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Abstract. In this paper left ¢-biflatness of abstract Segal algebras is investigated. For a locally compact
group G, we show that any abstract Segal algebra with respect to L1(G) is left ¢-biflat if and only if the
underlying group G is amenable. We then prove that the Lipschitz algebras Lip (X) and lip ,(X) are left
C-¢-biflatif and only if X is finite. Finally, we also study left ¢-biflatness of lower triangular matrix algebras.

1. Introduction and preliminaries

The homological concept of biflatness for Banach algebras, introduced by Helemskii [5], has proved to
be of great importance in Banach algebra theory. Left ¢-biflatness which is a modification of biflatness was
introduced in [13]. We recall the definition in the sequel. In the current paper we continue the investigation
of this notion.

Given a Banach algebra A, we let 14 : A®, A — A denote the multiplication operator, i.e., ta(a ®b) = ab
for all a,b € A. It is known that the projective tensor product A ®, A becomes a Banach A-bimodule in a
canonical way, turning 74 into a A-bimodule morphism. The character space of A is denoted by A(A), that
is, the set of all non-zero multiplicative linear functionals on A.

Let A be a Banach algebra and let ¢» € A(A). We recall that A is left ¢-amenable if there exists an element
m € A* such that am = ¢(a)m and ¢(m) = 1 for all a € A, where ¢ is the unique extension of ¢ to A™ given
by G(F) = F(¢) for all F € A™. This concept of amenability as a generalization of left amenability of Lau
algebras has been recently introduced and investigated by Kaniuth, Lau and Pym [10] under the name of
¢-amenability; see also Monfared [11].

More recently, the authors in [13] introduced and studied the homological concept of left ¢-biflatness of
Banach algebras. Precisely, A is called left ¢-biflat if there exists a bounded linear map p : A — (A ®, A)”
such that p(ab) = G(b)p(a) = a- p(b) and P o 0y o p(a) = ¢(a) for each a,b € A. Also A is left C-¢-biflat if there
exists C > 0 such that ||p|]| < C. The reader may also see [12] for definition of ¢-biflat Banach algebras.

The content of the paper is as follows. In Section 2, we investigate relations between left ¢-biflatness
and left ¢-amenability of (abstract) Segal algebras. For a locally compact group G, we prove that an abstract
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Segal algebra with respect to L'(G) is left ¢-biflat if and only if G is an amenable group. In Section 3, we
study left ¢-biflatness of some (concrete) Banach algebras including Lipschitz algebras Lip,(X) and {ip,(X),
lower triangular matrices LO(I, A) and also C'[0, 1].

2. Left ¢-biflatness of abstract Segal algebras

Let A be a Banach algebra with the norm || - |[4. We recall that a Banach algebra B with the norm || - || is
an abstract Segal algebra with respect to A if

(i) Bisadense leftidealin A,
(ii) there exists M > 0 such that ||b]|4 < M]|b||p for every b € B,
(iii) there exists C > 0 such that ||abl|g < Cllalll|bl|p for every a € A and b € B.

It is known that A(B) = {¢lp : ¢ € A(A)}, [2, Lemma 2.2].
Two following lemmas will be needed.

Lemma 2.1. ([16, Lemma 2.2]) Let A be a Banach algebra and let ¢ € A(A). If A is left p-amenable, then A is left
¢-biflat.

In the following example we show that the converse of Lemma 2.1 is not true necessarily.

Example 2.2. Suppose that S is a left zero semigroup with |S| > 2, that is, a semigroup with action st = s for every
s, t € S. This semigroup action induces a product on the related semigroup algebra €*(S). Indeed, we have fg = ps(9)f,
where ¢ is the augmentation character on €1(S) given by Ps(Yses As0s) = Yoses s, for all f, g € £1(S).

First we show that 1(S) is left ¢s-biflat. To see this, suppose that fy is an element in {*(S) such that ps(fo) = 1.
Define p : £1(S) — (£1(S) ®, £1(S))" by p(f) = f ® fo for all f € £*(S). One can see that

f-p@) =p(f9), p(f9) = Ps(@)p(f)

and )
¢s o1y 0 p(f) = Ps(fof) = Ps(f)

for each f,g € £1(S).
Now, we show that £'(S) is not left ¢ps-amenable, whenever |S| > 2. We assume in contradiction and suppose that
£(S) is left ps-amenable. Then there exists a bounded net (f,) in €*(S) such that

¢s(fa) =1, Gs(f)f = ¢s(N)fa = ffa=Ps()fa = 0 (f € L'(S)).

