Filomat 37:12 (2023), 3857-3869
https://doi.org/10.2298/FIL2312857 A

Published by Faculty of Sciences and Mathematics,
University of Ni8, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

d. \
%oy, >
Uty s

S
O
T1pipo®™

Extensions of n-ary prime hyperideals via an n-ary multiplicative
subset in a Krasner (m, n)-hyperring

Mahdi Anbarloei?

*Department of Mathematics, Faculty of Sciences, Imam Khomeini International University, Qazvin, Iran

Abstract. Let R be a Krasner (m, n)-hyperring and S be an n-ary multiplicative subset of R. The purpose
of this paper is to introduce the notion of n-ary S-prime hyperideals as a new expansion of n-ary prime
hyperideals. A hyperideal I of R disjoint with S is said to be an n-ary S-prime hyperideal if there exists s € S
such that whenever g(x]) € I for all x| € R, then g(s, x;, 10-2) € [ for some 1 < i < n. Several properties and
characterizations concerning n-ary S-prime hyperideals are presented. The stability of this new concept
with respect to various hyperring-theoretic constructions are studied. Furthermore, the concept of n-ary
S-primary hyperideals is introduced. Several properties of them are provided.

1. Introduction

Prime and primary ideals which are quite important in commutative rings have been studied by many
authors. In 2019, Hamed and Malek [17] introduced the notion of S-prime ideal which is a generalization
of prime ideals. Suppose that R is a commutative ring with identity and S C R a multiplicative subset. A
proper ideal P of R disjoint from S is called an S-prime of R if there exists an s € S such that for all x, y € R if
xy € P, then sx € P or sy € P. In [25] , Massaoud defined and investigated the concept of S-primary ideals
of a commutative ring in a way that generalizes essentially all the results concerning primary ideals. A
proper ideal Q of R disjoint from S is called an S-primary of R if there exists an s € S such that forall x, y € R
if xy € P, then sx € P or sy € yQ. Furthermore, some results on S-primary ideals of a commutative ring
were studied by Visweswaran in [32].

Hyperstructures represent a natural extension of classical algebraic structures and they were defined
by the French mathematician F. Marty. In 1934, Marty [24] defined the concept of a hypergroup as a
generalization of groups during the 8" Congress of the Scandinavian Mathematicians. A comprehensive
review of the theory of hyperstructures can be found in [2, 10-12, 29, 33-35]. The simplest algebraic
hyperstructures which possess the properties of closure and associativity are called semihypergroups. n-
ary semigroups and n-ary groups are algebras with one n-ary operation which is associative and invertible
in a generalized sense. The notion of investigations of n-ary algebras goes back to Kasner’s lecture [19] at a
scientific meeting in 1904. In 1928, Dorente wrote the first paper concerning the theory of n-ary groups [15].
Later on, Crombez and Timm [8, 9] defined and described the notion of the (1m, n1)-rings and their quotient
structures. Mirvakili and Davvaz [20] defined (m, n)-hyperrings and obtained several results in this respect.
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In [13], they introduced and illustrated a generalization of the notion of a hypergroup in the sense of Marty
and a generalization of an n-ary group, which is called n-ary hypergroup. The n-ary structures has been
studied in [20-23, 30]. Mirvakili and Davvaz [27] defined (i, n)-hyperrings and obtained several results in
this respect.

It was Krasner, who introduced one important class of hyperrings, where the addition is a hyperop-
eration, while the multiplication is an ordinary binary operation, which is called Krasner hyperring. In
[26], a generalization of the Krasner hyperrings, which is a subclass of (m, n)-hyperrings, was defined by
Mirvakili and Davvaz. It is called Krasner (m, n)-hyperring. Ameri and Norouzi in [1] introduced some
important hyperideals such as Jacobson radical, n-ary prime and primary hyperideals, nilradical, and n-ary
multiplicative subsets of Krasner (1, n)-hyperrings. Afterward, the notions of (k, n)-absorbing hyperideals
and (k, n)-absorbing primary hyperideals were studied by Hila et al. [18]. Norouzi et al. proposed and
analysed a new definition for normal hyperideals in Krasner (m, n)-hyperrings, with respect to that one
given in [26] and they showed that these hyperideals correspond to strongly regular relations [28]. Asadi
and Ameri introduced and studied direct limit of a direct system in the category of Krasner (1, n)-hyperrigs
[7]. Dongsheng defined the notion of é-primary ideals in a commutative ring where 6 is a function that
assigns to each ideal I an ideal 6(I) of the same ring [14]. Moreover, in [16] he and his colleague investigated
2-absorbing 0-primary ideals which unify 2-absorbing ideals and 2-absorbing primary ideals. Ozel Ay et al.
generalized the notion of d-primary on Krasner hyperrings [31]. The concept of 6-primary hyperideals in
Krasner (m, n)-hyperrings, which unifies the prime and primary hyperideals under one frame, was defined
in [4].

In this paper, the author aims to complete this circle of ideas. Motivated by the research works on S-
prime ideals and S-primary ideals of commutative rings, the notions of n-ary S-prime and n-ary S-primary
hyperideals are defined and investigated in a commutative Krasner (1, n)-hyperring.

2. Preliminaries

Recall first the definitions and basic terms from the hyperrings theory.
Let H be a non-empty set and P*(H) be the set of all the non-empty subsets of H. Then the mapping f
from H" into P*(H) is called an n-ary hyperoperation and the algebraic system (H, f) is called an n-ary
hypergroupoid. Define f(A’f) = f(A1,..., Ay) = U{f(x?) | x; € Aj,i =1,...,n} for non-empty subsets A, ..., A,
of H. The sequence x;, X;41, ..., xj will be denoted by x? and this is the empty symbol for j < i. Using this

notation, f(x1, ..., Xi, Yi+1, ..., YisZjals o z,) will be written as f(x}, y{H, 27+1). The expression will be written in

1
the form f(xg,y(j‘i),z;l+l) if iy = ... =yj=y. Ifforevery 1 <i< j<mandall xy,xz, ..., x2,1 € H,

i i _ j—1 +j-1 _
At g, a2t = Al e, )

then the n-ary hyperoperation f is called associative. An n-ary hypergroupoid with the associative n-ary
hyperoperation is called an n-ary semihypergroup. An n-ary hypergroupoid (H, f) in which the equation
b € f(ai' x;,a! ) has a solution x; € H for every ai,a’,,b € Hand 1 < i < n, is called an n-ary
quasihypergroup, when (H, f) is an n-ary semihypergroup, (H, f) is called an n-ary hypergroup. An n-ary
hypergroupoid (H, f) is commutative if for all ¢ € $,, the group of all permutations of {1, 2,3, ..., n}, and for
every a} € Hwehave f(ay, ..., a,) = f(asq1), .-, Go(n)- If @ € H, then (a,(), ..., A5(n)) is denoted by a’" If fisan

(1)’
n-ary hyperoperation and t = I(n — 1) + 1, then t-ary hyperoperation f; is given by

foG"™ = f(f(-~-,f(f(x’f), K2, ), xﬁﬁ;;();}m).

