
Filomat 37:11 (2023), 3391–3401
https://doi.org/10.2298/FIL2311391A

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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A regularized trace of an even-order differential operator with bounded
operator coefficient given in a finite interval
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Abstract. In this study, we obtain a regularized trace formula of an even-order differential operator with
a bounded operator coefficient given in a finite interval.

1. Introduction

Let H be separable Hilbert Space with infinite dimension. In Hilbert space H1 = L2(0, π,H), we consider
the operators L0 and L which are defined by the differential expressions

L0(y) = (−1)ny(2n)(x)

L(y) = (−1)ny(2n)(x) +Q(x)y(x)

respectively and same boundary conditions

y′(0) = y
′′′

(0) = ... = y(2n−1)(0) = y(π) = y
′′

(π) = ... = y(2n−2)(π) = 0.

Let the operator function Q(x) satisfies the conditions given below.
1.For all x ∈ [0, π], Q(x) : H → H is a self adjoint kernel operator. Q(x) has a second order continuous
derivative in the interval [0, π] according to the norm in space σ1(H). Here σ1(H) : H → H is the space of
kernel operators [7],
2.∥Q∥ < 32n

−1
22n+1 ,

3.H has an orthonormal basis {φk}
∞

k=1 where Σ∞k=1∥Q(x)φk∥ < ∞.
The inner products in the spaces H1 and H will be denoted by (., .) and (., .)H, respectively. Further, the sum
of eigenvalues of a kernel operator A will be denoted by trA and the norm in H will be denoted by ∥.∥H
The spectrum of the operator L0 is the set

σ(L0) =
{
(m +

1
2

)2n
}∞

m=0
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Each point of this set is an eigenvalue of the operator L0 with infinite multiplicity. Orthonormal eigenvectors
corresponding to the eigenvalue (m + 1

2 )2n are

Ψmk(x) =

√
1
π

cos (m +
1
2

)xφk, (k = 1, 2, ...). (1)

Let the resolvents of the operators L0 and L be R0
λ and Rλ, respectively. Let the operator Q : H1 → H1

satisfies the conditions 1-3 given above, then the following can be proved:
i)QR0

λ ∈ σ1(H1), for all λ , σ(L0).
ii)The spectrum σ(L) of the operator L is a subset of the combination of discrete intervals

Fm =
[
(m +

1
2

)2n
− ∥Q∥, (m +

1
2

)2n + ∥Q∥
]

(m = 0, 1, 2, ...),

i.e. σ(L) ⊂ ∪∞m=0Fm.
iii)Each point of the spectrum of the operator L different from (m + 1

2 )2n belonging to the interval Fm is a
discrete eigenvalue of finite multiplicity.
iv)The series

∞∑
k=1

[
λmk − (m +

1
2

)2n
]

(m = 0, 1, 2, ...) (2)

are absolutely convergent where {λmk}
∞

k=1 are the eigenvalues of operator L belonging to the interval Fm.
First, [9] obtained the theory of regularized trace of ordinary differential operators. After this study,
several mathematicians developed regular trace formulas for several differential operators with scalar
coefficients(See [5], [8]-[12], [16]). The lists of the studies related to this subject are given in [13] and [14]. In
addition, regularized trace formulas of the differential operators with operator coefficients are investigated
in several studies. Some of these studies are [1]-[4],[6] and [15].
This article aims to calculate the regularized trace of the differential operator L with operator coefficient
Q(x).

2. Relations between Resolvents and Eigenvalues

For every λ ∈ ρ(L) = R\σ(L),

QR0
λ ∈ σ1(H1).

Therefore (Rλ − R0
λ) ∈ σ1(H1) can be seen from the formula Rλ = R0

λ − RλQR0
λ.

