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Abstract. In this paper, new classes of extended multi-valued pseudocontractive mappings are introduced.
It is established that the type-one subclass of the extended strictly pseudocontractive mappings is more
closely related to the class of single-valued strictly pseudocontractive mappings in the sense that the
possession of L-Lipschitzian and demiclosedness properties as well as closed and convex set of fixed points
are guaranteed. Also, we introduce an extended Mann and an extended Ishikawa iteration schemes for
approximating a common fixed point of a finite family of mappings. Furthermore, using the extended
Mann and the extended Ishikawa iteration schemes, we prove weak and strong convergence theorems
for our new classes of extended strictly pseudocontractive and pseudocontractive mappings, respectively.
Numerical examples are also included to illustrate our results. The results obtained improve, complement
and extend the results on multi-valued and single-valued mappings in the contemporary literature.

1. Introduction

Let X be a normed space. A subset C of X is called proximinal if for each g € X there exists k € C such that

llg — kil = inf{llg — Al : h € C} = d(g, C). (1)
It is known that every closed convex subset of a uniformly convex Banach space is proximinal. We shall
denote the collection of all nonempty closed and bounded subsets of X by CB(X), the collection of all
nonempty closed and convex subsets of X by CC(X), the collection of all nonempty subsets of X by 2X and
the collection of all proximinal subsets of X by P(X), for a nonempty set X.

Let X be a nonempty setand let T : X — X be a mapping. A point g € X is called a fixed point of T'if g = Tg.
IfT: X - 2¥isamulti-valued mapping then g is a fixed point of Tif g € Tg. If Tg = {g} then g is called a strict
fixed point of T. The set F(T) = {g € D(T) : g € Tg}(respectively F(T) = {g € D(T) : g = Tg} ) is called the fixed
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point set of multi-valued(respectively single-valued) mapping T, while the set Fs(T) = {g € D(T) : Tg = {g}}
is called the strict fixed point set of T.
Let X be a metric space, the Hausdorff metric induced on CB(X) by the metric d on X is defined for every
A,B € CB(X) by

H(A, B) = max{supd(a, B), sup d(b, A)}. 2)

aeA beB
Let X be a normed space and T : X — P(X) a multi-valued mapping. The mapping Pr is defined for each
x € Xby Prx={y € Tx : ||x — yl| = d(x, Tx)}.
Recall that one of the applications of fixed point theory is to solve the problem that arises from initial value
problems of differential inclusion of the form
au

OGE?+AWU®, 3)

which describes an evolution system where A is in general nonlinear, set valued and accretive.
At equilibrium or stable state of the system, ‘%l = 0 and U(t) is constant. Therefore, (3) becomes

0 € A(b). 4)

Since A is in general nonlinear, there is no closed form solution of equation (4). The standard technique is
to introduce an operator T defined by

T=1-A, (G))

where [ is the identity mapping on X. Such T is called a pseudocontraction (or pseudocontractive). Observe
that if g € Tg, then g = g — w for some w € A(g). Consequently, we have that w = 0 € A(g).
If A is single-valued, then (3) and (4) become

au +AUE) =0 (6)
dt
and
At)=0 )
respectively.

It then follows from (5) that if g = Tg then g = g — A(g). Consequently A(g) = 0 (i.e., any zero of A is a fixed
point of T).

In real Banach spaces, authors have studied extensively the fixed point problems of single-valued classes
of pseudocontractive mappings (see for example [7, 14, 31, 44] and references therein). Some of the single-
valued mappings were introduced as follows.

Definition 1.1. Let E be an arbitrary real Banach space. A mapping T : D(T) C E — E is said to be
(i) Lipschitz continuous with constant L > 0 if

ITx = Tyll < Lilx - vl (8)

forallx,y € D(T).IfL € (0,1) , T is said to be a contraction. T is said to be nonexpansive if L = 1.

Nonepansive mappings are linked intimately with several other nonlinear mappings that are of interest in ordinary
and partial differential equations (see for example [3, 24]). Bruck [8] remarked that the intimate connection between
nonexpansive operators and accretive operators accounts partly for the importance of nonexpansive mappings. The
class of nonexpansive mappings is one of the initial classes of operators for which fixed point results were obtained
using the geometric structure of the underlying Banach space rather than the compactness property.

(ii) T is called quasi-nonexpansive if the fixed point set of T is nonempty and for all x € D(T), p € F(T),

ITx = pll < llx = pll. ©)

It is clear that every nonexpansive mapping with nonempty set of fixed points is quasi-nonexpansive.
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Closely related to the class of single-valued nonexpansive and quasi-nonexpansive mappings are the classes
of k—strictly psudocontractive and pseudocontractive mappings in the sense of Browder and Petryshyn
[7], demicontractive mappings of Hicks and Kubicek [14] and Hemicontractive mapping of Naimpally and
Singh [31]. These mappings are defined as follows.

Definition 1.2. Let H be a real Hilbert space and K a closed convex subset of H. A mapping T : K — K is called
(i) k-strictly pseudocontractive mapping if there exists k € [0, 1) such that

ITx = Tyl < lx = ylP + Kllx = Tx = (y = Ty)I, ¥x,y € K. (10)
(ii) Pseudocontractive if

ITx = Tyl? < llx — yI? + lx = Tx — (y — Ty)|>, Vx,y € K. (11)
(iii) Demicontractive if F(T) # 0 and

ITx — Tpll* < |lx — plI* + kllx — Tx|I>, Vx € K, p € F(T). (12)
(iv) Hemicontractive if

ITx — TplP* < llx — plP* + llx — Tx|l*>, Yx € K, p € F(T). (13)

In recent years, authors have introduced and studied different multi-valued versions of the above single-
valued pseudocontractive mappings using Hausdorff metric (see for example, [1, 9, 11, 17, 20, 23, 27, 37]).
Also, significant achievement has be recorded in the area of developing iteration schemes for approximating
their fixed points (see [37, 39]). Below are some of the different versions of the multi-valued mapping
considered recently by authors and also some contributions in the developments of the iteration schemes
for approximating fixed points.

Definition 1.3. Let X be a normed space. Let T : D(T) € X — 2% be a multi-valued mapping on X. T is called
(i) L — Lipschitzian if there exists L > 0 such that for all g,h € D(T)

H(Tg,Th) < Lllg - hl. (14)

In (14), if L € [0,1), T is said to be a contraction while T is nonexpansive if L = 1. T is called quasi-nonexpansive if
F(T)={g9€D(T): g€ Tg} +# 0and forall p € F(T),

H(Tyg, Tp) < llg - pll. (15)

Clearly every nonexpansive mapping with nonempty fixed point set is quasi-nonexpansive.
(i) T is said to be k-strictly pseudocontractive mapping of Chidume et. al [9] if there exists k € (0,1) such that

HZ(Tg, Th) < llg — > + kllg—u—(h— )%, forallueTg,veTh. (16)

Ifk =1in (1.16), T is said to be pseudocontractive.
(iii) T is said to be k-strictly pseudocontractive-type of Isiogugu (see [17]) if there exist k € (0,1) such that given any
pair g,h € D(T) and u € Ty, there exist v € Th satisfying ||u — v|| < H(Tg, Th) and

H*(Tg, Th) < llg = hlI* + kllg = u — (h = 0)|I*. (17)

Ifk =1in (17), T is said to be pseudocontractive-type. It is easy to see that any proximinal, pseudocontractive
mapping T of Chidume et. al [9] is pseudoconytractive-type in the sense of Isiogugu [17].

(iv) T is said to be demicontractive (see [20]) if F(T) # 0 and there exists k € [0, 1) such that given any pair g € D(T)
and p € F(T),

H*(Tg,Tp) < llg — pl* + kd*(g, Tg). (18)

Ifk =1in (18), T is said to be hemicontractive. T is called a quasi-nonexpansive mapping if k = 0. It is easy to see
that every k-strictly pseudocontractive (respectively, pseudocontractive) mapping T in the sense of Definition 1.3 (ii)
with nonempty set of fixed points is demicontractive (respectively, hemicontractive).
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(v) If a k-strictly pseudocontractive-type (respectively, pseudocontractive-type)mapping in Definition 1.3(i) has the
property that its set of strict fixed points Fs(T) # 0, then it is demicontractive-type (respectively, hemicontractive-
type) with respect to its set of strict fixed points. That is, given any pair g € D(T) and p € F(T), and u € Ty,
llu = pll < H(Tg, Tp) and

H*(Tg, Tp) < |lg — pl* + kllg — ull*(respectively |lg — pl* + llg — ull®). (19)

Observe that a demicontractive (respectively, hemicontractive) in definition 1.3 (iv) is demicontractive-type (respec-
tively, hemicontractive-type) with respect to its set of strict fixed points.

