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Abstract. We develop A-numerical radius inequalities of the product and the commutator of semi-Hilbert
space operators using the notion of A-numerical radius distance and A-seminorm distance. Further, we
introduce a pair of translatable radii of semi-Hilbert space operators in the direction of another operator
and obtain related inequalities which generalize the relevant inequalities studied in the setting of Hilbert

space.

1. Introduction and terminologies

Throughout this paper, H denotes a non trivial complex Hilbert space with inner product (.,.) and
associated norm || - ||. Let B(H) denote the algebra of all bounded linear operators acting on H. Let the

symbol I stand for the identity operator on H. For every operator T € B(H), N(T), R(T) and R(T) stand for
the null space, the range and the closure of the range of T, respectively. The adjoint of T is denoted by T".
Let B(H)* be the cone of positive operators, i.e.,

B(H) ={A € B(H): (Ax,x) > 0,Yx € H}.
An operator A € B(H)" defines a positive semi-definite sesquilinear form
(bodatHXH—=C, {(x,y), =(Ax,y), Vx,ye H.

Naturally, this semi-inner product induces a seminorm || - ||4 defined by

Il = VA 004 = [t

,VxeH.
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Observe that [|x||4 = 0 if and only if x € N (A). Then || - || is a norm on H if and only if A is an injective
operator and the semi-normed space (8 (H), || - ||4) is complete if and only if R (A) is closed. Given T € B(H),

if there exists ¢ > 0 satisfying ||Tx||4 < c||xl|4 for all x € R (A), then

ITx]| 5
ITll4 = sup Il = sup [|[Tx||4 < oo.
xeR(A) A xeR(A)
x#0 [lxll4=1

From now on, we suppose that A # 0 is a positive operator in B(H) and we denote
BYH) = (T € B(H) : |ITl|x < o}

It can be seen that 84(7H) is not a subalgebra of B(H), and ||T||, = 0 if and only if T*AT = 0. Moreover, for
T € B4(H) we have

ITlla = sup {KTx, )] 5,y € R(A) and s = o], = 1}.
For T € B(H), an operator S € B(H) is called A-adjoint of T if for every x, y € H

(Tx, y)a = {x,Sy)a,

thatis, AS = T"A. An operator T € B(H) is called A-selfadjoint if AT is selfadjoint, i.e.,, AT = T*A, and it is
called A-positive if AT is positive.

The existence of A-adjoint operator is not guaranteed. The set of all operators which admit A-adjoints is
denoted by B4(H). By Douglas theorem [10], we get

Ba(H) = {TeB(H): R(T'A) CR(A)}
= (T eB(H):Ac> 0such that |ATx|| < c||Ax||,Vx € H}.

If T € B4(H), then T admits an A-adjoint operator. Moreover, there exists a distinguished A-adjoint
operator of T, namely, the reduced solution of the equation AX = T*A, i.e., T = A'T*A, where A' is the
Moore-Penrose inverse of A. The A-adjoint operator T# satisfies

AT# = T'A, R(TH) C R(A) and N (T*) = N (T'A).
Again, by applying Douglas theorem [10], we can see that
Bun(H) ={T € B(H) : ¢ > Osuch that ||Tx||, < cllxlla, Yx € H}.

Any operator in B 412(H) is called A-bounded operator. Moreover, it was proved in [2] thatif T € B412(H),
then

ITx]| 4
ITll4 := sup =
XN (A) llxl xeH x4 =1

In addition, if T is A-bounded, then T (N (A)) C N (A) and

1Tl -

ITxlla < [IT1la llxlla ¥x € H.

Note that B4(H) and Ba2(H) are two subalgebras of B(H) which are neither closed nor dense in B(H)
(see [2, 3]). Moreover, the following inclusions

Bu(H) € Bain(H) € BAH) € B(H),

hold with equality if A is injective and has a closed range.
Now, we collect some properties of Tk and its relationship with the seminorm ||-[|4. Let T € B4(H), then
the following statements hold:
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(1) If AT = TA, then T% = P T

#a
2) Tﬁ/\ € BA((]"{)/ (TnA)ﬁA = PmTPW and ((Tﬂ" )ﬂA) = Tﬁ".

