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A regularized trace of an even-order differential operator with bounded
operator coefficient given in a finite interval

Fatma Aydin Akgun?, Mamed Bayramoglu®

*Department of Mathematical Engineering, Yildiz Technical University,Istanbul, Turkey
YInstitute of Mathematics and Mechanics, NAS of Azerbaijan, Azerbaijan

Abstract. In this study, we obtain a regularized trace formula of an even-order differential operator with
a bounded operator coefficient given in a finite interval.

1. Introduction

Let H be separable Hilbert Space with infinite dimension. In Hilbert space H1 = L,(0, 7, H), we consider
the operators Ly and L which are defined by the differential expressions

Lo(y) = (-1)"y®"(x)

L(y) = (-1)"y®(x) + Q(x)y(x)

respectively and same boundary conditions
YO0 =y (0)=..=y* V0 =y(n) =y (1) = ... = y*"2(n) = 0.

Let the operator function Q(x) satisfies the conditions given below.

1.For all x € [0,7], Q(x) : H — H is a self adjoint kernel operator. Q(x) has a second order continuous

derivative in the interval [0, 7] according to the norm in space o1(H). Here 01(H) : H — H is the space of
kernel operators [7],

2101l < &=t

e
3.H has an orthonormal basis {¢k}? ; where 7 [|Q(x)@xl| < oo.

The inner products in the spaces H; and H will be denoted by (.,.) and (., .)n, respectively. Further, the sum

of eigenvalues of a kernel operator A will be denoted by trA and the norm in H will be denoted by ||.||g
The spectrum of the operator Lo is the set

(o8]

oto) = {(m + 37}

m=0

2020 Mathematics Subject Classification. Primary 34K08; Secondary 34105, 34L10.
Keywords. Regularized trace; Operator coefficient; Differential operator.
Received: 03 June 2022; Accepted: 25 July 2022

Communicated by Dragan S. Djordjevi¢

Email addresses: fakgun@yildiz.edu.tr (Fatma Aydin Akgun), azadbay@gmail.com (Mamed Bayramoglu)



F. Aydin Akgun, M. Bayramoglu / Filomat 37:11 (2023), 3391-3401 3392

Each point of this set is an eigenvalue of the operator Ly with infinite multiplicity. Orthonormal eigenvectors
corresponding to the eigenvalue (m + 3)*" are

Wk(x) = \/gcos (m+ %)x(pk, k=1,2,..). (1)

Let the resolvents of the operators Ly and L be RY and R), respectively. Let the operator Q : H; — H;
satisfies the conditions 1-3 given above, then the following can be proved:

1)QRY € 01(Hy), for all A # o(Lo).

ii)The spectrum o(L) of the operator L is a subset of the combination of discrete intervals

B = [n+ 7 =1L o+ 37 +1QN] m=0,1,2,..),

ie. o(lL) c Uy  Fu.

iii)Each point of the spectrum of the operator L different from (m + 3)** belonging to the interval F,, is a
discrete eigenvalue of finite multiplicity.

iv)The series

Y = o+ %)2"] (m=0,1,2,..) @)
k=1

are absolutely convergent where {A,,};", are the eigenvalues of operator L belonging to the interval Fy,.
First, [9] obtained the theory of regularized trace of ordinary differential operators. After this study,
several mathematicians developed regular trace formulas for several differential operators with scalar
coefficients(See [5], [8]-[12], [16]). The lists of the studies related to this subject are given in [13] and [14]. In
addition, regularized trace formulas of the differential operators with operator coefficients are investigated

in several studies. Some of these studies are [1]-[4],[6] and [15].
This article aims to calculate the regularized trace of the differential operator L with operator coefficient

Q(x).

2. Relations between Resolvents and Eigenvalues
For every A € p(L) = R\o(L),
QR?\ €01 (Hl)

Therefore (R) — R)) € 01(H1) can be seen from the formula R = R} - R,QRY.
On the other hand, considering that the series

Z[Amk - (m + %)Zn] (m = 0, 1,2, )
k=1

is absolutely convergent, we can obtain

S 1 1
O W e e

[6].If this equation is multiplied by 52 and integrated over the circle

1 1 3
M=ty =30+ 37+ @+ 37| peNpz1
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then

1 RO _ shy 1
s ARy~ R = IAZZ[ Tk A <m+%>2"—A}dA

IAI=b, w p, M0k

1 Sl 1
i Y Z;[ mk_/\_(m+%)2”—)\]d)\

IAI=b, m=p+1 k:

is obtained. Form <pandp >1,

2n_1

1211_ 12n 1214 3 1[ 1271 §2n]_
(m+ ) = QI < Ak < (m+ )" +1IQN < (p + 57"+ S5 < 5|+ )+ + 57| = b

Since,
Akl <bp;m <p; p=>2Lk=1,2,..,

thenform >p >1,

1.,, n 3 -1 1 Lion 3 \2n
Mok 2 (m+ 2 = 11Qll > (p + 5 )2 ~ e > 5P+ ) +(”+§)2]:b”

Therefore
Ak > bp;m>p21k=1,2,..

