)g(Ul, Ug) + 20(113)9(111, Vl),

which impligs Zg(@ul Uz, V1) = Usg(Uy, V1) = 0, for any Uy, Vi € x(N1) and Uz € x(N3). Taking Vi = U in
(9) we get g(Vi, Us, U>) = 0. Also, by writing V3 instead of V; in (9) we obtain

2g(Vy, Us, Vi) = Urg(Us, V),

which gives 2;](@ul Uz, V3) = Uy (Inu) g(Us, V3). So we erlave the first part of (3). For the second part of (3),
we change the roles of U; and Us in (9) and we get 2g(Vy, U1, V1) = Usg(Uy, V1) = 0. Taking V7 = U, and
Vi1 = V3in (9), respectively, with U; and U; interchanged gives g(@u3 Uy, U,) = 0 and

29(Vu, Ui, V3) = Uyg(Us, V3) + 20(Uy)g(Us, V3)
=2(Uy (Inp) + o(Uy)) g(Us, V3),

respectively.
For any U; € x(N7) and Uy, V;, € x(Nz), we write

29V, Va, Uh) = Uag(Va, Uh) + Vag(Uy, Uh) — Urg(Us, V)
= g(Uz, [Va, Ur]) = g(Va2, [Uy, Ur]) + g(Uy, [Uy, V2]) (10)
—20(Uy)g(Us, V2) + 20(V2)g(Us, Uy),

which implies

2g(Vy, Vo, Uy) = =U19(Ua, Va) = 20(Ur)g(Ua, Va)
= —2Ag(grad A, U1)g2(Up, Vo) — 29(&, Ur)g(Uy, V)
= =2g(Ag2(Up, Vo) grad A + g(Up, V2)&, Uy).

We also have g(@uz V,, U3) = 0, by taking Uy = Uz in (10). By taking U; = Y5 in (10), we conclude the proof
of (4).

SAil’lCG g(ul, Us;) =0= g(Vz, Us), then we get g(Vuz Us, Uy) = - g(U3, Vi, Up) = 0 and !](VUZ Us, V,) =
—g(Us, Vi, V2) = 0, by use of (2) and (4), respectively. Also, from Kozsul formula we have

2g(Viy,Us, V3) = Uag(Us, V3) + Usg(Ua, Vi) — Vag(Ua, Us)

= g(Uy, [Uz, V3]) — g(Us, [Uz, V3]) + g(V3, [Uz, Us]) (11)
- ZO(Vg)g(UQ, Ug) + 20(U3)g(UQ, V3),
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which implies
2g(Vi, U3, V3) = Upg(U3, V3) = g(Ua(In p)Us, V).

Hence we obtain (5).
Finally, by putting U, = U3 and V, = V3 in (10) and following the similar steps in the proof of (4) we
conclude the proof of (6). O

In the following two lemmas, we present the results for a semi-symmetric metric connection in case of
& € x(N2) and & € x(N3), respectively, by omitting the proofs to avoid repetition.

Lemma 3.2. Let N = (N7 X3 Na) X, N3 be a sequential warped product manifold with metric g = (g1 ® A*g2) @ p?gs
and the associated vector field & € x(Ny). Then we have

Vi, Vi = Vi Vi = g(Uy, V1)§,

@ul U, =U; (ln/\) U, + G(Uz)ul, @uzul =l (ln/\) U,,

Vul U3 = VuS LI1 = U1 (11’1 [.1) U3,

vu2V2 = V%IZVZ — Agz(Uz, Vz) gradl A,

Vi, Us = Ua(Inp)Us, Vi, Uz = (Uz (Inpr) + o(Uy)) Us

Vi, Vs = Vib V3 — ugs(Us, V3) grad pu — g(Us, V3)E,

S ks =

where U;, Vi € x(N;), forany i =1,2,3, V2 is the lift of semi-symmetric metric connection V on N, V! and V3 are
the lifts of V on Ny and N3, respectively.

Lemma 3.3. Let N = (N7 X3 N2) X, N3 be a sequential warped product manifold with metric g = (g1 ® A*g2) @ p? g3
and the associated vector field & € x(N3). Then we have

Vi, Vi = Vi Vi = g(Uy, V1§,

Vi Uz = Vi, Uy = Uy (InA) Uy,

le Us; =, (ln y) Us+0 (U3) U, Vu3 u, =uU, (ln [.l) Us,

Vu, Vo = Vﬁz Vo = Ago(Up, Vo) grad' A — g(Uy, V2)E,

Vi, Us = 1:12(111 WUz +o (Uz) Uy, Vy,Uy = Uz (Inp) Us,

Vu, Vs = Vik V3 — ugs(Us, V3) grad ,

SR N e

where U;, Vi € x(N;), forany i =1,2,3, V3 is the lift of semi-symmetric metric connection V on N3, V! and V2 are
the lifts of V on Ny and N,, respectively.