(

(3) T*T and TT* are A-selfadjoint and A-positive.

(4) If S € BA(H), then TS € Ba(H) and (TS)" = S*T*.
1 1

) Tl = [[T[|, = |77} = [T7][5.

Note that Px stands for the projection onto R (A) and henceforth we write P instead of Py for simplicity.

The concept of the classical numerical radius was generalized to the A-numerical radius (see in [23]) as
follows:

wa (T) = sup {KTx,x)al : x € H, |Ixlls =1}.
It follows that

wa (T) = wa (Tﬁf‘) for any T € Ba(H).
It is well known that for any T € B4(H)

T#p = pTh = Th.

but PT # TP and the equality holds if N (A)* is invariant for T (see [22]).
A fundamental inequality for the A-numerical radius is the power inequality (see [14, 19]), which says that
for T € Ba(H),

wa (T") < @ (T), ne€N.

Further, A-numerical radius w4(-) is a seminorm on B4 (H), and it satisfies that
1
7 ITls < wa(T) <|ITlla, )

for every T € Ba(H). Moreover, it is known that if T is A-selfadjoint, then
wa(T) =ITlls - 2)

For proofs and more facts about A-numerical radius of operators, we refer the reader to [23, 24]. Any
operator T € B,(H) can be represented as

T=RA(T)+iTA(T),
where
T + Th T —Th
3 and 34 (T) = T
Further, R 4 (T) and 34 (T) are A-selfadjoint operators. In addition, we have

[Ra (D), < wa(T)

Ra(T) =

and
||3A (T)”A <wa(T).

The A-Crawford number of T € B4(H) is defined as
ca (T) = inf {{Tx,x)4| : x € H, |Ixll4 = 1}.

Recently, several improvements of A-numerical radius inequalities are given in [17, 19, 24]. Further
generalizations and refinements of A-numerical radius are discussed in [6-9, 13].

The paper is organized as follows. In section 2, we develop new inequalities for the A-numerical radius
of the product and the commutator of operators acting on a semi-Hilbert space. In section 3, we introduce a
pair of translatable radii of a semi-Hilbert space operator in the direction of another operator, and develop
related inequalities.
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2. Inequalities involving A-seminorm distance and A -numerical radius distance

In this section, we generalize and refine some inequalities involving A-seminorm distance and A-
numerical radius distance of semi-Hilbert space operators. To give our first result, we need the following
lemma.

Lemma 2.1. Ifx,y € H with y # 0, then

_ A
in ”x_/\ HA: A” ” 2‘ A) ‘
(]

Proof. First we note the following identity which can be found in [12]:

2 2 o
inf ||a — Ab||? = llal” 1151l 2|(a, by|
e ]

foranya,b € H with b # 0.
Choosing a = Azx and b = AZy in the above identity, we get

sl latolf - [(atx, aty)[

. 2
inf A2 (x = Ay)|| =
AeC | Y ” “A%]/HZ
This implies that
| e ol — e )l
inf [lx = Ayl = == =

ol
as required. [

For our next result we need the notion of A-seminorm distance. For T € B (H), let D4 (T) denote the
A-seminorm distance of T from the scalar operators, i.e.,

Da(T) = inf IT = Allly -

By using the A-seminorm distance D4(T), we prove the following inequalities.

Theorem 2.2. Let T € B4 (H). Then

D2 (T) + & (T) < |ITlly < /DA (T) + 2 (T).

Proof. Let x € H be an A-unit vector, i.e, [[x||4 = 1. In view of Lemma 2.1, we observe that

(T3 IAXE = KTx, Ax)al2

inf || Tx — Ax|[3
inf [ITx = A}

x|
= ||ITx = KTx, x4l
< TG -4 (D).

