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The A-Davis-Wielandt Berezin number of semi Hilbert operators with
some related inequalities

Fatemeh Goli?, Rahmatollah Lashkaripour?, Monire Hajmohamadi*”

*Department of Mathematics, University of Sistan and Baluchestan, Zahedan, I.R Iran

Abstract. In this article, the concept of the A-Davis-Wielandt Berezin number is introduced for positive
operator A. Some upper and lower bounds for the A-Davis-Wielandt Berezin number are proved. Moreover,
some inequalities related to the concept of the Davis-Wielandt Berezin number are obtained, which are
generalizations of known results. Among them, it is shown that

ber?, (9)

< inf{(2IRe()Re(S) + Im(Im(S)] + [15'S ~ 2Re(7S)I)* + 2Re(rS) = [y + ber*(S = yD),

where S € B(H(Q)). Also, we determined the exact value of the A-Davis—Wielandt Berezin number of some
special type of operator matrices.

1. Introduction

Let 8 (H) denote the C*-algebra of all bounded linear operators on a complex Hilbert space (H; (-, -))
with the identity operator 14 in B(H). For S € 8(H), we denote by R(S) and N(S) the range and the null
space of S, respectively. Every where this paper, we suppose that A € B(H) is positive operator. Recall

that A is called positive, denoted by A > 0, if (Ax, x) > 0 for all x € H. Such an operator A induces positive
semidefinite sesquilinear form as follows:

(I HXH —C
(x,y) =, a4 = (Ax, y),

and [|xlla = V{(x,x)a, x € H, is the seminorm induced by the above sesquilinear form. This make H into

a semi-Hilbertian space. Since [|x]l4 = 0 if and only if x € N(A), then ||.||4 is a norm on H if and only if A is
injective. Also, (H, ||.l4) is complete if and only if R(A) is closed in H.
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For S € B(H), an operator R € B(H) is called an A-adjoint of S if for every x, y € H, we have (Sx, )4 =
(x,Ry)a, ie., AR =S"A.

The set of all operator which admit A-adjoints is denoted by B4 (H). If S € B4 (H), the reduced solution
of the equation AX = S'A is a distinguished A-adjoints operator of S, which is denoted by S*. Note
thaﬁt St = ATS*A in which AT is the Moore-Penrose inverse of A [2]. It is useful that if S € B4 (H), then
ASH = S*A.

An operator S € B(H) is called A-selfadjoint if AS is selfadjoint, i.e., AS = S*A and it is called A-positive if
AS > 0. An operator S € B(H) is said to be A-bounded if there exists ¢ > 0 such that ||Sx|[4 < c||x||4, for all
x € H. We denote by BA 1 (H), the collection of all A-bounded operators, i.e.,

BA% (H)={SeB(H):3c>0 s.t. |ISxlla < cllxlla, ¥ x € H}.

Note that B4 (H) and BA% (H) are two subalgebras of B (H) which are neither closed nor dense in B (H).
Moreover, the inclusions

Ba(H) C BA% (H) € B(H)

hold with equality if A is one-to-one and has closed range [2],[3],[26].
An operator S € B4 (H) is called A-normal if 5S4 = GG,
An operator U € B4 (H) is called A-unitary if [|Ux||4 = |Uf1x||4 = ||x||a for all x € H. In [3], showed that an
operator U € B, (H) is A-unitary if and only if U U = (U#)#U* = P,, where P, denotes the projection
onto R(A).
For S € B4 (H), we write |SZ = S5, Rea(S) = 4(S + S*) and Ima(S) = %(S — S*). For T,S € B (H),
(TS = ST, | TS||4 < ITllallS|la and [|Sxlla < [ISllalixlla, for all x € H [3].

The function k on Q X Q defined by k (z, 1) = k, (z) is called the reproducing kernel of H, see [18]. It was
shown that k;, (z) can be represented by

ku (@ = ) e (1ew (2)

n=1

for any orthonormal basis {e, },>1 of H.
Letk, = ﬁ be the normalized reproducing kernel of the space H. For a given a bounded linear operator
u

S on H, the Berezin symbol(or Berezin transform) of S is the bounded function S on Q defined by

S(u) = (Sky (2), Ky (2)), p € Q.

Berezin number of an operator S are defined, respectively, by
Ber(S) = {g(y) TS Q} = Range(g),
and

ber(S) = sup {M 1y € Ber(S)} = sug |§(y)|.
HE

The Berezin norm of an operator S € B(H) is defined by

ISllger := SUp ||5'EHH .
ueQd
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For more details, see [6, 15, 17, 21] and the references therein.
Recall that the numerical range, the numerical radius, and the Crawford number of S € B(H) are defined
respectively, by

W(S) := {(Sx,x) : x € H and ||x|| = 1},

w(S) := sup {[{Sx, x)| : (Sx,x) € W(S)},
and
C(S) :=inf{[(Sx,x)| : x e H, || x ||I=1}.