From (3), (4) and (5),

1 1 A 1 A

IA1=b, m=0 n=1 I=b, IA[=b,

> v | 1 A 1 A ke 1,,
+ Z Z ﬁ f —A m+1)27ldA_ﬁ /\—/\mde —ZZ[(W['FE) _Amk]

m=p+1 n=1 A= IAI=b, m=0 k=1

is obtained. By using the formula Ry = R{ — R\QR}, we get
Ry~ RS = 2( 1Y/R}(QRY) — Ry(QRS)’.

If this expression is substituted in equation (6), we find

i i [(m + %)2" - Amk] = i (gl)i Atr[RY(QRY)/1dA — % f Atr[Ry(QRY)’JdA.

[Al=by [Al=by

My = S0 [ AR QRy I,

Al=b,

3393
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and

ii[ Ak — m+ )Zn] ZMp]+M (10)

Theorem 2.1. If the operator function Q(x) satisfies the 3rd condition, then
0 [ ety
IAI by

Proof. It can be shown that the operator function QR in the p(Lo) region is analytical with respect to the
norm in the space 01(H1) and

tr{[(@RY'} = jtr[(QRSY (@RS (11)
Considering that (QR})" = Q(R{)?, the formula (11) can be written as

tr{[(QRS )J] b= jtr[RY(QRYY]. (12)
From (8) and (12),we have

_1\j+1
My = G [ antQryyTian

2mij
[AI=bp

Hence,

M, = ﬁ f r{IAMQRY)T - (QRY)/}dA = ﬂ f tr{(QR})1dA +

D™ {IA(QRY)T'}dA. (13
2 27ij 27ij f HIAQRYTIA. (13)
[Al=by [Al=by [Al=by

It can easily be shown that
tr{[AQRYYT'} = {tr[AQRTY-
Thus,
| mary = [ triaQrsyyar 19
IAI=b, IAI=b,
The integral on the right side of this equation can be written as
f {trAQRYY 1Y dA = f {trIAMQRYY 1YV dA + f {tr[AQRY)/ 1Y dA. (15)
A=, IAI=by ImA>0 IAl=by, ImA<0

Let ¢y be a constant that satisfies the condition 0 < &y < b, — (p + 3)**. Considering that the function
tr[/\(QRg)j ] is analytical in its simply connected regions

Gr={AeC:by—eo<|A| <by+ o, ImA > —¢g},
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Gy ={AeC:by—eo <I|Al <by+ &g, ImA < &g},
and
{AeC: [Al=by,, ImA=0}cCGy,
{AeC: |Al=by,, ImA<O0}CGy,

from (15), we obtain
f {tr{AQROYIV A = trl~b,(QRY, /] - trlb,(QRS )] + tr1b,(QRY )] — tr[~,(QR%, )] = 0. (16)
Al=b,
Finally, from (13), (14) and (16), we have
cy - [ trtyan
IAI b,

O

3. Regularized Trace Formula

In this section, we will find the formula for the sum of the following series

T

Z[Amk (m + )2"]— f Q)

m=0 | k=1 0

oo

The sum of this series is called the regular trace of the L operator.
According to Theorem (2.1)

=—— f tr(QR YdA. 17)
|/\| b,
Let {\Pmk}m 0, 1o, be the eigenvectors system of the Ly operator and orthonormal basis of the space Hy, from
17)
Sh e (Q\ymkz mk)
= ROW,,,, W =——
Mpl 2711 _0;(Q mnrs mn d/\ i f Z_O; (m + —
[Al=b, "0 K= |AI=b,
(o) (o) 1
Y Y@ g [ (18)
=0 k=1 s, (m +3)

is obtained. Since, for m < p,
1 2n — 1 [ 1 2n % 2"]
(m+ 5P <by =5 |+ "+ (p+ 3,

and for m > p,

1271 _1» 1271 §2n
(m+2) >bp—2_(p+2) +(p+2)]
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from equation (18) we have

p )
Mpl = Z Z(Q\ymk/ \ymk)zini f (m n 1)271 mZ: kZ QWi Wink)-

m=0 k=1 IAI=b,

By using (1) and (19), we find

p
My = ZZf (Q(x)\/jcos(m+ )ka,[cos(m+ =)XQi)pdx

m=0 k=1
=— Z Z f (QU)Pr, Pi)r cos® (m + )xdx = Z Z f (Q)Pr, Pr)u(1 + cos (2m + 1)x)dx
m=0 k=1 m=0 k=1