Therefore,

inf ||Tx — Ax|? < ||ITI? = 2 (T).
;relcllx Ax|l3 < ITI, = ¢, (T)
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By taking the supremum over x € H with ||x||4 = 1, it follows that
D3 () + & (T) < ITII%.,

which gives the first inequality of the theorem. Now we prove the second inequality. From Lemma 2.1, we
have

e oI, = [ 0l = ol i e = Ayl ©

Now, replacing x by Tx and y by x in the identity (3), we obtain that

2 2 : 2
I, = T, x)4” = inf [T = A}

This implies that
2 _ . 2 2
T = inf ITx = AxI, + KTx, 04
Taking the supremum over x € H with ||x||4 = 1 in the above inequality, we get
ITI; < inf 1T = ALl + @4(T) = D} (1) + @3 (D).
€

This completes the proof. [J

Remark 2.3. The inequality in [18, Th. 2.2] follows from the first inequality of Theorem 2.2 by considering the
identity operator instead of A.

The following lemma plays a crucial role in our next proof.
Lemma 2.4. Let x,y,z € Handlet A, € C. Then
[662)4 (20l < K5, )| + inf i = Azl inf ly = oz,

Proof. On account of [11], we have

a,0) (b, ) < [(a, ] + inf lla = Acl| inf [lo - pc]

foralla,b,c € H and for every A, u € C.
Choosing a = Alx,b=A2 y andc= A%z in the above inequality, we obtain

I

[(Atx Atz) (aly, atz))

inf

< |(atx Aty)|+ int nf
u

AeC

‘A%x —AAYz

|A%y — yA%z

This implies that
|<Ax, z) (Ay,z>| < |(Ax, y>| + /l\Ie‘lé ||A% (x - )\z)“ !111615 ||A% (y- yz)”.

Thus,

[ 22a €y 2)al < (x| + inflbe = Azl inf ly - ],

as required. [
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In [11], Dragomir proved that if T € B(H), then

w*(T) < w(T?) + inf ||IT - Al (4)
AeC

The following theorem generalizes the inequality (4).

Theorem 2.5. Let T € BA(H). Then
W% (T) < 27 (o, (T?) + DX (T)),
foranyr>1.
Proof. Let x € H be an A-unit vector in H. Replacing x by Tx, y by T#x and z by x in Lemma 2.4, we get
§ 4 - - i fay —
[T, x0a (T#0,2) | < |(Tx, T |+ inf T = Axily inf [T — ]
This implies that

KT, x4 < |<T2x,x>A| + (T = AD) I, ||(T'iA - yI)x”A.

Now, by the elementary inequality (a%ﬁ)y < ar;ﬁr ,a,p>0and r > 1, we obtain

(T# — i) x”A)

Taking the supremum over x € H with ||x||4 = 1 in the above inequality, we obtain

+ (T = AD xll

(Tx, 0047 <27 ([(120,2) |

WX (T) < 271 (@ (T?) + 1T = ALl ||T% = p]]).-
Finally, by taking the infimum over A, u € C, we get
W¥(T) < 27 (@ (T?) + DY, (T) D), (T*)).

Further, for every T € B4 (H) and for every A € C one can observe that

IT= Ay = |- an®|
SO e [ (Vo
= IT= APl

Therefore, we have

Da(T*) = inf|[T% - AIl|, = inf||T* - AP,
= inf

AeC AeC
— \fa
inf (T-1)
= inf||T- A1,

AeC
= Du(T).

A

Thus,
W% (T) <27 () (T?) + DY (T)).

This completes the proof. [
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In particular, considering = 1 in Theorem 2.5, we get the following corollary.

Corollary 2.6. If T € Ba(H), then

wa(T) < ﬂa)A(Tz) + D/ZL‘ (T).

Now, we consider the A-seminorm distance D (T, B) defined as follows: For T, B € B4(H),
D4(T, B) = inf ||T — AB|a.
AeC
Applying compactness argument it is easy to observe that there exists Ag € C such that D4(T, B) = [[T—A¢Blla.

Using this generalized distance D4(T, B), and proceeding similarly as in Theorem 2.2, we have the following
inequalities.