Clearly, Ber(S) ¢ W(S) and ber(S) < w(S). Suppose that S € BA% (H). The A-operator seminorm, the

A-numerical rang, the A-numerical radius and the A-Crawford number of S are defined, respectively as
follows:

Sx —
ISl = sup{% :x#0,x€ R(A)} =sup{l|Sxlla: xeH, |xlla =1},

Wa (8) :={(Sx,x)4 : x € H, and |Ixll4 =1},

wa (S) :=supflcl : c € Wa(S)},
and

Ca(S) :=inf{|c] : c € W4 (5))}.
It is well known that ||.[|4 and wa(-) are equivalent seminorm on BA 1 (H), in which

1
5514 < wA(S) < ISlla-

The first inequality becomes equality if AS> = 0, and the second inequality becomes equality if S is A-normal
[13]. One of the most less common celebrated generalization of the numerical range, and the numerical
radius is the Davis-Wielandt shell, and its radius of S € B(H), which are defined in [10, 11, 25], as follows:

DW(S) := {({Sx,x),|ISxl) : x € H,|Ix|l =1},
and
dw(S) = sup{ VI(Sx, )]7 + |ISx[[* : x € H, |lx]| = 1}. 1)

Unlike the numerical radius, the Davis-Wielandt radius is not a norm. It has many properties that you can
refer to reference [23, 24, 27].
The A-Davis-Wielandt shell and the A-Davis-Wielandt radius of an operator S € BA 1 (H) are defined,

respectively in [14], as follows:
DWA(S) == {({5x,x)4,(Sx,5x)a) : x € H,|Ixlla =1},

and

dwa(S) := sup{ \/I(Sx, 04l + 1S} x € H, llxlla = 1} ()
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It is easy to see that the A-Davis-Wielandt radius of an operator S € B ; (H) satisfying the following
inequality:

max(wa(S) , II5) < dwa(S) < w?(S) + IISII}. )

The Crawford Berezin number, and the minimum Berezin modulus of the operator S are defined by
Cper(S) = inflIS(W)] : p € Q), and  mper(S) := inf{lISkl : p € Q,
respectively.
Also, the concepts Davis-Wielandt Berezin set and Davis-Wielandt Berezin number have been introduced
in [1], as follows:

Berguo(S) = {((Sky, ), (Sky, Sky)) : i€ Q)

and

beran(S) = sup{ yl(SFu, k)P + IS 114,
ueQ

We can clearly see that bery,(S) is a generalization of ber(S), and also dw(S) < bers(S). The following
properties of bery,(S), S € B(H(Q)) are also known:

(i) bergy(-) does not define a norm on B(H(Q)) but it is unitarily invariant, i.e., bery,(U*SU) = ber,(S) for
any unitarily operator U € B(H(Q)).

(ii)
max (ber(S) , IISII3,,) < berau(S) < [ber2(S) +ISII%,. 4)

The paper is organized as follows: In the next section, we obtain several new inequalities for the Davis-
Wielandt Berezin number of bounded linear operators on H(Q). In Section 3 for positive operator A, we
introduce an extension of the Davis—-Wielandt Berezin number and finally we give some inequalities for the
A- Davis-Wielandt Berezin number of operator matrices.

2. Some inequalities of the Davis—Wielandt Berezin number

In this section, we give some inequalities of the Davis-Wielandt Berezin number. At first, we give a
generalization of (4).
From the norm properties of vectors s, t € H, it can be shown that [12]:

ISIPIE® = Ks, B = lls — yHIPIIEIP = Ks =yt P, (y € ©). ®)
Theorem 2.1. Assume that S € B(H(Q)). Then
berZ,(S) < iné{(leRe(y)Re(S) + Im()Im(S)|| +1S°S — 2Re(7S)II)* + 2|[Re(7S)|
ye

— [y + ber*(S — yI)}. (6)

Proof. Let7c1, € H(Q) be a normalized reproducing kernel, and y € C. By the Cartesian decomposition of S,
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we have
ISkl = ((Re(S)ky, k)2 = ((Re(S = YDk, k) + ((Im(S)ky, Kk )? = (Im(S = YDk, )2
+ 115k, = yhalP?
= ((2Re(S) — Re(y)D)ky, K )(Re(y ey, k) + ((2Im(S) = Im(y)Dky, Ky ){Im(y )k, K
+ ISk, — yk,lP
= 2Re(y)(Re(S)ky, ky) + 20m(y){Im(S)ky, k) — (Re(y))? = (Im())? + ISk, — Ykl
= 2(Re(y)(Re(S)ky, k) + Im(y)(Im(S)ky, ko)) — [y + (Sky — vk, Sky = vk

= 2(Re(y)(Re(S)ky, k) + Im(y)(Im(S)ky, k,)) + ((S*S = 2Re(7S))ky, k)
< 2|[Re(y)Re(S) + Im(y)Im(S)|| + |IS*S — 2Re(yS)I|.

On the other hand, by applying (5), we have
Sk, ki) = 11Skull? = 1Ky — Yhall? + KSky — vk, k)P
= 2<Re(775)ky/ ky> - |7/|2 + |<Sky - Vk‘u/ k,u>|2
< 2|[Re(pS)Il = IyI* + ber*(S = yI).
Therefore,

Sk, kP + 1ISK,l1* < 21Re(PS)I| = [y + ber*(S — 1) + QlIRe(y)Re(S) + Im(3)Im(S)|
+1S*S — 2Re(7S)I)>.

By taking the supremum over u € Q, and infimum over y € C, we deduce that
ber? (S) < in{f:{(leRe(y)Re(S) + Im()Im(S)|| + 11S°S = 2Re(7S)|1)* + 2l|Re(7S)|
ye

— |yl + ber*(S — yD)}.