Lemma 3.4. Let N = (N1 X, Ny) X, N3 be a sequential warped product manifold with metric g = (g1 ®A*g2) © t*gs,

& € x(N1), R and R be the Riemannian curvature tensors of N with respect to the Levi-Civita connection and the
semi-symmetric metric connection, respectively. Then we have

1. R(Uy, V1)Y1 € x(Ny) is the Lift of RY(Uy, V1)Y1 on Ny,

A _( xHess{(U1, Vi) = (E(In A) + n(E)g(Un, V1)
2. R(Uy, Up)Vy = —( A ! _g(Vlfvllllé) + o(Uy)o(V7) )UZ’

1(VY, grad' 1) - £(nA) Uy -V, & )
—o(&Uy +o(Uy)é ’

1 2
4. R(Uy, V)Y = R¥(Us, V) Y2 _( _3%5 )(ﬂlir;?_tﬂ( , )(g(yz, U)Va - g(Ys, Vo)),

3. R(ul, UZ)VZ = g(U2, VZ)(

5. R(Uy, Uy)Us =0,
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6. R(U;, Vy)Y;=0, i#]j,

> LHesst (U3, V1) — g(V4, V
7 R(ul,uawlz—( LHess*(Uy, V1) = g(Vi, Vi &) ) ’

—(&(n p) + 0(&)) g(Uy, V1) + o(Ur)a(Vr)
8. R(Uy, Us)U, = —ﬁHess”(Ul, Uy)Us,

9. R(Uz, Us)Uy =~ Hess* (U, Up)Us,

P L Hesst(U,, V) )
10. R(Up, U3)V, = — m ,
R ( —(EnA) + &(np) + (&) g(Uz, Vo) | 7
R _ ug3(Us, V3)Vy, grad p
11. R(u1/ u3)v3 - _g(US, V3) ((E(ln M) + o'(é)) u; + Vllllé _ G(U1)£) ’
ugs(Us, V3)Vy, grad p

12. R(Uy, Us)V3 = —g(Us, V3) (E(Inp) + E(InA) + 0(E) Ua

2
13. R(Us, V3)Y3 = R3(Us, V3)Ys —( _zyzy(‘iag H—”,UZTT(‘S) )(93(113, Y3)Vs — g5(Va, Y3)Us),

forall Ui, Vi, Yi € x(Nj).

Proof. 1. Since Vu] V1= Wh V1, for any Uj, V1 € x(N1), then from (3), one can easily see that Ry, V)Y, €
X(Ny) is the lift of RY (U, V1)Y; on Nj.
2. By using (3) and & € x(N1), we write

R(Uy, Up)Vy = R(Uy, Up)Vi + g(Vi, Vi, E)Ua = (Vi Vi E)Un
+g(Uy, V1)V, &€ — g(Uz, V1)V, &
+0(E)[g(Uy, V1)U, — g(Uy, V1)U ]

+ [g(Uz, Vi)o(Ur) — g(Us, Vi)o(Ua)]E
+o(V)lo(Ux)Uy — o(Uy)Uy],

which gives

R(Uy, Ux)Vy = R(Uy, Up)Vy + g(Va, Vi E)Us = g(V, E(In A)Uo) Uy
+g(Uy, V1)E(In A)U; — g(Ua, V1)Vb15

+0(E)[g(Uy, Vi)Uz — g(Up, V1)U4 ]
+[g(Uz, V1)o(Uy) — g(Uy, V1)o(Uz)]E
+o(V)lo(U2)U; — o(Ur)Us]

1
= —XHess;‘(ul, VU + g(V1, Vi, Uz + g(Uy, V1)E(In AU
+0(&)g(Uy, Vi)Uz — o(Ur)a(V1)Ua

via Proposition 2.2 (1). From Lemma 2.3, we obtain

R, Uy Vs = _{ 1Hess}(Uy, V1) — (E(In A) + 0(&))g(Uy, V1) } .

-g(Vy, Vlul &) +o(Uy)a(Vy)
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3. From (3), Lemma 2.3 and Proposition 2.2, we get

R(Uy, Up) V2 = R(Uy, Up)Va + g(Va, Vi, E)Ua = g(Va, Vi E)Un
+g(Uy, V2)Vu, & — g(Uz, Vo)V, &
+0(O)[gUy, Vo)Us — g(Uz, Vo) U]
+ [g(Uz, Va)o(Ur) — g(Us, V2)o(Ua)]E
+0(V2)lo(Ux)Uy — o(Uy)Us],
= Aga(Us, Vo)V, grad' A — g(Va, E(In D Up)Uy — g(Us, Vo)V, &
= 0(&)g(Us, Vo)Uy + g(Uy, Va)o(Uy)E,

which implies (3).
4. For any Uy, V2, Y € x(N2), we have

R(Uy, V2)Y2 = R(Ua, V2)Ya + g(Ya, Vii,E)Va — g(Ya, Vv, E)Ua
+g(Uz, Y2)Vy, & = g(Va, Y2)Vu, &
+0(O[g(Uz, Y2)V2 — g(V2, Y2)Ur]
+[g(Va, Y2)o(Uz) — g(Uz, Y2)a(V2)]E
+0(Y2)[o(V2)Uz — o(Uz) V2]
= R, V2)Ys — |lgrad’ A {g2(Us, Y2)Va - ga(V, Vo))
+9(Y2, E(In A)Up) V2 — g(Y2, E(n ) Vo) U,
+ g(Us, Y2)E(An A)V3 — g(Y2, V2)E(In A)U,
+0(O[9(Uz, Y2)V2 — g(V2, Y2)Ur]

