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Abstract. In the present paper, we study a new generalization of warped product manifolds, called
sequential warped product manifolds, with respect to a semi-symmetric metric connection. We obtain
relations for covariant derivatives, Riemannian curvature, Ricci curvature and scalar curvature of the
sequential warped product manifolds with respect to the semi-symmetric connection, respectively, and
demonstrate the relationship between them and curvatures with respect to the Levi-Civita connection.
Also, we consider sequential warped product space-time models, namely sequential generalized Robertson-
Walker space-times and sequential standard static space-times, with semi-symmetric metric connections
and obtain conditions for such space-times to be Einstein.

1. Introduction

The concept of singly warped product manifolds or simply warped product manifolds was first defined by
Bishop and O’Neill [2]. They used this concept to give examples of Riemannian manifolds admitting
negative sectional curvature. Curvature of a warped product manifold in terms of the curvatures of
the components included in the warped product, was released by O’Neill [9] and he also revealed the
importance of warped products in physics by investigating Robertson–Walker, static, Schwarschild and
Kruskal space–times as warped product manifolds, which are models using for finding exact solutions to
Einstein’s field equation.

As generalizations of singly warped product manifolds, doubly warped products and multiwarped prod-
uctswere introduced and covariant derivative formulas, geodesic equations for these spaces and appli-
cations for some generalized space-times such as generalized Robertson-Walker and generalized Kasner
space-times were investigated (see [4], [5], [16], [17]).

A singly warped product was also naturally generalized to a new type product manifold, namely a
twisted product, such that the warping function depends on the points of both factors [10]. Wang defined
multiply twisted products by using the concept of multiply warped products and twisted products [18].

From a different perspective, a new class of warped product manifolds, called sequential warped product
manifolds, was firstly introduced by Shenawy [12]. Sequential warped product manifolds are warped
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product manifolds where the base factor of the warped product itself is another warped product manifold.
Then De, Shenawy and Ünal [3] studied the geometry of such manifolds, derived curvature tensor formulas
and presented some classes of sequential warped product space-time models. In [15], Şahin initiated the
study of sequential warped product submanifolds of Kaehler manifolds, gave examples and established
Chen’s inequality for such submanifolds.

The idea of semi-symmetric linear connection, a linear connection with non-zero torsion T̂(U,V) = σ(V)U−
σ(U)V, on a differentiable manifold was introduced by Friedmann and Schouten [6], where U,V are vector
fields and σ is a 1-form on the manifold. Such a connection ∇̂ is called a semi-symmetric metric connection
if there is a Riemannian metric 1 on the manifold satisfying ∇̂1 = 0, otherwise it is named as non-metric.
Hayden [7] defined a semi-symmetric metric connection on a Riemannian manifold and this concept was
further developed by Yano [19]. After that, by adapting this topic to different manifolds and submanifolds,
a serious resource has emerged in the literature. Of course, such a connection has physical meanings and
applications. The movement of a person on the earth’s surface by facing to a certain point, like Jerusalem,
Mekka or North Pole, is a semi-symmetric and metric displacement (see [11]).

Sular and Özgür [13], studied warped products admitting semi-symmetric metric connection and ob-
tained some results for such Einstein warped product manifolds. Einstein doubly warped product mani-
folds endowed with a semi-symmetric metric connection was investigated in [8]. Multiply warped product
manifolds with respect to a semi-symmetric metric connection and applications of some results to the
generalized space-times were given by [18].

Motivated by the above studies, in the present paper we consider sequential warped products with
respect to a semi-symmetric metric connection.

2. Preliminaries

2.1. Semi-Symmetric Metric Connection
A linear connection ∇̂ on a Riemannian (as well as, semi-Riemannian) manifold N having torsion tensor

T̂ which satisfies

T̂(U,V) = σ(V)U − σ(U)V, (1)

is called a semi-symmetric connection. Here, σ is a 1-form associated with the vector field ξ on N defined
by

σ(U) = 1(U, ξ).

If ∇̂1 = 0, then ∇̂ is said to be a semi-symmetric metric connection on the manifold. The relation between
the Levi-Civita connection ∇ and the semi-symmetric metric connection ∇̂ of a Riemannian manifold

(
N, 1

)
is given by [19]

∇̂UV = ∇UV + σ(V)U − 1(U,V)ξ. (2)

Moreover, the curvature tensors R and R̂ of ∇ and ∇̂, respectively, are related by

R̂(U,V)Y = R(U,V)Y + 1(Y,∇Uξ)V − 1(Y,∇Vξ)U
+ 1(U,Y)∇Vξ − 1(V,Y)∇Uξ

+ σ(ξ)[1(U,Y)V − 1(V,Y)U] (3)
+ [1(V,Y)σ(U) − 1(U,Y)σ(V)]ξ
+ σ(Y)[σ(V)U − σ(U)V],

for any vector fields U,V,Y on N [14].
A Riemannian manifold (N, 1), (n > 2), is called an Einstein manifold if the condition

S(U,V) = ϱ1(U,V) (4)

is satisfied, where ϱ = r
n and r denotes the scalar curvature of N. It is well-known that if n > 2, then ϱ is a

constant [1].
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2.2. Sequential Warped Product Manifolds

In this subsection, we give some basic notations for sequential warped product manifolds.

Definition 2.1. [3] Let Ni be three semi-Riemann manifolds with metrics 1i, for i = 1, 2, 3, and λ : N1 −→ (0,∞),
µ : N1 ×N2 −→ (0,∞) be two differentiable positive functions on N1 and N1 ×N2, respectively. Then the sequential
warped product manifold, denoted by (N1 ×λ N2) ×µ N3, is a triple product manifold N = (N1 ×N2) ×N3 endowed
with the metric tensor

1 = (11 ⊕ λ
212) ⊕ µ213. (5)

The functions λ and µ are called warping functions. Note that if (Ni, 1i) are all Riemannian manifolds,
for any i = 1, 2, 3, then the sequential warped product manifold (N1 ×λ N2) ×µ N3 is also a Riemannian
manifold. One can easily observe that (N1 ×λ N2) is a warped product with the metric tensor 11 ⊕ λ212 [3].

Proposition 2.2. [3] Let N = (N1 ×λ N2) ×µ N3 be a sequential warped product manifold with metric 1 = (11 ⊕

λ212) ⊕ µ213 and also let Ui,Vi ∈ χ(Ni), for any i = 1, 2, 3. Then

1. ∇U1 V1 = ∇
1
U1

V1,
2. ∇U1 U2 = ∇U2 U1 = U1(lnλ)U2,

3. ∇U2 V2 = ∇
2
U2

V2 − λ12(U2,V2) grad1 λ,
4. ∇U3 U1 = ∇U1 U3 = U1(lnµ)U3,
5. ∇U2 U3 = ∇U3 U2 = U2(lnµ)U3,
6. ∇U3 V3 = ∇

3
U3

V3 − µ13(U3,V3) gradµ,

where grad1 λ and gradµ denote the gradient of λ on N1 and the gradient of µ on N1 ×N2, respectively.

Lemma 2.3. [3] Let N = (N1×λN2)×µN3 be a sequential warped product manifold with metric 1 = (11⊕λ212)⊕µ213
and also let Ui,Vi,Yi ∈ χ(Ni), for any i = 1, 2, 3. Then

1. R(U1,V1)Y1 = R1(U1,V1)Y1,

2. R(U2,V2)Y2 = R2(U2,V2)Y2 −
∥∥∥grad1 λ

∥∥∥2
{12(U2,Y2)V2 − 12(V2,Y2)U2},

3. R(U1,V2)Y1 = −
1
λHessλ1 (U1,Y1)V2,

4. R(U1,V2)Y2 = λ12(V2,Y2)∇1
U1

grad1 λ,
5. R(U1,V2)Y3 = 0,
6. R(Ui,Vi)Y j = 0, i , j,
7. R(Ui,V3)Y j = −

1
µHessµ(Ui,Y j)V3, i, j = 1, 2,

8. R(Ui,V3)Y3 = µ13(V3,Y3)∇Ui gradµ, i = 1, 2,

9. R(U3,V3)Y3 = R3(U3,V3)Y3 −
∥∥∥gradµ

∥∥∥2
{13(U3,Y3)V3 − 13(V3,Y3)U3},

where
∥∥∥grad1 λ

∥∥∥2
= 11(grad1 λ,grad1 λ) and

∥∥∥gradµ
∥∥∥2
= 1(gradµ,gradµ).