O

Remark 2.2. By considering y = 0 in (6), we have

bera(S) < ber(S) +[15*SIP
< ber2(S) + IISII*.
So (6) is a generalization of (4).
Theorem 2.3. Let S € B(H(Q)). Then
ber’ (S) < Oggigr;n ber?(ISP? + ¢9S) + 2||S|*ber(S). (7)

Proof. Letll-c\y € H(Q) be a normalized reproducing kernel. Then

Sk, k)P + 1ISk,lI* = [(Sky, Ky ) + (Sky, Sk ) = 2Re((Sky, Sk )(Sky k)
< (S + SYku, k)2 + 211Sk, |
< ber*(|S]* + S) + 2||S|[ber(S).
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By taking the supremum over u € Q, we have
ber? (S) < ber*(ISP* + S) + 2|IS|Pber(S).
If we replace S with ¢S for 0 € [0,2n], and taking minimum over 6, the desired result obtained. [J

Theorem 2.4. Suppose that S € B(H(Q)). Then
ber?,(S) = max {(1 + m3,,(5)) ber*(S), (1 + 1S%lger) C2,, ()]
where Cpor(S) := inf(IS(u)| : pr € Q), and  mpe,(S) := infll|Skyll : € Q).
Proof. Let’k\y € H(Q) be a normalized reproducing kernel. Hence, we have

Sk KPP + 1Skl 2 Sk k) + Kk o DPISK P
> (14 1SkulP) 3. (S).

By taking the supremum over normalized reproducing kernels ’IZH € H(Q), we have

ber’ (S) > (1 + ||5||23er) C3..(S). (8)
Also, we have
Sk, ) + 1Skl = Sk, k) + 1Sk IPISK 1P
> (Sky k) + Sy k)P (S)
= (1+m3,(9)) [(Sky, k)P
By taking the supremum over normalized reproducing kernels ’I-c\y € H(Q), we deduce that
ber?,,(S) = (1+m3,(S)) ber*(S). ©)
Combining (8) and (9), we have the required result. [J
We need a sequence of lemmas to prove our results.
Lemma 2.5. [19] Let s,t > 0 and p,q > 1 such that % + % =1
Then, st < % + % < (% + %)% forr > 1. For r = 1, we recapture the Power-Mean inequality, which reads
S0 <as+ (1—a)t < (as” + (1 —a) )7 (10)
foralla € [0,1] and p > 1.
The next lemma follows from the spectral theorem for positive operators and Jensen’s inequality, see [22].
Lemma 2.6. (McCarty inequality). Let S € B(H), S = 0 and x € H be a unit vector. Then

(a) (S'x,x) < (Sx,x)" for0 <r<1;
(b) (Sx,x)" < (S"x,x) forr > 1.
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Lemma 2.7. [22, Theorem 1] Let S € B(H) and x, y € H be any vectors.
(a) If f, g are non-negative continuous functions on [0, co) satisfying the relation
F©)9(0) = Kt € [0,00)), then

[Ksx, | < ||F ash||lgasDy
(b)IfO<a<1,then

7

2 -
[<Sx, [ < ISP 2, XIS y, ).
Theorem 2.8. Assume that S € B(H(Q)). Then for0 <a <1,

1
ber?, () < Sber (ISt + IS 11=9 4 21S]*). (11)

Proof. Let’k\y € H(Q) be a normalized reproducing kernel. Then

Sk ki) + 11Skul® < ISPk, kXIS Y Yk, K)o+ 1Skl
(by Lemma 2.7(b))
1 —_ — —~ —~ —
< 5 (€15P %, ) + 415" POV, K)?) + NSkl
(by the arithmetic-geometric mean inequality)
< = (481K, ) + (1S, K d) + 151K, )
(by Lemma 2.6(b))

N|—

< Zber (|5|4“ + S 2|5|4).

N| =

By taking the supremum over A € Q), we have
1
ber,(S) < Sber (JSI** + 5107 + 21S[*)..

O

In the next theorem, we give another inequality which gives the upper bound for the Davis-Wielant Berezin
number of bounded linear operators.

Theorem 2.9. Suppose that S € B(H(Q)). Then
1
ber?,(S) < ber ((1S] +1S71)? + 2IS*) = Cour(1SDCrer(S7D: 12)

Proof. Let’k\y € H(Q) be a normalized reproducing kernel. Then

|<Sky/ky>|z + ”Sky”4 < (ISlky, kXIS Ik, Ky ) + ”Sky”4
(by Lemma 2.7(b))

< = (ST, Ky )? + 17 K, )?) + 1Sk I

N =

(by the arithmetic-geometric mean inequality)

1/, .~ — ~ N2 ~ ~
=5 ((ISIky,kQ + <IS*Iky,ky>) +1ISkyll* = ISIKy, XIS Tk, k)
1 —_ —~ —_~ —~ —_— —~ —_~ —~

= §<(|S| + |S*|) kp/ ky>2 + <|S|2kp/ ky>2 - <|S|kw ky><|5*|kwky>

< %ber (1S + 1571 + 215*) — inf|STky, Ky ) in&1S Tk, K.
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By taking the supremum over p € Q, we have
2 1 . 4 .
ber,(S) < ber (IS]+15°] + 2ISI*) ~ Cper(ISCrer(1S'D.
|