On the other hand, considering that the series

∞∑
k=1

[λmk − (m +
1
2

)2n] (m = 0, 1, 2, ...)

is absolutely convergent, we can obtain

tr(Rλ − R0
λ) =

∞∑
m=0

∞∑
k=1

 1
λmk − λ

−
1

(m + 1
2 )2n − λ


[6].If this equation is multiplied by λ

2πi and integrated over the circle

|λ| = bp =
1
2

[
(p +

1
2

)2n + (p +
3
2

)2n
]

(p ∈N, p ≥ 1)
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then

1
2πi

∫
|λ|=bp

λtr(Rλ − R0
λ)dλ =

1
2πi

∫
|λ|=bp

λ

p∑
m=0

∞∑
k=1

 1
λmk − λ

−
1

(m + 1
2 )2n − λ

 dλ
+

1
2πi

∫
|λ|=bp

λ
∞∑

m=p+1

∞∑
k=1

 1
λmk − λ

−
1

(m + 1
2 )2n − λ

 dλ (3)

is obtained. For m ≤ p and p ≥ 1,

(m +
1
2

)2n
− ∥Q∥ ≤ λmk ≤ (m +

1
2

)2n + ∥Q∥ < (p +
1
2

)2n +
32n
− 1

22n+1 <
1
2

[
(p +

1
2

)2n + (p +
3
2

)2n
]
= bp.

Since,

|λmk| < bp; m ≤ p; p ≥ 1; k = 1, 2, ..., (4)

then for m > p ≥ 1,

λmk ≥ (m +
1
2

)2n
− ∥Q∥ > (p +

3
2

)2n
−

32n
− 1

22n+1 >
1
2

[
(p +

1
2

)2n + (p +
3
2

)2n
]
= bp.

Therefore

λmk > bp; m > p ≥ 1; k = 1, 2, .... (5)

From (3), (4) and (5),

1
2πi

∫
|λ|=bp

λtr(Rλ − R0
λ)dλ =

p∑
m=0

∞∑
n=1

 1
2πi

∫
|λ|=bp

λ

λ − (m + 1
2 )2n

dλ −
1

2πi

∫
|λ|=bp

λ
λ − λmk

dλ


+

∞∑
m=p+1

∞∑
n=1

 1
2πi

∫
|λ|=bp

λ

λ − (m + 1
2 )2n

dλ −
1

2πi

∫
|λ|=bp

λ
λ − λmk

dλ

 =
p∑

m=0

∞∑
k=1

[
(m +

1
2

)2n
− λmk

]
(6)

is obtained. By using the formula Rλ = R0
λ − RλQR0

λ, we get

Rλ − R0
λ =

4∑
j=1

(−1) jR0
λ(QR0

λ)
j
− Rλ(QR0

λ)
5.

If this expression is substituted in equation (6), we find

p∑
m=0

∞∑
k=1

[
(m +

1
2

)2n
− λmk

]
=

4∑
j=1

(−1)i

2πi

∫
|λ|=bp

λtr[R0
λ(QR0

λ)
j]dλ −

1
2πi

∫
|λ|=bp

λtr[Rλ(QR0
λ)

5]dλ. (7)

Let

Mpj =
(−1) j+1

2πi

∫
|λ|=bp

λtr[R0
λ(QR0

λ)
j]dλ, (8)
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and

Mp =
1

2πi

∫
|λ|=bp

λtr[Rλ(QR0
λ)

5]dλ. (9)

Then the equation (7) can be written as

p∑
m=0

∞∑
k=1

[
λmk − (m +

1
2

)2n
]
=

4∑
j=1

Mpj +Mp. (10)

Theorem 2.1. If the operator function Q(x) satisfies the 3rd condition, then

Mpj =
(−1) j

2πi j

∫
|λ|=bp

tr[(QR0
λ)

j]dλ.