Lemma 2.4. [3] Let N = (N1×λN2)×µN3 be a sequential warped product manifold with metric 1 = (11⊕λ212)⊕µ213
and also let Ui,Vi,Yi ∈ χ(Ni), for any i = 1, 2, 3. Then

1. S(U1,V1) = S1(U1,V1) − n2
λ Hessλ1 (U1,V1) − n3

µ Hessµ(U1,V1),

2. S(U1,V1) = S2(U2,V2) − (λ∆1λ + (n2 − 1)
∥∥∥grad1 λ

∥∥∥2
)12(U2,V2) − n3

µ Hessµ(U2,V2),

3. S(U3,V3) = S3(U3,V3) − (µ∆µ + (n3 − 1)
∥∥∥gradµ

∥∥∥2
)13(U3,V3),

4. S(Ui,V j) = 0, i , j.
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3. Sequential Warped Product Manifolds With Respect to A Semi-Symmetric Metric Connection

In this section, we consider a sequential warped product manifold endowed with a semi-symmetric
metric connection and give the fundamental relations between the curvature, Ricci curvature and scalar cur-
vature of the manifold with respect to the Levi-Civita connection and the semi-symmetric metric connection,
respectively.

Lemma 3.1. Let N = (N1 ×λN2)×µN3 be a sequential warped product manifold with metric 1 = (11 ⊕λ212)⊕µ213
and the associated vector field ξ ∈ χ(N1). Then we have

1. ∇̂U1 V1 = ∇̂
1
U1

V1,

2. ∇̂U1 U2 = U1 (lnλ) U2, ∇̂U2 U1 = (U1 (lnλ) + σ(U1)) U2,
3. ∇̂U1 U3 = U1

(
lnµ

)
U3, ∇̂U3 U1 =

(
U1

(
lnµ

)
+ σ(U1)

)
U3,

4. ∇̂U2 V2 = ∇
2
U2

V2 − λ12(U2,V2) grad1 λ − 1(U2,V2)ξ,

5. ∇̂U2 U3 = ∇̂U3 U2 = U2(lnµ)U3

6. ∇̂U3 V3 = ∇
3
U3

V3 − µ13(U3,V3) gradµ − 1(U3,V3)ξ,

where Ui,Vi ∈ χ(Ni), for any i = 1, 2, 3, ∇̂1 is the lift of semi-symmetric metric connection ∇̂ on N1, ∇2 and ∇3 are
the lifts of ∇ on N2 and N3, respectively.

Proof. By using Kozsul formula, we write

21(∇U1 V1,U2) = U11(V1,U2) + V11(U1,U2) −U21(U1,V1) (6)
− 1(U1, [V1,U2]) − 1(V1, [U1,U2]) + 1(U2, [U1,V1]),

for all vector fields U1,V1 ∈ χ(N1), and U2 ∈ χ(N2), where ∇ is the Levi-Civita connection on N. From (2)
the last equation reduces to

21(∇̂U1 V1,U2) = U11(V1,U2) + V11(U1,U2) −U21(U1,V1)
− 1(U1, [V1,U2]) − 1(V1, [U1,U2]) + 1(U2, [U1,V1]) (7)
− 2σ(U2)1(U1,V1) + 2σ(V1)1(U1,U2).

It is well known that [V1,U2] = 0 = [U1,U2], [U1,V1] ∈ χ(N1) and 1(V1,U2) = 0 = 1(U1,U2). So we get

21(∇̂U1 V1,U2) = −U21(U1,V1) − 2σ(U2)1(U1,V1),

which implies 1(∇̂U1 V1,U2) = 0, by using the fact that 1(U1,V1) is constant on N2 and ξ ∈ χ(N1). Similarly,
since we have 1(∇̂U1 V1,U3) = 0, for any U3 ∈ χ(N3), then we obtain (1).

We know that 1 is a metric connection with respect to ∇̂ and 1(U2,V1) = 0. So we write

1(∇̂U1 U2,V1) = −1(∇̂U1 V1,U2) = 0.

Also from Kozsul formula, we have

21(∇̂U1 U2,U3) = U11(U2,U3) +U21(U1,U3) −U31(U1,U2)
− 1(U1, [U2,U3]) − 1(U2, [U1,U3]) + 1(U3, [U1,U2]) (8)
− 2σ(U3)1(U1,U2) + 2σ(U2)1(U1,U3),

which implies 1(∇̂U1 U2,U3) = 0, via 1(Ui,U j) = 0,
[
Ui,U j

]
= 0, i , j, for Ui ∈ χ(Ni), i = 1, 2, 3, and ξ ∈ χ(N1).

By taking V2 instead of U3 in (8), we get

21(∇̂U1 U2,V2) = U11(U2,V2), for any V2 ∈ χ(N2).
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Since 12(U2,V2) is constant on N1, from (5), we obtain

U11(U2,V2) = 2λU1 (λ) 12(U2,V2) = 2U1 (lnλ) 1(U2,V2),

which implies the first part of (2). Changing the roles of U1 and U2 in (8) and taking U3 = V1 gives
1(∇̂U2 U1,V1) = 0 = 1(∇̂U2 U1,U3). If we substitute U3 for V2 with U1 and U2 interchanged in (8) and use (5),
we get

21(∇̂U2 U1,V2) = U11(U2,V2) + 2σ(U1)1(U2,V2)
= 2 (U1 (lnλ) + σ(U1)) 1(U2,V2),

which gives the second part of (2).
From Kozsul formula, we again have

21(∇̂U1 U3,V1) = U11(U3,V1) +U31(U1,V1) − V11(U1,U3)
− 1(U1, [U3,V1]) − 1(U3, [U1,V1]) + 1(V1, [U1,U3]) (9)
− 2σ(V1)1(U1,U3) + 2σ(U3)1(U1,V1),

which implies 21(∇̂U1 U3,V1) = U31(U1,V1) = 0, for any U1,V1 ∈ χ(N1) and U3 ∈ χ(N3). Taking V1 = U2 in
(9) we get 1(∇̂U1 U3,U2) = 0. Also, by writing V3 instead of V1 in (9) we obtain

21(∇̂U1 U3,V3) = U11(U3,V3),

which gives 21(∇̂U1 U3,V3) = U1
(
lnµ

)
1(U3,V3). So we have the first part of (3). For the second part of (3),

we change the roles of U1 and U3 in (9) and we get 21(∇̂U3 U1,V1) = U31(U1,V1) = 0. Taking V1 = U2 and
V1 = V3 in (9), respectively, with U1 and U3 interchanged gives 1(∇̂U3 U1,U2) = 0 and

21(∇̂U3 U1,V3) = U11(U3,V3) + 2σ(U1)1(U3,V3)
= 2

(
U1

(
lnµ

)
+ σ(U1)

)
1(U3,V3),

respectively.
For any U1 ∈ χ(N1) and U2,V2 ∈ χ(N2), we write

21(∇̂U2 V2,U1) = U21(V2,U1) + V21(U2,U1) −U11(U2,V2)
− 1(U2, [V2,U1]) − 1(V2, [U2,U1]) + 1(U1, [U2,V2]) (10)
− 2σ(U1)1(U2,V2) + 2σ(V2)1(U2,U1),

which implies

21(∇̂U2 V2,U1) = −U11(U2,V2) − 2σ(U1)1(U2,V2)
= −2λ1(gradλ,U1)12(U2,V2) − 21(ξ,U1)1(U2,V2)
= −21(λ12(U2,V2) gradλ + 1(U2,V2)ξ,U1).

We also have 1(∇̂U2 V2,U3) = 0, by taking U1 = U3 in (10). By taking U1 = Y2 in (10), we conclude the proof
of (4).

Since 1(U1,U3) = 0 = 1(V2,U3), then we get 1(∇̂U2 U3,U1) = − 1(U3, ∇̂U2 U1) = 0 and 1(∇̂U2 U3,V2) =
−1(U3, ∇̂U2 V2) = 0, by use of (2) and (4), respectively. Also, from Kozsul formula we have

21(∇̂U2 U3,V3) = U21(U3,V3) +U31(U2,V3) − V31(U2,U3)
− 1(U2, [U3,V3]) − 1(U3, [U2,V3]) + 1(V3, [U2,U3]) (11)
− 2σ(V3)1(U2,U3) + 2σ(U3)1(U2,V3),
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which implies

21(∇̂U2 U3,V3) = U21(U3,V3) = 1(U2(lnµ)U3,V3).