Theorem 2.10. Let S € B(H(Q)). Let f, g be non-negative continuous functions on [0, 00), which are satisfying
the relation f(t)g(t) = t(t € [0, 00)). Then forr > 1 and 0 < a <1, we have

27’
ber,, () < Jber (aM+ (L= )N + (S + 5 (IS1),
where
M= f7(SP) + g7 (SP),  and N = f7(SP) + g7 (SP).
Proof. Suppose that’l-c\y € H(Q) is a normalized reproducing kernel. Then, we deduce that
-~ = — r — — —~ r
(1(Sku, k)P + 1Sk, l1*) = (1(Skys, KD + KISk, )P
2~ = ~ —~
<5 (I(Sky,kﬁlzr + KIS P, T D)
(by convexity of f(t) =t")
(kS )P + (1 = @IS T + 115K kP

(a||5k 1P+ (1 = a)lIS Kl + KIS Pk, k)P

IA IA
N|NN|NN|N

- (adISPR, )+ (1 = a)IS" P, K + KIS, )T
(by Lemma 2.6(b))
a8 K GRS K + (1= a) (S PR K
(PSP Kd® + LISV, )22SR 2|
(by Lemma 2.7(a))

[ (PSP, ) + (g2 (S, o))

1 ——
+ (— (P25 Pk, k) + (g2 Pk, K Y)

1
+3 (<f2(|5|4>kp,k Y + (18w, k) |
(by the arithmetic-geometric mean inequality)

[ (PSP K + (g (ISP K
La- a)

IA
NN

r\>|l\J

<

N|N

(S Pk, T + (g% (1S Pk K

(< P8k Ky + (g% (SIk K |
(by Lemma 2.6(b))

I\)I’—‘

r

= zz (@M + (1= N + (St + g (S )
< ber(aM + (1 — a)N + FZ(ISI*) + g7 (ISI*)).

Taking the supremum over u € C, we get the desired result. [J
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Considering f(t) = #”, and g(t) = 177, 0 < y < 1 in theorem 2.10, we get the following corollary.

Corollary 2.11. Assume that S € B(H(Q)).Then for r > 1 and 0 < y < 1, the following inequality holds:
bery,(S) < zzrber (aX +(1—a)Y +|SP7 + |S|8r(1—7>) ,

where
X= (|SI4W + |S|4r(1—y)), Y = (|5*|4ry + |S"|4’(1—V)).

Now, we need the following lemma to prove the next theorem.

Lemma 2.12. [8] Let S € B(H) and x € H with ||x|| = 1. Assume that f, g are non-negative continuous functions
on [0, oo) which are satisfying the relation f(t)g(t) = t(t € [0, 00)). Then for r > 1, we have

1
(5,01 < 2 kS, )" + 2 K (ISP) + g7 (SP) + (S + g7 (1S ), )]

1
2
Theorem 2.13. Suppose that S € B(H(Q)). Let f, g be non-negative continuous functions on [0, co) which are
satisfying the relation f(t)g(t) = t(t € [0, 00)). Then forr > 1, and 0 < a < 1, the following inequalitiy holds:
2 [a a a
berd(5) < 5 [ Sher($) +15Q + (1= @IS + (1= 211l (13)

where

Q= F(SP) + g (SP) + (ST + g7 (S') + 2 (£ (S1) + 4 (SIY)

Proof. Assume that’k\u € H(Q) is a normalized reproducing kernel. Then, we have

(1(Sky TP + 11k, lIE,,)
_— —~ r
= (ISky, )P + KISk, k)P
2~ ~ ~ —
< 5 (KK k)P + KISPh )P
(by convexity of f(t) =t")
2~ —~ ~ —~ ~ =~ ~ —
= S [k, )P+ (1= )k, k)P + kISP, kP + (1= a)kISPh k)|
2, o a . e\ T T
< S[SK%ku kT + U ASP) + g7 (SP) + 27(SP) + 677 (15°P) K )
* r T T r a . 7. r a r T - 7
+ (1= )lIS"I, + (1= a)ISPhy, k)P + S KIS R k)l + Z4(F7(S1) + 67 (1S1) K k)|,
(by Lemma 2.12)
zra AAV VAA *VAA T’AA a, -~
< 515 (KT Rl + Sk k) + (1= @) (AP R i) + 151K i) + 5 ¢ Qb )],
(by Lemma 2.6(b))
2ra r(gQ2 a *|2r a 4r
< S[50er (8 +1I5Q+ (1= a)lST" + (1 = 5)ISlser]:

By taking the supremum over u € Q, we get the result. [
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Next, we give bounds for the Davis-Wielandt Berezin involving the generalized Aluthge transform. The
generalized Aluthge transform of S, denoted by Sy, is defined as follows:

Si=Isfuls'" , 0<t<1.

Here U is the partial isometry associated with the polar decomposition of S, and so S = U|S|, kerS = kerl.
We note that Sy = U*U2[S], $) = [SJUU'U = |S|U and S, = |S|*UIS|> = 5( the Aluthge transform of S). It is
Know [5] that $? = 0 if and only if Sy =0forallt €0,1]. Now, we prove the following lemma.