Remark 1.4. The relationships between the classes of k-strictly pseudocontractive-type (respectively, pseudocontractive-
type) mappings in definition 1.3 (iii) and demicontractive(respectively, hemicontractive) mappings in definition 1.3
(iv) has been established with respect to the set of fixed points.

In 2005, Sastry and Babu [37] introduced Mann and Ishikawa iteration scheme for multi-valued nonexpan-
sive mappings as follows:
Let T : X — P(X) and p be a fixed point of T. The sequence of Mann iterates is given for xy € X by

X1 = (1 = an)xn + @pyn, Yn 20 (20)

where y,, € Tx, is such that ||y, — pll = d(Tx,, p) and a, is a real sequence in (0,1), Y"1 a, = 0.
The sequence of Ishikawa iterates is given by

{ Yn = 1- ,Bn)xn + BnZn 1)

Xn+1 = (1 - an)xn + ayly,
where z, € Tx,, u, € Ty, aresuch that||z,—pll = d(p, Tx,), lun—pll = d(Ty,, p) and {a,}, {B,} are real sequences
satisfying (i) 0 < ay, By < 1; (i) lim B, = 0; (iii) Yoy @nPfn = oo. Using the above iterative schemes,
Panyanak [33], generalized the result proved in [37]. Song and Wang [41], observed that generating the

Mann and Ishikawa sequences in [33] are in some sense dependent on the knowledge of the fixed point.
Using the following Nadler’s Lemma (see [30], Lemma 1.0 (1.1)).

Lemma 1.5. let A,B € CB(X) and a € A, if y > 0 then there exists b € B such that
d(a,b) < H(A,B) + 7y, (22)

they modified the iteration process due to Panyanak [33] and improved the results therein. They gave their
iteration scheme as follows:

{ Yn = (1 - ‘BH)xn + ﬁ"Z” (23)

Xne1 = (1= an)xn + ayity,
where z, € Tx,, u, € Ty, SatiSfy Iz — unll < H(Tx,, Tyn) + Vs 1Zns1 = tnll < H(Txp41, Tyn) +Vn and {an}/{ﬁn}
are real sequences in [0, 1) satisfying lim B, = 0, },,2; axB, = co. Using the above iteration, they proved the
n—oo
following theorem:
Theorem 1.6. ([41], Theorem 1) Let K be a nonempty compact convex subset of a uniformly convex Banach space

X. Suppose that T : K — CB(K) is a multivalued nonexpansive mapping such that F(T) # 0 and T(p) = {p} for all
p € F(T). Then the Ishikawa sequence defined as above converges strongly to a fixed point of T.

Shahzad and Zegeye [38] observed that if X is anormed spaceand T : D(T) € E — P(X) is a any multivalued
mapping, then the mapping Pr : D(T) — P(X) defined for each x by

Pr(x)={y e Tx :d(x, Tx) = |lx — yll}, (24)

has the property that Pr(g) = {g} for all g € F(T). Using this idea, they removed the strong condition
“T(p) = {p} for all p € F(T)” introduced by Song and Wang [41].
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Recently, Khan and Yildirim [25] introduced a new iteration scheme for multivalued nonexpansive map-
pings using the idea of the iteration scheme for single valued nearly asymptotically nonexpansive mapping
introduced by Agarwal et.al [2] as follows:

x1 €K,
Xp1 = (1= A)v, + Auy, (25)
Yn = (1 —1n)x, + 1oy, ¥ € N.

where v, € Pr(x,), un € Pr(y,) and A € [0,1). Also, using a lemma in Schu [40], the idea of removal of
the condition “T(p) = {p} for all p € F(T)” introduced by Shahzad and Zegeye [38] and method of direct
construction of Cauchy sequence as indicated by Song and Cho [42], they stated the following theorem:

Theorem 1.7. ([25],Theorem 1) Let X be a uniformly convex Banach space satisfying Opial’s condition and K a
nonempty closed convex subset of X. Let T : K — P(K) be a multivalued mapping such that F(T) # 0 and Pr is a
nonexpansive mapping. Let {x,} be the sequence defined in (25). Let (I — Pr) be demiclosed with respect to zero, then
{xn} converges weakly to a point of F(T).

In 2016, Isiogugu et al. [16], introduced the “type-one” condition which guarantees a weak convergence
of the Mann iteration schemes to a fixed point of multi-valued quasi-nonexpansive mappings without
imposing the condition that the fixed point set of T is strict in Hilbert spaces. They obtained the following
results.

Proposition 1.8. ([16]) Let H be a real Hilbert space. Let C be a nonempty weakly closed subset of H. Let
T : C € H — P(H) be a multi-valued mapping from C into the collection of all proximinal subsets of H. Suppose that
T is a nonexpansive mapping which is of type-one. Then whenever {g,},’ | C C is such that {g,} weakly converges to
p and a sequence {h,} with h, € Tg, and ||g, — hy|| = d(g,, Tgy,) for all n € N such that {g, — h,} strongly converges
t00. Then 0 € (I = T)p (i.e., p = v for some v € Tp).

Theorem 1.9. ([16]) Let C be a nonempty closed and convex subset of a real Hilbert space H. Suppose that
T : C — P(C) is of type-one and nonexpansive mapping from C into the collection of all proximinal subsets of C such
that F(T) # 0. Then the Mann type sequence defined by

In+1 = (1 - Hn)gn + Pnhn/ (26)
weakly converges to g € F(T), where h,, € Tg, with ||g,—h,|l = d(gn, Tg,) and p, € (0,1) satisfying: u, — u € (0,1).

Theorem 1.10. ([16]) Let C be a nonempty closed and convex subset of a real Hilbert space H. Suppose that
T : C — P(C) is of type-one and quasi-nonexpansive mapping from C into the collection of all proximinal subsets of
C. If (I - T) satisfies Proposition 1.8, then the Mann type sequence defined by

In+1 = 1- Hn)!]n + thn/ (27)
weakly converges toq € F(T), whereh, € Tg, with||g,—hul|l = d(gn, Tg,) and p,, € (0, 1) satisfies: (i) u, — p € (0,1).

In [19], the above results were extended to the more general class of Multi-valued pseudocontactive map-
pings of Chidume et. al [9]. The following results were obtained:

Proposition 1.11. ([19]) Let H be a real Hilbert space. Let C be a nonempty weakly closed subset of H. Let
T : C € H — P(H) be a multi-valued mapping from C into the collection of all nonempty proximinal subsets of H.
Suppose that T is a k-strictly pseudocontractive mapping and of type-one. Then (I — T) is demiclosed at zero (i.e., the
graph of I — T is closed at zero in o(H, H*) X (H, ||.|) or weakly demiclosed at zero).