Hence we obtain (5).
Finally, by putting U2 = U3 and V2 = V3 in (10) and following the similar steps in the proof of (4) we

conclude the proof of (6).

In the following two lemmas, we present the results for a semi-symmetric metric connection in case of
ξ ∈ χ(N2) and ξ ∈ χ(N3), respectively, by omitting the proofs to avoid repetition.

Lemma 3.2. Let N = (N1 ×λN2)×µN3 be a sequential warped product manifold with metric 1 = (11 ⊕λ212)⊕µ213
and the associated vector field ξ ∈ χ(N2). Then we have

1. ∇̂U1 V1 = ∇
1
U1

V1 − 1(U1,V1)ξ,

2. ∇̂U1 U2 = U1 (lnλ) U2 + σ(U2)U1, ∇̂U2 U1 = U1 (lnλ) U2,
3. ∇̂U1 U3 = ∇̂U3 U1 = U1

(
lnµ

)
U3,

4. ∇̂U2 V2 = ∇̂
2
U2

V2 − λ12(U2,V2) grad1 λ,

5. ∇̂U2 U3 = U2(lnµ)U3, ∇̂U3 U2 =
(
U2

(
lnµ

)
+ σ(U2)

)
U3

6. ∇̂U3 V3 = ∇
3
U3

V3 − µ13(U3,V3) gradµ − 1(U3,V3)ξ,

where Ui,Vi ∈ χ(Ni), for any i = 1, 2, 3, ∇̂2 is the lift of semi-symmetric metric connection ∇̂ on N2, ∇1 and ∇3 are
the lifts of ∇ on N1 and N3, respectively.

Lemma 3.3. Let N = (N1 ×λN2)×µN3 be a sequential warped product manifold with metric 1 = (11 ⊕λ212)⊕µ213
and the associated vector field ξ ∈ χ(N3). Then we have

1. ∇̂U1 V1 = ∇
1
U1

V1 − 1(U1,V1)ξ,

2. ∇̂U1 U2 = ∇̂U2 U1 = U1 (lnλ) U2,
3. ∇̂U1 U3 = U1

(
lnµ

)
U3 + σ (U3) U1, ∇̂U3 U1 = U1

(
lnµ

)
U3,

4. ∇̂U2 V2 = ∇
2
U2

V2 − λ12(U2,V2) grad1 λ − 1(U2,V2)ξ,

5. ∇̂U2 U3 = U2(lnµ)U3 + σ (U3) U1, ∇̂U3 U2 = U2
(
lnµ

)
U3,

6. ∇̂U3 V3 = ∇̂
3
U3

V3 − µ13(U3,V3) gradµ,

where Ui,Vi ∈ χ(Ni), for any i = 1, 2, 3, ∇̂3 is the lift of semi-symmetric metric connection ∇̂ on N3, ∇1 and ∇2 are
the lifts of ∇ on N1 and N2, respectively.

Lemma 3.4. Let N = (N1×λN2)×µN3 be a sequential warped product manifold with metric 1 = (11⊕λ212)⊕µ213,
ξ ∈ χ(N1), R and R̂ be the Riemannian curvature tensors of N with respect to the Levi-Civita connection and the
semi-symmetric metric connection, respectively. Then we have

1. R̂(U1,V1)Y1 ∈ χ(N1) is the lift of R̂1(U1,V1)Y1 on N1,

2. R̂(U1,U2)V1 = −

( 1
λHessλ1 (U1,V1) − (ξ(lnλ) + η(ξ))1(U1,V1)

−1(V1,∇1
U1
ξ) + σ(U1)σ(V1)

)
U2,

3. R̂(U1,U2)V2 = 1(U2,V2)
(

1
λ (∇1

U1
grad1 λ) − ξ (lnλ) U1 − ∇

1
U1
ξ

−σ(ξ)U1 + σ(U1)ξ

)
,

4. R̂(U2,V2)Y2 = R2(U2,V2)Y2 −

(
1
λ2

∥∥∥grad1 λ
∥∥∥2

−2ξ(lnλ) − σ(ξ)

) (
1(Y2,U2)V2 − 1(Y2,V2)U2

)
,

5. R̂(U1,U2)U3 = 0,
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6. R̂(Ui,Vi)Y j = 0, i , j,

7. R̂(U1,U3)V1 = −

( 1
µHessµ(U1,V1) − 1(V1,∇U1ξ)

−
(
ξ(lnµ) + σ(ξ)

)
1(U1,V1) + σ(U1)σ(V1)

)
U3,

8. R̂(U1,U3)U2 = −
1
µHessµ(U1,U2)U3,

9. R̂(U2,U3)U1 = −
1
µHessµ(U2,U1)U3,

10. R̂(U2,U3)V2 = −

( 1
µHessµ(U2,V2)

−
(
ξ(lnλ) + ξ(lnµ) + η(ξ)

)
1(U2,V2)

)
U3,

11. R̂(U1,U3)V3 =
µ13(U3,V3)∇U1 gradµ

−1(U3,V3)
((
ξ(lnµ) + σ(ξ)

)
U1 + ∇

1
U1
ξ − σ(U1)ξ

) ,
12. R̂(U2,U3)V3 =

µ13(U3,V3)∇U2 gradµ
−1(U3,V3)

(
ξ
(
lnµ

)
+ ξ(lnλ) + σ(ξ)

)
U2
,

13. R̂(U3,V3)Y3 = R3(U3,V3)Y3 −

( ∥∥∥gradµ
∥∥∥2

−2µ2ξ(lnµ) − µ2η(ξ)

) (
13(U3,Y3)V3 − 13(V3,Y3)U3

)
,

for all Ui,Vi,Yi ∈ χ(Ni).

Proof. 1. Since ∇̂U1 V1 = ∇̂
1
U1

V1, for any U1,V1 ∈ χ(N1), then from (3), one can easily see that R̂(U1,V1)Y1 ∈

χ(N1) is the lift of R̂1(U1,V1)Y1 on N1.

2. By using (3) and ξ ∈ χ(N1), we write

R̂(U1,U2)V1 = R(U1,U2)V1 + 1(V1,∇U1ξ)U2 − 1(V1,∇U2ξ)U1

+ 1(U1,V1)∇U2ξ − 1(U2,V1)∇U1ξ

+ σ(ξ)[1(U1,V1)U2 − 1(U2,V1)U1]
+ [1(U2,V1)σ(U1) − 1(U1,V1)σ(U2)]ξ
+ σ(V1)[σ(U2)U1 − σ(U1)U2],

which gives

R̂(U1,U2)V1 = R(U1,U2)V1 + 1(V1,∇
1
U1
ξ)U2 − 1(V1, ξ(lnλ)U2)U1

+ 1(U1,V1)ξ(lnλ)U2 − 1(U2,V1)∇1
U1
ξ

+ σ(ξ)[1(U1,V1)U2 − 1(U2,V1)U1]
+ [1(U2,V1)σ(U1) − 1(U1,V1)σ(U2)]ξ
+ σ(V1)[σ(U2)U1 − σ(U1)U2]

= −
1
λ

Hessλ1 (U1,V1)U2 + 1(V1,∇
1
U1
ξ)U2 + 1(U1,V1)ξ(lnλ)U2

+ σ(ξ)1(U1,V1)U2 − σ(U1)σ(V1)U2

via Proposition 2.2 (1). From Lemma 2.3, we obtain

R̂(U1,U2)V1 = −

{ 1
λHessλ1 (U1,V1) − (ξ(lnλ) + σ(ξ))1(U1,V1)

−1(V1,∇1
U1
ξ) + σ(U1)σ(V1)

}
U2.
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3. From (3), Lemma 2.3 and Proposition 2.2, we get

R̂(U1,U2)V2 = R(U1,U2)V2 + 1(V2,∇U1ξ)U2 − 1(V2,∇U2ξ)U1

+ 1(U1,V2)∇U2ξ − 1(U2,V2)∇U1ξ

+ σ(ξ)[1(U1,V2)U2 − 1(U2,V2)U1]
+ [1(U2,V2)σ(U1) − 1(U1,V2)σ(U2)]ξ
+ σ(V2)[σ(U2)U1 − σ(U1)U2],