Since f (Q@)@r, pr)a = trQ(x), from (20), we write
n=1

My = — f trQ(x)dx + — Z f trQ(x) cos (2m + 1)xdx.

m=0
Lemma 3.1. If the Q(x) operator function satisfies the 2nd and 3rd conditions, then

IRAll < constp=2"+D)

on the circle |A| = b,

When 2nd and 3rd conditions are satisfied,

Pl <[ om+ 3 2P QUL G+ 2P +1QI| m=0,1,2.)

and

2n_1

3
At = (m + )Z”I < QI < =57

2ol (m=0,1,2,..;k=0,1,2...).

Considering these relations, for m < p, we have

1 1 Zl’l
—)2"|—|Amk—(m+§) |

1 2n 1 2n
_ = — — — - — > -
|Amk A| |A (m + 2) (/\mk (m + 2) )| = |A (m + 2

10, 32 — 3.2n 2n 3% —
> I/\l - (m + E) - 22n+1 = 2 [(p +35 ) + (p + E) ] (p 2) - 22n+1
17 3, 1,,] 3% -1 1o, 3%-1
“alpe -0 e -
> const(p® ),

and for m > p + 1, we have
1211 12n 12n 12n 12n
Pk = AL = 1+ 37" = A= (4 5P =)l 2 [ 37 = Al= [+ 372" = Al 2 ()" =141 =

32n -1 32n

3396

(19)

(20)

(21)

(22)

3 -1
22n+1

1 R L Bl | (S A A e s L e
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Moreover,
I[Rill= ma A = AT (24)

and from (22), (23) and (24), we obtain
IRAll < const(p™"*1).

Lemma 3.2. If the function Q(x) satisfies the 2nd and 3rd conditions,
IQR Ity < const(p*™*")

on the circle |A| = b,

Proof. For A ¢ a(Ly)

Y Y QR Wl = Y Y o+ 2P = AP QW

m=0 k=1 m=0 k=1
=YY o+ P AP f IIQ(x)\/7 cos (m + )il
m=0 k=1
) \/% Y Yl - A f QW cos” m + 2]’
m=0 k=1
<Z_},,Z_;'m+ S = AT f 1QE) il —Z|<m+ SV - A 1Z|IQ o (25)

Hence, we find

0o

Y Y IQRSWull < 00 (A € olLo)).

m=0 k=1

Since {W}>_, 2, is an orthonormal basis of H; space,

QRS loycrty < Y Y IQRG Wil (26)

m=0 k=1

can be written [1].From (25) and (26)

QR o s, <Z||Q(x)<Pk||Z|(m+ S = Ar 27)

m=0

is obtained. On |A| = b, circle O

(9]

Yl 2 - A1 = Z|<m+ S —A + 2 O+ 2" = AT

m=0 m=p+1

4 -1 )

p )
DN M S DM (- A B M CRS e

m m=p+1 m=0 m=p+1

o
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P 00 s
1 1
—2n+1 N2 _ -1 —2n+2 ~\2n _ -1
<c0nsth + Z ((m+ 5" = 1A < constp™"*2 + Z ((m+ 37" = 12D,
m=0 m=p+1 m=p+1
and
. 1 2n -1 _ 3 2n 1 2ny\—1 . 1 2n -1
Y (s =T = () = T Y () = 1AD
m=p+1 m=p+2
< constpl_z" + i ((m + 1)2" _ (p + §)2n)—1
2 2 ’
m=p+2
Moreover,
- 1 3 o 5 Boms [ 3 2y
Y, (e 3P e D (e 2 - D [ - e S e
m=p+2 s
p+3
Let x*" — (p + 3)*" = t, then
2n 3 2ny—1 1 1 21y & —1 1 9
@ =(p+5)™) dx = o [+ (p + ) )2 dt < 32t
P+% (p+%)2n_(p+%)2n (p+%)2)1_(p+%)2n
1 (o]
tﬂ -1 _ (211—1)2
T < const(p*~ 1) 2 = const(p™ =
21 = -

From (30) and (31), we obtain

(o]
n—1)2

Y (m %V” —(p+ §>Z">-1 < const(p! ¥ +p~ )

m=p+2

Moreover, from (28), (29) and (32), we get

[ee)
on-1)2

1
Z |(m + E)Z" —AI™! < const(p®™" + p“T)
m=0
and from (27) and (33), we get

QR llo, s, < const(p®>")

Now we will show that lim M, = 0. According to Theorem 2.1,

p—)OO

- = f HI(QR)1dA.

IM by

Since tr(QRJ)* = y Z((QR YWk, W), then
m=0 k=1

47‘[1 [Z Z( )z\pmk/ W) ldA.