= R(U, V)Y — % lgrad" A|[” (gL, Y2) V2 — g(Va, V) U}
+(2E(AnA) + (&) {g(Y2, Up) Vo — g(Y2, Vo) Ua} .

5. By using (3) and the orthogonality of vector fields, we obtain

R(Uy, Up)Us = R(Uy, U)Us + g(Us, Vi, E)Us — g(Us, Vi, &)Un
+ g(Uy, U3)Vy, & — g(Us, Uz)Viy, &
+0(&)[g(Uy, Uz)Us — g(Usz, Us)U4 ]

+ [g(Uz, Uz)a(Ur) — g(Uy, Us)a(Uz)]E
+ o(Us)[o(Ux)U; — o(Ur)U2],
=0.

6. For any U;, V7 € x(N1) and Y; € x(N3), since R(U;, V7)Y, = 0, then we have

R(Uy, V1)Ya = R(Uy, Vi)Y + 9(Ya, Vi, E)V1 — g(Ya2, Vi, Uy
+g(U, Y2)Vy, & = g(V1, Y2)Vi, é
+0(E)[g(Us, Y2)V1 = g(V1, Yo)Ui]
+[g(V1, Y2)o(Ur) — g(Us, Ya)a(V1)]E
+o(Y2)[o(V1)Uy — o(U1) V4],

=0.
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7. Using (3) and Lemma 2.3, we have

R(Uy, U3)Vy = R(Uy, Us)V1 + g(Vi, Vi, E)Us = g(Vi, Vi E)Un
+g(Uy, V1)V, & — g(Us, V1)V, &
+0(E)[g(Uy, Vi)Us — g(Us, V1)U ]

+ [g(Us, Vi)o(Ur) — g(Us, Vi)o(U3)]E
+o(V)lo(Us)Uy — o(Ur)Us]

= —iHess“(Ul, V1)U3 + g(Vl, leé)U3
+g(Uy, V1)E(In w)Us + o(E)g(Us, V1)Us — o(Ur)o(V1)Us
8. From (3) and Lemma 2.3, we write

R(Uy, Us)Uz = R(Uy, Us)Us + g(Us, Vi, )Us = g(Us, Vi, U
+ g(Uy, Up)Vy, & — g(Us, Up)Vi &
+0(E)[g(Uy, Ux)Us — g(Us, Uz) U]
+ [g(Us, Ux)a(Ur) — g(Uy, Uz)a(Us)]E
+ o(U2)[o(Us)Uy — o(Ur)Us],
which implies (8).

9. Changing the roles of U; and U, in the last equation above we get (9).
10. For any Uy, V; € x(N3), U3 € x(N3), we have

R(Uy, U3)Vy = R(Uz, U3)Va + g(Va, Vi, E)Us — g(Va, Vi, ) U
+ g(Ua, Vo)V, & — g(Us, V)V, é
+0(E)[g(Uz, V2)Us — g(Us, V2)Us]

+ [g(Us, V2)o(Ua) — g(Uz, Va)o(U3)]E
+0(Vo)lo(Us)Uz — o(Uz)Us]

= —iHess“(Uz, Vo)Us + E(InA)g(Uz, Vo)Us

+ g(Uz, V2)é(In m)Us + 0(&)g(Uz, Vo) U3,

and we complete proof of (10).
11. By use of (3) we get

R(Uy, U3)V3 = R(Uy, U3) V3 + g(V3, Vi, E)Us — g(V3, Vi, E)Us
+g(Uy, V3)Vu,é& — g(Us, V3)Vy, &
+0(E)[g(Uy, Va)Us — g(Us, Va)Ui]
+ [9(Us, V3)o(Un) — g(Us, V3)o(Us)]E
+0(V3)[o(Us)Uy — o(Uy)Us]
= ugsz(Us, V3)Vy, grad p — E(In u)g(Us, Va)Uy — g(Us, V3)Vb15
—0(&)g(Us, V3)Uy + g(Us, V3)o(Uy)E,
which gives (11).

12. If we replace U; with U, in the last equation, we obtain (12).
13. Putting U; = U; in the equation (11) then we can easily get (13). O

The relations between R and R when & € x(N,) and & € x(N3) are given by the following lemmas.

