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Dual Drazin inverses of dual matrices and dual Drazin-inverse
solutions of systems of linear dual equations

Jin Zhong?, Yilin Zhang?

*Faculty of Science, Jiangxi University of Science and Technology, Ganzhou 341000, China

Abstract. In this paper, we study a kind of dual generalized inverse, which is called the dual Drazin
inverse. Unlike the real matrices case, the dual Drazin inverse of a square dual matrix may not exist. It
is shown that the dual Drazin inverse is unique when it exists. Some necessary and sufficient conditions
for the existence of the dual Drazin inverse are presented. A compact formula for the computation of the
dual Drazin inverse is given when it exists. Moreover, we find an unexpected result that the dual Drazin
inverse can be obtained by computing the Drazin inverse of a 2 X 2 upper triangular block matrix. We also
introduce the dual Drazin-inverse solution of systems of linear dual equations. Some characterizations of

the dual Drazin-inverse solution are given. In addition, some numerical examples are provided to illustrate
the results.

1. Introduction

A dual number [9] is defined as the sum of a primal part 4, and a dual part ag, namely,

a=a-+ ea,

where a and 4y are real numbers, and ¢ is the dual unit which satisfies ¢ # 0, 0e = €0 =0, 1le = ¢l = ¢
and €2 = 0. Dual numbers and their algebra have been powerful and convenient tools for the analysis
of mechanical systems, and have attracted a lot of attention over the last three decades because of their
applicability to various areas of engineering like kinematic analysis [1, 2], robotics [4, 5], screw motion [7]
and rigid body motion analysis [10]. A dual matrix is a matrix with dual number entries. Dual matrices can
lgg defined likewise, i.e., if A and B are two m X n real matrices, then the m X n dual matrix is defined as
A = A + B, where A and B are respectively called the primal part and the dual part of A.

Dual generalized inverses of dual matrices are frequently used in many problems in kinematic analysis
and synthesis of machines and mechanisms. Itis worth noting that unlike real matrices, the dual generalized
inverses of a dual matrix may not exist. For this reason, it could be of interest for researchers to study the
existence of dual generalized inverses and find efficient methods to compute them when they exist. The
existence, computations and applications of dual generalized inverses have been a topic of recent interest.
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de Falco et al. [3] discussed the mathematical conditions of existence for different types of dual generalized
inverses. Moreover, solutions of some meaningful kinematic problems were discussed to demonstrate the
usefulness and versatility of dual generalized inverses. Udwadia [14] dealt with the existence of various
types of dual generalized inverses of dual matrices. Some new and foundational results on the necessary
and sufficient conditions for various types of dual generalized inverses to exist are obtained. Pennestri
et al. [11] proposed novel and computationally efficient algorithms/formulas for the computation of the
MPDGI. Udwadia et al. [15] investigated the question of whether all dual matrices have dual Moore-
Penrose generalized inverses and showed that there are uncountably many dual matrices that do not have
them. Udwadia [13] studied the properties of the DMPGI and used them to solve systems of linear dual
equations. Wang [16] gave some necessary and sufficient conditions for a dual matrix to have the DMPGI,
and a compact formula for the computation of the DMPGI was also given. Wang et al. [17] introduced the
dual index and the dual core inverse. Zhong et al. [21] studied the existence, computation and applications
of the dual group inverse.

In this paper, we extend the results of the dual group inverse to the dual Drazin inverse. We investigate
the existence and computations of the dual Drazin inverse, and discuss the least-squares and minimal
properties of the dual Drazin inverse. In Section 2, we show the uniqueness of the dual Drazin inverse
when it exsits and give some necessary and sufficient conditions for a square dual matrix to have the dual
Drazin inverse. If the dual Drazin inverse exists, then a compact formula for the computation of the dual

Drazin inverse is given. Moreover, we find that the dual Drazin inverse of a dual matrix A=A+eBis
0 f‘ . In Section 3, we
study the dual Drazin-inverse solution of systems of linear dual equations. Some characterizations of the
dual Drazin-inverse solution are given.