Theorem 2.7. Let T, B € B (H). Then

\/mi(B)Di(T, B)+ 2 (BHT) \/||B||§‘D124(T, B) + w? (B T)

<|ITlla < ,
EN A ma(B)

where mya(B) = inf ||Bx||4.
Iblla=1
Next, we need the following two inequalities.
Lemma 2.8. [22] Let T, S € B4 (H). Then
0 (TS" 2 ST) < 21IS||4 wa (T).
Theorem 2.9. [4, Th. 2.2] Let T,S € B (H). Then

1
©A(TS) < ITlla@a(S) + 5 min =a)A(TS + ST*), wa(TS — STﬂA)}.

We are now in a position to prove the following result.

Theorem 2.10. Let T,S € B (H). Then
0 (TS) < min{(|ITll + Da(T) Jwa (S), (1ISlla + Da (S) Jwa ()}

Proof. There exists Ag € C such that D (T) = ||T — Aolll. If Ag = 0, then by the inequalities in (1), we get
wa (TS) < ITSlla < ITNlallSIla < 21ITlla wa (S) = (ITll4 + Da (1)) @A (S).

Next consider Ag # 0, and let u = Ao

- Then, from Theorem 2.9 we have

wa (TS) wa (UTS) < |Tllq wa (S) + %(uA (uTS — EST™)

= Ty wn (5) + g (isHT - T 52

= Ty wn (5) + g (T s st )

= Tl wa(S) + %wA (y (Tﬂ"X‘ - /\01) SH sk (Tﬁ'i“ - /\OI)ﬁA)

< ITlywa(®) +|

Tﬁf{‘ - /\O[HA WA (Sﬁﬁf‘) (by using Lemma 2.8)

= Tlhwa(®) +|

TH _ )\OIHA W (S) .
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Now, by using the fact ”Xﬁf‘ ”A = ||X||4 for all X € B4 (H) we can observe that

[T = 2|, = I8 = FoP]|, = |7 = AoD®||, = 1T = Aol
Therefore,
0 (TS) < ITlls @4 (S) +IIT = Aollly @4 () = (IITll4 + Da (T) Jwa (S). 5)

Replacing T by $# and S by T# in the above inequality and since D4(S*) = D4(S), we get

@A (TS) < (118l + Da (8) Jwa (T). ©6)
Combining the inequalities in (5) and (6), we obtain the desired inequality. [J
Remark 2.11. Clearly, Da(T) < ||T||a and D4(S) < |IS||a. Therefore, we have
(ITll4 + Da (T) Jwa (S) < 2Tllawa(S) and (IISlls + Da () Jwa (T) < 2/ISllawa(T).
Thus, the inequality in Theorem 2.10 is better than the well-known existing inequality
wA(TS) < min {2[|T||awA(S), 2/IS[lawa(T)},
see in [24].

For our next result we need the notion of A-numerical radius distance. For T € B4 (H), let d (T) denote
the A-numerical radius distance of T from the scalar operators, i.e.,

da (T) = /l\lgé wa (T = Al).

Applying compactness argument we observe that there exists Ag € C such that d4 (T) = wa (T — Aol). Next,
using the A-numerical distance d(T), we obtain the following inequalities.

Theorem 2.12. Let T € By(H). Then
ITa < wa(T) + da(T) < 2w4(T).

Proof. There exists A9 € C such that da(T) = wa(T = Aol). If Ay = 0, then ||T||a < 2wa(T) = wa(T) + da(T).
Now, we take Ag # 0, and let u = ‘% Therefore,

ITa = luTlla = || RaT) +iSauD)|,
< [Ra@D], + (194D,
= [Ra@D], +[|3aGuT - 20D},
< wA(T)+wA(T—/\OI).

Hence, ||T||a < wa(T) + da(T). The second inequality follows from the fact that da(T) < wa(T). O
The following corollary reads as follows.
Corollary 2.13. Let T,S € B(H). Then
wA(TS) < (wa(T) + da(D))(wa(S) +da(9)) < dwa(Twa(S).