Lemma 2.14. Let S € B(H(Q)). Then

ber (52) = [Sller (i 1 e

Proof. Suppose that/k\y € H(Q) is a normalized reproducing kernel. Then, applying polar decomposition of S, i.e.,
S = U|S|, where U is the partial isometry associated with the polar decomposition of T, we get

K%Ky, )l = KUISI™SIUIS 151Ky, )P = KUISI™ 1181 K, k)P < 11Sllgerl|Siller-
Taking supremum over the normalized reproducing kernel ’k\y, we have

ber (S%) = l1Sllgerl|Sllper

This holds for all t € [0,1], and so we get the required inequality by taking minimum over t € [0,1]. O

In the next result, we give an upper bound for the Davis-Wielandt Berezin number involving the operator
norm of the generalized Aluthge transform.

Corollary 2.15. Assume that S € B(H(Q)).Then
1 ~ 1
2 . 2 *(2 4
ber?, (5) < l1Slker in 1Siler) + 5 ISP + 15°F + 4151,
Proof. By consideringr=1,a =1, f(t) =", g(t) = t' and y = 1 in Theorem 2.13 we have

ber’, () < %ber (s?)+ 411 ISP + 15" + 41s}||

Ber’
now we deduce the required inequality by applying Lemma 2.14. [

Remark 2.16. We note that if S> = 0, then S; = 0, and so

1 . 1 .
ber? (S) < 1 (ISP +1S°[% + 4181, < 1 ISP + 18|, + 1ISIIge, = ber*(S) +1ISIIg

Ber Ber®

‘ Ber

The inequalities obtained in Theorems 2.13 and 2.15 are better than the right hand inequality in (4).

3. The A-Davis—Wielandt Berezin inequalities for 2 X 2 operator matrices

LetS e B, (H(Q)) and ’k\y be the normalized reproducing kernel of the space H(Q). For positive
operator A, we define the A-Berezin symbol(or A-Berezin transform) of S, which is the bounded function
Sa on H(Q), as follows:

Sa () = (Sky (2) Ky (D)4, pt € Q.
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Moreover, the A- Berezin set, the A-Berezin number, and the A-Berezin norm of the operator S € BA 1 (H(Q))
introduce, respectively, as follows:

Ber, (S) := {gA (W):ue Q} = Range(gA),

ber (S) := sup {|y| 1y € Bery (S)} = sug |§A (y)l ,
‘Lle

and

I50-pr = sup 5, -

Through the following, the A-Crawford Berezin number, and the A-minimum Berezin modulus of the
operator S € BA% (H(Q)), define as;

Caer(S) = inf{lSa()| : p € Q}, and  Mma_per(S) = inf{lISklla : p € Q,

respectively.
Now, we introduce concepts A-Davis-Wielandt Berezin set and A-Davis-Wielandt Berezin number for
Se8B R (H(Q)) and positive operator A, as follows:

Bera-iu(S) = {((Sku, Kuba, (Sku, Skuda), 1 € O,

and

bera-aw(S) = sup { \/|<s?y,ﬁ,>A|2 + ||s?y||j}.

ueQ

Clearly, ber s_4,,(S) is a generalization of bers(S). Also, ber s_4,(-) is weakly unitarily invariant. Indeed,

bera_ g (UP SU) = sup((UM SUK,, k,)al + IUH SUK,JI4)?
ueQd

= sup((SUk,,, Uk, yal? + IISk,|I%)?
ueQd

= sup([(Sky, koal? + ISk, |I4)?
neqd

= berA—dw(S)

for any A-unitarily operator U € B4(H(Q)).
Also for the A-Davis-Wielandt Berezin number of operator S € BA% (H), we have

max (berA(S), IISIIi_Ber) < berp_g(S) < \/beri(S) + IISlli_Ber. (14)

In the following, we give an upper bound for the A-Davise-Wielandt Berezin number of operators in
B, (H), which is similar to upper bound for the A-Davise-Wielandt radius of operators in 8B (H), intro-
duced in [4, 7].

First, we recall the following lemma.

Lemma 3.1. [4]Let s, t,e € H with |le||a = 1. Then

1
(s, eyale, )al < 3 (s, By al + lIsllalltlla) -
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Theorem 3.2. Suppose that S € B, (H(Q)). Then the following inequalities hold:
(1) ber?_,,(9) < IS8, + (1SB) " 1B

A— dw(
@) ber?_, (S) < 1 (bera(S?) + ISP, _go.) + IS/ _ger-

Proof. Let/k\y be the A-normalized reproducing kernel of the space H. Then, applying Lemma 3.1, we have

(Sky, dal? + 1Skl :|<s?,1,? Yalku, Skual + <|S|3$y,? Yadku, ISPk
< 2 (IS, + (K, Skua) + 5 (ISR, + (1SR 1B
= (ISBR K + (152" 1Bk Fuda
=SB + (1SB)" 1SBK. Kuda-

By t takzng suprenmum over all A-normalized reproducing kernels of the space H, we gets (1). Also, by considering
I(Sky,ky>A|2 I(Sky,k )A(ky,SﬁAk Yal and then using Lemma 3.1, we get (2). O