3249
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Lemma 3.5. Let N = (N X, Ny) X, N3 be a sequential warped product manifold with metric g = (g1 ®A*g2) © t*gs,

& € x(Nb), R and R be the Riemannian curvature tensors of N with respect to the Levi-Civita connection and the
semi-symmetric metric connection, respectively. Then we have

R(Uy, V1)Y1 = RN Uy, Vi)Y + 0 (&) (g(Un, Y1)V1 — g(V1, Y1)Uy)
+(g(Uy, YD)Vi(In A) = g(V1, Y))Ui(In 1)) &,

R(Uy, Up)Vy = Aga(Ua, E)g(grad® A, V)U; — Aga(Uy, E)g(Uy, Vi) grad® A

1
= 5 Hess) (U, Vi)Uz + g(U, V1) (VE,€ + 0(&U2 — o(U2)E),

R(U, W)V = g, V2) (3 Vu, grad A = o(€)U ) = (9(V2, V5,8) = 0(V2)o(l)) Uy
+ Ur(In A) (0(Vo) Uz — g(Un, V2)E),

R(Uy, V2)Y, = R¥(Uy, V)Y — (% ||grad’ /\”2 - 0(5)) (9(Uz, Y2)V2 = g(Va, Y2)U2)

+9(Y2, V%bé)vz - !](YZ,V%/Zé)Uz + g(Uz, Y2)Vv,& — g(V2, Y2)Vii, &
+ (9(Va, Y2)o(Uz) — g(Up, Y2)o(V2)) & + a(Y2) (a(V2)U, — o(U2)V2),

R(Uy, Up)Us = R(Uy, Vi)U3 = R(Uy, Vo)Us = R(U3, Va)U; = R(Us, V3)U, =0,
R(Uy, Vi)Us = o(Up)[Us(In M)V — Vi(In AU ],

R(Up, Vo)Uy = Ur(In V)[o(V2)Uz — o(U2)Va],

RU,, Us)Vy = —iHess“(Ul, VU + g(Uy, V) [E(In w) + 0(&)] Us,

A 1
R(Uz, U3)V, = —EHESS”(UZ, V2) +9(V2, V§,8)

+ g(Uz, V2)é(Inp) + 0(&)g(Uz, Va) — a(V2)o(Uz)U3,

A~ 1
R(U,, U3)U, = —EHESS“(UL Ux)U3z + o(U2)U (In A)Us,

o 1
R(Up, Uz)U; = —pr?SS”(Uz, Uy) — Ur(In A)o(Uy) | Us,
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R(U,, U3) V3 = ugs(Us, V3)Vy, grad p
= (E(np) Uy + o(E)Uy + Uy (InA)E) g(Us, V3),

R(Uy, U3) V3 = ugs(Us, V3)Vu, grad g — (& (In p) + (&) g(Us, V3)Uy
~ (V3,& = Aga(Un, &) grad' A - (L)) g(Us, V),

R(Us, V3)Ys = R (U3, V3) Y3
~ (|lgrad ] - 2020 ) = 0(©) ) g5(Us, Ya)Va = (Vs Yo)Us),
forall U;, Vi, Yi € x(N)).
Lemma 3.6. Let N = (N7 X, N») X, N3 be a sequential warped product manifold with metric g = (g1 ® A*g2) © u?gs,

& € x(N3), R and R be the Riemannian curvature tensors of N with respect to the Levi-Civita connection and the
semi-symmetric metric connection, respectively. Then we have

R(Uy, V1)Yy = RYUy, V1)Yy + (g(Us, YD) Vi(In ) — g(Vy, Y1) Ur (In ) &
+0 (&) (g(Uy, Y1)V1 = g(V1, Y1)Ua),

N 1
R(UL, UV, = (—XHessﬁul, V) + o(©)g(Us, v1>) Uy + g(Uy, Vi) Ua(In p)é,

N 1
R(UL, U)V2 = g(Us, V2) (1 Vh, grad! A = U (In )¢ = o)),

R(Us, Va)Ys = RA(Ua, Vi)Y — (% lgrad® A|]* - a(g)) [9(Us, Ya)Va — g(Va, Ya)Us]
+(9(Uz, Y2)Vo(Inp) — g(Vo, Yo)la(Inw)) &,

R(Uy, Up)Us = o(Us)[Uy (In Uy — Un(In @)U ],
RU;, v)Yj=0,i#j, i=1,2,
R, V)Us = o(Us)[Ui(In w)Vi = Vi(ln )W), i=1,2,

R(Us, V3)Y; = Yi(ln w)[a(V3)Us — o(Us) V3], i=1,2,
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RU;, Us)V; = —iHESS“(Uz‘, Vi) +o(&)g(U;, Vi)) Us

1
+ Vi(ln p)o(Us)U; + (Vi,sé - ﬁo(ua)gradp - o(Us)¢ | g(U;, Vi),
Ry, Us)U, = —iHESS“(UL Up)Us + Up(In p)o(Usz) Uy,
R(Uy, UL = —%Hess%uz, U Us + Uy (In po(Us)L,