Proof. The proof follows from the fact that wa(TS) < ||TSlla < |IT|lallSlla and using the inequalities in
Theorem 2.12. O
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The inequality in Corollary 2.13 also have been obtained in [24, Th. 3.5].
To obtain next result we need the following lemma.

Lemma 2.14. [24] Let T, S € B4 (H). Then
wa (TS £ ST) < 4wy (T) wa (S).
Now, we are in a position to prove the following result.
Theorem 2.15. Let T, S € B4 (H). Then
wa (TS —ST) <4da (T)da (S) < 4wa (T)wa (S).
Proof. Let Ao, Co € C such that wa (T — Apl) = da (T) and wa (S — Col) = da (S). Then, we have

wa(TS=ST) = wa((T = AoD) (S — Col) — (S — Col) (T — Agl))
< dwa (T - AoD) wa (S —Col)) (by using Lemma 2.14)
= 4da(T)da(S).
Thus,

wa (TS —ST) <4d, (T)da(S).

The second desired inequality follows from the fact that d4 (T) < w4 (T) and d4 (S) < w4 (S). O

Remark 2.16. By taking A = I in Theorem 2.15 we get a recent result proved by Abu-Omar and Kittaneh in [1].
Again, we need the following lemma to prove the next refinement.
Lemma 2.17. [5, Th. 2.4] Let T, S € B4 (H). Then
wa (TS = ST) < 2V2|Tllawa (S).
Theorem 2.18. Let T,S € B (H). Then
A (TS = ST) < 2V2min {DA(T)da(S), Da(S)da(T)} < 2 V2I[Tllawa (S).

Proof. Let Ao, Co € C such that ||T — Apl|| = Da (T) and wa (S — Col) = d4 (S). Then, we have
wa (TS = ST) wa ((T = Aol) (S = Col) = (S = CoI) (T = Aol))

22 IT = Aplllg wa (S — Col) (by using Lemma 2.17)

2V2DA(T)d (S).

Thus, w4 (TS — ST) < 2V2D(T)d 4 (S).
Replacing T by S and S by T in the above inequality, we have

IA

w4 (TS = ST) < 2V2D4(S)d4 (T).

Combining the above two inequalities we get the first inequality. The second inequality follows from the
fact D4(T) < ||T||a and da(S) < wa(S). O

Now, we generalize the A-numerical distance d4(T) as in the following from: For T, B € B4(H),

da(T,B) = inf wa(T - 1B).

Using this generalized A-numerical distance d4(T, B), we obtain the following inequalities.
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Theorem 2.19. Let T, S, B € B (H) be such that B commutes with both T and S. Then
wa (TS —ST) <4ds (T,B)da (S,B) < 4wa (T) wa (S).

We skip the detail of the proof of the above theorem as it follows analogously as Theorem 2.15. Similarly,
proceeding as in Theorem 2.18 we get the following theorem.

Theorem 2.20. Let T, S, B € B (H) be such that B commutes with both T and S. Then
wa (TS — ST) < 2V2min {DA(T, B)dA(S, B), DA(S,B)dA(T,B)} < 2V2|[Tllawa (S).
Our next result reads as follows:
Theorem 2.21. Let T,S € B (H). Then
wA(TS+8T) < 2min{wa (T) (w4 (S) +da(9) ), wa (S) (wa (T) +da(T) )}
< dws(T)wa(S).
Proof. Let Ay € C such that wa (S — Apl) =da (S). If Ay =0, then we get
@A (TS + ST) < 204 (T) (w4 () + da (S) ) = 4wa (T) w4 (5).

As in the proof of Theorem 2.10, we may assume that Ao # 0, and let u = Ij\‘gl' Then,
wa(TS+ST) = wa(T(uS)+ uS)T)
WA (TR (uS) +iTT A (uS) + Ra(uS) T+ i34 (uS)T)
< waA(TRA(US)+RaA(US)T) + wa(TTa (uS) + T4 (uS)T).
It is easy to verify that

ﬁA uA
R (1) = RY (uS) and 9% (us) = I (us).