Theorem 1.12. ([19]) Let C be a nonempty closed and convex subset of a real Hilbert space H. Suppose that
T : C — P(C) is k-strictly pseudocontractive mapping from C into the collection of all proximinal subsets of C with
k € (0,1) such that F(T) # 0. If T is of type-one, then the Mann-type sequence defined by

In+1 = (1 - Hn)gn + [Jnhn/ (28)
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weakly converges toq € F(T), where hy, € Tgy with ||gn—hall = d(ga, Tgn) and p, < (0,1) satisfies: (i) pn — p <1-k;
(i) p>0; (i) ¥ pn(l— py) = oo.
n=1

Theorem 1.13. ([19]) Let C be a nonempty closed and convex subset of a real Hilbert space X. Suppose that
T : C — P(C) is of type-one and L-Lipschitzian pseudocontractive mapping from C into the collection of all
proximinal subsets of C such that F(T) # 0. Suppose T satisfies condition (1). Then the Ishikawa sequence defined by

{ hy,=1- én)gn + Ently

In+1 = (1 - ,un)gn + UnWhy, 29)

strongly converges top € F(T), whereu, € Tg, with||g,—u,ll = d(gn, Tgn), wn € Thy, with ||h,—w,|| = d(h,, Thy) and

{un} and {E,} are real sequences satisfying (i) 0 < u, < &, < 1; (ii) “}}Lglf#n = u > 0; (iii) S:gl) &, <& \/ﬁﬂ,

Although authors have made significant improvement towards the study of multi-valued mappings and
the iteration schemes for the approximation of their fixed points, they are still confronted with many
unresolved challenges due to the complicated nature of multi-valued mappings. For instance, important
properties such as Lipschitzian, demiclosedness, as well as the property of the set of fixed points being
closed and convex could not be established for some of these classes of multi-valued mappings. Also, there
is imposition of strict set of fixed points condition on the multi-valued mapping. The summary of the main
challenges are given below.

P;.  Type-one condition on the class of k-strictly pseudocontractive of Chidume et al. [9], guarantees the
possession of Lipschitzian and demiclosedness properties as well as closed and convex set of fixed points
(respectively, closed and convex set of strict fixed points) by the members of this class. Type-one condition
also gurantees the convergence of the Mann iterations to the fixed points of the mappings without the
imposition of strict set of fixed points. Unfortunately, it has not been established that this class of mappings
properly contains the class of multi-valued nonexpansive mappings and the class of single-valued strictly
pseudocontractive mappings of Browder and Petryshyn [7].

P,. The class of k-strictly pseudocontractive mappings in the sense of Isiogugu [17] properly contains
the class of multi-valued nonexpansive mappings and the class of single-valued strictly pseudocontractive
mappings of Browder and Petryshyn [7]. The mappings are Lipschitzian, type-one condition guarantees
the possession of closed and convex set of strict fixed points but authors are yet to establish the possession
of closed and convex set of fixed points as well as demiclosedness property by these mappings under type
one condition.

Therefore, the purpose of this work is to first, introduce the new classes of extended multi-valued pseudocon-
tractive mappings whose strictly pseudocontractive subclass of mappings will properly contain the classes
of single valued strictly pseudocontractive mappings of Browder and Petryshyn [7] and multi-valued non-
expansive mappings. The type-one condition on the strictly pseudocontractive subclass will guarantee the
possession of demiclosedness and Lipschitzian properties as well as closed and convex set of fixed point
properties. Second, establish the relationship between these new classes of mappings and other classes of
multi-valued pseudocontractive mappings which have been considered by authors. Third, established the
possession of Lipschtizan and demiclosedness properties as well as closed and convex set of fixed points
under type-one condition by the strictly pseudocontractive subclass. Fourth, introduce extended Mann
and Ishikawa iteration schemes for approximating a common fixed point of a finite family mappings. Fi-
nally, prove some weak and strong convergence theorems for finite family of pseudocontractive and strictly
pseudocontractive mappings using the extended Ishikawa and Mann iteration schemes, respectively. Thus,
the results extend, complement and improve the results of the multi-valued and single-valued mappings
in the contemporary literature.

2. Preliminaries

In the sequel, we shall need the following definitions and lemmas.
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Definition 2.1. (see e.g., [11, 12]) Let X be a Banach space. Let T : D(T) € X — 2% be a multi-valued mapping.
I =T is said to be weakly demiclosed at zero if for any sequence {g,}," , € D(T) such that {g,} converges weakly to p
and a sequence {h,} with h, € Tg, for all n € IN such that {g, — h,} strongly converges to zero. Then p € Tp (i.e.,
0e(-Tp).

Definition 2.2. A Banach X is said to satisfy Opial’s condition [32], if whenever a sequence {g,} weakly converges
to g € X then it is the case that
liminfllg, — gll < liminf|lg, — hll,

forallhe X, h #g.

Definition 2.3. ([41]) A multi-valued mapping T : C — P(C) is said to satisfy condition (1) (see for example [41])
if there exists a nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0 and f(r) > 0 for all r € (0, 00) such that
d(g,Tg) = f(d(g, F(T)), YgeC.
Definition 2.4. ([16]) Let X be a normed space and T : D(T) € X — 2% be a multi-valued mapping. T is said to be
of type-one if given any pair g,h € D(T), then
llu—ol|l < H(Tg, Th), forallu € Prg,v € Prh.
Lemma 2.5. ([43]) Let {a,}, {En} and {y.} be sequences of nonnegative real numbers satisfying the following relation:
anp1 S (L+En)an +yn, n2mno,

where ng is a nonnegative integer. If Y, &, < 00, Yy, < 0o . Then lim a,, exists.
n—00

Lemma 2.6. Let H be a real Hilbert space and {g,} , is a sequence in H which weakly converges to z € H then the
following holds
lim sup |lg, — h|?> = lim sup ||, — ZIP +lz=hl>, YheH.

n—oo n—oo

Lemma 2.7. [20] Let X be a metric space. If A,B € P(X) and a € A. If y > 0 then it is a simple consequence of the
Hausdorff metric H that there exists b € B such that

d(a,b) < H(A,B) +y.

Let K be a nonempty closed and convex subset of a real Hilbert space H. Suppose that {Tj}Y,, N > 2 is
a finite family of mappings T; : K — K, in [21](see also [22]) the authors consider the horizontal iteration
process generated from an arbitrary x; for the finite family of mappings {T'} , using a finite family of the

control sequences {{, [l 1}1 , as follows.

For N=2,
Xn+1 = Ofixn +(1- ai)[a%Tlxn +(1- a%)szVl]'

For N=3,
Xua1 = Xy + (1= ap)adTix, + (1 — a2)[@3Tox, + (1 — @2)Tax,]].

For an arbitrary but finite N> 2,

Xn+1 = a},xn +(1 - a}z)[aiTlxn +(1- 0(31)[0(31’1123(”
+(1 - ai)[ [aNTN 1%, + (1 - aN)Tan] Al

ozx,,+ a (1—& l1xn+ (1 Oé)len,Tl>1
n
i=2

: ] 1

The proofs of the following lemmas (Lemmas 2.7, 2.9 and 2.10) are given in [18], however, we reproduce
the proofs here for avoidance of doubt.
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Lemma 2.8. Let {a;}¥ | be a countable subset of the set of real numbers R, where N > 2 is an arbitrary integer. Then,
the following holds.

i-1 N
a+ Y a H(1 —a)+ H(l —a) =1 (30)

=2 j=1 j=1

Proof. . For N =2,

2 i-1 2
ay + Za,- H(l - Oé]') + H(l - OC]‘)
=2 =1 =1

ar+a(l—a)+ (1 —a)(1 - ay)

= m+(1-a)fa+(1-ay)]
= ;m+(1-m)=1

We assume it is true for N and prove for N+1.

N+1 i-1 N+1

o + ;a,g(l —a))+ g(l -a))

N+1

i-1
a1+2a,1_[<1— ])+aN+1H1—a])+H(1— @),
= a1+):alH<1— ,)+H(1 aplans + (1 - an)l,
i=2 j=1
= a1+ZaIH(1— ])+H(1 )
i=2 j=1

= 1

O
Remark 2.9. Lemma 2.8 holds zf{ai}ﬁl is replaced with {ai}ﬁo, and N > 2 is replaced with N > 1.

Lemma 2.10. Let {oy}, be a countable subset of the set of real numbers R, where k is a fixed non negative integer
and N € N is any integer with k +1 < N. Then the following holds,

N i-1 N
a + Y a]Ja-ap+]Ja-ap=1. (31)
i=k+1  j=k j=k

Proof. . For k = 0 and k = 1, the proofs follow from Remark 2.9 and Lemma 2.8, respectively. We assume it
is true for k and N. Now forkand N + 1,

,_.

