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A note on fractional Simpson-like type inequalities for functions
whose third derivatives are convex

Fatih Hezenci?, Hiiseyin Budak?

?Department of Mathematics, Faculty of Science and Arts, Duzce University, Turkiye

Abstract. In this paper, equality is established for Riemann-Liouville fractional integral. With the aid of this
equality, it is proved some fractional Simpson-like type inequalities for functions whose third derivatives
in absolute value are convex. By using special cases of the main results, previously obtained Simpson
type inequalities are found for the Riemann-Liouville fractional integral. Furthermore, the mathematical
example is presented to verify the newly established inequality.

1. Introduction

The inequality theory is a considerable topic and remains an interesting research area with numerous
number of applications in many mathematical fields. In addition, convex functions have also a significant
place in the theory of inequality. Many inequalities have been investigated for convex functions but the
most prominent is the Simpson type inequality, because of its rich geometrical importance and applications.
The following inequality is one of the well-known outcome in the literature as the classical Simpson type
inequality for four times continuously differentiable functions.

Theorem 1.1. Let § : [n,u] — R denote a four times continuously differentiable function on (n, ), and let
89|, = sup |F¥(x)| < co. Then, one has the inequality
xe(n1)
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The convex theory is an impressive method to solve a large number of problems from varied branches of
mathematics. Hence, many papers are established the Simpson type inequalities for convex function. For
instance, Sarikaya et al. proved the new variants of Simpson type inequalities with the aid of differentiable
convex function in the papers [33]. For results with respect to these types of inequalities one can see Refs.
[12,25] and the references therein. In addition to these, Simpson type inequalities for various convex classes
have been studied extensively by many authors (see, [17, 23, 27, 32] and the references therein).

Twice differentiable convex functions have been established by many authors to get significant inequal-
ities. For example, some Simpson type inequalities were presented for functions whose absolute values of
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derivatives are convex in [31]. Moreover, J. Park proved new estimates on the generalization of Hadamard,
Ostrowski and Simpson type inequalities for the case of functions whose second derivatives in absolute
value at certain powers are convex and quasi-convex functions in [28]. Furthermore, it was proved some
fractional Simpson type inequalities for functions whose second derivatives in absolute value are convex
in [8]. It can be referred to [3, 9, 15, 35] for further information about twice differentiable functions.

Some inequalities of Simpson type for functions whose three derivatives in absolute value are the class
of (a, m)-geometric-arithmetically-convex functions established in the paper [20]. In addition to this, some
applications to special means of positive real numbers were given in this paper. In [1], some inequalities
of Simpson type for quasi-convex functions in terms of third derivatives are presented and applications
to Simpson numerical quadrature rule is also established. Furthermore, Ozdemir et. al. presented some
inequalities by s-convex and s-concave functions in [26]. In the paper [11], the authors proved new
inequalities of Simpson type for functions whose third derivatives are extended s-convex functions, and
apply these inequalities to provide some inequalities of special means. In the paper [29], ]. Park established
some new integral inequalities of Hermite-Hadamard type for functions whose third derivatives are convex
and s—convex in the second sense. For further information related to these subjects, we refer to reader to
[10, 36] and the references therein.

Mathematical preliminaries of fractional calculus theory, which will be used throughout this paper, will
be presented as follows:

The well-known Gamma function and Beta function are defined by

I'(x):= féx‘le‘5d£
0

and
1

Blx,y) = fé"_l (1-&"tde

0

_T(T(y)
S T(x+y)’

respectively for 0 < x,y < oo and x,y € R.
Let us consider § € L1[n, u]. The Riemann—Liouville integrals ]‘r’]‘ L& and ;’f_‘& of order a > 0 with 7 > 0 are
defined by

1

o) = T@

f (= O FEME, x>
n
and
U
BaW =g [ -0t 1<

respectively. Let us note that ]3 L) = 2,‘&(9() = F(x). Let us also note that « = 1 in above. Then, the
fractional integral becomes to the classical integral.