Throughout this paper, we use C"™", R"™" and ID"™" to denote the set of all m X n complex matrices,
real matrices and dual matrices respectively. R” and D" denote the set of all n-dimensional real column
vectors and n-dimensional dual column vectors respectively. For a real matrix A, R(A) is the range of A and
N(A) is the null space of A. The index of a matrix A € R™" is the smallest nonnegative integer such that
rank(A¥)=rank(A%*1), and denoted by Ind(A). For an n x n dual matrix A = A + ¢B, AT = AT + ¢BT, where

AT is the transpose of A. For a nonsingular real matrix Q, Q'AQ = Q"'AQ + ¢Q'BQ. The P-norm [21] of
a dual vector X = u + v is defined as

closely related to the Drazin inverse of the 2 X 2 upper triangular block matrix [

— -1 _ 2 _ 2
1l =1l PP = Il P I+ 1 Pl IR,

where the nonsingular real matrix P is defined in (1).
The dual Moore-Penrose generalized inverse (DMPGI) [16] of a dual matrix A € ID"*", denoted by AT,
is the unique matrix X € D" satisfying the following dual Penrose equations

AXA=A, XAX=X, (AX)" =AX, (XA =XA.
The dual Drazin inverse can be defined on the analogy of the real case [19]. Given an n X n dual matrix
A = A + ¢B with Ind(A) =k, if a dual matrix X € D" satisfies

AXA = A¥, XAX =X, AX=XA,

then X is called the dual Drazin inverse of A, and is denoted by X = AP. If Ind(A) = 1, then this special case
is the dual group inverse [21].

Let A € €™ and Ind(A) = k. Then there exist nonsingular matrices P and C, and a nilpotent matrix N
(N¥ = 0) such that [19]

c 0

Azp[o N

-1
]P—l and AP :P[ CO 8 ]P‘l. (1)
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A

Lemma 1.1. [6, 8] If M = [ 0 g }, where A € C™ gnd C € C™ with Ind(A)=k and Ind(C)=I, then

AP X
D _
M‘[o CD]’

where X = —~APBCP + Y'\7} (APY*2BCIC™ + Y\ AT AIB(CP)*2 and A™ = I — AAP.
Lemma 1.2. [12] Let A € €™ B € C"™™ C € C™" with Ind(B)=k and Ind(C)=1. Then

k
mnk[ é, % ] = rank(B*) + rank(C") + rank[(I,, — BBP)A(I, — CPC)].

2. Dual Drazin inverses of dual matrices

In this section, we study the existence, computations and properties of the dual Drazin inverse. We first
give a necessary and sufficient condition for a dual matrix to be the dual Drazin inverse of a given dual
matrix. _ .

Lemma2.1. Let A = A+&B be a dual matrix with A, B € R™" and Ind(A) = k. Denote A* = A*+¢(Y'5 | AFBAI1)

as A¥ = Ak + eM. Then an n X n dual matrix G = G + €R is a dual Drazin inverse of A if and only if G = AP and

M = AFAPB + AFRA + MAPA, 2)
R = APAR + APBAP + RAAP, (3)
AR + BAP = RA + APB. (4)

Proof. According to the definition of the dual Drazin inverse, G = G+ ¢R is a dual Drazin inverse of
A = A + eBif and only if

(A + eB)"(G + eR)(A + ¢B) = (A + B,
(G+ eR)(A + eB)(G + €R) = (G + €R),

(A + eB)(G+ €R) = (G + eR)(A + ¢B).
Since Ak = Ak + (Y5 | AFBA1) = Ak + £M, then the above three equalities can be simplified to

AFGA + ¢(AFGB + A*RA + MGA) = A* + ¢M,
GAG + ¢(GAR + GBG + RAG) = G + ¢R,

AG + (AR + BG) = GA + ¢(GB + RA).

Hence, we can observe from the primal parts of the above equalities that AXGA = A¥, GAG = G, AG = GA,
ie, G = AP, and it can be seen from the dual parts of the above equalities that the equations (2)-(4) are
satisfied. [
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It is known that the Drazin inverse of a real square matrix exists and is unique. However, the dual

A

00 11

Drazin inverse of a square dual matrix may not exist. For example, let A= [

0 rnor . . .
+e| b 2 | Inthis case, a direct calculation shows
0 0 r3 T4

exists, then by Lemma 2.1, it is of the form [ 1

that AXAPB + A¥RA + MAPA = [ 1 8 ] # [ (1) (1) ] = M. Hence, we can see from (2) that the dual Drazin

inverse of A does not exist.

We will show in the following that the dual Drazin inverse of a square dual matrix is unique when it
exists.
Theorem 2.1. Let A = A + B be a dual matrix with A, B € R™" and Ind(A) = k. If the dual Drazin inverse of A
exists, then it is unique.

Proof According to Lemma 2.1, if the dual Drazin inverse of A = A+ ¢Bexists, then it has the form AP + ¢R.