Definition 2.1. [26] A non-empty subset K of an n-ary hypergroup (H, f) is said to be an n-ary subhypergroup of H
if (K, f) is an n-ary hypergroup. An element e € H is called a scalar neutral element if x = f(el=V, x,e"=)), for every
1 <i < nand for every x € H.

Anelement 0 of an n-ary semihypergroup (H, g) is called a zero element if for every x; € H, (0, x3) = g(x2,0,x3) =
. =g(x2,0) = 0. If0and 0’ are two zero elements, then 0 = g(0’,00"™V) = 0’ and so the zero element is unique.
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Definition 2.2. [20] Let (H, f) be a n-ary hypergroup. (H, f) is called a canonical n-ary hypergroup if:
(1) There exists a unique e € H, such that for every x € H, f(x,e" V) = x;

(2) For all x € H there exists a unique x~' € H, such that e € f(x,x™1,e"=2);

(3)If x € f(x), then for all i, x; € f(x,x™*, ..., x 4, 7}, . xh).

i-17tig17
e is said to be the scalar identity of (H, f) and x~! is the inverse of x. Notice that the inverse of e is e.

Definition 2.3. [26] (R, f, g), or simply R, is said to be a Krasner (m, n)-hyperring if:

(1) (R, f) is a canonical m-ary hypergroup;

(2) (R, g) is a n-ary semigroup;

(3) The n-ary operation g is distributive with respect to the m-ary hyperoperation f , i.., for every ai?,a?, , x" € R,
and1<i<n, g(afl,f(x;"),a;?ﬂ) = f(g(a’fl,xl,afﬂ), . g(a?l,xm,a?ﬂ));

(4) 0 is a zero element (absorbing element) of the n-ary operation g, i.e., for every x; € R, g(0,x3) = g(x2,0,x%) =
. =g(x5,0) = 0.

Throughout this paper, (R, f, ) denotes a commutative Krasner (m, nn)-hyperring.

A non-empty subset S of Ris called a subhyperring of Rif (S, f, g) is a Krasner (m, n)-hyperring. The non-
empty subset I of (R, f, g) is a hyperideal if (I, f) is an m-ary subhypergroup of (R, f) and g(xg‘l,l, xt) €1,
forevery xf € Rand 1 <i<n.

Definition 2.4. [1] Let x be an element in a Krasner (m, n)-hyperring R. The hyperideal generated by x is denoted
by < x > and defined as < x >= g(R,x,17"?) = {g(r,x, 1"?) | r € R}.

Definition 2.5. [1] An element x € R is said to be invertible if there exists y € R such that 1z = g(x, y, 152"_2)). Also,
the subset U of R is invertible if and only if every element of U is invertible.

Definition 2.6. [1] Let P # R be a hyperideal of a Krasner (m,n)-hyperring R. P is a prime hyperideal if for
hyperideals X, ..., X, of R, g(X7) C P implies that X; C P for some 1 <i < n.

Lemma 2.7. (Lemma 4.5 in [1]) Let P # R be a hyperideal of a Krasner (m, n)-hyperring R. Then P is a prime
hyperideal if for all x] € R, g(x}) € P implies that x, € P or ... or x, € P.

Definition 2.8. [1] Let I be a hyperideal in a Krasner (m,n)-hyperring R with scalar identity. The radical (or
nilradical) of I, denoted by VI " is the hyperideal (N P, where the intersection is taken over all prime hyperideals P
which contain 1. If the set of all prime hyperideals containing I is empty, then \/f(m'”) is defined to be R.

Ameri and Norouzi showed that if x € VI o) then there exists t € IN such that g(x(f), 1;;1_”) elfort<mn,or
g(l)(x(t)) elfort=In-1)+1[1].

Definition 2.9. [1] Let I be a proper hyperideal of a Krasner (m, n)-hyperring R with the scalar identity 1g. 1 is a
primary hyperideal if g(x}) € I and x; ¢ I implies that g(x'™!, 1g, x". ) € Vi for some1 <i<n.

If I is a primary hyperideal in a Krasner (1, n)-hyperring R with the scalar identity 1, then \/f(m'n) is prime.
(Theorem 4.28 in [1])

Definition 2.10. [1] Let S be a non-empty subset of a Krasner (m, n)-hyperring R. S is called an n-ary multiplicative
if g(st) € S for s1,...,s, €S.

Definition 2.11. [26] Let (Ry, f1, 91) and (Ra, f2, 92) be two Krasner (m, n)-hyperrings. A mapping h : Ry — Ry is
called a homomorphism if for all X' € Ry and y| € Ry we have

h(fi(x1, ..., Xm)) = fa(h(x1), ..., B(xm))
hg1(y1, - Yn)) = g2(h(y1), .., h(yn))-
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3. n-Ary S-prime hyperideals

In this section, the concept of n-ary S-prime hyperideals is introduced in a Krasner (m, n)-hyperring R
such that S is an n-ary multiplicative subset of R. The following definition constitutes the S-version of n-ary
prime hyperideals.

Definition 3.1. Let S be an n-ary multiplicative subset of a Krasner (m, n)-hyperring R and I be a hyperideal of R
with INS = @. I refers to an n-ary S-prime hyperideal if there exists an s € S such that for all x| € R with g(x}) € I,

we get g(s, x;,1772)) € I for some 1 < i < n.