R(U;, U3)V3 = pgs(Us, V)V, grad p — g(Us, Va)U(In p)&
+0(V3) (Ui(In 1) Us + o(Us)Ui) = (9(Vs, V3,.€) + 0(E)g(Us, V3)) U,

R(Us, V3)Ys = R¥(Us, V)Y — ||grad u||* {g3(Us, Y2) Vs — ga(V, Ya)Us)
+9(Y3, Vi, E)V3 = g(Y3, Vi, OUs + g(Us, Y3)[V7, & — ugs(Vs, &) grad p]
— g(V3, Y3)[V{,& — pgs(Us, &) grad u] + o(&)[g(Us, Y3)V3 — g(V3, Y3)Us]
+[9(V3, Y3)a(Us) — g(Us, Y3)a(V3)IE + o(Y3)[o(Va)Us — o(Us) V3],

fOT‘ all u,Vv,Y; e )((Ni), i=1,2,3.

Let {¢;}7"""" be an orthonormal basis of x(N), where {e;}", , {ei}?;;fjl ,and {e,-}:':‘::‘j::‘jl are the orthonor-

mal bases of x(N1), x(N2), and x(N3), respectively. Then, by using Lemma 3.4, Lemma 3.5, Lemma 3.6,
respectively and a contraction of the curvature tensors we obtain the Ricci tensors as follows:

Corollary 3.7. Let N = (N} X, N3?) X, N3* be a sequential warped product manifold with metric g = (91 ® A*g2) ®

12g3, £ € x(N1). Then the Ricci tensor S of the sequential warped product with respect to the semi-symmetric metric
connection is given by

S, vy) = 8\ Uy, vy) + %Hessﬁul, Vi) + %Hess”(lll,Vl)

= (2 +n3) (a(&)g(U, V1) + g(V1, Vi, &) — o(Ur)a(V1))
= (& (InA) + n3é (Inp)) g(Uy, V),

3(Uy, Uy) = S(U, Uy) = %Hess#(ul, ),

S(U;, U) = S(Us, U;) =0, i=1,2,
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o N A
S(Uy, Va) = §%(Uy, V) + %H%S“(Uz, Vi) = {TA + (11 + 2np + 13 — 2)&(In A)

1
+ (ny +ny +nz —2)a(&) + Zg(Véé, e;)
i=1
np — 1
22

lgrad® A|]* + ns&(in w)g(Us, V),

S(Us, V3) = $3(Us, V) — {% + (1 + 1y + 213 — 2)E(In 1) + m2&(In A)

+ (n1 + ny + nz — 2)a(&)
nsz — 1
12
Corollary 3.8. Let N = (N} X, N3?) X, N3* be a sequential warped product manifold with metric g = (g1 ® A*g2) ®

12g3, £ € x(Ny). Then the Ricci tensor S of the sequential warped product with respect to the semi-symmetric metric
connection is given by

|grad y“z + Zg(Vgié, e)}g(Us, V3).
i=1

Sy, Vi) = §4(Uy, Vi) + %Hess?(ul, Vi) + %Hess”(ul,Vl)

—( ), 9Vl @)+ maE(Inp) + (1 + 1 + 15 = 23 ()}g(U, V1),

i=111+1
(U, Uy) = %Hess#(ul, U) — (m + my + 13 — 2) Uy(In Ao (L),
g(UZ, Ul) = %H(ZSSH(UL Uz) + (1/11 +ny; +nz — 2) Ul(ln )\)G(Uz),
S(U;, Us) = S(Us, U;) =0, i=1,2,

S(Up, V) = §¥(U, V) + %HESS“(UL Va)

+ Y (V2 Ve 0)g(Us, €)= g(V &, )g(Un, V7))
i=n1+1
AA -1
— {T — 7’12/\2 ”grad /\”2 + (711 + 1y +n3 — 2)0 (5)
+n3é&(n p)}g(Us, V)

— (1 + ny + 13 = 1)g(V, Vi &) + (1 + ny + 13 = 2)o(Uz)o(Va),

_ - A‘Ll ny+ny
8(Us, Ya) = $(Us, V) = (= =+ 0m + 112+ 25 = DilIngs) = )7 9(Vad,e)
i=n1+1
ns — 1
12

||grad y”z + (m1 + np + n3 — 2)0 (&)}g(Us, V3).