N+1

1-aj) +aN+1H(1 a])+H1 @),

N+1 i-1 N+1

ak+za,H(1 a])+H(1 @)

i=k+1 j=k

i—

I
2
+
1=
2

I
'y
I
-
[
| ]
—

I
2
o+

1=
2

(1—aj)+ | |A-aplana + (1 -ana)l,

I
b
T
—_
- -
I
=X

==

Q-ap+||Q-aj)=1

I
2
o+

1=
2

I
En
T
—_
-
]
~
—.
]
~
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Lemma 2.11. Let t,u and v be arbitrary elements of a real Hilbert space H. Let k be a fixed non-negative integer
and N € N be such that k+1 < N. Let {v,-}fi;l C Hand {ai}ﬁk C [0,1] be a countable finite subset of H and R,
respectively. Define

i1

N N
Y=ot + Z a; H(l —aj)vi-1 + H(l - aj)o.
=k

1
i=k+1 =k
Then,

i—1

N N
ly—ulf = alt—ulP+ Y o [ [ - apliois —ul?+ [ [0 - aplio - ul?
j=k

1
i=k+1  j=k
N
ol )

i-1 N
(1= aplit = vl + [ [ - apiie = o]
j=k

i=k+1 j=k
N-1 i
-(1- ak)[ Z a; H(l — ajllvi1 — [@is10; + wisa ]I
i=k+1  j=k
N
+an [ - aplo - onal?],
=k
N -1 N
wherewy = Y, a; [[(1-aj)viq + [[1-aj)v, k=1,2,..,N—1and wy = (1 — an)v.
i=k+1  j=k j=k

Proof. . Observe thatfork < N—1, wy = (1 —ay)[ax+10x + Wi11]. Consequently, using the well known identity:
litx + (1= tyyl* = Hlxl* + 1 = Hllyl* - 11 = Hllx = yI,
which holds for all x, y € H and for all ¢ € [0, 1], we obtain that

N i—1 N
ot + Y o [ [0 = appoia + [ ] - apo -l
k =k

1
i=k+1  j=

= |lagt + wi — ul?

lly — ul?

= llaxt + (1 — ap)[@e10e + wier] — u]lP
= allt —ull® + (1 — apllaxa vk + Wi — ull?
—ai(1 = ap)llt = [0k + Wesa ]I
= agllt — ull? + (1 — ap)lagallox — ull®
+(1 = @) Vs20k41 + Wiro — 1l
—agi1 (1 = ag)lIox = (201 + W2 ]IP]
—ai(1 — alagallt — vl + (1 = )l = [@r20k1 + Wier2]l?
—as1 (1 = ags)llox = [Aks20k11 + W2 ]IP]
= agllt — ulP + (1 — a)agllox — ull®
+(1 — ar)(1 — k)l ax2Vke1 + Wi — M”2
—(1 = ap)ak (1 — agen)llox = [axsovie + W]l
—ai(1 — a)aa It — ol
—ai(1 = )1 = agsn)llt = [@s20ks1 + Wes ]I
+ar(1 = ap)aks (1 = agen)llox = [kt + Wee]lP]
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agllt = ul® + (1 = ap)agllo — ull® = ar(l — ap)arallt — oxl?
+(1 = a)(1 = a2t + Wi — ull?

—ar(1 = ar)(1 — ag)llt — [Aps20ps1 + wk+2]||2

—aka1 (1 = a)(1 = aren) (1 — apllox = [Qur20ks1 + Wier ]l
agllt = ull® + (1 = ap)agllog — ull® = ar(l — ag)agallt — o>
—agi1 (1 = a)(1 = agar)(1 — allox = [As20e1 + Wi ]I
+(1 = ap)(1 = agsr)ll k12041 + Wiy — u”2

—ai(1 = aR)(1 = age)llt = [As20ks1 + Wis]IP

agllt = ull® + (1 = ap)alloe — ull® = ax(l — ap)axallt — okl

—ar1(1 = ) (1 = agsr)(1 = ap)l[vg — [@kr20ks1 + Wi ]I

+(1 = ) (1 — aps)lleves 201 + (1 — es2)[ @3 Oks2 + Weas] — ull?
—ae(1 — ap)(1 = A lees2Vis1 + (1 — Qs2)[@r3Ops2 + Wias] — P

agllt = ul® + (1 = ap)agalloe — ull* — ap (1 — ap)aallt — ol
+(1 = a)(1 = agsr)gsallog — ull®

+(1 = a)(1 = ars1)(1 — ags2)llAk430k12 + Wies — UHZ

—(1 = a)(1 = aps)s2(l = s)l[visr — [s3Oks2 + Wias ]I
—ay(1 = a)(1 = agr)isallona — HIP

= (1 = ) (1 — g 1)(1 = a2l k130k42 + Wia3 — i-L”2

+ag(l = a)(1 = a2l = QpeallOkst — ArasVien + Wi
—aka1(1 = a)(1 = age1) (1 — allox = [Qur20ks1 + Wieill?
agllt = ull® + (1 = ap)agallor — ull® = ax(l — ax)agallt — vell®
+(1 = ap)(1 = age1)Xks2llUk1 — UHZ

+(1 = a)(1 = as1)(1 — Apao)l| ks 30ks2 + Wieas — ull®

—ai(1 = )1 = A1) s2llvgs — HIP

—a(1 = ) (1 = ags1)(1 = Q)| ks 30842 + Wiz — I
—atka1 (1 = a)(1 = aie1) (1 — a)llox — [@ir20ks1 + Wier ]l
—(1 = )’ (1 = 1) aran(l — aao)llOkst — [ArssVisn + Wil

k+2 i-1
2 2
agllt = ulP + Y e [ ] - aploia - ul
i=k+1  j=k
k+2 i-1
—Otk[ Z ai | | —a)lit = vi—lHZ]
i=k+1  j=k
k+2 i
~1—a)] Y, & [ [ = @plvi = a0+ wi 1IP
i=k+1  j=k
k+2
2
+ [ = apliiawssves + wees] - ul
=k

k+2

o [ ] = )t = [as3vpen + w3l
j=k

3466
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= alit—ulP + Z aﬂ(l — apllois - ull? + H(l aj)llo - ulP

i=k+1 j=k
N i-1
—af ) o [ [ - aplie =il + H(l - it = ol
i=k+1  j=k j=k

N-1
~(1- m[Z‘alHa ajloir = [ago; + wia P

i=k+1 j=k
N
+ay [ Ja - aplo - onal?].
j=k
0

3. Main Results

We now present the following results:

Proposition 3.1. Let H be a real Hilbert space and T : D(I) € H — P(H) be a multi-valued L—Lipschtizian
mapping, then, fixed point set of T is closed.

Proof. . Let {x,}”; € F(T) such that x, — x*. Then,

IA

(", Tx") d(x*, x,) + d(x,, Tx,) + H(Tx,, Tx")
= |Ix* — x| + H(Tx,, Tx")

1+ L)|lx, —x*]] > 0asn — oo.

IN

Therefore, d(x*, Tx*) = 0. Since T is proximinal, there exist v € Tx* such that ||x* — v|| = d(x*,Tx") = 0.
Consequently, x* € Tx". O

Definition 3.2. Let {T; N | be a finite collection of mappings such that ﬂ E(Ty) #0. T,,T2,...,Tj, Tjs1, ..., Tn are

said to satisfy condition 1 umformly, if there exists a nondecreasing functzon f :10,00) = [0, 00) with f(0) = 0 and
f(r) > 0 forall v € (0, 00) such that

N
d(g,Tig) = fdg, [ |F(T)), VgeC.

=1

Definition 3.3. Let (X, ||.|[) be a normed inner product space and T : D(T) € X — P(X) be a multi-valued mapping.
T is said to be an extended k-strictly pseudocontactive mapping if there exists k € [0,1) such that given any pair
g,h € D(T), then for all u € Prg,v € Prh, we have

H(Tg, Th) < llg = bl + Kllg — u = (h = 0)I*. (32)
Ifk = 1in (32), then T is called an extended pseudocontactive mapping. T is called extended nonexpansive if k = 0.

Clearly,

(i) every multi-valued nonexpansive mapping is an extended k-strictly pseudocontactive.

(ii) every single-valued k-strictly pseudocontactive (respectively, pseudocontractive) mapping of [7](respectively,
[14]) is an extended k-strictly pseudocontractive (respectively, pseudocontractive) mapping.