Let G1 AP 4+ ¢R; and Gz = AP + ¢R, be two dual Drazin inverses of A. To show the uniqueness of AD we
need only to show that R; = R,.
It follows from (2) that

M = A*APB + A*"RiA + MAPA and M = A*APB + A*R,A + MAPA.
Then
AF(R; = Ry)A = 0. ()
Similarly, we can see from (3) that
Ry = APAR; + APBAP + R{AAP and R, = APAR, + APBAP + R,AAP,
which gives
R; — Ry = APA(R; = Ry) + (R; — Ry)AAP. (6)
Furthermore, it can be seen from (4) that
AR; + BAP = RjA + APB and AR, + BAP = R,A + APB,
which implies that
ARy = Rp) = (R1 — Ro)A. @)

The equalities (5) and (7) tell us that 0 = A¥(R; — Rp)A = AM1(R; — Rp) = 0, thus R(Ry — Ry) € N(AF1) =
N(AF) = N(ADP),i.e., A¥(R;—R;y) = 0and AP(R; —R;) = 0. On the other hand, we can see from A*(R; —R;) = 0
and (7) that (R; — Ry)A* = 0. Postmultiplying (R; — Rp)A* = 0 by (AP)f yields (R; — Rp)AAP = 0. Now,
substituting AP(R;{—R;) = 0and (R —R;)AAP = 0into (6) we get R — R, = 0, which is the desired result. [

We now present some necessary and sufficient conditions for the existence of the dual Drazin inverse
in the following theorem. A compact formula for the computation of the dual Drazin inverse is also given.

Theorem2.2. Let A = A+¢B beadual matrix with A, B € R™" and Ind(A) = k. Denote A¥ = Ak+¢(¥X, AFBAI-1)
as A¥ = AK + eM. Then the following conditions are equivalent:
(i) The dual Drazin inverse of A exists;

(i) A=P [ (O: ](\)] ] PlyeP [ g gz ] P!, where C and P are nonsingular matrices, N is a nilpotent matrix with
3 by

NK =0, and YX_| NE-ByNi= 1—o
(iii) (I - AAP)M(I — AAP) =
k

] = 2mnk(Ak);

) M A
(iv) rank A0
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(v) (AY exists.
Furthermore, if the dual Drazin inverse of A exists, then

Ab =AP + €R, 8)
where
k-1 . ) k-1 ) )
R = —APBAP + Z (AD)*2BAIA™ + Z ATAIB(AP)*2, AT = [ — AAP. 9)
=0 =0

Proof. (i)==(ii): If Ind(A) = k, then A and AP have the block representations in (1). Let B = P [ B B ]P‘l

Bs By
_p| Rt Ra |5y
andR—P[ Rs Ry ]P . Then
k . . k . .
k Z Ck—zBlcz—l Z Ck—leNz—l
— k—i i-1 _ i=1 i=1 -1
M=) ABA = p| it - P
i=1 Z Nk—iB3ci—1 Z Nk—iB4Ni—1
i=1 i=1

If the dual Drazin inverse of A exists, then it follows from (2) that

k k .
k—ip. i-1 k—i i-1 . k—ip i-1
RO BT LOTEN _ [ c'By B, CkRiC  CR,N LB 0

k . . k . ) - 0 0 + 0 0 + P . v
Y, N<iBsC™! Y, N*ByN*! L S Nk-iB,CF1 g
i=1 i-1 P

[ k . .
Ck_1B1 + CleC + Z Ck_lBlcz_l Ck_le + CkRzN
— i=1
k . )
Z Nk—zBSCJ—l 0
i=1

It can be seen from the above equality that Y5, N*B;Ni~1 = (.

(if)=> (iii): TEA = p[ NN ]p—l . gp[ B B ]P—l and Y, N*/B,N1 = 0, then

Bs By

k ) . k . .
5 0 0 Z Ck—zBlcz—l Z Ck—rBzNz—l 0 0
(I-AAPMI-AA") = P| o ] . s [ 0 1 ]P‘l
le Nk—iB3ci—1 le Nk—iB4N1'—1
[ 0 0

0 i Nk—iB4Ni—1 P71 =0.
i=1

(ii))=>(i): If (I - AAP)M(I — AAP) = 0, then it is easy to see from the block representations of A, AP and
M that Y¥ | NFB,N*-1 = 0.

Denote

kel 4
_ o1 o ~CIBiC! Y CT2BoNT
GzP[ 0 o |PTHEP| =0 P

Y NiB;C~=2 0
=0
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Then we will show that the dual matrix G satisfies the three conditions in the definition of the dual Drazin

inverse.

AG =

—
o

-1
0 0 P~ +eP|

L =0

0
Pl+eP

k-1 .
Z NzB?)szfl
L i=0

and

-1
]P +eP|

i=0

0

k=1 .
Z NzBac—l—l
L =0

0

k-1 .
Z NzBscfz—l
L i=0

Hence, AG = GA.
Moreover,

wer - |p[©
A"GA = P_0 0

i=1

(U [}
0 ]P +¢eP

L =0
k

k
:P[co

-1, . i=1
0 0:|P + &P

L =1

k=1 ,
-C1B;C! Y C2B,N!