Example 3.2. The set R = {0, 1,2} with the following 3-ary hyperoperation f and 3-ary operation g is a Krasner
(8, 3)-hyperring such that f and g are commutative.

£(0,0,00=0, £(0,0,1)=1, £0,1,1)=1, f(1,1,1)=1, f(1,1,2)=R,
f0,1,2)=R, f(0,0,2)=2, f(0,2,2)=2, f(1,2,2)=R, f(2,2,2)=2,
91,11 =1 4(1,1,2)=9g(@122)=9@2722)=2,

and for x1,x2 € R, 9(0,x1,x2) = 0. Consider 3-ary multiplicative subset S = {1,2} of Krasner (3, 3)-hyperring
(R, f,g). Then hyperideal P = {0,2} is a 3-ary S-prime hyperideal of R.

The following example shows that an n-ary S-prime hyperideal may not be an n-ary prime hyperideal of R.
Example 3.3. The set R = {0, 1,2, 3} with following 2-hyperoperation ” @ ” is a canonical 2-ary hypergroup.
|0 1 2 3

010 1 2 3
1|1 A 3 B
2|2 3 0 1
313 B 1 A

In which A = {0,1} and B = {2, 3}. Define a 4-ary operation g on R as follows:

2 ifal,az,a3,a4 €B
at) =
9@ {0 otherwise.

It follows that (R, ®, g) is a Krasner (2,4)-hyperring. S = (2,3} is a 4-ary multiplicative subset of R. In the hyperring,
I = {0} is a 4-ary S-prime hyperideal of R but it is not prime, because g(1,2,2,3) =0 € I while 1,2,3 ¢ L.

The first theorem gives a characterization of n-ary S-prime hyperideals.

Theorem 3.4. Let S be an n-ary multiplicative subset of a Krasner (m, n)-hyperring R and I be a hyperideal of R with
INS = @. Then I is n-ary S-prime if and only if (I : s) = {r € R | g(r,s,17"?) € I} is an n-ary prime hyperideal of R
for some s € S.

Proof. = Let I be is an n-ary S-prime hyperideal of R. Then there exists s € S such that for all x] € R
with g(x?) € I, we get g(s,x;,1"?) € I for some 1 < i < n. Suppose that g(y?) € (I : s) for y! € R.
Then g(s, g(y7),1"2) = g(g(s, y1,1"72),y2) € I and so g(s, g(s, y1,1072),1072) = g(s?,11,1"3) € I or
g(s, y;,1772)) € [ forsome 2 < i < n. Since INS = @, then we conclude that g(s, y1,1"?) € Tor g(s, y;, 1"?) € I
for some 2 < i < n. So, g(s,y;,177?) € I for some 1 < i < n which implies y; € (I : s) for some 1 <i < n.
Consequently, (I : s) is an n-ary prime hyperideal of R.

<= Let (I : 5) be an n-ary prime hyperideal of R for some s € S. Suppose that g(x}) € I for x] € R. Since
IS (I:s),theng(x]) € (I : s). Since (I : s) is an n-ary prime hyperideal of R, then x; € (I : s) forsome 1 <i < n.
This implies that g(s, x;, 1¢~?) € I) for some 1 < i < n which means I is an n-ary S-prime hyperideal of R. [J
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Theorem 3.5. Let S be an n-ary multiplicative subset of a Krasner (m, n)-hyperring R and R C G be an extension of
R. If I is an n-ary S-prime hyperideal of G, then I N\ R is an n-ary S-prime hyperideal of R.

Proof. LetIbe ann-ary S-prime hyperideal of G. Then there exist s € S such that for all x € R with g(x]) € I,
we get g(s,x;,10"?) € I for some 1 < i < n. Let g(x") € I N R for x € R. Since g(x") € I, then g(s, x;, 1) € I
for some 1 < i < n which means g(s, x;, 172y e INR. Thus, I N R is an n-ary S-prime hyperideal of R. O

Theorem 3.6. Let S be an n-ary multiplicative subset of a Krasner (m, n)-hyperring R and I be a hyperideal of R. If
i c 9?:111’ for some n-ary S-prime hyperideals I? of R, then there exists s € S such that g(s,1,1"?) C P; for some
<1sn

Proof. Let I € U I; for some n-ary S-prime hyperideals I} of R. For each 1 <i < n, we gets; € S such that
(Ii : s;) is an n-ary prime hyperideal of R, by Theorem 3.4. Since I C U | I; C U (l; : 5;), we have I C (; : 5;)
for some 1 < i < n, by Theorem 5.1 in [5]. Thus g(s;, I, 1=y c L. O

Theorem 3.7. Let S be an n-ary multiplicative subset of a Krasner (m, n)-hyperring R and I be a hyperideal of R
with INS = @. Then I is n-ary S-prime if and only if there exists s € S, for all hyperideals I'! of R, if g(I1') C I, then
g(s,I;, 1""D) C [ for some 1 < i < n.

Proof. = Let I be an n-ary S-prime hyperideal of R. Then there exists s € S such that for all x] € R with
g(x") € I we have g(s,x;,17"?)) € I for some 1 < i < n. Let for some hyperideals I of R with g(I?) € I we
have g(s,I;, 1""?) ¢ I for all 1 < i < n. This means g(s,a;, 1"=?) ¢ I for some a; € [; and 1 < i < n which is a
contradiction, since I is an n-ary S-prime hyperideal of R and g(a}) € g(I}) € I.

& Let g(x") € I for x" € R. Then g({x1), - ,{x,)) C I. Hence we have g(s, (x;),1"?) C I forsome 1 <i<n
which implies g(s, x;, 1¢?) € I. Thus, I is an n-ary S-prime hyperideal of R. [

In view of Theorem 3.7, the following result is obtained.

Corollary 3.8. Let I be a proper hyperideal of a Krasner (m,n)-hyperring R. Then I is an n-ary prime hyperideal if
and only if for all hyperideals I7 of R, If g(I}') C I, then I; C I for some 1 <i < n.

Proof. Consider S = {1}. Then we are done, by Theorem 3.7. [J

Theorem 3.9. Let S be an n-ary multiplicative subset of a Krasner (m, n)-hyperring R and I be an n-ary S-prime
hyperideal of R. If | be a hyperideal of R with | C I, then g(s, \/T(m'n), 10=2)) C [ for some s € S.