Lemma 3.3. [4]Assume that s,t,e € H with |le||a = 1. Then

ISIZ AL — Ks, al® = 2I(s, e)ade, Dal(llsllalltlla = s, £)al) -

Theorem 3.4. Let S € B (H). Then

bersy_ 4, (S) < 3||(SE)HISE + 1SB | ,_pe, — Ca-Ber(ISE + S)ma-per(ISE + S)
— Ca-er(IS5 = S)ma—per(IS; — S)-

Proof. Assume that 7{1, is the A-normalized reproducing kernel of the space H(Q). Then, applying Lemmas 3.1 and
3.3, we have

Sk k)l <1 Sk 1311 13 =21k, )l )l (ISullallculla = €Sk, Teual)
= 1SR, + 215Ky o)Al SKal = 206K, Tydal |5
< (1Kl + 11Skul2 + (Sky, SKyda — 2Ca-per(S)IISkylla
< 315y k) a = 2Ca-per(S)per(S).
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Using the above inequality, we deduce that

Sk, kAl + 1Skl

1/, = —~ —~ 2 — — 2
=3 (l”Skulli (K, T a| o+ (IS = (S Kbl )

1 — —~ 2 —_— 2

= 5 (ot + S K|+ feasE: - Sk T )

1 2~ -

<58 <||5|,i +5[, kw"u>A = 2C-Ber (IS + S)ma-per(S + )
2/\ —_—

+3 <||S|i - 5[, ky,kH>A — 2Ca-per(S; — S)ma-er(ISI5 — S)}

= 2 ({12 + s, + st = S Kk = Coenl1SE + Shma-sen(SE, +5)
= Carer(SE = Sta-5er(SE - 5)

= 3((USE)ISE, +1S) ku by ),

= Carer(S + S1a-5er(1SE + ) = Cacrer(1SP, = S)a (5P = ).

Now, we take the supremum over all A-unit vectors in H(Q) and get the required inequality. [

Now, we try to determine the exact value of the A-Davis-Wieladt-Berezin number of some 2 X 2 operator
matrices in 8, (7—( b 7‘()

Theorem 3.5. Assume that X € BA% (H),and S = ( (I) i)( ) Then
\/E “XHA—Ber =0
berA—dw(S) = . . %
(cos Bo + IXIla—per sin Bo) (cos 62 + (cos B + I Xlla-per sin 60))°  [Xllaper # 0,

where
0o = arctan(B+y = §), a = 3,(2p> = 9pq +27r), B = (=5 + VB3, ¥ = (=5 = \H)3,

S = 5rs (80° +200° + 45b* + 616 +28), r= £, g = -22, p= -5 and b = ||X]|o-per-

—

Proof. Let H = @1‘2:1 H (Q)). For every p = (1, 2) € Q1 X Oy, let EH = ( K ] be an A-normalized reproducing
H2

kernel in the space H(Q). Then
<5Ey/i(\H>A = <’k\y1 + X’I;le/’i(\‘u] )A/
and

(SKy, Sk = (kuy + Xyl + Xk )
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Now, we have
Sk, Kual? + [(Sky, Skyuyal < ik, + Xy |y I3 + Nk, + Xy
= [V, + Xy (1 1 + e, + Xy |13)

— — 2
< sup (U lla+ 1IX1aperlleg 1a)

Il lei+” ‘uz‘lizl

x (W 12+ (llla + 11X a—perl K lla)?)

= sup (cos O + ||X||a—per SiN (9)2
0€[0,%]

X (cos2 0 + (cos 0 + || X|la_per sin 9)2) .

At first, we suppose that || X||a-ger = 0. Hence

sup (cos O + ||X||a—ger sin ) (C082 0 + (cos 0 + || X||A-Ber SIN 9)2) =2.
0€[0,%]

So, ber a_z,(S) SA\/E.

Now, let EH = ( kgl ) be an A-normalized reproducing kernel, ie., ||’12y1||A = 1. Therefor

Skl )a = kI, and  (Sky, Ska = likall3,

and so
(1(Sky KualP + Sk, Sky)al?)” = V2.

Thus ber _4,(S) = V2.
Now, we assume that || X||a—ger # 0. So

sup (cos 0 + [|X||a—Ber sin 6)2 (cos2 0 + (cos O + || X|| o-Ber SIN 6)2)
0€[0,%]

= sup (cos O + ||X||a-Ber Sin 60)2 (cos2 B9 + (cos By + |1 X]| A—Ber Sin 60)2) ,
0€[0,%]

1

where 6y = arctan(B+y — £), a = =(2p> —9pq +27r), p= (-5 + \5)3, y = (-5 - V9)3,

5 = 5k (86° + 2006 + 45b* + 6102 +28), r = £, = —2L2 p= 25 | = ||X||4_per. Therefore

1

3
bers_4,,(S) < [ sup (cos Oy + [IX||4-Ber sin 00)* (cos2 B9 + (cos By + || X]|a—per Sin 90)2)] .
0€[0,%]

Now, we prove that there exists a sequence {EL")} of A-normalized reproducing kernels in @; H () such that

—~ N~

(KK, KA + (KLY, SKI)aR)*

1

2

= [ sup (cos By + [|X||a-per Sin 90)2 (cos2 6o + (cos By + ||X]|| g4—Ber SIN 90)2)] .
0€[0,]
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because X € B, (H), there exists a sequence y“”)} of A-normalized reproducing kernels in H (CY;) such that
lim [IXy{"lla = 1Xlla-er-