Proof. It can be shown that the operator function QR0
λ in the ρ(L0) region is analytical with respect to the

norm in the space σ1(H1) and

tr
{[

(QR0
λ)

j
]′}
= jtr

[
(QR0

λ)
′(QR0

λ)
j−1
]
. (11)

Considering that (QR0
λ)
′ = Q(R0

λ)
2, the formula (11) can be written as

tr
{[

(QR0
λ)

j
]′}
= jtr

[
R0
λ(QR0

λ)
j
]
. (12)

From (8) and (12),we have

Mpj =
(−1) j+1

2πi j

∫
|λ|=bp

λtr{[(QR0
λ)

j]′}dλ.

Hence,

Mpj =
(−1) j+1

2πi j

∫
|λ|=bp

tr{[λ(QR0
λ)

j]′−(QR0
λ)

j
}dλ =

(−1) j

2πi j

∫
|λ|=bp

tr[(QR0
λ)

j]dλ+
(−1) j+1

2πi j

∫
|λ|=bp

tr{[λ(QR0
λ)

j]′}dλ. (13)

It can easily be shown that

tr{[λ(QR0
λ)

j]′} = {tr[λ(QR0
λ)

j]}′.

Thus, ∫
|λ|=bp

tr{[λ(QR0
λ)

j]′}dλ =
∫
|λ|=bp

{tr[λ(QR0
λ)

j]}′dλ. (14)

The integral on the right side of this equation can be written as∫
|λ|=bp

{tr[λ(QR0
λ)

j]}′dλ =
∫

|λ|=bp,Imλ≥0

{tr[λ(QR0
λ)

j]}′dλ +
∫

|λ|=bp,Imλ≤0

{tr[λ(QR0
λ)

j]}′dλ. (15)

Let ε0 be a constant that satisfies the condition 0 < ε0 < bp − (p + 1
2 )2n. Considering that the function

tr[λ(QR0
λ)

j] is analytical in its simply connected regions

G1 = {λ ∈ C : bp − ε0 < |λ| < bp + ε0, Imλ > −ε0},
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G2 = {λ ∈ C : bp − ε0 < |λ| < bp + ε0, Imλ < ε0},

and

{λ ∈ C : |λ| = bp, Imλ ≥ 0} ⊂ G1,

{λ ∈ C : |λ| = bp, Imλ ≤ 0} ⊂ G2,

from (15), we obtain∫
|λ|=bp

{tr[λ(QR0
λ)

j]}′dλ = tr[−bp(QR0
−bp

) j] − tr[bp(QR0
bp

) j] + tr[bp(QR0
bp

) j] − tr[−bp(QR0
−bp

) j] = 0. (16)

Finally, from (13), (14) and (16), we have

Mpj =
(−1) j

2πi j

∫
|λ|=bp

tr[(QR0
λ)

j]dλ.

3. Regularized Trace Formula

In this section, we will find the formula for the sum of the following series

∞∑
m=0


∞∑

k=1

[
λmk − (m +

1
2

)2n
]
−

1
π

π∫
0

trQ(x)dx

 .
The sum of this series is called the regular trace of the L operator.
According to Theorem (2.1)

Mp1 = −
1

2πi

∫
|λ|=bp

tr(QR0
λ)dλ. (17)

Let {Ψmk}
∞ ∞

m=0,k=1 be the eigenvectors system of the L0 operator and orthonormal basis of the space H1, from
(17)

Mp1 = −
1

2πi

∫
|λ|=bp

∞∑
m=0

∞∑
k=1

(QR0
λΨmn,Ψmn)dλ = −

1
2πi

∫
|λ|=bp

∞∑
m=0

∞∑
k=1

(QΨmk,Ψmk)
(m + 1

2 )2n − λ
dλ

=

∞∑
m=0

∞∑
k=1

(QΨmk,Ψmk)
1

2πi

∫
|λ|=bp

1
λ − (m + 1

2 )2n
dλ (18)

is obtained. Since, for m ≤ p,

(m +
1
2

)2n < bp =
1
2

[
(p +

1
2

)2n + (p +
3
2

)2n
]
,

and for m > p,

(m +
1
2

)2n > bp =
1
2

[
(p +

1
2

)2n +
(
p +

3
2

)2n]
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from equation (18) we have