Y NiB3C™2 0

Z Ck—iBlci—l

k-1 . =0
Y, NiByCi-2 0
i=0

k-1 . .
Z Cc-i-1 B,N!
i=0 P—l

Y, N*1B3C2 + B;C! 0

k=1 .
Z C—z—l BZNI
i=0 P—l

0

=0 -1 C
P X (P [ 0 N

k=1 . .
Z C_l_szNH'l + C_le
i=0

B
-1 1
]P +8P|:B3

pl
0

k=1 .
Z C*l*l BZNI
i=0 P_l.

0

k . ) k . ;
0 Z Ck—zBlcz—l Z Ck—szNz—l
]P—l +eP|
Z Nk—iB3ci—1 0

i=1 P—l

-1 ,
0 Y C-1B,N
i=0 P71

k-1 ‘
Y N'B;C~i! 0

k-1 ) )
Z Ck—zleth

i=0 P—l

k . .
Z Nk—tBSCI—l 0

k=1 A
-C'B;C! Y C2B,N!

B,
By

P—l

g
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k . . k . .
Z Ck—zBlcz—l Z Ck—szNt—l

k . 4
= P[ CO 8 :|P_1+€P 2 = P!
Z Nk—iB3ci—1 0
i=1
= A
and
k=1 .
—— [ I 0 0 Z C_l_leNl
GAG = [P| , o |PT'+eP| =0 p!
L Y N'B;C~-1 0
i=0
k=1 )
r c1 o —C‘1B1C‘1 Z C_l_szNl
x |P ]P‘l +¢eP i=0 p!
0 0 k=1 .
Y N'B;C ™2 0
i=0
=1 )
c1 oo -C7'B;C! Y C72B,N¢
— -1 . i=0 -1
= P[ 0 O]P +eP| P
Y NiB3C™2 0
i=0
= G
Therefore, if (I — AAP)M(I — AAP) = 0, then AP exists and AP = G.
Since
C1B,C! 0 ST Ny 0 Y c2BN
ADBAD — P[ 0 0 :Ip—ll Z (AD)H—ZBAIAH -p = 2 P—l
i=0 0 0
and
k-1 0 0

ZAnAiB(AD)i+2 =p P_lr

k=1 ,
Y NiB;C2 0
= i=0
then G = AP = AP + ¢[~APBAP + Y1 (AP)*2BAIA™ + Y51 A7 AB(AP)*2], which completes the proofs of
(8) and (9).
Since Ind(A)=k, it can be deduced from Lemma 1.2 that

k

rank [ M

o “(‘) ] = 2rank(A¥) + rank[(I - AAPYM(I - AAD)]. (10)

k

Hence, we can conclude from (10) that (I - AAP)M(I — AAP) = 0 if and only if rank [ %{ f(l) ] = 2rank(A¥).

Thus (iii)&(iv) follows.
Since A = AF + ¢M, then by the equivalence of (a) and (c) in [16, Theorem 2.2], (A%)! exists if and only if

k
mnk[ z/,{ % ] = 2rank(A¥). Hence, (iv) is equivalent to (v). [

It is an interesting phenomenon that if the dual Drazin inverse of A = A + ¢B exists, then by Lemma 1.1
and Theorem 2.2, the primal part and the dual part of AP are respectively the (1,1)-entry and the (1,2)-entry
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of the Drazin inverse of the 2 X 2 block matrix [ ] Hence, in order to obtain AD , we need only to

0 A
B -
compute [ 0 A ] , which is an efficient way to compute AP.

Corollary 2.1. Let A = A + ¢B be a dual matrix. If AD exists, then

ar=[1 0][3 EX]D[SII}'

Corollary 22. Let A = A+ ¢B be a dual matrix with A,B € R™" gnd Ind(A) = k. Denote Ak = Ak 4
e(YX | AFIBAI-1) as Ak = Ak + M. Then the following conditions are equivalent:

(i) The dual Drazin inverse of A exists and AP = AP — e APBAD;
(ii)) AAPM = MAAP = M;
(i) ROM) € R(AX) and N(AF) C N(M).