Proof. Leta € VI™™. Then there exists t € N such that g@®, 19y € J for t < n or gy(a®) € I for

t=1I(n—-1)+1. If g@@,1¢9) € | C I, then g({a)?,10"-9) C I. By Theorem 3.7, we get (s, (a), 10"-?)) C I for

some s € S which implies g(s,a,17"-?) € I. Consequently, g(s, V] () 10-2)) C I 1f = I(n — 1) + 1, then by
using a similar argument, one can easily complete the proof. [

Theorem 3.10. Let S be an n-ary multiplicative subset of a Krasner (m,n)-hyperring R and I} be n-ary S-prime
hyperideals of R. Then there exists s € S such that g(s, \/N Ii(m'”), 1072y c N I

n

i=1
Proof. Let I} be n-ary S-prime hyperideals of R. Then for each 1 <i < n we haves; € S such that for all x] of
R, if g(x") € I;, then g(s;, x;,17"?) € I; for some 1 < j < n. By Theorem 3.9, we get g(s;, \/I_i(m'n), 102y C [, for
each 1 <i < n. Puts = g(s}). Hence we obtain g(s, w/ﬁlefi(m'n), 1072 = g(s, N, VI 10-2) ¢ N L O
Theorem 3.11. Let S and T be two n-ary multiplicative subsets of a Krasner (m,n)-hyperring R with S C T such

that for each t € T, there is t' € T with g(t,t'"™V) € S. If I is an n-ary T-prime hyperideal of R, then I is an n-ary
S-prime hyperideal of R.
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Proof. Let g(x}) € I for some x] € R. Since I is an n-ary T-prime hyperideal of R, then there exists t € T such
that g(t, x;,1"=?) € I for some 1 < i < n. By the hypothesis, there is ' € T such that g(t,# V) € S. Put
s = g(t, ' ""V). Hence we have g(s, x;, 10"2)) = g(g(t, ¥ "), x;, 12)) = g(g(+' ", 1), g(t, x;,1072),1012) € ],
as required. [

Theorem 3.12. Let (Ry, f1,91), (R2, f2, 2) be two Krasner (m, n)-hyperrings and h : R; — Ry be a homomorphism
such that 0 & h(S). If I is an n-ary h(S)-prime hyperideal of Ry, then h™\(Iy) is an n-ary S-prime hyperideal of R;.

Proof. Suppose that I, is an n-ary h(S)-prime hyperideal of R,. Then there exists s € S such that for all
y! € Ry with go(y7) € I, we have gy(h(s), y;,1"?)) € I, for some 1 < i < n. Putl; = h™'(Ip). It is easy
tosee that 1 NS = @. Let g1(x]) € I for x] € Ry. Then h(g1(x})) = ga(h(x1), ..., h(xy)) € L. So, we have
g2(h(s), h(x;), 12 = h(g1(s, x;,10"?))) € I, for some 1 < i < n which implies g1(s,x;,12) € h™'(I)) = I

Consequently, h7}(I) is an n-ary S-prime hyperideal of R;. [
The concept of Krasner (m, n)-hyperring of fractions was introduced in [6].

Theorem 3.13. Let R be a Krasner (m, n)-hyperring and S be an n-ary multiplicative subset of Rwith1 € S. If I is
an n-ary S-prime hyperideal of R with 1N S = @, then S™'1 is an n-ary prime hyperideal of S'R.

Proof. Let G(¢t, ..., ) € S for ¢,..., 2 € STIR. Then we have gz o

such that g(t, g(a}),1"?)) € L. Smce I is an n-ary S-prime hyperideal of R and I NS = @, then there exists
s € S such that g(s,a;, 1"2) € I or g(s, g(t,a;, 172),10-2) = g(s,t,a;,1"?) € I for some 1 < i < n. Hence

a 1(n Dy _ g@1") _ glail10?) -1 a 10=1)y _ g@,1"7) _ g(s,ta1079) -1
)= o) = gesrm €5 TG 1 ) = g = jeisem €5 Tor

somel<i<n. Thus S I is an n-ary prime hyperideal of S'R. O

€ S7UI. Tt implies that there exists t € S

we conclude that G(

Theorem 3.14. Let R be a Krasner (m, n)-hyperring, S be an n-ary multiplicative subset of R with 1 € S and I be a
hyperideal of R with INS = @ . If S™\1 is an n-ary prime hyperideal of 'R and STINR = (I : s) for some s € S,
then I is an n-ary S-prime hyperideal of R.

Proof. Let S'I be an n-ary prime hyperideal of S'R and ST'/INR = (I : s) for some s € S. Assume that

g(a}) € I for some a} € R. Then we get G(%,---,%) € S7'I. Since S7'I is an n-ary prime hyperideal
of STIR, we obtain ¥ € S7'I for some 1 < i < n which implies g(t,a;,1"?) € I for some t € S. Hence
_ gl )

i Tg100D) € S7'I. This means a; € (I : s) for some s € S. Therefore we have g(s, a;, 10-2)y € I. Thus we

conclude that I is an n-ary S-prime hyperideal of R. [
Let | be a hyperideal of a Krasner (1, n)-hyperring (R, f, g). Then the set
R/J = {f Jxi) D xfhy € R)
endowed with m-ary hyperoperation f which for all x]7, ..., x™" € R
A ) P L)
= £ S D f)

and with n-ary hyperoperation g which for all x{"", ..., " € R

o e P, )

= Ao 0D L@ F)

construct a Krasner (m, n)-hyperring, and (R/], f, g) is called the quotient Krasner (1, n)-hyperring of R
by J [1]. Now, it is determined when the hyperideal I/] is n-ary S-prime in R/].
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Theorem 3.15. Let S be an n-ary multiplicative subset of a Krasner (m,n)-hyperring R and let I and | be two
hyperideals of R such that ] C 1. Let [N S =@ and I/] NS = @ with 5 = {f(s71, ],s1. ) | s, s, € S). If Iis an
n-ary S-prime hyperideal of R, then 1/] is an n-ary S-prime hyperideal of R/].