It gives that f — s(f) fo — 0 for each f € £1(S). Since S has at least two distinct elements sy and s, consider 65, and
0s, and replace them in f — ¢ps(f) fo — 0. It follows that &, = bs,, 50 51 = s, which is impossible.

Lemma 2.3. ([13, Lemma 2.1]) Suppose that A is a left ¢-biflat Banach algebra with A ker qb“'” =ker¢. Then A is
left p-amenable.

In the following example we show that the condition A ker cp”'H = ker ¢ is necessary in the above lemma.

o

Example 2.4. Let A = {[ 8

_f ] ta,pe C} be a two—dimensional subspace of M, (C) with the multiplication

P L

and with the {*-norm. Consider a character ¢p : A — C by

{3 20
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Then ker ¢ = Cl and so Aker ¢ # ker ¢. It is easy to verify that the map p : A — (A ®, A)™ define by

a BN\ _ |a -B 0 -1
5 2)-[5 Flelt o
implies that A is left ¢-biflat. But A is not left ¢-amenable, since otherwise there exists a bounded net m; =

| a]: _fj € A such that am; — ¢p(a)ym; — O for all a € A and ¢p(m;) = 1 for all j. The second equation implies that

i
Bj = 1forall j and the first relation for a = I, the identity matrix, implies that Im; — ¢(Iym; = Im;j = I — O that isa
contradiction.

Theorem 2.5. Let A be a Banach algebra and let ¢ € A(A). Suppose that B is an abstract Segal algebra with respect
to A which posses an approximate identity. Then the following statements are equivalent:
(1) Ais left ¢-biflat;

(ii) B is left ¢|p-biflat;

(ii1) Bis left ¢|p-amenable;

(iv) A is left p-amenable.
Proof. (i) = (ii) Suppose that A is left ¢-biflat. Then there exists a bounded liner map I' : A — (A ®, A)™
such that I'(ab) = a - I'(b) = ¢(b)I'(a) and gf) o1y oI'(a) = ¢(a), for all a,b € A. Since B is dense in A, we can
choose ij in B such that ¢(ip) = 1. Define R;, : A — B by R;,(a) = aio, for each a € A. Clearly R;, is a bounded

linear map. Set
p:=(R;;®R;)"oIlp: B — (B®, B)".

One can see that p is a bounded linear map such that

p(bibz) = bip(b2) = P(b2)p(b1), (b1, b2 € B),
and 5 5 }
Pl o g 0 p(b1) = Pl o 7y © (Ri, ® R;))™ o [lp(b1) = P o 74 o ['(b1) = p(b1).

It follows that B is left ¢|p-biflat.

(if) = (iii) It is immediate by Lemma 2.3.

(iii) = (iv) See [2, Proposition 2.3].

(iv) = (i) Thisis Lemma 2.1. O

Inspired by the argument in [13, Lemma 2.1] we give the following result.

Theorem 2.6. Let A be a Banach algebra with a left approximate identity and let ¢ € A(A). Suppose that B is an
abstract Segal algebra with respect to A. Then B is left ¢|p-biflat if and only if B is left p|g-amenable.

Proof. Suppose that B is left ¢-biflat. Then there exists a bounded linear map p : B — (B ®, B)™ such that
do 7 o p(b) = ¢(b) for all b € B. Let iy and R;, be as in the proof of Theorem 2.5. We denote 1 for the inclusion

map from B into A. Set
A=(®1)"opoR;:A— (A®, A)".

It is easy to see that A is a bounded linear map such that
Pomioda)=gor,o(t®1)* opoR;(a)=¢ormyopoRa)=d@),
and
by - A(b2) = b1 - (1®1)" 0 p o R;,(b2)
=(®1)" o poR;(biby)

= P(b2)(1®1)" 0 p o Rj(br)
= ¢(b2)A(b1), (b1, b2 € B).
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Suppose that K = ker ¢ (in A). We denote id for the identity mapand g: A — % for the quotient map. Let
C be the bounded linear map specified by

A
Ci=(ida®q) 0 A: A > (A®, 2)".