Proof. (i) = (ii): If AD exists, then by (ii) of Theorem 2.2,

"_ C 0 -1 B1 B2 -1
A—P[O N]P +5P[B3 B, ]P ,

where C and P are nonsingular matrices, N is a nilpotent matrix with Nk =0, and Zle Nk-iB,N*-1 = (;
Moreover, if AP = AP — eAPBAP, then by (8) and (9),

k-1
k-1 A k-1 A 0 Y C72B,N!
(AD)H—ZBAlAT( + ZARAZB(AD)HQ =P 1 i=0 P—l - 0[
i=0 i=0 Y NiB3C~2 0

i=0

k-1 ) k=1 . .
ie, Y C2B,N' =0and Y, N'B;C-2 = 0. In this case,

i=0 i=0
k k-1
ch IB Nl 1 Ck+lZC i— 2BZN1 O ZNk IB Cl 1 _ (ZNIB C i— Z)CkJrl
i=1 i=0 i=1 i=0
and then
k
k Z Ck lB CZ -1 Z Ck—iB Ni—l k i .
Z k IBAZ 1_ =P 1k1 ! i;l ? P—l =P 1‘; Ck lBlCl ! 0 P_l.
Y. NFB;C1 Y, NFByN'! 0 0
i=1 i=1

Now, it is not difficult to see that AAPM = MAAP = M.
(i) = (i): If AAPM = MAAP = M, then (I - AAP)M(I — AAP) = 0. Thus, by Theorem 2.2, the dual

— k . .
Drazin inverse of A exists. Moreover, the condition AAPM = MAAP = M implies that Y. Ck"'B,N! = 0 and
i=1

k-1 )
Z N¥=B3C'=1 = 0. Then we can see from the proof of (i) =>(ii) that Z C2B,N' =0and Y, N'BsC2 =0
i=1 i=0
Hence,

-1 ,

-1 k=1 0 Y C2B,N!
(AD)H—ZBAZAT[ + ZAHA B(AD)Z+2 1 i=0 P—l =0.
i=0 Y NiB3C_i_2 0

i=0

>T.

Iy
o
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Now, by (8) and (9), AP = AP — ¢APBAP.
(ii)& (iii): Since AAP = Pgax aav is a projector, then AAPM = M if and only if R(M) c R(AF), and
MAAP = M if and only if N(A¥) c N(M). O

Example 2.1. Let

2 4 6 5 -4 3 -3 2

-~ 1 4 5 4 5 4 0 2

A= 0 -1 -1 0 +¢€ 7 1 0 = A+ ¢B.
-1 -2 -3 -3 2 -3 2 1

It is clear that rank(A) = 3 and rank(A?) = rank(A%) = 2, thus Ind(A)=2. In this case,

=27 44 2 3
1 74 54 49

M=AB+BA = 5 -12 -9 _9
9 -31 -14 -14
Since
M A2 | 5
mnk[ A2 0 ] =4 = 2rank(A®),

then by (iv) of Theorem 2.2, AD exists.
On the other hand, a direct computation shows that

[ 3 -1 2 2192 -55 163 213 ]
1 3 31|97 -114 -8 17
b 0 -1 -1|-68 76 1 -14
A B -1 0 -1 -1|-54 15 -46 -61
0 A=
0
0
0

0 0|3 -1 2 2
o 0|2 1 3 3
0o o|-1 0 -1 -1
0o 0|-1 0 -1 -1 |

Therefore, it follows from Corollary 2.1 that

3 -1 2 2 192 -55 163 213
- |2 1 3 3 97 -114 -8 17
AT=1 1 0 -1 1|t 68 76 1 -14

1 0 -1 -1 54 15 —46 —61

We next give some properties of the dual Drazin inverse, which are similar to those of real square
matrices. Define the range and the null space of a dual matrix A = A + ¢B € ID"*" as follows.

RA)={weD":w=Az, Ze D"} = {Ax + e(Ay + Bx) : x, y € R"}, (11)

N@A)={ZeD": Az=0} = {x+ey: Ax = 0,Ay + Bx = 0,x,yy € R"}. (12)

Theorem 2.3. Let A = A + ¢B be a dual matrix with A, B € R™" and Ind(A) = k. If the dual Drazin inverse of A
exists, then

(i) R(AP) = R(A¥);

(i) N(AP) = N(A¥) = N(A1), | > k, L is a positive integer;

(iii) R(AF) N N (AF) = {0).
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Proof. (i) If the dual Drazin inverse of A exists, then it can be seen from the definition of the dual Drazin
inverse that A* = AFAPA = APA*1. Thus, R(Ak) C R(AP). On the other hand, since A” = APAAP =
AD (AAD Y= ADAk(AD Y= Ak(AD )1, then R(AD ) C R(Ak) Therefore, 7€(AD ) = R(A¥).

(if) It can be easily seen from AF = AM1AD that N(AP) c N(A¥). On the other hand, it follows
from AP = APAAP = AP(AAPY: = APAKADY = AP(ADYA* = (AP)*1AF that N(AY) c N(AD). Hence,
N(AD) = N(A).

— — — ! .