(iif) every multi-valued k-strictly pseudocontactive (respectively pseudocontractive) mapping of [9] is an
extended k-strictly pseudocontactive (respectively pseudocontractive) mapping.
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The following example shows that the class of extended multi-valued k-strictly pseudocontactive (respec-
tively pseudocontractive) mappings properly generalises the class of multi-valued nonexpansive mappings,
single-valued k-strictly pseudocontactive mappings of [7] and multi-valued k-strictly pseudocontactive
mappings of [9], while extended multi-valued pseudocontactive properly extends the classes of single-
valued pseudocontactive mappings of [14] and multi-valued pseudocontactive mappings of [9].

Example 3.4. ([20], Example 3.4) Let X = R (the reals with usual metric). Define T : [0, o0) C (R) — P(R) by

5
Tg = [_Eg' —2g]. (33)

Then given any pair g,h € D(T)

HA(Tg, Th)

§ _ 12 _ 12 1 _ _ _ 2
4|9 h= <|g —hl +12|g u—(h-o)

IA

lg=hP+lg—u—-(h-0of,

for all u € Prg,v € Prh. Hence, T is not a multi-valued nonexpansive mapping but it is an extended multi-
valued k-strictly pseudocontactive mapping, consiquently, an extended pseudocontractive mapping. However, it was
shown in [20] that for x = 3, y = 2, if we choose u = —6 € Tx and v = =5 € Ty then H*(Tx, Ty) = 2 and
lx—y|? + |x — u—~(y—0v)|* = 5. Consequently, H*(Tx, Ty) > |x—y|* + |x—u—(y—0v)|>. Thus, T is not pseudocontactive of
[9]. Therefore, T is neither k-strictly pseudocontractive nor pseudocontractive mapping which were considered in [9].

The following example shows that extended pseudocontractive condition on a multi-valued mapping T
does not imply that the fixed point set of T is strict.

Example 3.5. Let X = R (the reals with usual metric). Define T : [0, 00) C (R) — P(R) by

5
Tg = [—79 ~1,-2g]. (34)

Clearly, T is an extended pseudocontractive-type mapping whose set of fixed points F(T) is not empty, but its set of
strict fixed points Fy(T) is empty. Observe also that T has type-one property.

Remark 3.6. (i) The relationship between the class of extended multi-valued pseudocontractive mappings and the
class of multi-valued pseudocontractive-type mappings are yet to be established.

Definition 3.7. Let (X, ||.|l) be a normed space and T : D(T) € X — P(X) be a multi-valued mapping. T is said to
be an extended demicontactive mapping if F(T) # 0 and there exists k € [0, 1) such that given any pair g € D(T) and
p € F(T) then for all u € Prg, we have

H*(Tg, Tp) < llg = pl* + kllg — ulf*. (35)
If k = 1in (35), then T is called an extended hemicontactive mapping. T is called extended quasi-nonexpansive if

k=0.

Clearly, if F(T) # 0, for a extended strictly pseudocontractive (respectively, pseudocontractive) mapping
T, then T is extended demicontractive (respectively, hemicontractive) mappings. Also, demicontractive
(respectively, hemicontractive) mappings in the sense of [8] is an extended demicontractive (respectively,
hemicontractive) mapping because,

H*(Tg,Tp) < |lg—pl*+kd*(g,u), VueTg, peFT)
lg — plP* +kllg — ull®>, ¥ u € Prg, p € F(T). (36)

IA

Obviously, Examples 3.4 and 3.5 are both extended demicontractive and hemicontractive mappings.

We now obtain a demiclosedness property in the sense that if {g,} ", C Cis such that {g,} weakly converges
to p and a sequence {h,} with d(gy, h,) = d(g,, Tgy) for all n € N such that {g, — h,} strongly converges to 0,
then0 e (I-T)p (i.e., p = v for some v € Tp).
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Proposition 3.8. Let H beareal Hilbert space. Let C be a nonempty weakly closed subset of H. Let T : C € H — P(H)
be a multi-valued mapping from C into the collection of all nonempty proximinal subsets of H. Suppose that T is an
extended k-strictly pseudocontractive mapping with type-one property. Then (I — T) is demiclosed at zero (i.e., the
graph of I = T is closed at zero in o(H, H*) X (H, ||.||) or weakly demiclosed at zero), where I denotes the identity on H,
o(H, H*) the weak topology, (H, ||.l) the norm (or strong) topology.

Proof. . Let{g,}>, € Cbesuch that {g,,} weakly converges to p and a sequence {h,} with ||g, —h,|| = d(g,, Tgn)

n=1 =

for all n € N such that {g, — h,} strongly converges to 0. We prove that 0 € (I — T)p (i.e., p = v for some
v € Tp). Since {g,}, converges weakly, it is bounded. Let g € Tp with [[p — gl| = d(p, Tp). From type-one
property and the definition of extended k-strictly pseudocontractive, for each n € IN, we have that

lhy —gll < H(Tgy, Tp), (37)
and

H*(Tgy, Tp) < llgn — pI* +Klign — 1 — (0 — 9)I- (38)

Thus, for each g € H define f : H — [0, o) by

f(g) :==limsup lg, — g||2.

n—oo

Then from Lemma 2.6, we obtain

f(9) =limsup|lg, — pI* + llp — gl* ¥g € H.

n—oo

Thus
(@) =fp)+lp—gl* YgeH.

Therefore,
@ = fp) +lip —ql*. (39)

Observe also that

f@ = limsupllg, —ql

n—oo

limsup ||gy = hy + (1 — )|

n—oo

= limsup|h, —q|

n—oo

< limsup HX(Tgy,, Tp)

< limsup]lig, — pl? + kllgn = 1ra = (p = DIP]
n—00
= limsup|lg, — ]0||2 +kll(p - ‘7)”2
= f(p) + KlIp - qlP™. 49

Hence, it follows from (39) and (40) that (1 — k)|lp — g|/> = 0. Therefore,p =g € Tp. O

Proposition 3.9. Let C be a nonempty subset of a real Hilbert space H. And let T : C — P(C) be an extended
k-strictly pseudocontractive mapping with type-one property such that F(T) is nonempty. Then
(a) F(T) is closed ; (b) F(T) is convex.
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Proof. . (a) Let {g,})"; € F(T) such that {g,} ", converges to g € C. We show that g € F(T). Let u € Prg be
arbitrary,

< g = gall + g — ull
< g = gull+ H(Tg,, Tg)
< g = gull + llg = gull + Villg - ul.

llg = ull

Taking limits as n — oo, we have that [|g — ul| < \/lzllg —u||. Hence g € Tg
(b) We now prove that F(T) is convex. Let p1,p» € F(T) and z = ap; + (1 — a)pp thenz —p; = (1 — a)(p2 — p1)
and z — p; = a(p1 — p2).
(z,Tz) < llz—ul?, YueTz
llaps + (1 = a)py — ul?
= allpr —ull? + 1 = @)llp2 = ul’ - a(l - a)llp2 = prl*.

In particular, for u € Prz, extended k-strictly pseudocontractive condition on T implies that

d*(z, Tz) aH*(Tz, Tpy) + (1 — a)H*(Tz, Tp,) — a(1 = a)llp1 — pall?
alllz = pilP + kllz = ulP] + (1 = @)[llz = pall* + kllz — ull*]
—a(1 - a)llp1 — palP?

alllz = pill? + kd?(z, T2)] + (1 - )[||z — pal? + kd?(z, T2)]
—a(1 - a)llp1 — palP

= lap; + (1 - a)pz — zII* + kd(z, Tz) = kd(z, Tz).

<
<

Hence,z € Tz. O

Proposition 3.10. Let H be a real Hilbert space, C a closed convex subset of Hand T : C € H — CC(C) be an
extended multi-valued, L—Lipschtizian pseudocontractive mapping which is also of type-one. If the set of fixed points
F(T) of T is nonempty, then, it is convex.