S. Zeren et al. / Filomat 37:10 (2023), 3241-3260 3254

Corollary 3.9. Let N = (N} X, N?) X, N3* be a sequential warped product manifold with metric g = (91 ® A*g2) @

12g3, & € x(N3). Then the Ricci tensor S of the sequential warped product with respect to the semi-symmetric metric
connection is given by

S, vy = 8§\ Uy, vy) + %Hessf(ul, Vi) + %Hess“(ul, )

n+nx+nsz

—1 ) g(Ve& e + (m1 + 4+ 3 — 20 (D)lg(Lh, V1),

i=ny+np+1

R ” AA
S(Up, V) = ¥ (U, V) + %H%S“(Uz, Vo) - {T + (11 +ny +nz —2)0 (&)

ni+ny+ns

nz/\; 1 “grad /\”2 + Z g(Ve,& e)lg(Uy, Va),

i=ny+np+1

(U, Uy) = $(Uy, Uy) = %Hessﬂ(ul, ),
S(U;, Us) = — (ny + ny +n3 = 2) o(Us)Ui(In ) = =S(Us, Uy), i=1,2,

S(Us, V3) = $3(U3, Vi) — (1 +np + 13 — 1) (9(V3, V%ké) +(m +ny +n3 — 2)0(U3)G(V3))

A -1
- {7” - ”SMZ llgrad > + (1 + 12 + 13 — 200 ()}g(Us, V)
ny+ny+ns
+ Y 9V, Ved)a(Us, &) — glei, Ve £)g(Us, V3)).
i=ny+np+1

In this section, finally we give the scalar curvature 7 of the sequential warped product with respect to
the semi-symmetric metric connection.

Corollary 3.10. Let N = (N]" x) N3?) X, N3* be a sequential warped product manifold with metric g = (g1 ®
A2g2) @ u2gs. Then the scalar curvature  of the sequential warped product with respect to the semi-symmetric metric
connection is given by followings:

. rn 13 AL Ap ma(np —1) 2
=t 2+ 2 o=l a2 P llorad A
Peritga bt my Hn s |lgrad A||
nz(nzg — 1 2
%“grady” —2my(n - DE(In M) (12)

= 2m(n = DEn ) + (1= D(n = 2)0 (&) =21 = 1) Y g(Vei& €0,

i=1

where & € x(N1),
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5 13 AL Ap np(np — 1) 2
r=r1+ﬁ+—+227+4n —” adA“
+ 113(71#; “grad p” —2nz(n — 1)&(In A) (13)
=2n=1) Y gVese) = (n =11 =2)0 (&),
i=n1+1
where & € x(N>),
R re 13 AL Ay ny(ny — 1) 2
r=r1+ﬁ+y 7 T 2m— AN —” rad A
S 2D (14)
u?
—2n-1) ), gVeEe) = (1= D=2 (o),
i=n+ny+1

where & € x(N3). Here r; denotes the scalar curvature of N; with respect to the Levi-Civita connection V and
n=ny+ny;+ns.

4. Geometry of Generalized Robertson-Walker Space-times with respect to the semi-symmetric metric
connection

In this section, we consider two types of space-times, generalized Robertson-Walker space-time and
standard static space-times, as sequential warped products with semi-symmetric metric connections and
investigate geometric conditions for such space-times to be Einstein.

4.1. Sequential Generalized Robertson-Walker Space-times with respect to the semi-symmetric metric connection
Proposition 4.1. Let N = (I X, N») X, N3 be a sequential generalized Robertson-Walker space-time with metric
g = (—dt? + A%q,) + p?gs and & = 0;. Then we have

vaﬁt = O/

Vol=4U, — Vudi=(3-1)U

Y .y S —(#

VoW=Ew, Vo= (p - 1)w,

VuV = V4V = A(A+A) g2(U, V)3

VuW = ViU = U(In p)W,

VwZ = V3,Z — ugs(W, Z) grad u — g(W, Z)o;,

where U,V € x(Ny) and W, Z € x(Ns).

B E

Proposition 4.2. Let N = (I X) N2) X, N3 be a sequential generalized Robertson-Walker space-time with metric
g = (—dt? + A?g,) + p?gs and & € x(N,). Then we have

1. ﬁ&fat = é/

2. VoU=4U+o(U)d,  Vyud =14l

3. @Q,W = @W(?t = %W

4. VuV = V3V = Adg(U, V)o,,



5.
6.
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VuW = U(In p)W, Vil = (U(In p) + o(LD)) W,
VwZ = V3,Z — ugs(W, Z) grad u — g(W, Z)¢,

where U,V € x(Ny) and W, Z € x(N3).

Proposition 4.3. Let N = (I X, N2) X, N3 be a sequential generalized Robertson-Walker space-time with metric
g = (=dt® + A%g,) + p2gs and & € x(N3). Then we have

S

va,at =&, '

YA7afu = YA7uo7t = %U/

Vo, W = gw +o(W)9;, Vo = gw,

VuV = ViV = AMga(U V)9, - g(U, V)E,

VuW = U(In y)W + (W)U, VwU = U(In u)W,
VwZ = V3,Z — ugs(W, Z) grad u,

where U,V € x(N,) and W, Z € x(N3).