Proof. Let I be an n-ary S-prime hyperideal of R. Then there exists some s € S such that if g(x}) € I for
x € R, then we get g(s, x;, 1) € I for some 1 < i < n. Let

( A, ) ))EI/]

1 1
for some f(x;} g 1(l+1) f(x”(l ) ) €RYJ.
This means

e T
Then
oty g, 0,080, gt <1
which implies
1(1+1) n(i+1)

(f(x11 D 0, xlm f(x”(l D 0, xmm )) clL

Since I is an n-ary S-prime hyperideal of R, then for some 1 < j < 1, we obtain
(i-1) o jm e
g(s, fO,0,x5 )1 2) cl.
Therefore
f(g(s f(x](l 1) 0, x;zzﬂ ), 1n—2),]’0(m—2)) el/]
and so
Flotas, 1072, AT, 0,401,172, 1,002 ) e 7).
Thus we conclude that
(f(s J10D), fY, L), 13:/,2’) el/].
Consequently, I/] is an n-ary S-prime hyperideal of R/]. [

Suppose that I is a normal hyperideal of Krasner (m, n)-hyperring (R, f, g). Then the set of all equivalence
classes [R : I'] = {I'[x] | x € R} is a Krasner (m, n)-hyperring with the m-ary hyperoperation f/I and the n-ary
operation g/I, defined as follows:

fIHT [l Flxw]) =Tzl 1z € f(I[xal, -+, Flxw])}, V7" €R
g/II'[x1], -+, Tlxa]) = Flg(x)], ¥x) € R
(for more details refer to [26]).

Theorem 3.16. Let S be an n-ary multiplicative subset of a Krasner (m, n)-hyperring (R, f, g) and let I be a normal
hyperideal of R. If | is an n-ary S-prime hyperideal of R such that I C |, then [] : I'] is an n-ary [S : I']-prime
hyperideal of [R : I'].

Proof. First of all, notice that SN ] = @ ifand only if [S: '] N [] : I'] = @. Let g/I(I"[x1],--- , I"[xx]) € [J : I"]
for some x| € R. Then I'[g(x})] € [] : I"]. This means I"[g(x})] € J. So
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FlgG) = £(1,96),002) = (193, 9002
= g(f([’ x1,0(m_2)), - ,f(I, xmo(m—Z))) cJ

Since | is an n-ary S-prime hyperideal of R, then there exists s € S such that g(s, f(I, x;, 00"~2),17=2) C ] for
some 1 < i < n which implies

f (L g(s,x;,1072), 0<m—2>) cJ

Hence I'[g(s, x;, 1""2)] € [J : I'] which means g/I(I'[s], I'[x;], I'[1]"?) € [J : I']. Thus [J : I] is an n-ary
[S : I']-prime hyperideal of [R : I']. O

Let (Ry, f1,91) and (Ry, f2, g2) be two Krasner (m, n)-hyperrings such that 1z, and 1g, be scalar identitis of R,
and Ry, respectively. Then the (m, n)-hyperring (Ri1 X Ry, fi X f2, g1 X g2) is defined by m-ary hyperoperation
f = fi X f, and n-ary operation g = g1 X g, as follows:

A X fol(ay, b1), -+, (@, b)) = {(a,b) | a € fi(a]'),be fr(b}))
g1 X g2((x1, y1), -+, (X, Yn)) = (1(x7), 92(y7)),

forallal’, x| € Ryand b]', i} € Ry [3]. Suppose that S = S XS, such that §; and S; are n-ary multiplicative
subsets of R; and R, respectively. Assume that I; is an n-ary S;-prime hyperideal of R;. It is easy to verify
that (1 X R) NS = @ & [; X 51 = @. Next theorem determines the n-ary S-prime hyperideals in the

product of two, and hence any finite number of, Krasner (1, n)-hyperrings.

Theorem 3.17. Let (Ry, fi, g1) and (Ry, f2, 92) be two Krasner (m, n)-hyperrings such that 1g, and 1g, be two scalar
identities of Ry and Ry, respectively. Suppose that S = S1 X Sy such that Sy and S, are n-ary multiplicative subsets
of Ry and Ry, respectively. Then I, is an n-ary Si-prime hyperideal of Ry if and only if I; X Ry is an n-ary S-prime
hyperideal of Ry X Ro.

Proof. = Assume that I; is an n-ary S;-prime hyperideal of Ry. Let g1 X g2((x1, 1), , (X, Yn)) € 1 X Ry
for some x} € R; and i} € Ro. Then we get g1(x|) € I1. By the hypothesis, there exists s; € S; such that
g1(s1,x;,1072) € I; for some 1 < i < n. Then we have g1 X g2((s1, 1r,), (xi, ¥i), (1r,, 1z,)""?) € I X Ry. Thus
we conclude that I; X R, is an n-ary S-prime hyperideal of Ry X R,.

< Let I X Ry be an n-ary S-prime hyperideal of Ry X Ry. Assume that g;(x]) € I; for some x| € R;. Then
g1 X g2((x1, 1R,), -+ - (X4, 1g,)) € It X Ro. Since I1 X R is an n-ary S-prime hyperideal of R; X Ry, then there
exists an element (s1, 57) in S such that g1 X g2((s1, s2), (xi, 1r,), (1r,, 1R2)(”‘2)) € I1 XR, forsome 1 < i < n. This

means ¢ (s1, Xi, 1;;’1_2)) € I;. Consequently, I; is an n-ary S;-prime hyperideal of Ry. [J
Now, the following result obtained by the previous theorem is given.

Corollary 3.18. Let (R, fi, gi) be a Krasner (m, n)-hyperring for each 1 < i <t such that 1y, is scalar identity of R;.
Assume that S = Sy X -+ X S; such that S; is an n-ary multiplicative subset of R; for each 1 <i < t. If I; is an n-ary
Si-prime hyperideal of R; for some 1 < i <t, then Ry X -+ X Ri_1 X I; X Riy1 X - - - X Ry is an n-ary S-prime hyperideal
of Ry X -+ X Ry.

4. n-Ary S-primary hyperideals

The aim of this section is to define the notion of n-ary S-primary hyperideals in a Krasner (m, n)-
hyperring. The overall framework of the structure is then explained.

Definition 4.1. Let S be an n-ary multiplicative subset of a Krasner (m, n)-hyperring R and I be a hyperideal of R
withINS = @. I refers to an n-ary S-primary hyperideal if there exists an s € S such that for all x] € Rwith g(x}) € I,

we have g(s, x;, 1) € Lor g(xi!, 5,27 ) € \/T(m'n).
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Example 4.2. In Example 3.2, the hyperideal P = {0} is a 3-ary S-primary hyperideal of R.