Mp1 =

p∑
m=0

∞∑
k=1

(QΨmk,Ψmk)
1

2πi

∫
|λ|=bp

1
λ − (m + 1

2 )2n
dλ =

p∑
m=0

∞∑
k=1

(QΨmk,Ψmk). (19)

By using (1) and (19), we find

Mp1 =

p∑
m=0

∞∑
k=1

∫ π

0
(Q(x)

√
2
π

cos (m +
1
2

)xφk,

√
2
π

cos (m +
1
2

)xφk)Hdx

=
2
π

p∑
m=0

∞∑
k=1

∫ π

0
(Q(x)φk, φk)H cos2 (m +

1
2

)xdx =
1
π

p∑
m=0

∞∑
k=1

∫ π

0
(Q(x)φk, φk)H(1 + cos (2m + 1)x)dx (20)

Since
∞∑

n=1
(Q(x)φk, φk)H = trQ(x), from (20), we write

Mp1 =
p + 1
π

∫ π

0
trQ(x)dx +

1
π

p∑
m=0

∫ π

0
trQ(x) cos (2m + 1)xdx. (21)

Lemma 3.1. If the Q(x) operator function satisfies the 2nd and 3rd conditions, then

∥Rλ∥ < constp(−2n+1)

on the circle |λ| = bp.

When 2nd and 3rd conditions are satisfied,

{λmk}
∞

k=1 ⊂

[
(m +

1
2

)2n
− ∥Q∥, (m +

1
2

)2n + ∥Q∥
]

(m = 0, 1, 2...)

and

|λmk − (m +
1
2

)2n
| ≤ ∥Q∥ <

32n
− 1

22n+1 (m = 0, 1, 2, ...; k = 0, 1, 2...).

Considering these relations, for m ≤ p, we have

|λmk − λ| = |λ − (m +
1
2

)2n
− (λmk − (m +

1
2

)2n)| ≥ |λ − (m +
1
2

)2n
| − |λmk −

(
m +

1
2

)2n

|

> |λ| − (m +
1
2

)2n
−

32n
− 1

22n+1 ≥
1
2

[
(p +

1
2

)2n + (p +
3
2

)2n
]
− (p +

1
2

)2n
−

32n
− 1

22n+1

=
1
2

[
p +

3
2

)2n
− (p +

1
2

)2n
]
−

32n
− 1

22n+1 > n(p +
1
2

)2n−1
−

32n
− 1

22n+1

> const(p2n−1), (22)

and for m ≥ p + 1, we have

|λmk−λ| = |(m+
1
2

)2n
−λ− ((m+

1
2

)2n
−λmk)| ≥ |(m+

1
2

)2n
−λ|− |(m+

1
2

)2n
−λmk| ≥ (m+

1
2

)2n
−|λ|−

32n
− 1

22n+1

≥ (p+
3
2

)2n
−

1
2

[
(p +

1
2

)2n + (p +
3
2

)2n
]
−

32n
− 1

22n+1 =
1
2

[
(p +

3
2

)2n
− (p +

1
2

)2n
]
−

32n
− 1

22n+1 > const(p2n−1). (23)
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Moreover,

∥Rλ∥ = max
m = 0, 1, ...
k = 1, 2, ...

{|λmk − λ|
−1
} (24)

and from (22), (23) and (24), we obtain

∥Rλ∥ < const(p−2n+1).

Lemma 3.2. If the function Q(x) satisfies the 2nd and 3rd conditions,

∥QR0
λ∥σ1(H1) < const(p2−2n)

on the circle |λ| = bp.