}(‘(‘V’)
Let’iﬂq)k = \/Wizz ( k!(‘:]) , where k > 0. Then
vk | Ky

1+ 52 )(‘(”)4
1 +K)IXy), ||A(1+(1+ o)

KSZ, 20N AP + (SZOK, 70y pPp = ———E A
. ! (IXYIR + k2)2

wes

2
B IS A
VIO +82 IR + k2
2
o 7 R . P .7 )
)12 2
X+ g e IR e
[IX1lA-Ber ko . . )
> = —_— . =
We can choose kg > 0 such that Ny cos 6y , and R sin 6. Hence, by choosing z,

v
—1 # |, we have
||Xy*:>||§,+k§( koy )" ]

1
lim (52", 2")a + (SZ,,”, SZ")4P)" = (cos Op + |[Xl|a-ger sin 69)°

[SIE

X (cos2 0o + (cos O + | X|l4—per sin 90)2) .

This completes the proof. [

Theorem 3.6. Suppose that X € B, (H) and Y = ( 8 }é )
Then

0 ”X”A—Ber =0
1XlLA-per X B
bera-aw(Y) = § 2y/IDIXE IXllA—per

I1XII IXIlA-Ber > -

1

S

2
A-Ber

Proof. Assume that H = @1.2:1 H (). Forevery u = (u1, t2) € Q1 Xy, let/lzy = [ /k\“ ! ]be an A-normalized

12

reproducing kernel in the space H. Then
<Yi(\yr/k\y A = <X/k\y2 r/k\yl YA,
and

<Yiyr Yi(\y >A = <X/k\y2/ X?yz >A/
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Now, we have
Yk, k)l + KKy, Yi)al? < 11Xy 1B T 1 + 11Xy, 14
< osup (X el Byl 15, + XIS el 1)
liky 12 +likiiy 12 =1

sup ||X||A Ber sin? 6 (cos2 0+ ||X||124_Ber sin? 6) .

0€[0,71]

First, we consider the case || X||4—ger = 0. Then bers_z,(Y) = 0.
Now, we consider the case 0 < || X||4_Ber < % Then

IXI2
sup ||X||2 " Sinz 0 COS2 0+ ||X||2_ . sinz 6) = —Ber )
oz ( i sin0) 4(1 - IXI3_p,,)
Therefore, bers_g,(Y) < ”1X“||AXT|§ —
Now, we show that there exists a sequence {z"} of A-normalized reproducing kernels in (7 | H (Q;) such
that
3 X
lim (Y2, 20 + V20, YEU)a) = —lacber
n—o0
2yt- ”XHIZ‘FBer
Since X € 8, (H), there exists a sequence yM")} of A-normalized reproducing kernels in H (€;) such that

lim ||Xﬁf>||A = [1X1l4-Ber-
1)
Xy, Xlise — Then

Letz"W = —L , where k = —=ldber
:u ”X‘(”)”A+k2 A{n) V 172”XH/24—Ber

Ky
3 X
lim (Y2}, Z0")aP + (Y2}, Y2 )P} = _ IXlaper
241- ”X”124—Ber

”XHA—Ber

Thus, ber gz, (Y) = —=abe
A dw( ) 5 ,—1—||X“i,ger
Now, we consider the case || X||a—ger = \L@ Then
sup |[XI3_g, sin* 0 (cos? 0 + X4 g, sin® 0) = IX|[}_g,-
0€[0,%]

Hence , bera_g(Y) < IXI .-
Now, we show that there exists a sequence {z y”)} of A-normalized reproducing kernels in P, H () such

that
tim {0V, 2007 + 10, YE)AR) = X2
Since X € BA 1 (H), there exists a sequence yH" } of A-normalized reproducing kernels in H (€);) such that
Lim [1Xy3”lla = 1X1A-er-

LetZ) = ( - ) Then (Y2, Z;")4 = 0, and (Yz", YZ{")a = IXy;If;. Thus

Yuw

1
tim {2, Z)aP + Y2, Y2 ) AP} = XI5 e

This completes the proof. [
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Now, we give an upper bound for the A-Davis-Wielandt Berezin of sum of two operators in B4 (H((2)).
Theorem 3.7. Suppose that X, Y € B (H(Q)). Then
bera—go(X + Y) < bera_gw(X) + bera_aw(Y) + bera(XMY + Y#X)).
In particular, if AXPY + Y#X) = 0, then
bera—g(X +Y) < bera_gp(X) + bera_g,(Y).

Proof. Letk) be the A-normalized reproducing kernel of the space H. By definition of the A-Davis-Wielandt
Berezin shell, we have

Bera_aw(X +Y) = {({(X + Y0y, Kuda, (X + Y0k, (X + Y)kuda), 1 € Q)
= (XK, Ky ), (K, Xk )a) + (Y ), (Y, Yhy) )
+ (0, (XY + Y* Xk, ki), pt € Q).