Itis clear that any n-ary S-prime hyperideal of a Krasner (m, n)-hyperring R is an n-ary S-primary hyperideal
of R. The converse in general is not true. The following is an example of an n-ary S-primary hyperideal
that is not an n-ary S-prime hyperideal.

Example 4.3. Suppose that G = [0, 1] and define a 2-ary hyperoperation ” 8" on G as follows:

| {max{a,BY}, ifa#p
aBp ‘{ [0al,  ifa=p.

Let " -” is the usual multiplication on real numbers and S = {1}. In the Krasner (2, 3)-hyperring G, the hyperideal
I =10,0.5] is a 3-ary S-primary hyperideal of G.

Example 4.4. Consider the multiplicative group of units 7}, = {1,5,7,11} of Z12 = {0,1, 2, ..., 11}. The construction
Z12/7Z, is a Krasner hyperring. The set S = {Z13,3212,92.12} is a 3-ary multiplicative subset of Z.12/Z.;,. We can
observe that the hyperideal T = {025, 4215} with VT = 0Z3,,273,,47,,6Z,,} is a 3-ary S-primary hyperideal of
Z12/Z:,. The hyperideal 1 is not a 3-ary S-prime hyperideal of Z12/Z:,. Because, §((2Z;,)*,3Z;,) € I but neither

9Z; sl)eInorg(?;Z s,1)elforalls eS.

127 127

The following is a direct consequence and can be proved easily and so the proof is omited.

Theorem 4.5. Let S be an n-ary multiplicative subset of a Krasner (m,n)-hyperring R such that S C U(R) and I be
a hyperideal of R. Then I is an n-ary S-primary hyperideal of R if and only if I is an n-ary primary hyperideal of R.

The following theorem offers a characterization of n-ary S-primary hyperideals.

Theorem 4.6. Let S be an n-ary multiplicative subset of a Krasner (m, n)-hyperring R and I be a hyperideal of R with
INS = @. Then I is an n-ary S-primary hyperideal of R if and only if (I : s) = {x € R | g(x,s,1"72)) € I} is an n-ary
primary hyperideal of R for some s € S.

Proof. = Let I be an n-ary S-primary hyperideal of R. Then there exists s € S such that if g(a}) € I, then

9(s,a;,1"2) € T or g(a'™,s,a’,) € VI™™ Now we show (I:s) ={x€R|gsx1"?) € I} is an n-ary
primary hyperideal of R. Suppose that g(x}) € (I : s) for some xj € R. This means g(g(x}),s, 102y =
g(x™, g(s,x;,1072), 27 ) € I. Then we have g(s, g(s, x;,172),1072) = (s(z) x;,1073) € Lor g(xi!, 5,27 ) €
\/f(m " In the first case, we have g(s, x;,172)) € I or g(s®,1"3) € VI™™ From g(s®, 109y e T o n) it
follows that there exists + € IN such that g(g(s®, 1¢=9)® 100y € [ for t < n or gg)(g(s®, 1)) € [ for =
I(n—1)+1. Inboth possibilities, we conclude that INS # @ which is a contradiction. Hence get g(s, x;, 10"?) € I
which implies x; € (I : s). In the second case, there exists t € IN such that g(g(x‘l‘l, S, x?+1)(t), 1Dy e Ifort <n
or g(l)(g(xi‘1 XL )W) e Ifort = I(n—1)+1. If t < n, then we obtain g(s, g(s®), 17"9),10"2) = g(s*+D), 1) e
\/_(m’ or g(s, g(xt,1,x7 ), 107Dy € I. From g(s"*1,107D) € \/_(m’n) it follows that I N S # @. Thus
we conclude that g(s, g(xl 1, 1,x )0, 107Dy e [ which means g(g(xi,1,x%,)®,1%) € (I : 5). Therefore
g 1,20 ) e V(T s) . Similar for other case. Consequently, (I : s) is an n-ary primary hyperideal of R.

& Let (I : s) = {x € R| g(x,s,10?)) € I} be an n-ary primary hyperideal of R for some s € S. Suppose
that g(x7) € I for some x] € R. Then we get g(x]) € (I : s). Since (I : 5) is an n-ary primary hyperideals of R,

then x; € (I : 5) which implies g(s, x;, 10-2) € I or g(xi™",1,x%,,) € {/T:5) " which means there exists t € N
such that g(s, g(x ™, 1,x2 )®,107D) € I for t < n or g(s, go(xi 1, 1,7 ), 102y e [ for t = I(n — 1) + 1. If

t < n, then we have g(g(xi*!, s, x7,,)®,10""9) € I which implies g(xi™,s,x,,) € V™ Similar for other case.
This means I is an n-ary S-primary hyperideal of R. [

i+1 i+1

In the following, the relationship between an n-ary S-primary hyperideal and its radical is considered.
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Theorem 4.7. Let S be an n-ary multiplicative subset of a Krasner (m, n)-hyperring R and I be an n-ary S-primary

hyperideal of R. Then I o) is an n-ary S-prime hyperideal of R.

Proof. Since I N'S = @ then we conclude that \/f(m’n) NS = @. Now, let g(x]) € VI and for all j €

{1,.,i-1i+1,..,n} g(s,xj,102) ¢ \/T(m'n) for each s € S. Since g(x) € \/f(m'n), there exists t € N such that

g(g(x1)D,109) € I for t < nor go(g(x)V) € Ifor t = I(n — 1) + 1. If g(g(x7)®,1¢=D) € I, then there exists s € S
(

i
we get g(g(s, x;, 10-2)®, 10-D) € [ which implies g(s, x;, 10-2) € VI or g(g(xi,s,x1 ), 1070) € I In the
second case, we get

g(g(ng), g(xé—l, s, 1, xl’,'ﬂ)(t), 1(11—2t)) el

= g(g(x(lt), 1070y, gt s, 1, 7)), 1<"‘H)) el

D 10-tD) ¢ J or g(s, g(xi7,1,x2 )@, 107D as I is a n-ary S-primary hyperideal of R. Hence