= λ12(U2,V2)∇1
U1

grad1 λ − 1(V2, ξ(lnλ)U2)U1 − 1(U2,V2)∇1
U1
ξ

− σ(ξ)1(U2,V2)U1 + 1(U2,V2)σ(U1)ξ,

which implies (3).
4. For any U2,V2,Y2 ∈ χ(N2),we have

R̂(U2,V2)Y2 = R(U2,V2)Y2 + 1(Y2,∇U2ξ)V2 − 1(Y2,∇V2ξ)U2

+ 1(U2,Y2)∇V2ξ − 1(V2,Y2)∇U2ξ

+ σ(ξ)[1(U2,Y2)V2 − 1(V2,Y2)U2]
+ [1(V2,Y2)σ(U2) − 1(U2,Y2)σ(V2)]ξ
+ σ(Y2)[σ(V2)U2 − σ(U2)V2]

= R2(U2,V2)Y2 −
∥∥∥grad1 λ

∥∥∥2
{12(U2,Y2)V2 − 12(V2,Y2)U2}

+ 1(Y2, ξ(lnλ)U2)V2 − 1(Y2, ξ(lnλ)V2)U2

+ 1(U2,Y2)ξ(lnλ)V2 − 1(Y2,V2)ξ(lnλ)U2

+ σ(ξ)[1(U2,Y2)V2 − 1(V2,Y2)U2]

= R2(U2,V2)Y2 −
1
λ2

∥∥∥grad1 λ
∥∥∥2
{1(U2,Y2)V2 − 1(V2,Y2)U2}

+ (2ξ(lnλ) + σ(ξ))
{
1(Y2,U2)V2 − 1(Y2,V2)U2

}
.

5. By using (3) and the orthogonality of vector fields, we obtain

R̃(U1,U2)U3 = R(U1,U2)U3 + 1(U3,∇U1ξ)U2 − 1(U3,∇U2ξ)U1

+ 1(U1,U3)∇U2ξ − 1(U2,U3)∇U1ξ

+ σ(ξ)[1(U1,U3)U2 − 1(U2,U3)U1]
+ [1(U2,U3)σ(U1) − 1(U1,U3)σ(U2)]ξ
+ σ(U3)[σ(U2)U1 − σ(U1)U2],
= 0.

6. For any U1,V1 ∈ χ(N1) and Y2 ∈ χ(N2), since R(U1,V1)Y2 = 0, then we have

R̂(U1,V1)Y2 = R(U1,V1)Y2 + 1(Y2,∇U1ξ)V1 − 1(Y2,∇V1ξ)U1

+ 1(U1,Y2)∇V1ξ − 1(V1,Y2)∇U1ξ

+ σ(ξ)[1(U1,Y2)V1 − 1(V1,Y2)U1]
+ [1(V1,Y2)σ(U1) − 1(U1,Y2)σ(V1)]ξ
+ σ(Y2)[σ(V1)U1 − σ(U1)V1],
= 0.
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7. Using (3) and Lemma 2.3, we have

R̂(U1,U3)V1 = R(U1,U3)V1 + 1(V1,∇U1ξ)U3 − 1(V1,∇U3ξ)U1

+ 1(U1,V1)∇U3ξ − 1(U3,V1)∇U1ξ

+ σ(ξ)[1(U1,V1)U3 − 1(U3,V1)U1]
+ [1(U3,V1)σ(U1) − 1(U1,V1)σ(U3)]ξ
+ σ(V1)[σ(U3)U1 − σ(U1)U3]

= −
1
µ

Hessµ(U1,V1)U3 + 1(V1,∇U1ξ)U3

+ 1(U1,V1)ξ(lnµ)U3 + σ(ξ)1(U1,V1)U3 − σ(U1)σ(V1)U3

8. From (3) and Lemma 2.3, we write

R̂(U1,U3)U2 = R(U1,U3)U2 + 1(U2,∇U1ξ)U3 − 1(U2,∇U3ξ)U1

+ 1(U1,U2)∇U3ξ − 1(U3,U2)∇U1ξ

+ σ(ξ)[1(U1,U2)U3 − 1(U3,U2)U1]
+ [1(U3,U2)σ(U1) − 1(U1,U2)σ(U3)]ξ
+ σ(U2)[σ(U3)U1 − σ(U1)U3],

which implies (8).
9. Changing the roles of U1 and U2 in the last equation above we get (9).
10. For any U2,V2 ∈ χ(N2), U3 ∈ χ(N3), we have

R̂(U2,U3)V2 = R(U2,U3)V2 + 1(V2,∇U2ξ)U3 − 1(V2,∇U3ξ)U2

+ 1(U2,V2)∇U3ξ − 1(U3,V2)∇U2ξ

+ σ(ξ)[1(U2,V2)U3 − 1(U3,V2)U2]
+ [1(U3,V2)σ(U2) − 1(U2,V2)σ(U3)]ξ
+ σ(V2)[σ(U3)U2 − σ(U2)U3]

= −
1
µ

Hessµ(U2,V2)U3 + ξ(lnλ)1(U2,V2)U3

+ 1(U2,V2)ξ(lnµ)U3 + σ(ξ)1(U2,V2)U3,

and we complete proof of (10).
11. By use of (3) we get

R̃(U1,U3)V3 = R(U1,U3)V3 + 1(V3,∇U1ξ)U3 − 1(V3,∇U3ξ)U1

+ 1(U1,V3)∇U3ξ − 1(U3,V3)∇U1ξ

+ σ(ξ)[1(U1,V3)U3 − 1(U3,V3)U1]
+ [1(U3,V3)σ(U1) − 1(U1,V3)σ(U3)]ξ
+ σ(V3)[σ(U3)U1 − σ(U1)U3]

= µ13(U3,V3)∇U1 gradµ − ξ(lnµ)1(U3,V3)U1 − 1(U3,V3)∇1
U1
ξ

− σ(ξ)1(U3,V3)U1 + 1(U3,V3)σ(U1)ξ,

which gives (11).
12. If we replace U1 with U2 in the last equation, we obtain (12).
13. Putting U1 = U3 in the equation (11) then we can easily get (13).

The relations between R and R̂ when ξ ∈ χ(N2) and ξ ∈ χ(N3) are given by the following lemmas.
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Lemma 3.5. Let N = (N1×λN2)×µN3 be a sequential warped product manifold with metric 1 = (11⊕λ212)⊕µ213,
ξ ∈ χ(N2), R and R̂ be the Riemannian curvature tensors of N with respect to the Levi-Civita connection and the
semi-symmetric metric connection, respectively. Then we have

R̂(U1,V1)Y1 = R1(U1,V1)Y1 + σ (ξ)
(
1(U1,Y1)V1 − 1(V1,Y1)U1

)
+

(
1(U1,Y1)V1(lnλ) − 1(V1,Y1)U1(lnλ)

)
ξ,

R̂(U1,U2)V1 = λ12(U2, ξ)1(grad1 λ,V1)U1 − λ12(U2, ξ)1(U1,V1) grad1 λ

−
1
λ

Hessλ1 (U1,V1)U2 + 1(U1,V1)
(
∇

2
U2
ξ + σ(ξ)U2 − σ(U2)ξ

)
,

R̂(U1,U2)V2 = 1(U2,V2)
( 1
λ
∇U1 gradλ − σ(ξ)U1

)
−

(
1(V2,∇

2
U2
ξ) − σ(V2)σ(U2)

)
U1

+U1(lnλ)
(
σ(V2)U2 − 1(U2,V2)ξ

)
,

R̃(U2,V2)Y2 = R2(U2,V2)Y2 −

( 1
λ2

∥∥∥grad1 λ
∥∥∥2
− σ(ξ)

) (
1(U2,Y2)V2 − 1(V2,Y2)U2

)
+ 1(Y2,∇

2
U2
ξ)V2 − 1(Y2,∇

2
V2
ξ)U2 + 1(U2,Y2)∇V2ξ − 1(V2,Y2)∇U2ξ

+
(
1(V2,Y2)σ(U2) − 1(U2,Y2)σ(V2)