The fractional integral inequalities and applications have been established with the aid of the Riemann—
Liouville fractional integral. For instance, Sarikaya et al. established some Simpson type inequalities for
the case of functions whose second derivatives are convex [34]. Moreover, Igbal et. al. generalized the
Simpson type inequalities based on differentiable functions to Riemann-Liouville fractional integrals in the
paper [16]. Some Simpson type inequalities using s-(a, m)—convex function by Riemann-Liouville frac-
tional integrals were given in [21]. The reader is referred to [5-7, 13, 14, 24, 37] and the references therein for
more information and unexplained subjects about several properties of Riemann-Liouville fractional inte-
grals and various fractional integral operators. Whereas Simpson type inequalities for Riemann-Liouville
fractional integrals have been considered by the authors, some mathematicians have also established the
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Simpson type inequalities for other types of fractional integrals such as k-fractional integral Conformable
fractional integrals, Katugampola fractional integrals, etc. Concerning some papers related to these subjects
see [2, 18, 19, 22, 30], and references therein.

The aim of this paper is to establish Simpson-like type inequalities involving Riemann-Liouville frac-
tional integrals for a function whose 3rd derivatives are convex. The whole design of the present paper takes
the form of three sections including introduction. In Sect. 2, an identity is investigated for function whose
3rd derivatives are convex. By utilizing this equality, it is established several Simpson-like type inequalities
to the case of function whose 3rd derivatives in absolute value are convex. Moreover, some remarks and
corollaries are presented in this section. Furthermore, we give mathematical example to support the main
results. In Sect. 3, some conclusions and further directions of research are discussed.

2. Main results

Lemma 2.1. Let us note that § : [n, u] — Ris a three times differentiable function (1, u) such that §" € Ly ([n, u]).
Then, the following equality holds:

1
(a+1)(x+2)

[0+ @+ 30)5(L5E )+ 5] - 2D s+ 56| o

— 3 p — —
- [l e ) e (5o

Proof. With the aid of the integration by parts, we obtain
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2a(a+1)0(+2) féal 3 + 2 5)) ‘{g(é +(2;£)y)]d5

N (252500

Sa(ozgl)n()oHZ fga][g < + ) )+g(§n+(¥)y)]d£.

With the change of the variable x = % u+ (%) nand x = %1} + (%) n for £ € [0,1], equality (2) can be
rewritten as follows

(y n) |3+ (0 +30) 5 (1E) + 5 )] ©

2098 (@ + 1) (@ +2)T(a+1)
- T e g’( )+]m 3( ) .
(= o3 o)

3
If we multiply the both sides of (3) by %, then (1) will be obtained. O

Theorem 2.2. Assume that the assumptions of Lemma 2.1 are valid. Assume also that the function || is convex
on [n, u]. Then, the following inequality holds:

1 ) n+u 20717 (@ + 1)
@iD@2 [8(n)+(a +3a)3( )+8f( )] e [w %(n)+]w+‘&(u)]’ (4)
([Ll — 77)3 o [ 3 ( )| +]§7( )l]
TBa+D@+)@ra M Il
Proof. By taking modulus in Lemma 2.1, we have
1 2 n+u 2971 (@ + 1)
GrDETy B 3§ (1) e we| - = %(n)+m+w>]’ ®

%[ o= s (s (557 )3 (o (57 s

From the fact that |§"”’| is convex, it follows

1

20717 (a0 + 1)
(a+1)(x+2)

(u=n)"

[500+ (@ +30) 5 (55 + 50| - [ 500+ m;rs(u)]‘
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( ) a+ V444 1244 44 244
= 16(a‘L-:-l)na+2) f'é =& [ 5 )+ 255 [ (n)l S5+ 2L s (y)}]
1 3
e o I (T id | IR )]
“Tea+D(@+2) g2 = &2 de (|5 (] + 5 ()] = Ba+D@+)@+3)
0