It is clear that N (A¥) ¢ N(A!) for any positive integer [ > k. Conversely, denote A’ = A’ + ¢ }, AT'BA™!

i=1
as Al = Al + ¢N. For any z = x + ey € N(A'), it can be seen from (12) that A'x = 0 and A’y + Nx = 0. Since
N(AF) = N(AY), then Alx = 0 implies Akx = 0. Moreover,

/
= Aly+ Nx = Aly + [AZM + ()| AZBA ) ANy = A7H ARy + M),
i=k+1

i.e., Aky + Mx € N(AF) c N(A!) = N(A¥). On the other hand, since AP exists, then by (iii) of Theorem 2.2,
(- AADYM(I — AAD) = 0, ice.,

M = AAPM + MAAP — AAPMAAP. (13)
Substituting (13) into A*y + Mx we get

Aty + Mx = Afy+ (AAPM + MAAP — AAPMAAP)x = A*y + AAPMx
Afy + (AAPYMx = Afy + AXAPYMx = AFly + (AP)*Mx] € R(A").

Thus Ay + Mx € R(AK) N N(AF) = {0}, i.e., Aky + Mx = 0, which implies that N(A)) ¢ N(A}). Therefore,
N(A¥) = N(AD) for | > k.

(iii) For any z € R(AF) N N(AF), by (11) and (12), there exist x,y € R" such that z = Ak(x + ey) =
Akx + ¢(A*y + Mx), and

(AF + eM)[AFx + e(A*y + Mx)] = A%x + e[A%y + (A"M + MAM)x] =

Thus A%x = 0 and A%y + (A*M + MA*)x = 0.

It can be seen from A%*x = A¥(Akx) = 0 that A*x € R(AF) N N(AF) = {0}. Hence, A*x = 0. In this case,
0 = A%y + (A*M + MAF)x = A%y + A*Mx = AK(AFy + Mx), i.e, A¥y + Mx € N(AF). Moreover, it follows from
the proof of (ii) that A¥y + Mx € R(AF). Thus A*y + Mx € R(A) N N(AF) = {0}, i.e., A¥y + Mx = 0. Therefore,
z = Afx + e(AFy + Mx) = 0, which implies that 7{(;17‘) N N(A\k) ={0}. O

3. Dual Drazin-inverse solution of systems of dual linear equations

In this section, we consider the linear dual equation

=

Ax =1, (14)
where A € D™ and %, b € D"

Dual generalized inverses are important tools in the solutions and least-squares solutions of systems of
linear dual equations [13]. In this section, we will show some applications of the dual Drazin inverse in
solving systems of linear dual equations. We first give the general solution to the equation (14) under some
assumptions, which is analogous to the real case [20]. We omit the proof.

Theorem 3.1. Let A = A + ¢B € D™ be a dual matrix with A,B € R™" and Ind(A) = k. IfAD exists and

be 7{(;17‘), then the general solution to (14) is

= AV + A1 - AAPYZ,



J. Zhong, Y. Zhang / Filomat 37:10 (2023), 3075-3089 3085

wherez € D" is an arbitrary dual vector.

We call APb the dual Drazin-inverse solution of the linear dual equation (14), although it may not be a
solution to the linear dual equation (14). Next, we present some characterizations of the dual Drazin-inverse

solution ALD. _ L
Theorem 3.2. If the dual Drazin inverse of a dual matrix A = A+ eB € ID"™" exists, then APb is the unique solution

in R(A¥) of
ARy = AR, (15)

Proof. 1f AD exists, then it is obvious that APb is a solution to the equation (15).

By (i) of Theorem 2.3, APp e R(AD ) = ﬂ(Ak) Suppose that u is another solution in R(Ak) of (15). Then

7—APb € R(AF). On the other hand, since 7and APb are solutions of (15), then Ak”(\ ADp) = 0. Thus, by (ii)
of Theorem 2.3, -APb e N(Ak+1) = (Ak). Therefore, by (iii) of Theorem 2.3, -APb e R(Ak) NN (A = {0},
ie,u=APh. O
We call the linear dual equation (15) the dual Drazin normal equation.

Theorem 3.3. Let A = A + ¢B € D™, b € D" be such that AP exists. Then
(i) The solutions of the restricted equation AT = AFp, Te N (A) + RA1) give small P-norm of the error of the
inconsistent equation A% =b. The P-norm of the error

Il = Il A= llp = | AAD = .
(ii) The dual Drazin-inverse solution ADb has a small P-norm among the solutions of the dual Drazin normal equation.