)
ξ + σ(Y2) (σ(V2)U2 − σ(U2)V2) ,

R̂(U1,U2)U3 = R̂(U1,V1)U3 = R̂(U2,V2)U3 = R̂(U3,V3)U1 = R̂(U3,V3)U2 = 0,

R̂(U1,V1)U2 = σ(U2)[U1(lnλ)V1 − V1(lnλ)U1],

R̂(U2,V2)U1 = U1(lnλ)[σ(V2)U2 − σ(U2)V2],

R̂(U1,U3)V1 = −
1
µ

Hessµ(U1,V1)U3 + 1(U1,V1)
[
ξ(lnµ) + σ(ξ)

]
U3,

R̂(U2,U3)V2 = −
1
µ

Hessµ(U2,V2) + 1(V2,∇
2
U2
ξ)

+ 1(U2,V2)ξ(lnµ) + σ(ξ)1(U2,V2) − σ(V2)σ(U2)U3,

R̂(U1,U3)U2 = −
1
µ

Hessµ(U1,U2)U3 + σ(U2)U1(lnλ)U3,

R̂(U2,U3)U1 =

(
−

1
µ

Hessµ(U2,U1) −U1(lnλ)σ(U2)
)

U3,
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R̂(U1,U3)V3 = µ13(U3,V3)∇U1 gradµ
−

(
ξ
(
lnµ

)
U1 + σ(ξ)U1 +U1(lnλ)ξ

)
1(U3,V3),

R̂(U2,U3)V3 = µ13(U3,V3)∇U2 gradµ −
(
ξ
(
lnµ

)
+ σ(ξ)

)
1(U3,V3)U2

−

(
∇

2
U2
ξ − λ12(U2, ξ) grad1 λ − σ(U2)ξ

)
1(U3,V3),

R̂(U3,V3)Y3 = R3(U3,V3)Y3

−

(∥∥∥gradµ
∥∥∥2
− 2µ2ξ(lnµ) − µ2σ(ξ)

)
{13(U3,Y3)V3 − 13(V3,Y3)U3},

for all Ui,Vi,Yi ∈ χ(Ni).

Lemma 3.6. Let N = (N1×λN2)×µN3 be a sequential warped product manifold with metric 1 = (11⊕λ212)⊕µ213,
ξ ∈ χ(N3), R and R̂ be the Riemannian curvature tensors of N with respect to the Levi-Civita connection and the
semi-symmetric metric connection, respectively. Then we have

R̂(U1,V1)Y1 = R1(U1,V1)Y1 +
(
1(U1,Y1)V1(lnµ) − 1(V1,Y1)U1(lnµ)

)
ξ

+ σ (ξ)
(
1(U1,Y1)V1 − 1(V1,Y1)U1

)
,

R̂(U1,U2)V1 =
(
−

1
λ

Hessλ1 (U1,V1) + σ(ξ)1(U1,V1)
)

U2 + 1(U1,V1)U2(lnµ)ξ,

R̂(U1,U2)V2 = 1(U2,V2)
( 1
λ
∇

1
U1

grad1 λ −U1(lnµ)ξ − σ(ξ)U1

)
,

R̂(U2,V2)Y2 = R2(U2,V2)Y2 −

( 1
λ2

∥∥∥grad1 λ
∥∥∥2
− σ(ξ)

) [
1(U2,Y2)V2 − 1(V2,Y2)U2

]
+

(
1(U2,Y2)V2(lnµ) − 1(V2,Y2)U2(lnµ)

)
ξ,

R̃(U1,U2)U3 = σ(U3)[U1(lnµ)U2 −U2(lnµ)U1],

R̂(Ui,Vi)Y j = 0, i , j, i = 1, 2,

R̂(Ui,Vi)U3 = σ(U3)[Ui(lnµ)Vi − Vi(lnµ)Ui], i = 1, 2,

R̂(U3,V3)Yi = Yi(lnµ)[σ(V3)U3 − σ(U3)V3], i = 1, 2,
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R̂(Ui,U3)Vi =

(
−

1
µ

Hessµ(Ui,Vi) + σ(ξ)1(Ui,Vi)
)

U3

+ Vi(lnµ)σ(U3)Ui +

(
∇

3
U3
ξ −

1
µ
σ(U3) gradµ − σ(U3)ξ

)
1(Ui,Vi),

R̂(U1,U3)U2 = −
1
µ

Hessµ(U1,U2)U3 +U2(lnµ)σ(U3)U1,

R̂(U2,U3)U1 = −
1
µ

Hessµ(U2,U1)U3 +U1(lnµ)σ(U3)U2,

R̂(Ui,U3)V3 = µ13(U3,V3)∇Ui gradµ − 1(U3,V3)Ui(lnµ)ξ

+ σ(V3)
(
Ui(lnµ)U3 + σ(U3)Ui

)
−

(
1(V3,∇

3
U3
ξ) + σ(ξ)1(U3,V3)

)
Ui,

R̂(U3,V3)Y3 = R3(U3,V3)Y3 −
∥∥∥gradµ

∥∥∥2
{13(U3,Y3)V3 − 13(V3,Y3)U3}

+ 1(Y3,∇
3
U3
ξ)V3 − 1(Y3,∇

3
V3
ξ)U3 + 1(U3,Y3)[∇3

V3
ξ − µ13(V3, ξ) gradµ]

− 1(V3,Y3)[∇3
U3
ξ − µ13(U3, ξ) gradµ] + σ(ξ)[1(U3,Y3)V3 − 1(V3,Y3)U3]

+ [1(V3,Y3)σ(U3) − 1(U3,Y3)σ(V3)]ξ + σ(Y3)[σ(V3)U3 − σ(U3)V3],

for all Ui,Vi,Yi ∈ χ(Ni), i = 1, 2, 3.

Let {ei}
n1+n2+n3
i=1 be an orthonormal basis of χ(N), where {ei}

n1
i=1 , {ei}

n1+n2
i=n1+1 , and {ei}

n1+n2+n3
i=n1+n2+1 are the orthonor-

mal bases of χ(N1), χ(N2), and χ(N3), respectively. Then, by using Lemma 3.4, Lemma 3.5, Lemma 3.6,
respectively and a contraction of the curvature tensors we obtain the Ricci tensors as follows:

Corollary 3.7. Let N = (Nn1
1 ×λNn2

2 )×µNn3
3 be a sequential warped product manifold with metric 1 = (11 ⊕λ212)⊕

µ213, ξ ∈ χ(N1). Then the Ricci tensor Ŝ of the sequential warped product with respect to the semi-symmetric metric
connection is given by

Ŝ(U1,V1) = Ŝ1(U1,V1) +
n2

λ
Hessλ1 (U1,V1) +

n3

µ
Hessµ(U1,V1)

− (n2 + n3)
(
σ(ξ)1(U1,V1) + 1(V1,∇U1ξ) − σ(U1)σ(V1)

)
−

(
n2ξ (lnλ) + n3ξ

(
lnµ

))
1(U1,V1),

Ŝ(U1,U2) = Ŝ(U2,U1) =
n3

µ
Hessµ(U1,U2),

Ŝ(Ui,U3) = Ŝ(U3,Ui) = 0, i = 1, 2,
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Ŝ(U2,V2) = Ŝ2(U2,V2) +
n3

µ
Hessµ(U2,V2) − {

∆λ
λ
+ (n1 + 2n2 + n3 − 2)ξ(lnλ)

+ (n1 + n2 + n3 − 2)σ(ξ) +
n1∑
i=1

1(∇1
ei
ξ, ei)

−
n2 − 1
λ2

∥∥∥grad1 λ
∥∥∥2
+ n3ξ(lnµ)}1(U2,V2),

Ŝ(U3,V3) = Ŝ3(U3,V3) − {
∆µ

µ
+ (n1 + n2 + 2n3 − 2)ξ(lnµ) + n2ξ(lnλ)

+ (n1 + n2 + n3 − 2)σ(ξ)

−
n3 − 1
µ2

∥∥∥gradµ
∥∥∥2
+

n1∑
i=1

1(∇1
ei
ξ, ei)}1(U3,V3).