Proof. For λ < σ(L0)

∞∑
m=0

∞∑
k=1

∥QR0
λΨmk∥ =

∞∑
m=0

∞∑
k=1

|(m +
1
2

)2n
− λ|−1

∥QΨmk∥

=

∞∑
m=0

∞∑
k=1

|(m +
1
2

)2n
− λ|−1[

∫ π

0
∥Q(x)

√
2
π

cos (m +
1
2

)xφk∥
2
Hdx]

1
2

=

√
2
π

∞∑
m=0

∞∑
k=1

|(m +
1
2

)2n
− λ|−1[

∫ π

0
∥Q(x)φk∥

2
H cos2 (m +

1
2

)xdx]
1
2

<
∞∑

m=0

∞∑
k=1

|(m +
1
2

)2n
− λ|−1[

∫ π

0
∥Q(x)φk∥

2
Hdx]

1
2 =

∞∑
m=0

|(m +
1
2

)2n
− λ|−1

∞∑
k=1

∥Q(x)φk∥ (25)

Hence, we find

∞∑
m=0

∞∑
k=1

∥QR0
λΨmk∥ < ∞ (λ ∈ σ(L0)).

Since {Ψ}∞ ∞

m=0,k=1 is an orthonormal basis of H1 space,

∥QR0
λ∥σ1(H1) ≤

∞∑
m=0

∞∑
k=1

∥QR0
λΨmk∥ (26)

can be written [1].From (25) and (26)

∥QR0
λ∥σ1(H1) ≤

∞∑
k=1

∥Q(x)φk∥

∞∑
m=0

|(m +
1
2

)2n
− λ|−1 (27)

is obtained. On |λ| = bp circle

∞∑
m=0

|(m +
1
2

)2n
− λ|−1 =

p∑
m=0

|(m +
1
2

)2n
− λ|−1 +

∞∑
m=p+1

|(m +
1
2

)2n
− λ|−1

<

p∑
m=0

(|λ| − (m+
1
2

)2n)−1+

∞∑
m=p+1

((m+
1
2

)2n
− |λ|)−1 =

1
2

p∑
m=0

(
(p +

3
2

)2n
− (p +

1
2

)2n
)−1

+

∞∑
m=p+1

((m+
1
2

)2n
− |λ|)−1
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< const
p∑

m=0

p−2n+1 +

∞∑
m=p+1

((m +
1
2

)2n
− |λ|)−1 < constp−2n+2 +

∞∑
m=p+1

((m +
1
2

)2n
− |λ|)−1, (28)

and
∞∑

m=p+1

((m +
1
2

)2n
− λ)−1 = ((p +

3
2

)2n
− (p +

1
2

)2n)−1 +

∞∑
m=p+2

((m +
1
2

)2n
− |λ|)−1

< constp1−2n +

∞∑
m=p+2

((m +
1
2

)2n
− (p +

3
2

)2n)−1. (29)

Moreover,

∞∑
m=p+2

((m +
1
2

)2n
− (p +

3
2

)2n)−1
≤ ((p +

5
2

)2n
− (p +

3
2

)2n)−1 +

∞∫
p+ 5

2

(x2n
− (p +

3
2

)2n)−1dx. (30)

Let x2n
− (p + 3

2 )2n = t, then

∞∫
p+ 5

2

(x2n
− (p +

3
2

)2n)−1dx =
1

2n

∞∫
(p+ 5

2 )2n−(p+ 3
2 )2n

[t−1(t + (p +
3
2

)2n)
1

2n−1]dt <

∞∫
(p+ 5

2 )2n−(p+ 3
2 )2n

t
1

2n−2dt

<
t

1
2n−1

1
2n − 1

∣∣∣∣∣∣
∞

(p+ 5
2 )2n−(p+ 3

2 )2n

< const(p2n−1)
1−2n

2n = const(p−
(2n−1)2

2n ). (31)

From (30) and (31), we obtain

∞∑
m=p+2

((m +
1
2

)2n
− (p +

3
2

)2n)−1 < const(p1−2n + p−
(2n−1)2

2n ) (32)

Moreover, from (28), (29) and (32), we get

∞∑
m=0

|(m +
1
2

)2n
− λ|−1 < const(p2−2n + p−

(2n−1)2

2n ) (33)

and from (27) and (33), we get

∥QR0
λ∥σ1(H1) < const(p2−2n)

Now we will show that lim
p→∞

Mp2 = 0. According to Theorem 2.1,

Mp2 =
1

4πi

∫
|λ|=bp

tr[(QR0
λ)

2]dλ.