Proof. . Letpy, p2 € F(T), we prove thatp = Ap1 +(1-A)p2 € F(T). Foreach x € D(T), let Tgx = T[(1-p)x+pu,],
where u, € Tx with d(x, Tx) = [|x — u,|| (i.e, ux € Prx) and f € (0, ‘/ﬁﬂ). Clearly, Tgx is well defined since
iy is unique (because Tx is closed and convex subset of a real Hilbert space) and C is convex. Also if
p* € F(T), then, Tgp* = Tp*. Observe that for any ug, € Tgx = T[(1 — f)x + pu,], given any p* € F(T),
then H(T[(1 — B)x + Buy], Tp") = H(Tgx, Tp*). Hence, by type-one condition and the definition of extended
pseudocontractive mapping, we have

luge = p'IP < HATU(L = B)x + ux], Tp") = H*(Tyx, Tp")
< I = Byx + Bu = plIP + (L = B)x + Buax) — ugl™
Similarly,
lux =pI? < HY(Tx, Tp)
< = prIP e = .

It follows that for the pair p, (1 — B)p + pu, and u, € Prp, ug, € Pr,p = Pr[(1 — B)p + Puy], we have that
Iy — ugyll < H(Tp, Tgp). Now,
d*(p, Tep) < llp — ugpl® = |IAp1 + (1 = A)p2 — gyl
A1 = ugpl + (1 = Mp2 — ugp1IP
Mlpr = ugpll* + (1 = Dllpz = ugpl* = A1 = Dlipr = pal .
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Also,

d(p1, Typ)

IN

lip1 — ugpll* < H*(Tp1, Tgp)

KL = B)p + Bty] — pall? + (L = P)p + Buty] — gyl

(1 = B)p = pl + Blup = prllP + 11 = )lp — 1gy] + Blup — ugylIP
(1= Plip = 1l + Blley — pal? = BL = P)llp — >

+(1 = B)llp — ugyll* + Blluy — ugyl* = B = B)llp — >

(1= B)llp = pal* + BH*(Tp, Tp1) = B(L = B)llp — P

+(1 = P)llp — gy + BH*(Tp, Tygpl> = B = Plip — I

(1= B)llp — p1lP + Blllp — pall* + llp — w71 = B(L = Plip — upl .
+(1 = B)llp — ugyl® + BL2lIp — [(1 = B)p + BuylI* = B(L = Plip — wp|?
(1= B)llp = p1lP + Blllp — pall* + llp — w1 = B(L = Plip — up|?
+(1 = B)llp — ugyl* + BL2B2lIp — w,IP = B(L = B)llp — 1>

llp = pall? = 1L = 28 — L2B1llp — u,IP + (1 = B)llp — ugy?

lIp = prlP + (1 = B)llp — ugyll*.

A

IA

IA

IA

IA

Similarly,

d*(p2, Typ)

Hence,

IN

lp2 — ugpll* < llp = p2lP* + (1 = B)llp — ugyll*.

IA

AMlllp = pil? + (1 = Bllp = ugyl*]

+(1 = Dllp = palP* + (1 = B)llp — 1y l°]
—A(L = Allpr = pal?

= |IAp1+ (1= A)p2 = plP + (1 = Pllp — ugyll?
= +(1=Pllp — upl.

This implies that 0 < fllp — ug,|| < 0. Since g € (0, ﬁ), we have that [|p — ug,|| = 0. Observe that

d(p, Tgp) < llp — ugyll = 0 < d(p, Tgp), therefore, d(p, Tgp) = |lp — ugyll = 0 and p = ug, € Tgp.

d(p, Tp) < d(p, Tgp) + H(Typ, Tp) LI(L = B)p + pup = pli
LBd(p, Tp).
Thus, 0 < (1 - BL)d(p, Tp) < 0. Consequently, d(p, Tp) = 0 and proximinal property of T (because Tx is a

closed and convex subset of a Hilbert space H) guarantees the existence of u € Tp such that |[u — p|| = 0.
Hence,p e Tp. O

llp — ugyl®

IA

Remark 3.11. If ax = o, 1 < k < N, equation (31) in Lemma 2.10 becomes

N
a+ Z al-a) ' +(1-a)N =1. (41)
i=k+1

Consequently, given any sequence {yi,}",, for each n, we have

N
ot Y = )+ (L= )Y =1, (42)

i=k+1
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Setting gns1 =Y, gn=tp=uk=1, {anli}ﬁl ={uq) foralli=1,2,..,Nand h,N € Tng, = v in Lemma 2.11 and
interchanging the roll of y and (1 — ), we obtain the Extended Mann Sequence for finite family of mappings {Ti}}Y |
defined by

N
Gust = (1= ) + Y 1t (1= )l ion + i . (43)
i=2

Theorem 3.12. Let C be a nonempty closed and convex subset of a real Hilbert space H. Suppose for each j =
1,2,..,N, Tj : C — P(C) is an extended Aj-strictly pseudocontractive mapping from C into the collection of all

N
proximinal subsets of C with A; € (0,1). Assume that () F(T}) # 0, then, the extended Mann sequence for finite
j=1

family of mappings defined by

N
Guer = (U= g+ Y (= ol or + B,
=2

N
weakly converges to q € (| F(T}), where hy, j € T;g,, with ||g, — hy,jll = d(gn, Tjgn) and p, € (0, 1) satisfies:
j=1

(i) pn = pu<l-—maxAj,j=1,2,.,N; (ii) 1> u>0; (iii) (1-u,)> max{}tj}?il.

Proof. . Applying Remark 3.11 in Lemma 2.11

IA

N
(1= pa)lign = pIP + Y (= )y = pIP?

=2

“gn+l - p||2
+up e — plP

N
~ = )] Y = g = Bl + (1= 1)l = P

=2

N
= (1= w)lgn —plP + Z i (= ) HA(Tj 1 g0, Tjoap)

j=2
+[-1£1\]H2(TNgnr TNP)
N
(1= ) Y 7 = )llgn = FjalP + (= 1)1l g = Bl
j=2

Applying extended A j-strictly pseudocontractive condition on each T;, we obtain

N
g =pIP < (1= wllgn = pIP + Y (= w)[llga = pIP + Ajallg = P
j=2

+1 [l = I + Anlign = HunIP]

N
_(1 - [Jn)[z 1”1]1_1(1 - ,Un)”gn - hn,j—1||2 + [i;\]”gn - hn,N”z]r
j=2
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N
[ =)+ Y 7 = ) + i Jlign = pIP
j=2
N

=Y @ = [ = ) = Al — PP
j=2

_[-1;\7[(1 - (un) - AN]”gn - hn,NHZ'

Consequently,

IN

N
lgasr = pIP < lga = pIP=[ Y, (1 = )1 = ) = Ajeallgn = PP
j=2

+ [ = ) = AnlIgn = P nIP]-

It then follows that lim |lg» —pll exists and hence {g,,} is bounded. Also, Z y{l(l =)A= un)=Ai1lgn —h,,,]»ll2 <

©,j=12.,N-1and Z NI = pn) = ANIllgn — BunI? < oo. Since 1 > u > 0 from (ii), we have that
hm lgn — hy ]|| =0, for all ] =1,2,..,N. Also since C is closed and convex and {g,} € C with {g,} bounded,

there exist a subsequence {g,,} C {g,} such that {g,,} weakly converges to some q € C. Also lim ||lg,, —h, || = 0
n—00
implies that lim [|g,,; — hy,jll = 0. Since (I — T;) is weakly demiclosed at zero for each j, we have that
n—00
q€Tjq, forall j=1,2,..,N. Since H satisfies Opial’s condition [32], we have that {g,} weakly converges to

N
qge ﬂlF(T]-). O
j=

Theorem 3.13. Let C be a nonempty closed and convex subset of a real Hilbert space X. Suppose that for each
j=12,.,N,Tj:C— CC(C)isan L; Lipschitzian extended pseudocontractive mapping from C into the collection

of all closed and convex subsets of C such that ﬂ F(T;) # 0. Suppose T is of type-one, for each jand T1, Ty, ..., T}, ..., Tn

satisfies condition (1) uniformly. Then the extended Ishikawa sequence defined by

(1 &n ])gn + én ]un]

In+1 = (1- [Jn)gn + Z [Jn (1 /Jn)wn] 1+ /Jn Wy,N- (44)

strongly converges to p € F(T), where uy,; € T;jg, with ||g, — unjll = d(gu, Tjgn), Wn,j € Tihyj with [|hy,;j — wy |l =
A(hn,j, Tihy ), un,j — wa jll < Hz(Tjg,,, Tihy,j), and {u,} and {E,, j} are real sequences satisfying (i) 0 < p, < &, ; <1
foreach j=1,2,..,N;@ii) iminf u, = u > 0; (iii) sup &, j < & < \/ﬁ :

n—oco +I2+

n>1

Proof. . From Lemma 2.11 and Remark 3.11, we have

N
g1 —pIF < (1= p)llgn — pIF + Z W = )l -1y — pIP
+ wn,n — pIP

N
~(1 = )] Y 7 = )lign = wajalP + (1= ) llg = wanlP]-
j=2
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Type-one property of the mappings gives

N
g =pI? < (1= wllgn = plIP + Y 7 (1 = p)HA(Tj sl 1, Tiap)
j=2
+uNH*(Tnhan, Tap)

N
=~ = )] Y WA = )lign = wa il

=2

+(1 = )V lgs = wnnl?]