Corollary 3.8. Let N = (Nn1
1 ×λNn2

2 )×µNn3
3 be a sequential warped product manifold with metric 1 = (11 ⊕λ212)⊕

µ213, ξ ∈ χ(N2). Then the Ricci tensor Ŝ of the sequential warped product with respect to the semi-symmetric metric
connection is given by

Ŝ(U1,V1) = Ŝ1(U1,V1) +
n2

λ
Hessλ1 (U1,V1) +

n3

µ
Hessµ(U1,V1)

− {

n1+n2∑
i=n1+1

1(∇eiξ, ei) + n3ξ(lnµ) + (n1 + n2 + n3 − 2)σ (ξ)}1(U1,V1),

Ŝ(U1,U2) =
n3

µ
Hessµ(U1,U2) − (n1 + n2 + n3 − 2) U1(lnλ)σ(U2),

Ŝ(U2,U1) =
n3

µ
Hessµ(U1,U2) + (n1 + n2 + n3 − 2) U1(lnλ)σ(U2),

Ŝ(Ui,U3) = Ŝ(U3,Ui) = 0, i = 1, 2,

S̃(U2,V2) = S̃2(U2,V2) +
n3

µ
Hessµ(U2,V2)

+

n1+n2∑
i=n1+1

(
1(V2,∇eiξ)1(U2, ei) − 1(∇eiξ, ei)1(U2,V2)

)
− {
∆λ
λ
−

n2 − 1
λ2

∥∥∥gradλ
∥∥∥2
+ (n1 + n2 + n3 − 2)σ (ξ)

+ n3ξ(lnµ)}1(U2,V2)

− (n1 + n2 + n3 − 1)1(V2,∇
2
U2
ξ) + (n1 + n2 + n3 − 2)σ(U2)σ(V2),

S̃(U3,Y3) = S̃3(U3,V3) − {
∆µ

µ
+ (n1 + n2 + 2n3 − 2)ξ(lnµ) −

n1+n2∑
i=n1+1

1(∇eiξ, ei)

−
n3 − 1
µ2

∥∥∥gradµ
∥∥∥2
+ (n1 + n2 + n3 − 2)σ (ξ)}1(U3,V3).



S. Zeren et al. / Filomat 37:10 (2023), 3241–3260 3254

Corollary 3.9. Let N = (Nn1
1 ×λNn2

2 )×µNn3
3 be a sequential warped product manifold with metric 1 = (11 ⊕λ212)⊕

µ213, ξ ∈ χ(N3). Then the Ricci tensor Ŝ of the sequential warped product with respect to the semi-symmetric metric
connection is given by

Ŝ(U1,V1) = Ŝ1(U1,V1) +
n2

λ
Hessλ1 (U1,V1) +

n3

µ
Hessµ(U1,V1)

− {

n1+n2+n3∑
i=n1+n2+1

1(∇eiξ, ei) + (n1 + n2 + n3 − 2)σ (ξ)}1(U1,V1),

Ŝ(U2,V2) = Ŝ2(U2,V2) +
n3

µ
Hessµ(U2,V2) − {

∆λ
λ
+ (n1 + n2 + n3 − 2)σ (ξ)

−
n2 − 1
λ2

∥∥∥gradλ
∥∥∥2
+

n1+n2+n3∑
i=n1+n2+1

1(∇eiξ, ei)}1(U2,V2),

Ŝ(U1,U2) = Ŝ(U2,U1) =
n3

µ
Hessµ(U1,U2),

Ŝ(Ui,U3) = − (n1 + n2 + n3 − 2) σ(U3)Ui(lnµ) = −Ŝ(U3,Ui), i = 1, 2,

Ŝ(U3,V3) = Ŝ3(U3,V3) − (n1 + n2 + n3 − 1)
(
1(V3,∇

3
U3
ξ) + (n1 + n2 + n3 − 2)σ(U3)σ(V3)

)
− {
∆µ

µ
−

n3 − 1
µ2

∥∥∥gradµ
∥∥∥2
+ (n1 + n2 + n3 − 2)σ (ξ)}1(U3,V3)

+

n1+n2+n3∑
i=n1+n2+1

(
1(V3,∇eiξ)1(U3, ei) − 1(ei,∇eiξ)1(U3,V3)

)
.

In this section, finally we give the scalar curvature r̂ of the sequential warped product with respect to
the semi-symmetric metric connection.

Corollary 3.10. Let N = (Nn1
1 ×λ Nn2

2 ) ×µ Nn3
3 be a sequential warped product manifold with metric 1 = (11 ⊕

λ212)⊕µ213. Then the scalar curvature r̂ of the sequential warped product with respect to the semi-symmetric metric
connection is given by followings:

r̂ = r1 +
r2

λ2 +
r3

µ2 + 2n2
∆λ
λ
+ 4n3

∆µ

µ
+

n2(n2 − 1)
λ2

∥∥∥gradλ
∥∥∥2

+
n3(n3 − 1)
µ2

∥∥∥gradµ
∥∥∥2
− 2n2(n − 1)ξ(lnλ) (12)

− 2n3(n − 1)ξ(lnµ) + (n − 1)(n − 2)σ (ξ) − 2(n − 1)
n1∑
i=1

1(∇eiξ, ei),

where ξ ∈ χ(N1),
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r̂ = r1 +
r2

λ2 +
r3

µ2 + 2n2
∆λ
λ
+ 4n3

∆µ

µ
+

n2(n2 − 1)
λ2

∥∥∥gradλ
∥∥∥2

+
n3(n3 − 1)
µ2

∥∥∥gradµ
∥∥∥2
− 2n3(n − 1)ξ(lnλ) (13)

− 2(n − 1)
n1+n2∑
i=n1+1

1(∇eiξ, ei) − (n − 1)(n − 2)σ (ξ) ,

where ξ ∈ χ(N2),

r̂ = r1 +
r2

λ2 +
r3

µ2 + 2n2
∆λ
λ
+ 4n3

∆µ

µ
+

n2(n2 − 1)
λ2

∥∥∥gradλ
∥∥∥2

+
n3(n3 − 1)
µ2

∥∥∥gradµ
∥∥∥2

(14)

− 2(n − 1)
n1+n2+n3∑
i=n1+n2+1

1(∇eiξ, ei) − (n − 1)(n − 2)σ (ξ) ,

where ξ ∈ χ(N3). Here ri denotes the scalar curvature of Ni with respect to the Levi-Civita connection ∇ and
n = n1 + n2 + n3.

4. Geometry of Generalized Robertson-Walker Space-times with respect to the semi-symmetric metric
connection

In this section, we consider two types of space-times, generalized Robertson-Walker space-time and
standard static space-times, as sequential warped products with semi-symmetric metric connections and
investigate geometric conditions for such space-times to be Einstein.

4.1. Sequential Generalized Robertson-Walker Space-times with respect to the semi-symmetric metric connection
Proposition 4.1. Let N = (I ×λ N2) ×µ N3 be a sequential generalized Robertson-Walker space-time with metric
1 = (−dt2 + λ212) + µ213 and ξ = ∂t. Then we have

1. ∇̂∂t∂t = 0,
2. ∇̂∂t U =

λ̇
λU, ∇̂U∂t =

(
λ̇
λ − 1

)
U,

3. ∇̂∂t W =
µ̇
µW, ∇̂W∂t =

(
µ̇
µ − 1

)
W,

4. ∇̂UV = ∇̂2
UV − λ

(
λ̇ + λ

)
12(U,V)∂t

5. ∇̂UW = ∇̂WU = U(lnµ)W,
6. ∇̂WZ = ∇̂3

WZ − µ13(W,Z) gradµ − 1(W,Z)∂t,

where U,V ∈ χ(N2) and W,Z ∈ χ(N3).

Proposition 4.2. Let N = (I ×λ N2) ×µ N3 be a sequential generalized Robertson-Walker space-time with metric
1 = (−dt2 + λ212) + µ213 and ξ ∈ χ(N2). Then we have

1. ∇̂∂t∂t = ξ,

2. ∇̂∂t U =
λ̇
λU + σ(U)∂t, ∇̂U∂t =

λ̇
λU,

3. ∇̂∂t W = ∇̂W∂t =
µ̇
µW,

4. ∇̂UV = ∇̂2
UV − λλ̇12(U,V)∂t,
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5. ∇̂UW = U(lnµ)W, ∇̂WU =
(
U(lnµ) + σ(U)

)
W,

6. ∇̂WZ = ∇̂3
WZ − µ13(W,Z) gradµ − 1(W,Z)ξ,

where U,V ∈ χ(N2) and W,Z ∈ χ(N3).