Therefore, it follows from Lemma 2.8 that

WA (TRA(S) + Ra(US)T) = wa(R% (uS)TH + TMRE (uS))
= wg (Tﬂf« R4 (uS) + RE (uS) T'*A)
< 2| R% (us)|, wa (1)
= 2||Ra )|, @a (D).
Similarly,
W (T4 (uS) + Ia (uS) T) < 2| I (uS)||, @a (7).
Hence,

A

wA(TS+ST) < 24 (T)(|RauS)||, + |34 9)],)
204 (D) (|[Ra @S| + |34 (5 = Ao, ).
Since ||?%A (/,tS)“A < wa ((4S)) = wa (S) and HSA (u(s- )\OI))“A < wa (S —Apl), we get

WA (TS + ST) <2wp (T) (a)A (S) + wap (S - /\01)) =2w, (T) (a)A (S) +da (S)) .

Now, replacing T by S and S by T in the above inequality, we get
wa (TS + ST) < 2w4 (S) (wa (T) +da (T)).

Combining the above two inequalities we obtain the first inequality. The second inequality follows from
da(T) £ wa(T) and da(S) < wa(S). O
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3. Translatable radii of an operator in semi-Hilbert space

In [20, 21] authors introduced and studied a couple of translatable radii of a bounded linear operator T
on a Hilbert space in the direction of another bounded linear operator S as follows: If 0 & 0,4,(S) (0app(S)
denotes the approximate point spectrum of S), let

(Tx, Sx) 'l
Ms(T) = su Tx — Sx
s oL (Sx, 5x)
1/2
. | (Tx, Sx) |2}
ie, Ms(T) = su Tx|? - =
st IIxHE {” | (5x, 5x)
and if 0 ¢ W(S), let
—~ (Tx, x) H
Ms(T) = su Tx — Sx||.
s o (5%, x)

M;s(T) and A7IS(T) are defined as translatable radii of the operator T in the direction of S. Author [20] further
proved that if 0 ¢ W(S) (the closure of the numerical range of S) then

Ms(T) = Ms(T) = ms(D)/|IS”l
where mg(T) is the radius of the smallest circle containing the set

(Tx, Sx)
(Sx, Sx)

Ws(m) = { il =1}

Here, we introduce the translatable radius of T in the direction of S with respect to seminorm || - ||4 as
follows : Let T, S € B12(H). If 0 ¢ 0qp(AY2S), then let

(Tx,Sx)4
Ms(T)4 = sup ||[Tx — ———Sx
s(Da ||x||AI=)1 (Sx,5x)a A
and if 0 ¢ W,(S), then let
- <T.X, x>A
Ms(T)q = sup ||Tx — Sx|| .
s(T)a ||x||AI=)1 (Sx, X)a A

It is easy to observe that

/2
|<Tx,Sx>A|2}1
Mqs(T)a = su Tx|} — =22 ,
s(T)a ||qu51{” R o

and Ms(T)a = Ms(T + uS)a for all p € C, that is, Mg(T)4 is translation invariant in the direction of S. For
S = A = I we get the transcendental radius studied in [15, 16]. We also observe that Ms(T)s = Ms(T + pS)a

forall p € C. Ms(T)4 and Z\7[5(T) 4 are defined as the translatable radius of T in the direction of S with respect
to seminorm || - ||4. Now, we consider the set

Tx,S
WeM = { et st =1},
if 0 ¢ 04pp(AY2S) and
— Tx,
We(T)s = {isjj jgj xeH, =1},



M. Guesba et al. / Filomat 37:11 (2023), 3443-3456 3454

if 0 ¢ Wa(S). Clearly, Ws(T)a = Ws(T) and Ws(T)4 = Ws(T) if A = I. Let ms(T)a (resp. #i5(T)4) be the radius
oi the smallest circle coniaining the set Wg(T)a (resp. Ws(T)a ) and let |[Wg(T)al = sup{|A| : A € Wg(T)a} and
[Ws(T)al = sup{|A| : A € Ws(T)4). Then it is easy to observe that

ms(T)a = inf [Ws(T — uS)al
ueC

and

inis(T)a = inf [Ws(T = puS)al-
ueC

Next we prove a nice relation between the translatable radius Mgs(T)4 and Da(T,S). To do so we need
the following lemma, which follows from [25, Th. 2.2].