Proposition 4.4. Let N = (I X) N2) X, N3 be a sequential generalized Robertson-Walker space-time with metric
g = (—dt? + A%g,) + p?gs and & = 0;. Then we have

[y
S

© % NS G AW N

R(31,01)9; = 0,

Ry, V2)dr = L (1+A) v,

R(anat)yi =0,

Ry, V2)Ya = A (A = 1) ga(V2, Y2)o;

R(Uy, V2)Ya = RA(U, V) Ys — (A2 = 240 + 22) {ga(Y2, Un) V2 = ga(Y2, V2)Ua},

. R@, V2)Y5 =0,

. Ry, V3)9, = %(atz + ?;—!:)V&

. R, V3)Y2 = — Hess"(d;, Y2) V3,

. R(Uy, V3)0; = —%Hess“(at, Uy)Vs,

- R(Un, V3)Ys = (~LHess# (U, V) + (4 + 1% — 1) (U, Y2)) Vs,
11.
12.

13.

Py

R@,, Va)Ys = (Vo grad p = %) gs(V3, Ya)o,

R(Uz, V3)Ys = (Vuz grad u — 'f;—’f —ug+ u) 93(V3, Y3)Ua,

A 2

R(Us, V) Y3 = R3(Us, V)Y + (zyf;—’; — 2~ ||grad | )(g3(u3, Ya)Vs — g5(Vs, Ya)Us),

where u;,v,Y; e )((N,‘), i=2,3.

Proposition 4.5. Let N = (I X, N2) X, N3 be a sequential generalized Robertson-Walker space-time with metric
g = (=dt® + A%g,) + p2gs and & = 9;. Then we have

R . 02 J
S@na) = -2 (1~ 1)~ E(—” - —”),

S(Uz, V2) = $3(Uz, V) + %Hess#(uz, V2)
+{AA) = @no + 13 — DAA = (np + n3 — 1)A?

. J
T (ny — 1)(A)? - %Aza—’j}muz, V),
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S(Us, V3) = §°(Us, V3)
d A
—{u(Ap) + (n2 + 2n3 — 1)[,18—5: + WZX:UZ

— (12 + 13 = i = (13 — 1) ||grad || )ga(Us, V),

39y, Uy) = %Hess#(at, L),  $(,Us) =0,

where U;, V; € x(N;), i =2,3.

Now, consider that the sequential generalized Robertson-Walker space-time N = (I X; Nz) X, N3 with
metric g = (—dt? + A?g,) + u2g; and & = 9; is Einstein with respect to the semi-symmetric metric connection.
Then we write

S, V) = gg(U, V).

By using the previous theorem, we get

. PP
A(/\ A)+ ”3(8—;‘—8—5) 0,

(U, Vo) + 2 HESS“(Uz, V2)

N y((Ay) + (ny + 2.n3 1) a!: ;—nz}“u)
+(n2 = 1)(A)? = PAPG

= 0A%g5(U, V),
72(Us, V) oA g2l V2)

§3(u3, VS) _ ( Au (AILL) + (7’12 + 2713 l)"l ot + 7’12/\[.1

3 u3r V3) 0 2 3(u3/ V3)r
—(ny +n3 —Dp? - (n3-1) ||grad y” ]g I

and
Hess*(d;, Up) = 0,
forany U;, Vi € x(N;),i=2,3.
Hence we give

Theorem 4.6. Let N = (I X, N2) X, N3 be a sequential generalized Robertson-Walker space-time with g = (—dt* +
A2go) + u?gs and & = 0y If N is Einstein with respect to the semi-symmetric metric connection with the Einstein
constant o, then we have the followings:

1% (i—A)+2 (375—"_“) o

2. (Ng, g2) is Emstem with respect to the semi-symmetric metric connection if Hess!'(Uy, Vo) = 0, for any
Uz, Vo € x(Na),

3. (N3, g3) is Einstein with respect to the semi-symmetric metric connection,

4. Hess*(d;, Up) = 0.
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Theorem 4.7. Let N = (I X, N2) X, N3 be a sequential generalized Robertson-Walker space-time with g = (—d* +
A2g) + p2gs and & = ;. Then N is an Einstein manifold with Einstein constant g with respect to the semi-symmetric
metric connection if

1.

Hess*(dy, Up) =0, Hesst(Uy, V2) =0, for any Uz, V, € x(N2),

2. (N, gi) is Einstein manifold with Einstein factor g;, i = 2,3,

1o . . 13 aZL a _
m(i-1)+2(5-%)=0
+( y((Ay) + (np + 2n3 — 1)% + nz%‘u) ]

. 9 = QA2,
+(n2 = 1)(A)? = A5

_ ( WAL + (m + 205 = e + ”2%#22 ) = o
—(ny+nz —Dp*—(n3-1) ngad y“

4.2. Sequential Standard Static Space-times with respect to the semi-symmetric metric connection

Proposition 4.8. Let N = (N1 X, Na) X, I be a sequential standard static space-time with metric g = (g1 + A%g2) +
p? (—dtz) and & = 9;. Then we have

S o

VxY = ViY - (X, Y)d;,

VxU = VX = X(In M),

Vxds = X(In w)ad; — 12X, V3, X = X(In w)o;,
VuV = V3V = Ago(U, V) grad' A — g(U, V)9,
Vuds = U(ln w)a; — u2U, Vo, U = U(In w)a;,
%tat = pgrady,

where X, Y € x(N1) and U,V € x(N»).