Since tr(QR0
λ)

2 =
∞∑

m=0

∞∑
k=1

((QR0
λ)

2Ψmk,Ψmk), then

Mp2 =
1

4πi

∫
|λ|=bp

[
∞∑

m=0

∞∑
k=1

((QR0
λ)

2Ψmk,Ψmk)]dλ. (34)
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Also we have

QR0
λΨmk =

QΨmk

(m + 1
2 )2n − λ

and

(QR0
λ)

2Ψmk =
1

(m + 1
2 )2n − λ

QR0
λQΨmk = ((m +

1
2

)2n
− λ)−1QR0

λ

∞∑
m1=0

∞∑
k1=1

(QΨmk,Ψm1k1 )Ψm1k1

= ((m +
1
2

)2n
− λ)−1

∞∑
m1=0

∞∑
k1=1

(QΨmk,Ψm1k1 )

(m1 +
1
2 )2n − λ

QΨm1k1 . (35)

By using (34) and (35), we write

Mp2 =
1

4πi

∫
|λ|=bp

∞∑
m=0

∞∑
k=1

∞∑
m1=0

∞∑
k1=1

(QΨmk,Ψm1k1 )(QΨm1k1 ,Ψmk)

(λ − (m + 1
2 )2n)(λ − (m1 +

1
2 )2n)

dλ. (36)

By taking the following equality into consideration for (m+ 1
2 )2n < bp and (m1 +

1
2 )2n < bp ((m+ 1

2 )2n > bp and
(m1 +

1
2 )2n > bp),∫

|λ|=bp

1
(λ − (m + 1

2 )2n)(λ − (m1 +
1
2 )2n)

dλ =
∫
|λ|=bp

 1
(λ − (m + 1

2 )2n)
−

1
(λ − (m1 +

1
2 )2n)

 1
(m + 1

2 )2n − (m1 +
1
2 )2n)

dλ = 0

we can write the equation (36) as

Mp2 =
1

2πi

p∑
m=0

∞∑
k=1

∞∑
m1=p+1

∞∑
k1=1

(QΨmk,Ψm1k1 )(QΨm1k1 ,Ψmk) ×
∫
|λ|=bp

dλ
(λ − (m + 1

2 )2n)(λ − (m1 +
1
2 )2n)

.

For m ≤ p and m1 ≥ p + 1,

1
2πi

∫
|λ|=bp

dλ
(λ − (m + 1

2 )2n)(λ − (m1 +
1
2 )2n)

=
1

(m + 1
2 )2n − (m1 +

1
2 )2n
.

Therefore

Mp2 =
1

2πi

p∑
m=0

∞∑
k=1

∞∑
m1=p+1

∞∑
k1=1

1
(m + 1

2 )2n − (m1 +
1
2 )2n
|(QΨmk,Ψm1k1 )|2.

From here, we get

|Mp2| ≤

∞∑
m1=p+1

∞∑
k1=1

1
(m1 +

1
2 )2n − (p + 1

2 )2n

∞∑
m=0

∞∑
k=1

|(QΨmk,Ψm1k1 )|2 =
∞∑

m1=p+1

1
(m1 +

1
2 )2n − (p + 1

2 )2n

∞∑
k=1

∥Qφm1k1∥
2.