The proof of Theorem 2.2 is completed. [J

Example 2.3. Consider a function & : [n, u] = [0,1] = R by §(x) = x°. Then, the left hand side of (4) becomes to

m (50 + (@ +30)3(3)+ 50| -2 T @+ [1 5O + 11, (1)”

3 1
_ 1 a? + 3a _2“‘11"(0z+1) o5  pvanl g5
B (a+1)(a+2)[ 32 +l] T (a) f‘f 5d5+f(1 &) &de
0 1

@+Da+2)| 32 e+ |*T @+D)@+2)(@+3)(@+d)

) 1 [az + 30 ] 1 [ (a+6) (a* + 140° + 910 + 3340 + 640)]

The right hand side of the inequality (4) reduces tom. Hence, we have the following inequality

L
2

< 5a
" 4@+ D@+2)(a+3)

(6)

22+ 30+ 32 1 (+6) (a* + 140° + 910 + 334a + 640)
(a+1)(a+2)_2(a+5) ¢ (a+1D)(@+2)(@+3)(x+4)

As one can see in Figure 1, the result of our appropriate choices in Example 2.3 is provided in the inequality (4).

0.06

== The left hand side of the inequality (6)
The right hand side of the inequality (6)

0.05 -

Figure 1: Curves for the result of Example 2.3 calculated and drawn with MATLAB.
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Remark 2.4. Let us consider o = 1 in Theorem 2.2. Then, the following Simpson type inequality holds:

+y)+8(#)]—ﬁfy8(é)d£ |,
n

which is given by [20, (3) of Remark 3.1].

< (p - 77)3 [
1152

i

[ +as(” 5 ) +

Theorem 2.5. Suppose that the assumptions of Lemma 2.1 hold. Suppose also that the function |§"', g > 1 is
convex on [n, u]. Then, the following inequalities hold:

e [r o 30) 5+ 5.0 - ﬁgggﬁbﬂmmuwﬁwﬂ

(L—m) (@p)

315" () + 13" (W’ %+ 5l +3[5” ([}
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o (-’
T i+ 1) (a+2)
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Here, % + % =1and

1

¢ (a,p) = f (=2 - & de)

0
Proof. By applying Holder inequality in the inequality (5), it follows

1
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By using convexity of |F”'|7, we obtain
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and 1+ 37 < 4. The desired result can be obtained straightforwardly. This finalizes the proof of Theo-
rem 2.5. [

— 8///

A (77)|q and u, = 3|3 (y)|q . Using the facts that,

Let us consider 1 =3

Corollary 2.6. Consider o = 1 in Theorem 2.5. Then, we can obtain

3o+ a3 () 5] ——f&(é)dé
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Theorem 2.7. Suppose that the assumptions of Lemma 2.1 hold. Suppose also that the function |§"', ¢ > 1 is
convex on [n, p]. Then, the following inequality

m[&(nh(a%m)&(” B) e 5] - %[ i?(n)+]w+%(/~t)”

57 ()| + (5a +23)
8(a+4)

(u-n’a l[3(a+3)

5ol )
T 48+ 1) (a+2)(a+3)

3(a+3)|F” (n))q + (5a + 23) |F"” (lu)'q g
8(a+4)

is valid.
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Proof. With the aid of the power-mean inequality in (5), we get
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From the fact that |§”’|7 is convex, it follows
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which completes the proof of Theorem 2.7. [
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Remark 2.8. If we choose o = 1 in Theorem 2.7, then the following Simpson type inequality holds:

3o+ 43( )+ 50 ——f‘&(é)dé
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which is given by [20, (2) of Remark 3.1].
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3. Conclusion

An identity is investigated Riemann-Liouville fractional integral. By using this equality, it is established
fractional Simpson-like type inequalities for three times differentiable function. With the help of special
choices in our results, previously obtained Simpson type inequalities are found. Moreover, we present
mathematical example to provide the main results. In future studies of the mathematicians, improvement
or generalization of our results can be researched by using different kind of convex function classes or other
types fractional integral operators.
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