Proposition 4.3. Let N = (I ×λ N2) ×µ N3 be a sequential generalized Robertson-Walker space-time with metric
1 = (−dt2 + λ212) + µ213 and ξ ∈ χ(N3). Then we have

1. ∇̂∂t∂t = ξ,

2. ∇̂∂t U = ∇̂U∂t =
λ̇
λU,

3. ∇̂∂t W =
µ̇
µW + σ(W)∂t, ∇̂W∂t =

µ̇
µW,

4. ∇̂UV = ∇̂2
UV − λλ̇12(U,V)∂t − 1(U,V)ξ,

5. ∇̂UW = U(lnµ)W + σ(W)U, ∇̂WU = U(lnµ)W,
6. ∇̂WZ = ∇̂3

WZ − µ13(W,Z) gradµ,

where U,V ∈ χ(N2) and W,Z ∈ χ(N3).

Proposition 4.4. Let N = (I ×λ N2) ×µ N3 be a sequential generalized Robertson-Walker space-time with metric
1 = (−dt2 + λ212) + µ213 and ξ = ∂t. Then we have

1. R̂(∂t, ∂t)∂t = 0,
2. R̂(∂t,V2)∂t =

1
λ

(
λ̈ + λ̇

)
V2,

3. R̂(∂t, ∂t)Yi = 0,
4. R̂(∂t,V2)Y2 = λ

(
λ̈ − λ̇

)
12(V2,Y2)∂t

5. R̂(U2,V2)Y2 = R2(U2,V2)Y2 −
(
λ̇2
− 2λ̇λ + λ2

) {
12(Y2,U2)V2 − 12(Y2,V2)U2

}
,

6. R̂(∂t,V2)Y3 = 0,

7. R̂(∂t,V3)∂t =
1
µ

(
∂2µ
∂t2 +

∂µ
∂t

)
V3,

8. R̂(∂t,V3)Y2 = −
1
µHessµ(∂t,Y2)V3,

9. R̂(U2,V3)∂t = −
1
µHessµ(∂t,U2)V3,

10. R̂(U2,V3)Y2 =
(
−

1
µHessµ(U2,Y2) +

(
λ̇
λ +

1
µ
∂µ
∂t − 1

)
1(U2,Y2)

)
V3,

11. R̂(∂t,V3)Y3 = µ
(
∇̂∂t gradµ − ∂µ∂t

)
13(V3,Y3)∂t,

12. R̂(U2,V3)Y3 = µ
(
∇̂U2 gradµ − ∂µ∂t − µ

λ̇
λ + µ

)
13(V3,Y3)U2,

13. R̂(U3,V3)Y3 = R3(U3,V3)Y3 +
(
2µ ∂µ∂t − µ

2
−

∥∥∥gradµ
∥∥∥2

) (
13(U3,Y3)V3 − 13(V3,Y3)U3

)
,

where Ui,Vi,Yi ∈ χ(Ni), i = 2, 3.

Proposition 4.5. Let N = (I ×λ N2) ×µ N3 be a sequential generalized Robertson-Walker space-time with metric
1 = (−dt2 + λ212) + µ213 and ξ = ∂t. Then we have

Ŝ(∂t, ∂t) = −
n2

λ

(
λ̈ − λ̇

)
−

n3

µ

(
∂2µ

∂t2 −
∂µ

∂t

)
,

Ŝ(U2,V2) = Ŝ2(U2,V2) +
n3

µ
Hessµ(U2,V2)

+ {λ(λ̈) − (2n2 + n3 − 1)λλ̇ − (n2 + n3 − 1)λ2

+ (n2 − 1)(λ̇)2
−

n3

µ
λ2 ∂µ

∂t
}12(U2,V2),
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Ŝ(U3,V3) = Ŝ3(U3,V3)

− {µ
(
∆µ

)
+ (n2 + 2n3 − 1)µ

∂µ

∂t
+ n2
λ̇
λ
µ2

− (n2 + n3 − 1)µ2
− (n3 − 1)

∥∥∥gradµ
∥∥∥2
}13(U3,V3),

Ŝ(∂t,U2) =
n3

µ
Hessµ(∂t,U2), Ŝ(∂t,U3) = 0,

where Ui,Vi ∈ χ(Ni), i = 2, 3.

Now, consider that the sequential generalized Robertson-Walker space-time N = (I ×λ N2) ×µ N3 with
metric 1 = (−dt2 +λ212)+µ213 and ξ = ∂t is Einstein with respect to the semi-symmetric metric connection.
Then we write

Ŝ(U,V) = ϱ1(U,V).

By using the previous theorem, we get

n2

λ

(
λ̈ − λ̇

)
+

n3

µ

(
∂2µ

∂t2 −
∂µ

∂t

)
= ϱ,


Ŝ2(U2,V2) + n3

µ Hessµ(U2,V2)

+

 µ
((
∆µ

)
+ (n2 + 2n3 − 1) ∂µ∂t + n2

λ̇
λµ

)
+(n2 − 1)(λ̇)2

−
n3
µ λ

2 ∂µ
∂t

 12(U2,V2)
= ϱλ212(U2,V2),

Ŝ3(U3,V3) −

 µ (
∆µ

)
+ (n2 + 2n3 − 1)µ ∂µ∂t + n2

λ̇
λµ

2

−(n2 + n3 − 1)µ2
− (n3 − 1)

∥∥∥gradµ
∥∥∥2

 13(U3,V3) = ϱµ213(U3,V3),

and

Hessµ(∂t,U2) = 0,

for any Ui,Vi ∈ χ(Ni), i = 2, 3.

Hence we give

Theorem 4.6. Let N = (I ×λ N2) ×µ N3 be a sequential generalized Robertson-Walker space-time with 1 = (−dt2 +
λ212) + µ213 and ξ = ∂t. If N is Einstein with respect to the semi-symmetric metric connection with the Einstein
constant ϱ, then we have the followings:

1. n2
λ

(
λ̈ − λ̇

)
+ n3
µ

(
∂2µ
∂t2 −

∂µ
∂t

)
= ϱ,

2.
(
N2, 12

)
is Einstein with respect to the semi-symmetric metric connection if Hessµ(U2,V2) = 0, for any

U2,V2 ∈ χ(N2),
3.

(
N3, 13

)
is Einstein with respect to the semi-symmetric metric connection,

4. Hessµ(∂t,U2) = 0.
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Theorem 4.7. Let N = (I ×λ N2) ×µ N3 be a sequential generalized Robertson-Walker space-time with 1 = (−dt2 +
λ212)+µ213 and ξ = ∂t. Then N is an Einstein manifold with Einstein constant ϱ with respect to the semi-symmetric
metric connection if

1. Hessµ(∂t,U2) = 0, Hessµ(U2,V2) = 0, for any U2,V2 ∈ χ(N2),
2. (Ni, 1i) is Einstein manifold with Einstein factor ϱi, i = 2, 3,

3. n2
λ

(
λ̈ − λ̇

)
+ n3
µ

(
∂2µ
∂t2 −

∂µ
∂t

)
= ϱ,

4. ϱ2 +

 µ
((
∆µ

)
+ (n2 + 2n3 − 1) ∂µ∂t + n2

λ̇
λµ

)
+(n2 − 1)(λ̇)2

−
n3
µ λ

2 ∂µ
∂t

 = ϱλ2,

5. ϱ3 −

 µ (
∆µ

)
+ (n2 + 2n3 − 1)µ ∂µ∂t + n2

λ̇
λµ

2

−(n2 + n3 − 1)µ2
− (n3 − 1)

∥∥∥gradµ
∥∥∥2

 = ϱµ2.

4.2. Sequential Standard Static Space-times with respect to the semi-symmetric metric connection
Proposition 4.8. Let N = (N1 ×λ N2) ×µ I be a sequential standard static space-time with metric 1 = (11 + λ212) +
µ2

(
−dt2

)
and ξ = ∂t. Then we have

1. ∇̂XY = ∇1
XY − 1(X,Y)∂t,

2. ∇̂XU = ∇̂UX = X(lnλ)U,
3. ∇̂X∂t = X(lnµ)∂t − µ2X, ∇̂∂t X = X(lnµ)∂t,

4. ∇̂UV = ∇2
UV − λ12(U,V) grad1 λ − 1(U,V)∂t,

5. ∇̂U∂t = U(lnµ)∂t − µ2U, ∇̂∂t U = U(lnµ)∂t,
6. ∇̂∂t∂t = µgradµ,

where X,Y ∈ χ(N1) and U,V ∈ χ(N2).