Since A has a left approximate identity, AK" " = K. Thus for each k € K we have

() = (ida ® )" 0 A(K) = (id4 ® ) © Adlimak,) = lim ¢(k,)(ids ® ) © A(@) =0,

for some sequences (4,) in A and (k,) in K. So C induces a map on % which still is denoted by C. Since

A A
i = C,wehave A®, z = A. So we can assume that m = ((ip + K) € A*. Consider

bm = bC(ip + K) = C(big + K) = C(P(b)io + K) = p(b)m, (b € B) 1)

also

(@®P)" 0 A(b) = P o1ty © p(b) = G(b), (b€ B)

- — — — A —
and ¢ o (ida ® ¢)" = (¢ ® )", where ¢ is a character on i given by ¢(a + K) = ¢(a) for each a € A. These
facts follow that

P(m) = P o L(ip + K) = P o (ida ® )™ o A(ip)
= (@® )" o Alio)
= J) o 7'{? [¢] p(l())
= ¢(io) = 1.

Since B is dense in A, by (1) am = ¢(a)m for all a € A. It follows that A is left p-amenable. Replacing m with
mip, we can assume that m € B”. So B is left ¢|g-amenable. The converse is valid by Lemma 2.1. [

2)

A Banach algebra A with ¢ € A(A) is called ¢-inner amenable if there exists a bounded net (a,) in A such that
aa, —a.a — 0 and ¢(a,) = 1foralla € A, [8].

Lemma 2.7. Let A be a Banach algebra and let ¢ € A(A). Suppose that A is left p-biflat and p-inner amenable. Then
A is left ¢p-amenable.

Proof. Suppose that A is left ¢-biflat. Then there exists a bounded linear map p : A — (A ®, A)™ such that
p(ab) = a- p(b) = p(b)p(a) and P o 7'y o p(a) = P(a), for all a,b € A. Since A is ¢-inner amenable, there exists
a bounded linear net (a,) in A such that aa, —a,a — 0 and ¢(a,) = 1, for all a € A. Define m, = p(a,). It is
easy to see that (1m,) is a bounded net in (A ®, A)™ such that

a-my—P@aym, =0, ¢omy(my)—1, (a € A).
Using Banach-Alaoglu theorem (1m,) has a w*-cluster point in (A ®, A)™, say M. One can show that
a-M=¢@M, ¢or;(M)=1, (a€A).

So
ary (M) = p@)r; (M), ¢oms(M)=1,  (acA).

It follows that A is left ¢p-amenable. [
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Proposition 2.8. Let A be an ¢-inner amenable Banach algebra and ¢ € A(A). Suppose that B is an abstract Segal
algebra with respect to A. Then B is left ¢|p-biflat if and only if B is left ¢|p-amenable.

Proof. Suppose that B is left ¢-biflat. Let R;,, 1, g, ida, p, A, and C are the same as in the proof of Theorem
2.5. Since A is ¢-inner amenable, there exists a bounded net (a,) in A such that aa, —a,a — 0 and ¢(a,) =1,

A
for all a € A. Define m, = C(a,) € (A® E)“ = A™. Clearly (m,) is a bounded net in A*. Consider

bmy — p(b)ym,

=b(ida®q)" o (1®1)" 0 po R (ax) — P(b)(ida ® 9)™ o (1®1)™ 0 p o Rj;(as)
= (ida ® )" 0 (1®1)" 0 p o Ry, (baa) — (ida ® )" © (181)" 0 p o Ry (a:)
=([1da®g)" o (1®1)" o poR;,(bay —a.b) — 0, (beB).

Also

B(ma) = P o (ida ® )" © (1®1)" 0 poR;y(a) = P o 715 © p 0 Ri) (1) = P(aa) = 1.
Thus we found a bounded net (11,) in A* such that bm, — ¢(b)m, — 0and p(m,) = 1, for all b € B. Since (m,)
is a bounded net in A™, Banach-Alaoglu theorem yields (1,) has a w*-limit point, say M. Thus bM = ¢(b)M

and G(M) = 1 for all b € B. Since B is dense in A, aM = ¢(a)M and H(M) = 1, for all a € A. It follows that A is
left p-amenable. So by [2, Proposition 2.3], B is left ¢|g-amenable. The converse is true by Lemma 2.1. O

Let L!(G) be the group algebra of a locally compact group G with the convolution product defined by
(o0 = [ fwarndy e
G

for f,g € LY(G) and with the norm || - |l;. Let G denote the dual group of G consisting of all continuous
homomorphisms v from G into the unit circle T. Define the character ¢, € A(L}(G)) by

6.00 = [ W LG

It is known that .
A(LYG)) = {¢py : vEG);

see, for example [6, Theorem 23.7].

Corollary 2.9. Let G be a locally compact group and let ¢ € A(LY(G)). Then the following statements are equivalent:

(i) LY(G) is left ¢-biflat.