Wy,j € Pr;hyj and p € Pr,p, for each j, it then follows from extended pseudocontractive mapping definition
that

N
Igwer =pIP < (= llgn = pIP + Y (0 = 1) W1 = IR + W1 = w11
j=2

1Y [y = pIP + Wy = w1

N
~(1 = ) Y 7 = )l = P
j=2

+(1 = )V llgn = wiIP] (45)
Also,
”hn,j - wn,j||2 = Q- (Sn,j)gn + én,jun,]’ - wn,j”2
= (1= &) (Gn — Wnj) + En,j(tin,j — Wi I
= (1= Engn — Wi jlIPP + Enjllttn,; — W jlI* = Enj(1 = En Gn — tn, II*- (46)
(45) and (46) imply that

N
lgwer =pIP < (= llgn = pIP + Yt (@ = ) [Wnica = p)IP

=2
+(1 - én,/‘—l)”!]n - wn,j—1||2 + én,/‘—l”un,j—l - wn,j—1||2
~&nj1 (= EnjDlgn = ]
Nlih o — I + (1 — _ 2 _ 2
+,Un ” n,N P|| + ( 5n,N)||gn wn,N” + én,N”un,N wn,N”

~Enn( = Eun)lign = wnnI?]
N

—(1= ) Y 07 = )l = w1l
j=2

+(1 = )Vllgn = wanl?] 47)
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=PI = (= &) + Enjitn,j — pIF
= (L= &n)(Gn — p) + &n,j(nj — PP
= (1= &upllgn — pIP + Enjlln; — plIF = Enj(1 = En)gn — tin jIP
< (A =Enllgn — pIP + & i HA(Tign, Tjp) — Enj(L = En)gn — thn jlI*
< (= Enlign =PI + Eni[Ign = pIP + g = st 1P| = & 70 = En g = 0 12
= lgn —pI* + éﬁ,jllgn = 1 jII%. (48)
(47) and (48) imply that

N
Iguer —pIF < (L= pa)llgn — pI* + Z W= w)lllgn — pIP + & ioallgn = vt -l

j=2
+(1 - 571,]'—1)”9" - wn,j—1||2 + 5n,j—1||un,j—1 - an,j—l”2
=& (L= & jelgn — i jalP]

N 2L 2 2 2
+‘Un [”gn PH + EnrNHgn - un,N” + (1 - En,N)“gn - wn,N“
+én,N||un,N - wn,N“2 - én,N(l - En,N)“gn - un,N”z]

N
(1= ) Y 07N = ) llgn = Wil
=2

+(1 = N Ennllgn = wanIP]

N
< = plign—pIP+ Y i (= w)lign = pIP + €24 Ign = wnjalP
j=2
+(1 = &nj-)Ign — Wi j-1l* + &njor H*(Tj-10n, Tj-1hnj-1)
=&nj-1(1 = & j1)llgn — un,j—1||2]
+[J£1\][”gn - P||2 + E,le”gn - un,N”2 +(1- En,N)Hgn - wn,N||2
+En,NH2(TNgnr TNhn,N) - én,N(l - én,N)“gn - un,N“z]
N
~(1 = )] Y WA = )& allgn — wn P
j=2
+(1 = N Ennllgn = wanIP]
N
i—1
< A= mlign—pIP+ Y i (= w)lign = pIP + €24 Ign = wnjalP

j=2

+(1 - En,j—l)”gn - wn,j—1||2 + L]z'_léfl,j_lllgn - un,j—lnz
~En (1= Enj)llgn = thn 1P
+N[l1gn = PIP + &2 g — P + (1 = Ea )l — a2
+&3 LA = NI = Eun (1 = Enpllgn = ]

N
—(1 = )| Y WA = )€ allgn — w P

j=2

+(1 - [Jn)Nén,N”gn - wn,N||2]- (49)
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From (49), we have that

N
g =pIP < (L= pllgn = plP+ Y (1 = pllgn = pIP + i llg = pIP?
=2

N
L T R o T

j=2
N

+ Y W @ )@ = Eupn)lign = wnjalP
j=2
N

Y = )& L2l — P
=2

N
=Y A = )& (U= S )lgn — )
=2

+ & \lgn = Nl + 1) (1= En)lIgn = Wl

+H£,\]£§,,NL12\]”gn - Z’ln,Nllz - ,Uly:]én,N(l - En,N)”gn - un,NHZ

N
-(1- .Un)[z WA = wn)én jo1llgn — W il

=2
+(1 = )N Ennllgn - wanlP] (50)

Hence,

N
g =l < [ =)+ Y (0= ) + i llga - pI?

=2

N
Y A= )|+ LR = & (= &) |liga = P
j=2

N Eun[Enn + E2 LR = (1= Eun)|lign = uanlP?

N
YA = [ &) = (4= e lgn = wnjalP
j=2

+ [ = Eun) = (1= )& ]llg = winIP. (51)
It then follows that

g1 —pIF < llgn —pI

N

=Y A = )& a1 = 2800+ & L2 1] Ign = P
j=2

—YEun[1 = 28 + E L3I — 10 n1P
N

=Y w7 = )| Enjr = ) lgn = )P
j=2

~t[Enn) = )1 — 2. (52)
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Consequently, it then follows from Lemma 2.5 that lim ||g, — pl| exists. Hence {g,} is bounded so also are
{un, i };.il .
We then have from (52), (ii) and (iii) that

(9]

Y W@ - w28 - 2Egy - unlP <Y b0 - w1 - 280,
n=1 n=1
~1282 Jlgn — 1t 1P
< Y [1gn = pIP = llguer = pI?]
n=0
< llgo-plP <o, j=1,2,..,N-1.
Similarly,
Y uNenll - 28 = L3 lgn —uanl? <Y uNEN[1 - 2808
n=0 n=0
—13:2 \|llgn = P
< Y [Ign =PI =g - pI?]
n=0

< llgo—pl* < oo, j=N.
It then follows that lim ||g, — u, |l = 0, for all j = 1,2,...,N. Since u,; € T;g, we have that d(g,, T;g,) <

N
lgn — unll = 0asn — oco. Since Ty, Ty, ..., T}, ..., Ty satisfy condition (1), uniformly, lim d(g,, () F(T;)) = 0.
n—oo j:1

N
Thus there exists a subsequence {gy,} of {g,,} such that |g,, — pkll < 21—k for some {pi} C (" F(T)).
j=1

From (52)
1., — Prll < NG — pill-

N
We now show that {p,} is a Cauchy sequence in (1) F(T}).
j=1

loee1 — el < Pkt — Gl + 1y, — Pl
P 1
< ZkT + ?
1
=

N N
Therefore {p;} is a Cauchy sequence and converges to some g € (1] F(T;) because () F(T;) is closed. Now,
j=1 j=1

19 = qll < 19w, = pill + llpx =4I
Hence g,, — qask — oo.

d(q/ T]'LI) “q - Pk|| + ”pk - gnk” + d(gnkr Tjgnk) + H(Tjgnkr Tj‘i)

llg = pill + lipk = gl + (G, Tign,) + Lillgn, — qlI-

Hence, g € Tjq forall j = 1,2,..,N and {g,,} strongly converges to q. Since lim [|g, — g|| exists we have that
gy strongly convergestog € F(T). O

IA A
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We now state the following Theorems which are the extensions of Theorems 3.12 and 3.13, respectively.