Then, Bers_gu(X + Y) < Bera_gu(X) + Ber a_g(Y) + {(0, (XF1Y + YﬁAX)k,,,k Ya), i € Q.
Also by considering A (XW Y + Y X) = 0, we get the favorable inequality. O

In [9], the author showed that, if S;; € B4 (H) for i, j = 1,2, then (Sij)22 € B (H D H) and
Su Si st g
(321 522) ( i g . (15)
12
Corollary 3.8. Assume that X,Y € B4 (H(Q)). Then

0
berA-dw( Y 0 ) \/ IXIZ _er + XIS g + \/ V1P _pe + Y11 _per-

Proof. Since
0
0 )

(T )=y o) (s 5)-(

applying theorem 3.7, we have

0 X
berA_dw( Y 0 )

0 0
< berA_dw( 0 0 )+berA dw( y

w30 L JM(WH(W
ill(8§)2 (53]

A-Ber
Y O
A—Ber A—Ber

00
Y 0
X X ! Y| Y|4
” ”A Ber+ ” ”A Ber ZL” ”A—Ber+ H ”A—Ber'

o O

|

<

-

+
A—Ber

IN
-

A—Ber
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I
For every S € BA% (H), and U € By (H), ber a_gn (Ut SU) = bers_4(S), and so by choosing U = ( 0 e’%I ),

and U = ( (I) é ), respectively, we have the following inequalites:

o T

0 D 0
bETA—dw( d0C 0 )= bEVA—dw( C ), (16)

0 D 0 C
berA—dw( C 0 ): beVA_dw( D 0 ) (17)

forevery D,C € BA% (H),and 6 € R.

Theorem 3.9. Let K, H € BA% (H), then
IIK|l4—Ber [H]|A-Ber 1 1
Ml Wl K| A-Ber < =, IH]|A-Ber < ==
2VIHIKE 5, 2VIHIHIE V2 V2
0 k|| e e T Kiase < 25 [l >
ber a_gw < 2 VLKl per 2 2
H 0 IKIR g, + —ilacber IKla-per = =, IHllA-per < ==
A—Ber 2 1—||HH§7B€]_/ —ber =— \ﬁ, —ber \ﬁ
IKIZ g, + IHIE .. K]l A-Ber = —=, IH]|A—per = ==
A-Ber A-Ber \@ \/Q

#a fla
. 0 K 0 0 0 0 0 K
Proof.Smce,(O 0)(H 0)+(H 0)(0 0)

( 8 8 ) Then, by applying Theorem 3.6 and
Theorem 3.7, we have

0 K 0 K 0 0
berA—dw(( H 0 )) < berA—dw(( 0 0 ))+berA—dw(( H 0 ))
0 K 0 H
= berA—dw(( 0 0 )) + berA—dw(( 0 0 ))
(by inequality 17)
[IK]lA-Ber 1HlA-Ber 1 1
ZW + 2 1_||H||124_Ber, ”K”A—Ber < \EI”H”A—BEI‘ < V)
—Ber 2 1 1
| e I, IKla-per < 5, IEHla-per =
2 IH]lA-Ber 1 1
NI e * 5 — Kl A-Ber > <75, IHlla-per < 5
2 2 1 1
IKI1% _ger + TG _peys IKllA-Ber 2 <5/ IHl|A-er = 5

O

Now, we want to give an upper bound for the A-Davis-Wielandt Berezin number of sum of product
operators in B, (H).

Theorem 3.10. Suppose that S, T,X,Y € B4 (H). So for every t € R — {0}, we have

1 g 1 g
ber g (SXT#  TYSH) < (PISIE_ger + 3571 e {(#nsxng +ITYIR) + aZ},

where ¢ = berA( 3 ‘Z)( )
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Proof. LetM,NeBA((H@'H),suChthatM=( (S) g )andN=( 8 i)( ) Then

SXTi + TYS* 0

fa =
MNM ( 0 0

). Therefore

fia fa
beri_dw (SXTﬁA + TYSﬁA) < be’,za-dw( SXTHh + TYSH 0 )

0 0
= ber’_, (MNM?™)

= sup {(MNMk,, k)4 + IMNMHk, |14}
ueQd

= sup {(NMP1k,, Mk, )4 + IMNM# K, |4
ueQ)

< sup {berd (N)IMPR 14 + MK MBI
ueQd

= (ber?, () + M) 1M1} _per-

Since [IMI2_g., = ISS* + TT#||, and IMNI|? = [(TY)(TY)* + (SX)(SX)* |4, applying the above inequality,
we deduce that

2 2
ber? ., (SXT”A + TYS™) < (ISR _per + 1TV pe,) {(||:r1/||fq +ISXIE) + berj}. (18)
Replacing Y by —Y in (18) and applying (16), we have
2 2
ber’,_y, (SXT# = TYS™) < (ISIP e, + ITIA pe,) {(||TY||§ +[ISXI3)" + berg}. (19)

Obviously, inequalities (18) and (19) hold for all S, T € B, (H). Then, replacing S by tS and T by 1T, we
have the required inequality of the theorem. [J

Corollary 3.11. Assume that S,T,X,Y € Ba (H) with ||SX||a, ITY|la # 0. Then

(8] [5X] >
(1) ber_,,, (SXT# = TySH) < (KR IISIZ ., + IAITIZ ;.. ) {4ISXIZITYIZ + a2},
0 X

Y 0/

where o = berA(

2 0 X
@ e, 2 7) < (e + B @ s + 2§ 5 )}

Proof. By taking t = ./ ”g”ﬁ, and S = T = I in Theorem 3.10, respectively we get the inequalities (1) and (2). O
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