(i) Each abstract Segal algebra with respect to L(G) is left ¢-biflat.
(iii) There exists a left ¢-biflat abstract Segal algebra with respect to L1(G).
(iv) G is amenable.

Proof. (i) = (ii) Suppose that L!(G) is left ¢-biflat. By Lemma 2.3 L}(G) is left ¢p-amenable, since L!(G) has
a bounded approximate identity. From [2, Proposition 2.3] it follows that each abstract Segal algebra with
respect to L!(G) is left ¢p-amenable. Then by Lemma 2.1, each abstract Segal algebra with respect to L'(G) is
left ¢-biflat.

(1) = (iii) It is clear.

(iif) = (iv) Suppose that an abstract Segal algebra B with respect to L!(G) is left ¢|z-biflat. Since L(G)
has a bounded approximate identity, L!(G) is ¢-inner amenable. By Proposition 2.8, B is left ¢|g-amenable.
It then follows from [2, Corollary 3.4] that G is amenable.

(iv) = (i) Since G is amenable, L}(G) is left ¢p-amenable by [2, Corollary 3.4]. Now L!(G) is left ¢-biflat
by Lemma 2.1. O
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Remark 2.10. Let G be a locally compact group and L=(G) be the usual Lebesgue space as defined in [6] equipped
with the essential supremum norm || - ||l and the convolution product. Since G is compact so L*(G) € LY(G)
and then LY(G) has a bounded approximate identity (e;) such that it is an approximate identity for L°(G). Also
as LY(G) * L=(G) * LY(G) € L®(G) with max{||f * glleo, lg * flleo} < lIflllglleo for f € LYG) and g € L™(G), we
conclude that the convolution Banach algebra L*(G) is an abstract Segal algebra with respect to L'(G). Moreover,

—

A(L®(G)) = {¢py : v € G}, where
6,00 = [ Vhwax (eL ),
G
and so by Corollary 2.9 L*(G) is left ¢,-biflat and thus by Theorem 2.5 it is left ¢,-biflat for all ¢, € A(L*(G)).

Corollary 2.11. Let A be a Banach algebra and let p € A(A). Suppose that B is an abstract Segal algebra with respect
to A which is ¢|g-inner amenable. Then B is left ¢p|p-biflat if and only if A is left p-amenable.

Proof. If B is left ¢|p-biflat, then B is left ¢|p-amenable, by Lemma 2.7. Thus A is left ¢-amenable, by [2,
Proposition 2.3].

Conversely, suppose that A be left ¢-amenable. Then B is left ¢-amenable, by [2, Proposition 2.3]. Now
Lemma 2.1 gives us the result. [

3. Applications to some specified Banach algebras

Let (X, d) be a compact metric space and a > 0. Set

Lipp(X) =1{f : X = C: pa(f) < o0},

where
pa(f) = Sup{—lf(;c()x’—yj;()(y)l x,yeX,x#y)
and also
Cipa(X) = {f € Lipa(X) : W;()%yf)iy)' -0 as d(x,y)— 0.
Define
Iflle = lIflleo + palf),
where

Iflleo = supflf(x)] : x € X}.

With the pointwise multiplication and the norm || - ||, Lip,(X) and {ip,(X) become Banach algebras, called
Lipschitz algebra of order a and little Lipschitz algebra of order a, respectively. It is well-known [14,
Lemma 3.2] that each nonzero multiplicative linear functional on Lip,(X) or {ip,(X) has a form ¢,, where
¢x(f) = f(x) for every x € X. It is worthwile to mention that if X is not compact, then Lip,(X) is always a
Banach algebra, assuming that Lip,(X) contains all bounded functions f (i.e. ||fll < o) such thatp,(f) < .
In this case and if Lip,(X) separates the points of X, the set {¢, : x € X} is dense in Lip,(X), in the Gelfand
topology. This result is actually a consequence of the general theory of function algebras and holds for
any algebra of functions on a set that is self-adjoint, inverse-closed and separates the points of X. For
further information about Lipschitz algebras see [3], [14] and [15]. Hu, Monfared and Traynor in [7] studied
character amenability of Lipschitz algebras. Recently C-character amenability of Lipschitz algebras have
been investigated in [4].