Proof. (i) Denote w; = AAPY — b = u; + €0y and W = AX — AAPD = u, + €v,. Then

= = 7 =~ = 2 2
lellp =11 Ax=bllp =l w1 + w2 [lp = \/II ur +uz |fp + [l o1 + 02 [[p. (16)

LE xeN @ + R(;l\f: b, then X can be  represented as ¥ =7+ AF1Z, where 7 € N(A) and 7 € ID". Since
AAPDH € R(AAP) = R(AP) = R(AY), then AAPb = A*w for some w € ID". Hence,
(Pw) (P @) = [PTHAAPE - B)"[PH(AX - AAPD)]
[P~(AAPD - )" [P A E - W)
[PY(AAP — )PP 1] [P AFPP 1 (z - W)]
= (P[P AAD - DPIT(PTARP) P B - D).

It can be seen from the block representations of A and AP in Theorem 2.2 that

k-1 )
0 0 0 (X N'BsC— )T
[P AAP - DPT' (P AP) = || o ) |+e| =
L (Z C—i—leNi)T 0
L =0
[k . . k . )
- Ck 0 . Z Ck—zBlcz—l Z Ck—leNz—l
X 0 0 +e iil i=1
Z Nk—iB3ci—1 0
L =1
0 0

el k1 ) k ) )
(Z C—z—leNl)Tck _ Z Nk—1B3Cl—1 0
i=0 i=1
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Then the primal part of (P~12;)T(P~1%0,) is zero, i.e., (P~ u1)T(P~'u,) = 0, which implies that

2 2 2
1+ uz |lp = [ ua llp + 1 vz lp- (17)

Substituting the equality (17) into (16) we get an upper bound for || e |p, i.e,

1%l = I AF=Bllp < Al 1+ 112 1B+ (o1 Iy +11 2 1) 1= 61. (18)

Notice that the dual vector w; depends only on A and b, we can choose @, = 0 so that the upper bound ;
given in (18) will attain its minimum.

We conclude that A*1% = AFb, T € N(A) + R(AF1) is equivalent to Ax = AADD, ¥ € N(A) + RAF1). If
AX = AAPD, then premultiplying both sides of A¥ = AAPD by A* yields A¥1% = AFb. On the other hand,
premultiplying both sides of AF*1% = A\’"b\by (AP)¥1 leads to AAPT = APb. Since ¥ € N(A) + R(AF1), then
there exist € N'(A) andZ € D" such that ¥ = 7+ A1z, Hence, A(x— APb) = A(x— AAPR) = Az— ADAR+17 =
Az — Az = 0. Therefore, Ax = AADD.

Hence, the choices of ¥ that satisfy AMIT = AFp, T e N(A) + R(A*1) will cause @, to vanish. The P-norm
of the error is given by

1l = 1@ llp = Il I3+ 1101 12 = | AAPb = b ||,

(if) The general solution to the linear dual equation (15) is ¥ = APb + N(A}) = APb + (I — AAP)Z, where
z € ID" is an arbitrary dual vector. Denote ADp = i =a+¢efrand (I - AAD )z =2 = a2 + €fa. Then

(P (P ) = (PAPH)T[PTI(I - AADYZ]
(P1APPP-Tp)T[P1(I - AAP)PP'Z]
(P 1p)T(PLAPP)T[P-Y(I — AAP)P](P~13)

and it can be seen from the block representations of Aand AP that the primal part of (P1APP)T[P~1(I-AAP)P]
is zero. Thus the primal part of (p1 m)T(P_l[.’l\z) isalsozero,i.e., (P"'a;)T(P'ay) = 0. Therefore, | a; + a2 II% =

s 1B+ 1 a2 13, R
Thus, as before, we obtain an upper bound for the P-norm of the dual vector x given by

1%l < Al B+ 1z 1B+ (1 B llp + 1 B2 1) = 02 (19)

To make 6, in (19) as small as possible, we can choose z € R(AF) such that m=010- AAPYZ = 0. In this case,

1Tl =71 llp = /Il 1B +11 o 13 = 1| APB [lp.

Example 3.1. Consider the linear dual equation Ax ='b, where

3 .0 0 3 7 1 [ 21 132
1 1 1 |+e| =2 -4 2 |:=A+¢B, b=| -122 |+¢| -148 |.

-1 -1 -1 1 2 0 -2.8 -0.5

O

A=

Then Ind(A)=2, and the Jordan canonical form of A is

[100 3|0 0J[ 1 0 O c o
RN IR R I R

0 N
- Hlofo o]l -] 1 ]
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AB+BA A?
A? 0

IR F A

The P-norm of the error is

Since rank |: ] = 2 = 2rank(A?), then by Theorem 2.2 and Corollary 2.1, AD exists and

-01852 0 O -0.4815 -0.5556 —0.1852 |.
-0.0370 0 O -0.0741 -0.1111 -0.0370

03333 0 O] [ 0.7037  1.0000  0.3333
+¢

1%l = Il AAVB =B llp = Il Pt 1+ || 1o |3 = 2.2890,

where u = [-0.0023, -0.6321,0.2336]T and v = [1.6615,0.2713, -0.8673]".