Lemma 3.1. Let T, S € B12(H). Then the following are equivalent:

(i) There exists a sequence {x,} in H with ||x,lla = 1 such that (Tx,, Sx,)a — 0and ||Tx,lla — ||T]|a.
(ii) |IT — uSlla = ||Tl|a for all u € C.

Theorem 3.2. Let T, S € B, (H) be such that 0 ¢ dap,(A'/2S). Then

Ms(T)a = Da(T, S) = inf ||IT — uSlla.
ueC

Proof. There exists g € C such that DA(T, S) = ||IT — uoS|la. Therefore, for all u € C we get,
IT = poSlla < IT = uSlla = T = poS) + (1o — p)Slla-
Since Ms(T)a = Ms(T — uS)a for all scalars y, so without loss of generality we assume that [|T||4 < [|T — uSlla

for all scalars p. Therefore, it follows from Lemma 3.1 that there exists a sequence {x,} in H with |[x,|la = 1
such that (Tx,, Sx,)4 — 0 and [|Tx,|la — ||T|la. Now,

ITllA

lim ||Tx,||a
n—oo

KTx,, Sx,,>A|2}“2

= ;}ggo{l|Txn||§1_ (Sxu, Sxnda

< Ms(T)a.
Also, for any x € H with ||x|]|4 = 1, we have

ITlla = IITxlla

Tx, Sx)al? 12
{IITxIIi— I{ YAl } _

v

<Sx/ Sx>A

This implies that ||T|[4 > Ms(T)a. Therefore, ||T|la = Ms(T)a, thatis, [|T — poSlla = Ms(T — p0S)a = Ms(T)a.
This completes the proof. [

Applying Theorem 3.2 we obtain the following corollary.
Corollary 3.3. Let T,S € By2(H) be such that 0 ¢ 04pp(A2S). Then

Ms(T)a = Ms(T)a = Da(T,S) = ms(T)a/lIS ™ lla.
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Proof. For any x € H with |lx||4 = 1, we have lgig:;jl < |I|5Tx|:|i < ITNallS~ |4 for all T € Byi2(A). Therefore,

IWs(T)al < ITNlalIS7 |4 for all T € Buin(A). Thus, [Ws(T — uS)al < |IT — uS||allS7la for all u € C. Taking
the infimum over u € C, we get mg(T)a < Da(T, 9S4, which gives the last inequality. Now, let
Tx = gjﬁgﬁ: Sx+hand Tx = gjﬁ;‘;ﬁ Sx + I, where (h,Sx)4 = 0 and (%, x)4 = 0. Then we have,
(Tx,Sx)a (Tx, x>A}
=h — .
" {(Sx, S Groal

h
This implies that
(Tx,Sx)a _ (Tx, )4
(5x,5x)a  (5x,X)a

715 = IIRIE +

2
15[l

Thus, [[flla > [lklla, that is, || Tx — 24 5x| > ||Tx — L84 5x||,, which implies Ms(T)a > Ms(T)a. Also, it

follows from Theorem 3.2 that Ms(T)a = Da(T, S), so we complete the proof. [J

Remark 3.4. For A = I, we get the inequality developed in [20] and for S = A = I, we get the inequality developed
in [16].

Finally, we obtain the following inequality which generalizes the inequality given in [20, Th. 2].
Proposition 3.5. Let T,S € B12(H) be such that co(S) = r > 0. Then
M;s(T)a = Da(T, S) > rimg(T)a.

Proof. Let x € H with ||x||4 = 1. Then we have, gjﬁ:iﬂ <||IT||a/r, that is, |V~VS(T)A| < ||T||la/r for all operators

T € B2(H). Therefore, rlws(T — uS)al < |IT — uSl|a for all scalars p. Taking the infimum over u € C we
obtain that r715(T)4 < Da(T,S). Also, from Theorem 3.2 we have Ms(T)4 = Da(T,S). This completes the
proof. [
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