(37)

If the operator function Q(x) satisfies its 3rd condition, then

∞∑
k=1

∥QΨmk∥
2 =

∞∑
k=1

∫ π

0
∥Q(x)

√
2
π

cos (m +
1
2

)xφk∥
2
Hdx ≤

∞∑
k=1

∫ π

0
∥Q(x)φk∥

2
Hdx =

∞∑
k=1

∥Q(x)φk∥
2 < const (38)
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is obtained. From (32), (37) and (38), we have

|Mp2| < const(p1−2n + p−
(2n−1)2

2n ),

thus,

lim
p→∞

Mp2 = 0 (39)

is obtained. The equality

lim
p→∞

Mp3 = 0 (40)

can be proved similarly.

Theorem 3.3. If the operator function satisfies the conditions 1-3, then

∞∑
m=0

 ∞∑
k=1

[λmk − (m +
1
2

)2n] −
1
π

∫ π

0
trQ(x)dx

 = 1
4

[trQ(0) − trQ(π)].

Proof. By using Theorem 2.1, Lemma 3.1 and Lemma 3.2, we have

|Mp4| ≤ |

∫
|λ|=bp

tr(QR0
λ)

4dλ| ≤
∫
|λ|=bp

|tr(QR0
λ)

4
||dλ| ≤

∫
|λ|=bp

∥(QR0
λ)

4
∥σ1(H1)|dλ| ≤

∫
|λ|=bp

∥(QR0
λ)

3
∥∥QR0

λ∥σ1(H1)|dλ|

≤

∫
|λ|=bp

p3(1−2n)p(2−2n)
|dλ| < const(p5−8np2n) = const(p5−6n) (41)

From (9) and again by using Lemma 3.1 and Lemma 3.2, we get

|Mp| = |

∫
|λ|=bp

λtr[Rλ(QR0
λ)

5]dλ| ≤
∫
|λ|=bp

|λtr[Rλ(QR0
λ)

5]||dλ| ≤ bp

∫
|λ|=bp

∥Rλ(QR0
λ)

5]∥σ1(H1)|dλ|

≤ bp

∫
|λ|=bp

∥Rλ∥∥(QR0
λ)

4]∥∥(QR0
λ)∥σ1(H1)|dλ| < constbp

∫
|λ|=bp

p5(1−2n)p2−2n
|dλ| ≤ constp4n+5(1−2n)

= const(p5−6n) (42)

From (41) and (42) we obtain

lim
p→∞

Mp4 = lim
p→∞

Mp = 0. (43)

From (10) and (21),we get

p∑
m=0

∞∑
k=1

[λmk − (m +
1
2

)2n] =
p + 1
π

∫ π

0
trQ(x)dx +

1
π

p∑
m=0

∫ π

0
trQ(x) cos (2m + 1)xdx +

4∑
j=2

Mpj +Mp. (44)

Also from (39), (40), (43) and (44) we get

∞∑
m=0

 ∞∑
k=1

[λmk − (m +
1
2

)2n] −
1
π

∫ π

0
trQ(x)dx

 = 1
π

∞∑
m=0

∫ π

0
trQ(x) cos (2m + 1)xdx (45)
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Using the fact that the operator function Q(x) satisfies the first condition,for the expression on the right side
of equation (45), we get

1
π

∞∑
m=0

∫ π

0
trQ(x) cos (2m + 1)xdx =

1
2π

∞∑
m=1

∫ π

0
trQ(x) cos mxdx −

1
2π

∞∑
m=1

(−1)m
∫ π

0
trQ(x) cos mxdx

=
1
4

∞∑
m=1

[
2
π

∫ π

0
trQ(x) cos mxdx] cos m0+

1
4

[
1
π

∫ π

0
trQ(x)dx] cos 0−

1
4

∞∑
m=1

[
2
π

∫ π

0
trQ(x) cos mxdx] cos mπ

+
1
4

[
1
π

∫ π

0
trQ(x)dx] cos 0π =

1
4

[trQ(0) − trQ(π)] (46)

Finally, from (45) and (46), we obtain.

∞∑
m=0

 ∞∑
k=1

[λmk − (m +
1
2

)2n] −
1
π

∫ π

0
trQ(x)dx

 = 1
4

[trQ(0) − trQ(π)]. (47)
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