Proposition 4.9. Let N = (N1 ×λ N2) ×µ I be a sequential standard static space-time with metric 1 = (11 + λ212) +
µ2

(
−dt2

)
and ξ = ∂t. Then we have

1. R̂(U1,V1)Y1 = R1(U1,V1)Y1 +

[ [
1(U1,Y1)V1(lnµ) − 1(V1,Y1)U1(lnµ)

]
∂t

−µ2[1(U1,Y1)V1 − 1(V1,Y1)U1]

]
,

2. R̂(U1,U2)V1 =
(
−1
λ Hessλ1 (U1,V1) − µ21(U1,V1)

)
U2 + 1(U1,V1)U2(lnµ)∂t,

3. R̂(U1,V1)U2 = 0 = R̂(U2,V2)V1,

4. R̂(U1,U2)V2 = 1(U2,V2)
(

1
λ ∇̂

1
U1

grad1 λ −U1(lnµ)∂t + µ2U1

)
,

5. R̂(U2,V2)Y2 = R2(U2,V2)Y2 −


(

1
λ2

∥∥∥grad1 λ
∥∥∥2
+ µ2

) (
1(U2,Y2)V2 − 1(V2,Y2)U2

)
−

(
1(U2,Y2)V2(lnµ) + 1(V2,Y2)U2(lnµ)

)
∂t

 ,
6. R̂(U1,U2)∂t = −µ2[U1(lnµ)U2 −U2(lnµ)U1],
7. R̂(U1, ∂t)V1 = −

1
µHessµ(U1,V1)∂t − µ2V1(lnµ)U1 + µ1(U1,V1) gradµ,

8. R̂(U1, ∂t)U2 = −
1
µHessµ(U1,U2)∂t − µ2U2(lnµ)U1,

9. R̂(U2, ∂t)U1 = −
1
µHessµ(U2,U1)∂t − µ2U1(lnµ)U2,

10. R̂(U2, ∂t)V2 = −
1
µHessµ(U2,V2)∂t − µ2V2(lnµ)U2 + µ1(U2,V2) gradµ,

11. R̂(Ui, ∂t)∂t = −µ∇Ui gradµ, i = 1, 2,
12. R̂(Ui,Vi)∂t = −µ2 (

Ui(lnµ)Vi − Vi(lnµ)Ui
)
, i = 1, 2,

13. R̂(∂t, ∂t)∂t = 0,

where Ui,Vi,Yi ∈ χ(Ni), i = 1, 2.
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Proposition 4.10. Let N = (N1 ×λN2)×µ I be a sequential standard static space-time with metric 1 = (11 +λ212)+
µ2

(
−dt2

)
and ξ = ∂t. Then we have

Ŝ(U1,V1) = Ŝ1(U1,V1) +
n2

λ
Hessλ1 (U1,V1)

+
1
µ

Hessµ(U1,V1) + (n1 + n2 − 1)µ21(U1,V1),

Ŝ(U2,V2) = Ŝ2(U2,V2) +
1
µ

Hessµ(U2,V2)

−

(
∆λ
λ
− (n1 + n2 − 1)µ2

−
n2 − 1
λ2

∥∥∥grad1 λ
∥∥∥2

)
1(U2,V2),

Ŝ(∂t, ∂t) = µ
(
∆µ − µ3

)
,

Ŝ(U1,U2) =
1
µ

Hessµ(U1,U2),

Ŝ(Ui, ∂t) = µ2 (n1 + n2 − 1) Ui(lnµ) = −Ŝ(∂t,Ui), i = 1, 2,

where Ui,Vi ∈ χ(Ni), i = 1, 2.

Now, consider that the sequential standard static space-time N = (N1 ×λ N2) ×µ I with metric 1 =
(11 + λ212) + µ2

(
−dt2

)
and ξ = ∂t is Einstein with respect to the semi-symmetric metric connection. Then

we write

Ŝ(U,V) = ρ1(U,V).

By using the previous theorem, we get{
Ŝ1(U1,V1) + n2

λ Hessλ1 (U1,V1)
+ 1
µHessµ(U1,V1) + (n1 + n2 − 1)µ211(U1,V1) = ρ11(U1,V1) ,


Ŝ2(U2,V2) + 1

µHessµ(U2,V2)

−

(
λ (∆λ) − (n1 + n2 − 1)λ2µ2

− (n2 − 1)
∥∥∥grad1 λ

∥∥∥2
)
12(U2,V2)

= ρλ212(U2,V2) ,

∆µ − µ3 = −ρµ,

Hessµ(U1,U2) = 0,

and

µ2 (n1 + n2 − 1) Ui(lnµ) = 0, i = 1, 2,

for any Ui,Vi ∈ χ(Ni), i = 1, 2.
Hence we give
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Theorem 4.11. Let N = (N1 ×λ N2) ×µ I be a sequential standard static space-time with metric 1 = (11 + λ212) +
µ2

(
−dt2

)
and ξ = ∂t. If N is Einstein with respect to the semi-symmetric metric connection with the Einstein

constant ρ, then the scalar curvature of N with respect to the semi-symmetric metric connection is given by

r̂ = − (n1 + n2 + 1)
(
∆µ

µ
− µ2

)
.

Theorem 4.12. Let N = (N1 ×λ N2) ×µ I be an Einstein sequential standard static space-time with metric 1 =
(11 + λ212) + µ2

(
−dt2

)
and ξ = ∂t. Then we have

1.
(
N1, 11

)
is Einstein with the Einstein constant ρ − (n1 + n2 − 1)µ2 with respect to the semi-symmetric metric

connection provided n2
λ Hessλ1 (U1,V1) + 1

µHessµ(U1,V1) = 0, for any U1,V1 ∈ χ(N1),
2.

(
N2, 12

)
is Einstein with the Einstein constant

ρλ2 +
(
λ∆λ − (n1 + n2 − 1)λ2µ2

− (n2 − 1)
∥∥∥grad1 λ

∥∥∥2
)

with respect to the semi-symmetric metric connection provided Hessµ(U2,V2) = 0, for any U2,V2 ∈ χ(N2),
3. Hessµ(U1,U2) = 0,
4. Ui(lnµ) = 0, i = 1, 2.

References

[1] A.L. Besse, Einstein manifolds. Ergeb. Math. Grenzgeb., 3. Folge, Bd. 10. Berlin, Heidelberg, New York, Springer-Verlag. 1987.
[2] R.L. Bishop, B. O’Neill, Manifolds of negative curvature, Trans. Amer. Math. Soc. 145, 1–49 (1969).
[3] U. C. De, S. Shenawy, B. Ünal, Sequential warped products: curvature and conformal vector, Filomat 33 (13) (2019), 4071–4083.
[4] F. Doborro, B. Ünal, Curvature of multiply warped products, Journal of Geometry and Physics, 55(1), 2005, 75-106.
[5] F. Doborro, B. Ünal, Curvature in Special Base Conformal Warped Products, Acta Appl Math (2008) 104: 1–46.
[6] A. Friedmann, J.A. Schouten, Über die Geometric der holbsymmetrischen Übertragurgen, Math. Z. 21 (1924), 211-233.
[7] H.A. Hayden, Subspaces of space with torsion, Proc. London Math. Soc. 34 (1932), 27-50.
[8] P. Gupta, A.S. Diallo, Einstein doubly warped product manifolds with a semi-symmetric metric connection, arXiv:2008.01461,

2020.
[9] B. O’ Neill, Semi-Riemann geometry with applications to relativity, Academic Press, NY, London 1983.

[10] R. Ponge, H. Reckziegel, Twisted Products in pseudo-Riemannian Geometry, Geometriae Dedicata. 48: 15-25, 1993.
[11] J.A. Schouten, Ricci-Calculus, An Introduction to Tensor Analysis and Geometrical Applications, Springer-Verlag, Berlin-

Göttingen-Heidelberg (1954)B. Unal, Multiply warped products, J. Geom. Phys. 34(2000) 287-301.
[12] S. Shenawy, A note on sequential warped product manifolds, arXiv:1506.06056v1.
[13] S. Sular, C. Özgür, Warped product with a semi-symmetric metric connection, Taiwanese J. of Mathematics, 15 (2011), no. 4,

1701-1719.
[14] M. M. Tripathi, A new connection in a Riemannian manifold, Int. Electron. J. Geom., 1(1) (2008), 15-24.
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