Proposition 4.9. Let N = (N1 X, Np) X, I be a sequential standard static space-time with metric g = (g1 + A%g2) +
p? (—dt2) and & = 9;. Then we have

1.

© X NS

=

. R(Uz, V2)Y, = R3(Us, V)Y - {

R(UL, V1)Yy = RA(UL, V)Y + [ [g(U1, Y)Vi(Inu) = g(V1, Y1) Ui (In w)] 0 ]’

—2[g(Us, Y1)Vi = g(V1, Y1)U4]

(U, L)V = (_TlHESSf(Ul, Vi) — urg(Uy, Vl)) Uy + g(Us, V1)U (In u)d,
R(Uy, V1)U, = 0 = R(Uy, V) V3,
R(Uy, W)V = (U, V2) (19}, grad' A = Uy(In p)d; + p2UL4),

(% llsrad® A + 1) (oL, YoV = g0V, Yo
—(g(Ua, Y2)Va(ln w) + g(V, Y2)Us(In 1)) 9;

: I?(Ul, Up)d; = —p2[Uy(In u)Us — Up(In p)Us],
. R(Uy,dn)V1 = —%HESS“(UL V1)0: — i Vi(In u)Uy + pg(Us, V1) grad u,

. R(Uy, 90U, = —iHESS”(UL Us)0; — p?Up(In )y,
. R(Uz, 9)Uy = — 1 Hess*(Uz, U1)d; — @ Us(In p) U,
10.

11.
12.
13.

R(Uy, 9V, = —ﬁHESS“(Uz, V2)0: — u?Vo(In u)Us + pg(Us, Vo) grad p,

R, 0y)0; = —uVy grady, i=1,2,
R(U;, Vi)oy = 12 (Uln w)Vi = Vilnw)U;), i=1,2,
R(&tl af)at = 0/

where U;, Vi, Yi € x(N;),i=1,2.
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Proposition 4.10. Let N = (N X3 Np) X, I be a sequential standard static space-time with metric g = (g1 + A*g2) +
p? (—dtz) and & = 9;. Then we have

8(th, V) = S (U, Vi) + %Hess?(ul, V1)

+ %HESSH(UL Vi) + (m + np — DpPg(Uy, V1),

. . 1
S(U,, V) = §2(Uy, Vo) + HHess#(uz, V,)

npy —
A2

—(M—(nﬂrnz—l)yz—

x L|lgrad? AP gt v2),

80 d) = u(Au - 1),
A 1
S(lll, UZ) = pHess”(Ul, U2),

g(uir at) = ["12 (nl +ny — 1) ul(ln [’l) = _g(at/ ui)/ i= 1/ 2/
where u; Vv e )((N,‘), i=1,2.

Now, consider that the sequential standard static space-time N = (N; X, Nz) X, [ with metric g =

(g1 + /\zgz) + yz (—dtz) and & = J; is Einstein with respect to the semi-symmetric metric connection. Then
we write

SWUV) = pg(, V).
By using the previous theorem, we get

SH(Un, V1) + % Hess) (U, V1) oy
+ Hesst(Uy, Vi) + (m +n2 = DUy, Vi)~ pg1(Us, V1),

§2(Uz, V2) + yHess(Uz, V)

_ )2
- (A (AA) = (m1 + mp = 1)A%? = (np — 1) ||grad’ )\Hz)gz(uz, Vo) pAG2(U2, V2) ,

Au - p® = —pp,
Hess*(Uy, U) =0,
and
pr(m +np - Ulnp) =0, i=1,2,

forany U;, Vi € x(Ny),i=1,2.
Hence we give
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Theorem 4.11. Let N = (N X, Na) X, I be a sequential standard static space-time with metric g = (g1 + A*g2) +

p? (—dt2) and & = dy. If N is Einstein with respect to the semi-symmetric metric connection with the Einstein
constant p, then the scalar curvature of N with respect to the semi-symmetric metric connection is given by

A
P=—(m +n2+1)(7‘u—y2).

Theorem 4.12. Let N = (N1 X3 Np) X, I be an Einstein sequential standard static space-time with metric g =
(g1 + A°q0) + p? (—dtz) and & = d;. Then we have

1. (N1, g1) is Einstein with the Einstein constant p — (11 + np — 1)y2 with respect to the semi-symmetric metric
connection provided %Hess?(lll, Vi) + lllHess”(Ul, V1) =0, for any Uy, V1 € x(N1),
2. (Ny, g2) is Einstein with the Einstein constant
pA + (ADA = 1 + 13 = DA% = (12 = 1) [lgrat! A
with respect to the semi-symmetric metric connection provided Hess* (U, V) = 0, for any Uy, Va € x(N2),
3. Hess*(Uy,U;) =0,
4. U(lnp)=0, i=1,2
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