Moreover,
_ 7.6992 7.5218
APh=| -42781 |+¢| —6.2704 |:=x +ey.
—0.8547 —-0.7411
Then

I AB llp = \Il Pt B + | Pty | = 11.1910.

We will show in the following that if AP exists and AP = AP — ¢ APBAP, then we can obtain some results
which is analogous to those in [18] and [20].

Theorem 3.4. Let A = A + ¢B € D™, b € D" be such that AP exists and AP = AP — ¢ APBAP. Then T satisfies

Ib-AX lp=_ min_ [|b—AX]
TEN(A)+R(Ak-1)

if and only if ¥ is the solution of AT = Ab, T € N(A) + R(A1). Moreover, the dual Drazin-inverse solution
ADU is the unique minimal P-norm solution of (15).

Proof. If AP exists and AP = AP — ¢APBAP, then it follows from (8) and (9) that Y} (AP)*2BAIA™ +
YL ATAIB(AP)*2 = 0, e,

k-1
k=1 . 0 0 0 C72B,N!
0 ZE) C_l_szNl 4| k1 L _ E{) ? =0
1= 1 —1—. - k—l . ) - .
. . LNBCT 0| T 0
i=0
Thus
k_1 . . k . .
C—I—ZBZNI — C—k—l(z Ck—lBZNl—l) =0
i=0 i=1
and
k-1

k
NiB,C™2 = (2 N-iB,C-hyC*1 = 0,
i=1

1l
fe=}

i

which implies that Y| C¥-B,N*-1 = 0 and Y%, N*B3C~! = 0. In this case,

k

k k—i i—1

:P[% 8]P‘1+€P Elc BC™ 0, (20)
0 0

=)
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For any X € N(A) + R(AF1), A% can be represented as A% = Ay for some 7 € ID". Moreover, since
AAPD € R(AAP) = R(AF), then AAPb = A*Z for somez € ID". Write b = AAPb + (I — AAP)b. Then

—~ —_2 ~ —~_ 2 —~ 2
Ib-Axll, = [ AAPD—AX |, + | (I - AAD)b
+ 2[PY(AAPD - AD)]T[PN(I - AAP)b]
= | AAY - A% |y + || (I - AAD)D [
+ 2P E-PITPAP) [P (I - AAP)PI(P D). 1)

If AL = AP — ¢ APBAD, then AP is of the form

-1 _~lp -1
ZP:IJ[CO 8]P1+€P[ ¢ OBlc 8]1)1. 22)

It can be deduced from (20) and (22) that the third term of the right hand side of (21) vanishes. Hence,
—_ —_ 2 —~ o~ 2 — 2 —~ 2
I'b = AX |l = | AAPb = AX |[p + || (I = AAPD llp > || (I = AAP)D I,

the equality holds if and only if Ax = AADb. Ifx e N (A) + R(Ak 1), then it was shown in the proof of

Theorem 3.3 that Ax = AADb is equivalent to the dual Drazin normal equation (15).
On the other hand, the general solution to (15) is

= APb + N(AY) = APD + (I - AAP)Z.
Therefore,
— 2 —~ 2 2 —~ 2
| AP + (1 - AAPYZ |p = || APb || + | (I = AADYZ [l = [| APD |[p.

Equality in the above relation holds if and only if (I — AAPYZ =0, ie,, ADp is the unique minimal P-norm
solution of (15). O

4. Conclusions

In this paper, we obtained some results of the dual Drazin inverse, especially in the existence and
computations. As we have stated, the dual Drazin inverse of a square dual matrix may not exist. We gave
some necessary and sufficient conditions for the existence of the dual Drazin inverse. If the dual Drazin
inverse exists, then a compact formula was given. In particular, we found an unexpected result that the
dual Drazin inverse can be easily obtained by computing the Drazin inverse of a 2 X 2 upper triangular
block matrix.

The least-squares and minimal properties of the dual Drazin inverse were also discussed. It was shown
that if the dual Drazin inverse of the coefficient dual matrix of the linear dual equation Ax = b exists and
AD = AD 4 ¢[~APBAP + Y*-1 (AD)*2BAIAT + YKL AT A B(AD )i*2], where A™ = [ - AAD, then the least-squares
and minimal properties of the linear dual equation A* = b are somewhat different from those of the real
case. On the other hand, if the dual Drazin inverse of the coefficient dual matrix of the linear dual equation
Ax = b exists and AP = AP — ¢éAPBAD, then the least-squares and minimal properties of the linear dual

equation Ax ='b are almost the same as those of the real case.
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