1

such that g(s, x

— 9(5, g(x(lt)/ 1(n—t))’ 1(n—2)) elor g(sr g(xé—lls’ 1, x" )(t), 1(n—t—1)) c

i+1
\/T(mr”)
= g(g(s, x1,107-2)®), 1(’"”) elor g(g(xé‘l,s(z),x?ﬂ)(t), 1(”‘t)) €
\/T(m,")

(m,n)

= g(s,1,172) € VI"" or g9 !5, 1,)0,100) € VT

Since g(s, x1, 10-2)) e ‘/j(m'n) is a contradiction, then
g(g(xé_l, s, x?ﬂ)(f), 1(n—t)) c \/T(m,n)

— JwelN; g(g(g(xé—lls(Z)’x?H)’ 1(n—t))(w)’ 1(n—w)) cl
— g(g(x;tﬂu), 1(n—t—w), g(g(xé—l’ 5(2), 1, X?H)(w)l 1(n—w—1)) el

N g(S, X, 1(n—2)) c \/T(m,n) or g(g(g(xé—ll 5(3)/ X?H)(t), 1(n—t))(w)/ 1(71—w)) c

\/T(m/")

= -+ or g(s,x,, 1" ?) € \/f(m’n)
which s contradiction with g(s, xj, 10"?) ¢ \/f(m'n) forallj € {1,..,i-1,i+1,..., n}. Thuswehave g(s, x;, 17"-?) €

VI (m’n). Consequently, VI o is an n-ary S-prime hyperideal of R. If ¢ = I(n — 1) + 1, then by using a similar
argument, one can easily complete the proof. [

For a hyperideal I of a Krasner (m, n)-hyperring R, we refer to the n-ary S-prime hyperideal P = \/T(m'n)
as the associated S-prime hyperideal of I and on the other hand I is referred to as an n-ary P-S-primary
hyperideal of R. The intersection of n-ary P-S-primary hyperideals is discussed in the next theorem.

Theorem 4.8. Let S be an n-ary multiplicative subset of a Krasner (m,n)-hyperring R and I} be n-ary P-S-primary
hyperideals of R for some n-ary S-prime hyperideal P of R. Then, I = N I; is an n-ary P-S-primary hyperideal of R.

Proof. Let I; be an n-ary S-primary hyperideal of R for all 1 < j < n. Then there exists s; € S such

that if g(x!) € I; for x” € R, then g(sj,x;,1"7?) € I; or g(xi,sj,x" ) € \/I—]-(m'”) for some 1 <i < n. We
puts = g(s"). Let g(a’) € I for some a? € R and let us assume that g(s,a;,1"?) ¢ [ forall 1 < i < n.

This means g(s,a;, 1) ¢ I; for some 1 < j < n. Since I; is an S-primary hyperideal of R, we get
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g, s;al ) € \/_] " Since [ are n-ary P-S-primary hyperideals of R for some n-ary S—prime hyperideal

P of R, then \/_J \/_(m & Then we obtain _z](a1 ,Sj, A1) € \/_( which implies g(a] ls,a" ) e \/_(m &
and the proof is over. [

(m,n)
1+1

Theorem 4.9. Let S be an n-ary multiplicative subset of a Krasner (m, n)-hyperring R and I be hyperideals of R
such that foreach 1 <i <n—1,1;nS # @. If I is an n-ary S-primary hyperideal of R, then g(I'~*,1) is an n-ary
S-primary hyperideal of R.

Proof. Since g(I""!,I) CIand IN'S = @, we get g(I'",1) N S = @. Let I be an n-ary S-primary hyperideal of
R. Then there exists s € S such that if g(a?) € I for a? € R, then g(s,a;, 1"?) € I or g(ai™,s,a" ) € VI )
Suppose that g(x]) € g(IT‘l,I) for some xy € R. As g(I?‘l,I) C I, then g(x7) € I. Since foreach1 <i<n— 1,

IiNS # @, then we have u; € [; N S. Put u = g™, 1). If g(s,x;,1?) € I, then g(g(u,s,1"72),x;,1772) =

g(u, g(s, x;, 107-2)),10-2) ¢ g(Ii”_l),I). Now, let g(xg‘l,s, X)) € \/f(m'n). Then there exists t € IN such that

g9, s, ), 1070) € T for t < nor gy (g(xi™,s, 7)) €1, for t = I(n—1) + 1. In the former case, we have
9(u“)f g(g(xi‘l, 5,21.1)", 1<"‘f>)), 1<”—H>)

—9( ( , (1,5, 10772), ) ),1<"—f>)

€ g1, 1)

) (mn)
which implies g(xll_l, g(u,s,1072), X' ) € 4/ g(I{"l, I) . Thus, g(I?‘l, I)is an n-ary S-primary hyperideal
of R. In the second case, a similar argument completes the proof. [
|

Theorem 4.10. Let (Ry, f1,91), (Ro, f2, 92) be two Krasner (m, n)-hyperrings and h : Ry — Ry be a homomorphism
such that 0 ¢ h(S). If I, is an n-ary h(S)-primary hyperideal of Ry, then h™\(Ly) is an n-ary S-primary hyperideal of
R;.

Proof. Suppose that I, is an n-ary h(S)-primary hyperideal of R,. Then there exists s € S such that for all
3/1 € Rz with g>(y}) € I, we have g>(h(s), y;, 172) € I, or go (v, h(s), y7,,) € VL™ for some 1 < i < n. Put

h~Y(Ip). It is easy to see that [; N S = @. Let g1(x]) € I for x] € Ry. Then h(g1(x7)) = ga2(h(x1), ..., h(xn)) €
12- So, we have ga(h(s), h(xz) 1079) = h(gi(s,%;,1772)) € L or ga(h(x1), .., h(xi-1), h(s), h(xisa), ..., h(xn)) =

h(gi(xit,s,x% ) € VB which implies g1(s,x;,1"?) € h™'(I,) = I or gl(x ,5,x1) € b 1(\/_(mn
\/h‘l(lz)(m'n) = VL") Thus h™'(L) = I is an n- ary S-primary hyperideal of R. [

Theorem 4.11. Let (Ry, f1, g1) and (Ry, f2, 92) be two Krasner (m, n)-hyperrings such that 1g, and 1g, be two scalar
identities of Ry and Ry, respectively. Suppose that S = Sq X Sy such that Sy and Sy are n-ary multiplicative subsets of
Rq and Ry, respectively. Then Iy is an n-ary S1-primary hyperideal of Ry if and only if I; X R, is an n-ary S-primary
hyperideal of R1 X Ro.