3398
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Also we have

0 _ Q‘ymk
QRA\ymk - —(m n %)Zn Py
and
(QRY Wi = o ORIQW, = (1 + )% = 1) ORY y Z(mek, ) Wt
(m+3)*" — =01
1 \ym ’ miky
— ((m + E)2;1 _ A)—l Z_Okz (Q k1 )zn _k Q\ymlkl- (35)

By using (34) and (35), we write

p2 _ 4L i i i N (Q\pmkz \Pmlkl)(Q\ymlky\ymk) da. (36)

== ooy (A= (m+ A = (my + 3)?)

By taking the following equality into consideration for (m + 3)*" < b, and (m1 + 3)** < b, ((m + 1)*" > b, and
(my + 3)*" > by),

1 1 1 1
= — dA =
A= tm+ D)y + )" / [(A—(m+ D) (A= (m +%>2">] D )

AI=b, AI=b,
we can write the equation (36) as

p

1 b el e dA
M= Ll L LQT k)@ mk)fo Ly L= (4 5P = Gy + D)

k=1 my=p+1 k=1

Form<pandm; >2p+1,

1 dA ~ 1
27t Jpjep, (A= (m+ )P = (my + 3)?7) - (m+ 5) = (my + 32

Therefore

l ve v v 1
MPZZﬁZZ Z Z( %)2;1 (m1+%)2n|(Q‘ymk’\pmlkl)|2'

From here, we get

Mol < Z‘ Z‘ 4 (my + 4 (p+ 1y L

mi=p+1k;=1 m=0 k=

(o) (o) (e8]

QWi W) P = Y . Y 1Q I
1

Lyan _ 1y2
my=p+1 (’,’11-'-2)7Z (p+2)n k=1

(37)

If the operator function Q(x) satisfies its 3rd condition, then

Y QW = Y| f Q) @ cos (m + 3l < Y fo IQEprldx = ) IQIPHIE < const (38)
k=1 k=1 Y0 k=1 k=1
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is obtained. From (32), (37) and (38), we have

[Myal < const(pl~2 + p~*5),
thus,

;}i—{{}o My =0 .
is obtained. The equality

lim M3 = 0 )

p—o0
can be proved similarly.
Theorem 3.3. If the operator function satisfies the conditions 1-3, then
= [ o 1o, 1 (T 1
YA A= m+ 5=~ | #rQEdx = Z[tQ(0) = trQ()]
m=0 (k=1 2 TJo 4

Proof. By using Theorem 2.1, Lemma 3.1 and Lemma 3.2, we have

Myl < f r(QRYYHdA| < f 1EH(QRO) A < f QRO oyl < f QROYHIQRY o, A

A1=b, [Al=b, [Al=b, Al=b,

< f p3(1_2")p(2_2")|dA| < const(p5‘8"p2”) = const(p5‘6”) 41)
IAl=b,

From (9) and again by using Lemma 3.1 and Lemma 3.2, we get

M= | f AR (QR)IA| < f AR (QROPIIAA] < b, f 1IR3 (QRO)® oy et A
IAI=b, IAI=b, IAI=b,

<b f IRANNCQRE) TMQR o, 1) [dAI < constb, f pP 2P A < constp® 12
IAI=b, I=b,
= const(p”°") (42)
From (41) and (42) we obtain

lim My = lim M, = 0. (43)

p—0oo p—oo
From (10) and (21),we get
ks 1o, p+1 (™ v (7 :
mzzokz_;mmk —(m+ )" = fo rQUdx + ~ Z:;)fo trQ(x) cos (2m + 1)xdx + ;M,,j +M,. (44)
Also from (39), (40), (43) and (44) we get

Z {Z[/\mk —(m+ %)2;1] _ % fon trQ(x)dx} = %mzzo f: trQ(x) cos 2m + 1)xdx (45)

m=0 \ k=1
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Using the fact that the operator function Q(x) satisfies the first condition,for the expression on the right side
of equation (45), we get

1 0o fn 1 (o) 7T 1 00 T
— trQ(x) cos (2m + 1)xdx = — f trQ(x) cosmxdx — — Y (-1)" f trQ(x) cos mxdx
n mz‘:() 0 2n mzzl 0 2m mZ=l 0

= 411 ;[% jo‘ i trQ(x) cos mxdx] cos m0 + }1[% fo ) trQ(x)dx] cos 0 — 411 n;[% j(; ) trQ(x) cos mxdx] cos mm
+31[% fo " trQ(x)dx] cos Ot = }L[trQ(O) — trQ(m)] (46)

Finally, from (45) and (46), we obtain.

O

(o)

A Yl + 71 [ o = 11600 - QL @)

m=0 1
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