Theorem 3.1. Let X be a compact metric space and let A be either Lip,(X) or {ip,(X) and x € X. Then the following
statements are equivalent:

(i) Ais left C-¢y-biflat;

(i) X is finite.
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Proof. (i) = (ii) Suppose that A is left C-¢,-biflat. Since A is unital so by Lemma 2.7, left C-¢,-biflatness of
A implies that C > 1 and A is left C-¢y-amenable. It follows from [4, Proposition 2.1] that ||¢, — ¢,[| > c1
for each distinct elements x, y € X. On the other hand

llpx = Pyll = |?up lpx(f) = Py ()l = ”?uP If(x) = f(y)l < d(x, y)*.

Iflla=1 lla<1

Hence d(x, y)* > C™!, whence X is uniformly discrete. So X is finite.
(i1) = (i) Itis clear. O

In the sequel we study left ¢-biflatness of lower triangular Banach algebras.
Suppose that I is a totally ordered set which has a smallest element. LO(I, A) is denoted for the set of all
lower triangular matrices which the entries come from A. With usual matrix operations and also with the
finite £!-norm, one can see that LO(I, A) is a Banach algebra. Let iy be the smallest element of I and also
¢ € A(A). Define ;, : LO(I, A) — C by ¢ ([aij]) = ¢(aiyi,), for each [a;;] € LO(I, A). We can see that 1;; is a
non-zero character on LO(!, A).

We recall that a Banach algebra A with ¢ € A(A) is approximately left ¢p-amenable if there exists a (not
necessarily bounded) net (1m,) in A such that am, — ¢(a)m, — 0 and ¢p(m,) = 1foralla € A, [1].

Theorem 3.2. Let A be a Banach algebra and let ¢ € A(A). Suppose that A has an element ay such that aay = apa
and ¢(ag) = 1. Let I be a totally ordered set with smallest element. Then LO(I, A) is left 1;,-biflat if and only if |I| = 1
and A is left ¢-biflat.

Proof. Suppose that LO(, A) is left ¢ -biflat. We denote F(I) for the collection of all finite subsets of I. It is
known that by inclusion F(I) is an ordered set. For each y € F(I), put ey = [a,-]-],-, jels with aij = ag whenever
i = j € y otherwise a;; = 0. It is easy to see that ae, —e,a — 0 and ¢;,(e,) = 1, for each a € LO(I, A). By
similar arguments as in Lemma 2.7 it is easy to see that left i;,-biflatness of LO(I, A) gives that LO(I, A)
is approximately left 1;-amenable. So there exists a net (a,) in LO(I, A) such that aa, — ¥ (a)a, — 0 and
Vi, (ay) =1, for alla € LO(I, A). Set

L ={[a;;] € LO(I, A) : a;j = 0, whenever j # io}.

It is easy to see that L is a closed ideal of LO(I, A) with ¢, |; # 0. Suppose that i; is an element of L such that
Y;,(i1) = 1. Replacing the net (a,) with (a,71), we can assume that a, € L such that aa, — ¢;,(a)a, — 0 and
Vi, (ay) = 1, for all a € L. We claim that |I| = 1. Suppose conversely that |I| > 1. Set

a0 0 0 0 0
at, 0 0 a0 0

ag=| A ,
a{l

where ag o is an element of A such that gb(ag Z.0) = 1. Thus la, — ¢;,(I)a, — 0, follows that ﬂoﬂﬁz W 0. Take
¢ on this equation gives that cp(aoaf[‘)io) = qb(ao)(p(agio) = ¢a;, ) — 0. But ¢(a}, ) = Vi, (ay) = 1, which is a
contradiction. So |I| = 1 and A is left ¢-biflat.

The converse is clear. [

At the end we illustrate an example of a Banach algebra which is neither left ¢-biflat nor left ¢-amenable.

Example 3.3. Let A = C![0,1], the space of all complex-valued differentiable maps on [0,1] with continuous
derivative. With the pointwise multiplication and ||f|lcio1) = l|flleo + 11 f'llco, A becomes a Banach algebra. We know
from [9, Example 2.2.9] that the character space of A is

A(A) = {1 ¢i(f) = f(t) for each t € [0,1]}.
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Clearly A is commutative, so A is ¢y-inner amenable. The map D : A — C given by D(f) = f'(t), is a non-zero point
derivation at ¢; for arbitrary t € [0,1]. Thus by [10, Remark 2.4] A is not left ¢-amenable for each t € [0,1]. Next,
we claim that A is not left ¢-biflat for each t € [0, 1]. For if A is left ¢;-biflat for some t € [0, 1], then it must be left
¢-amenable by Lemma 2.7, which is not the case.

Acknowledgment: The authors wish to thank the anonymous referee for his/her careful reading of the
manuscript and his/her useful suggestions and comments.
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