Proof. = Suppose that I is an n-ary S;-primary hyperideal of Ri. Let g1 X g2((x1, y1), -+, (Xn, Yn)) €
I X Ry for some x| € Ry and y] € Ry. Then we have g1(x]) € I;. Then there exists s; € S; with
71051, %,109) € I or (¥, s1,2% ) € VE™. So g1 X ga((s1, x,), (60, ¥, (1r,, 1r,)" ) € I X Ry or
g1 X g2((x1, Y1), oy (Xi=1, Yic1), (51, 1R, ), (Xiv1, Yiv1), -oos (Xn, Yn)) € VE"™ xRy = VIXR. Consequently,
I} X Ry is an n-ary S-primary hyperideal of Ry X R;.

< Let I X Ry be an n-ary S-primary hyperideal of Ry X R,. Suppose that g1(x]) € I; for some x| €
Ri. Then g1 X g2((x1,1g,), - (X, 1g,)) € L1 X Rp. Since I X Ry is an n-ary S-primary hyperideal of
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Ry X Ry, then there exists an element (s1,s7) in S such that g1 X g2((s1,52), (xi, 1r,), (1R, 1g,)"7?) € [1 X Ry
or g1 X gz((xl,le) (i1, 1g,), (51, 52), (x,+1,1R2),..., (xu,1x,) € VL sz(m'n) = \/I_l(m'n) X R,. This means
g1(s1,xi, 1 1 ) €l or gl(x1 ,81,X1 ) € \/_1 Thus I is an n-ary Sq-primary hyperideal of R;. [

Theorem 4.12. Let R be a Krasner (m, n)-hyperring and S be an n-ary multiplicative subset of R with 1 € S. If I is
an n-ary S-primary hyperideal of R with I N'S = @, then S~ is an n-ary primary hyperideal of S™'R.

Proof. Let .., & € ST'Rsuch that G(¢, ..., i) € S7'I. Then we have ?E;’E; € S7I. Tt implies that there exists
1

t € S such that g(t g(a?),172) € I and so g(a'™!, g(t,a;,17?),a’. |) € I. Without loss of generality, we may

assume that g(a’~", g(t,a,,1""?)) € I. Since I is an n-ary S-primary hyperideal of R, then there exist s € S

such that at least one of the cases hold: g(s,a;, 12y € [ for some 1 < i < n -1, g(s, g(t,a,,102)),10-2) € ],
9@, s, a7l g(t,a,,1779)) € VI™™ for some1<i<n—1or gai,s) e N

i 101 (a;,1071) (5,0:,172) -
If g(s,ai,l(" ?) € I for some 1 < i < n—1, then we get G(¢,1 ) = Z(L;Jw—n) = %Z 1<”_z>) € S If

— n-1) (n-3) .
g(s,9(t, @, 10-2),10-2) € [, then G(%, 1"V = 8l _ d6banl ) ¢ g-11 1f g(ai-1 s, 1+1/ g(t a,,1072)

sy’ 1 g(sn =1y ™ (s, £5,,10-9)
(m,n) . n aiq 1 ai A1y g(ug’],y(s,t,l(”’z)) un) (m, ")
VI for some 1 <i < n -1, then we get G(g,..., ST s s 5 = g TG 1 Vit

VST1™"”, by Lemma 4.7 in [6]. If g(@~",5) € VI™”, then G(%, .., %=, 1) = ZE 1 e s Vi ) = s,

Thus S~ is an n-ary primary hyperideal of STIR. O

The following theorem shows that if S7'I is an n-ary primary hyperideal of SR and S™'INR = (I : s) for
some s € S, then I is an n-ary S-primary hyperideal of R.

Theorem 4.13. Let R be a Krasner (m, n)-hyperring, S be an n-ary multiplicative subset of R such that 1 € S and I
be a hyperideal of Rwith INS = @ . If S™\1 is an n-ary primary hyperideal of ST'R and ST'IN R = (I : s) for some
s € S, then I is an n-ary S-primary hyperideal of R.

Proof. Suppose that S7!I is an n-ary primary hyperideal of SR and S'I N R = (I : s) for some s € S.

Assume that g(a}) € I for some a” € R. Then we obtain G(%,---, %) € S7'I. Since S~!Iis an n-ary primary
(

hyperideal of S™'R, we get ¥ € S or G(%,---, %L, 1,%1,... %) € N for somel <i<n In

ai

the former case, we have a; = % € S'I N R which implies a; € (I : s) by the hypothesis. This means

g(s,a;,17"2)) € I and we are done. In the second case, we get G(G(%, -+, %2, 1, %L ... &), %(n_t)) e S

for t < nor Gg(G(%, -+, %, 1,%,--, %)) € ST for t = I(n — 1) + 1. The first possibility follows
o O 101

that g(g(a1, -+ ,ai-1,1,a41, - ,a,)®,1079) = 9g@, g“(g‘(ll(l)“)(*”llmﬁ;)) A7) ¢ 511 R. Hence we conclude that

g(s,9(a1, -+ ,ai-1,1, a1, -+ ,a,)®,10717D) € [, by the hypothesis. So g(g(a1, -+, ai-1,8,ai11, -+ ,a,)?,107D) €

which implies g(a1,--- ,ai-1,5,8i+1, -+ ,an) € \/f(m'n), as needed. In the second possibility, one can easily
complete the proof by using an argument similar. [J

5. Conclusion

In this paper, the author extended the study initiated in [17] about S-prime ideals and in [25] about S-
primary ideals in a commutative ring. The concepts of n-ary S-prime and n-ary S-primary hyperideals were
introduced in a Krasner (m, n)-hyperring. Some of their essential characteristics were investigated and some
examples were provided. Moreover, the stabilty of the notions were examined in some hyperring-theoretic
constructions.

This study can be continued in several directions, such as: to define graded S-prime and graded
S-primary hyperideals, to analyse similar notions in the context of (1, n)-hypermodules.
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