Theorem 3.14. Let C be a nonempty closed and convex subset of a real Hilbert space H. Suppose for each j =
1,2,..,N, T;: C — P(C) is an extended demicontractive mapping from C into the collection of all proximinal subsets

N
of Cwith A; € (0,1). Assume that () F(T}) # 0 and (I — T;) is demiclosed at zero for each j. Then, the extended
=1

Mann sequence for finite family of mappings defined by

N
In+1 = 1- Un)Gn + Z ,Uiz_l(l - [Jn)hn,i—l + H;\Ihn,Nr
i=2
N
weakly converges to q € (| F(T;), where hy, ; € T,g, with ||g, — hy,jll = d(gn, T;g,) and p, < (0, 1) satisfies:
j=1

(i) up > p<l-maxA;,j=1,2,.,N; (i) 1>p>0; (iii) (1-p,)> max{/\j};\;l.

Proof. . The method of proof is similar to that of Theorem 3.12, hence, it is omitted. [J

Theorem 3.15. Let C be a nonempty closed and convex subset of a real Hilbert space X. Suppose that for each

j=12,..,N,T;: C — CC(C) is an extended L;-Lipschitzian hemicontractive mapping from C into the collection of
N

all closed and convex subsets of C such that () F(T;) # 0. Suppose T} is of type-one, for each jand Ty, Ty, ..., Tj, ..., Tn
j=1

satisfies condition (1) uniformly. Then the extended Ishikawa sequence defined by

hn,]' = (1 - én,j)gn + én,]-u,,,j
N

Gn+1 = (1 = pa)gn + ZZ W = )W, o1+ uw, N (53)
]:

strongly converges to p € F(T), where uy,j € Tigy with ||gy — unjll = d(gn, Tjgn), Wy,j € Tihy,j with |y j — w, | =
d(hy,j, Tihy,j) and {u,} and {&,,;} are real sequences satisfying (i) 0 < p, < &,j < 1 for each j = 1,2,...,N;(ii)
liminf u, = p > 0; (iii) sup &, < & < ——L

n—00

n>1 /1+L]?+1

Proof. . The proof is similar to that of Theorem 3.13, therefore, it is omitted [

Theorems 1.12 and 1.13 are corollaries which follow from Theorems 3.14 and 3.15, respectively.

4. Example

Example 4.1. Let H = R (the reals with the usual norm), j = 1,2, and C = R. Then for each j, we define:

(i) T; : R — CC(R) by

Tg — { [_\/1_0] '_2jg]r ge [0, OO)
J {—=+/10jg}, g€ [~o0,0).

Obviously, F(T1) = {0}, F(T2) = {0}, T10 = {0}, T20 = {0}. Also, Ty and T, satisfy condition 1 uniformly since
2

d(g, ﬂl E(Tj)) = d(g,{0}) = |lg — Ol = |gl|, while
=
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{ d(g, [- y10jg, -2jg]), g € [0, o)

d(g,{-+/10jg}), g € (=0,0).

{ lg — (=2jg)l, g €[0,00)
—(=+/10jg)l, g€ (=0,0).

91 = fd(g, [ |ET), ¥ j.
j=1

d(g, Tjg)

v

Where f : [0.00) — [0, 00) is defined by f(r)=r.

Now, given any pair g, h € [0, o),
H(Tjg, Tjh) = N10jlg = hl.
Also, given any u € Pr,g = {-2jg} and v € Pr;h = {-2jh}, we have that

lu — vl =2jlg—h| < H(T;g, Tjh).

Similarly, given any pair g,h € (—o0,0),

H(T;g,Tjh) = /10jlg — hl.
Also, given any u € Pr,g = {—+/10jg} and v € Pr;h = {— /10jh}, we have that

lu —v| = /10jlg — k| = H(Tg, T;h).

Furthermore, given g € [0,00), h € (—o0,0)

H(T}9, Tjh) = \/10jlg - I
Also, given any u € Pr,g = {-2jg} and v € Pr;h = {— /10jh}, we obtain

[u —o| = 2jg — 4/10jh| < [4/10jg — 4/10jh| = H(T g, T h).

Observe that given any g € [0, c0) and u € Pr,g = {=2jg}, lg — ul* = (1 + 2j)?|g|*. It then follows that

10j - 2
MRS A
< Ig—pl2 + Ig—ulz,\v’j =1,2.

Similarly, for any g € (—oo,0) and u € Pr,g = {=+/10jg}, |g — ul* = (1 + /10))*|g/*.

H(Tjg,Tj0) = 10jlg—0F =lg-0F +

H*(T;g, T;0) 107lg — O = |g — O +

1
+ ————g — uf’
1+ J10p2°

< lg-pP+lg—-uf,vj=1,2.
Furthermore, for j = 1 and g € [0, 00), we obtain from the above that

HX(T19,T10) = |g—O0F +|g—uf
> |g-0P+klg—ul*>,Yk € [0,1).

3479
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Hence, Ty is not extended demicontractive mapping. Therefore, T; is an extended L;-Lipschitzian hemicontractive
mapping for each j = 1,2, with L; = /10j such that Ty, T, satisfy condition 1 uniformly. It then follows that:

_zjgn/ ng € [0/ OO)
—10jg4, gn € (—=00,0).

10n—(n+1)( V1+10+1)

(i1) Up,j = {

(1ii) {”"}n=1 = 10n( V1+10+1)
. o 12nj—(n+l)(\/1+10j+l)
(iv) {511,]'}”:1 = .

121j(A/T+10j+1)
(v) hn,j = (]- - én,j)gn + En,jun,j-

_Zjhn,jr hn,j € [0/ OO)

(Ul)wn,j:{ —\10jhyj, hyj € (—c0,0).

N .
(vii) guy1 = (1= Hn)gn + '22 H]n_l (1- [Jn)wn,]'—l + [Jl;ywn,N-
]:

Table 1.
Case 1 x1 =05 Case 2 x1 = -0.5

n Xp n X

1 0.5 1 -0.5

2 0.458533123 2 -0.44763782
3 0.369895634 3 -0.346489435
4 0.287022833 4 -0.258293596
5 0.218650314 5 -0.189422417
6 0.164791887 6 -0.137672294
7 0.123336315 7 -0.099498106
8 0.091857781 8 -0.071632881
9 0.068165192 9 -0.051428005
10 0.050442139 10 -0.036844362
11 0.037244238 11 -0.026352744
12 0.027449847 12 -0.018823704
13 0.020200877 13 -0.013431116
14 0.014847474 14 -0.009574693
15 0.010901018 15 -0.0068203
16 0.007996086 16 -0.00485507
17 0.005860508 17 -0.003454131
18 0.004292228 18 -0.002456204
19 0.003141632 19 -0.001745814
20 0.002298169 20 -0.001240397
21 0.001680305 21 -0.00088099
22 0.00122799 22 -0.000625523
23 0.000897059 23 -0.000444009
24 0.000655062 24 -0.000315085
25 0.000478181 25 -0.000223542
26 0.000348951 26 -0.000158562
27 0.000254571 27 -0.000112448
28 0.000185667 28 -0.00007973
29 0.000135379 29 -0.000056523
30 0.000098689 30 -0.000040064
31 0.000071926 31 -0.000028393
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Case 1, x,=0.5 Case2,x,=05
0.5 T T T J 0 - ¥
0.45 \* 0.05
\
04 I". 1 01
| %
0351 \ -0.15
1 I“'
03} x 1 02
\
x" 0.25[ \ 1 x= 025
02f \ 03
015 \k 1 0351
0.1} \ 1 04k
*®
0.05 W 1 -0.45
ey
ol n " = 4 0.5 . . .
0 5 10 15 20 25 30 35 0 5 10 1 20 2 % *

; . number of iteration
number of iteration
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