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Generalized inequalities for nonuniform wavelet frames in linear
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Abstract. A constructive algorithm based on the theory of spectral pairs for constructing nonuniform
wavelet basis in L?(R) was considered by Gabardo and Nashed. In this setting, the associated translation
set is a spectrum A which is not necessarily a group nor a uniform discrete set, given A = {0,7/N} +2Z,
where N > 1 (aninteger) and ris an odd integer with 1 < r < 2N—1such that rand N are relatively prime and
Z.is the set of all integers. In this article, we continue this study based on non-standard setting and obtain
some inequalities for the nonuniform wavelet system {Tﬁl () = @2N)/ 2‘f((2N Yix — /\)e’ %

-, jez,A e A}
to be a frame associated with linear canonical transform in L*(IR). We use the concept of linear canonical
transform so that our results generalise and sharpen some well-known wavelet inequalities.

1. Introduction

Frames were widely studied by Duffin and Schaeffer [9] in the light of non-harmonic Fourier series in
year 1952. They were further investigated in 1986 by Daubechies et al.[7]. This process of frame study
continued. The unique and interesting properties of frames and their duals make them able to play an
important role in the characterization of signal and image processing, Image processing, signal spaces,
sampling theory and many other fields. To be precise, we can say a frame is a collection of functions or
signals in a separable Hilbert space which allows stable but not unique decomposition. Mathematically,

we can say a family {fi};-, of functions of a Hilbert space H is called a frame for H if we can find constant
A, B > 0 with the condition f € H,

At < Yo ) <ol

2
. M)

where A is lower frame bound while as B is the upper frame bound. When the bounds are equal, we have
a tight frame. We have a normalized tight frame when A = B = 1. The frames which are born with the joint
action of dilations and translations of finite number of signals will worth to study. To investigate these
frames, fora,b € Rwitha > 1, and b > 0, we define the wavelet systems as

F(i,a,b) = {ijx = a?i(alx — kb) : j,k € Z}. )
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One should note that the systems ¥ (f,a,b) which will become frames for L?(R) have a wide range of
applications [2, 6]. Thus it is important to impose the on f,a and b such that the system ¥ (f, 4, b) will become
a frame. It was Daubechies, who in 1990 [7] obtained the first necessary conditions for wavelet frames,
where as, Chui and Shi [6] obtained an improved result in 1993. Cassaza and Christensen [4] modified the
results of Daubechies’s sufficient condition for wavelet frames in L?(RR). This process is continuing till date.
For more details, we refer to [5, 8, 20, 23, 24]. Recently, Gabardo an Nashed [10, 11]developed the theory of
nonuniform wavelets and wavelet sets in L?(IR) for which the translation set is no longer a discrete subgroup
of R, but a union of two lattices. The nonuniform wavelet frames that are developed from spectral pairs
were studied by Sharma and Manchanda [21] with the help of Fourier transforms. Actually they studied a
necessary and sufficient conditions which makes the nonuniform wavelet system to be a frame for L*(RR).
More results in this subject can also be found in [15, 16, 18, 19] and the references therein.

The concept of novel multiresolution analysis in nonuniform settings was established by Shah and Lone
[14]. They call it Nonuniform Multiresolution analysis associated with linear canonical transform (LCT-
NUMRA). While as Bhat and Dar [1] introduced fractional vector-valued nonuniform MRA and associated

wavelet packets (LCT-VNUMRA) where the associated subspace V§ of LZ(]R, CM) has an orthonormal

basis of the form {CD(x — A)e= 5 (tz‘Az)}AeA where A = {0,7/N} +2Z,N > 1 is an integer and r is an odd
integer such that » and N are relatively prime. These two authors have also constructed vector-valued
nonuniform wavelet packets associated with the novel multiresolution analysis. Moreover they have
developed a necessary condition and sufficient condition for nonuniform wavelet frames associated with
linear canonical transform[2]. More results in this direction can be found in [3, 12, 13, 17, 22].

Motivated by the above described work, we present generalized inequalities for nonuniform wavelet
frames in L?(R) via linear canonical transform transform. The inequalities we proposed are stated in terms
of the linear canonical transform of the wavelet system’s generating signals, and the inequalities are better
than that obtained in [2] by Bhat and Dar.

The paper is structured as follows. In Section 2, we introduce some notations and preliminaries related
to the nonuniform wavelets related to the one-dimensional spectral pairs. Then, we establish sufficient
conditions for nonuniform wavelet frame associated with linear canonical transform.

2. Nonuniform Wavelet Frames in L?(R)

For the sake of simplicity, we consider the second order matrix pox> = (A4, B, C, D). Let us first introduce
the definition of Linear Canonical Transform.

Definition 2.1. The linear canonical transform of any f € L*(R) with respect to the unimodular matrix Uy, =
(A, B, C, D)is defined by

e fOK(, Odt B#0
VDexp CE (D) B=0.

where K(t, C) is the kernel of linear canonical transform and is given by

1 ox {L(Atz —2tC+DC2)} B0
V2mB P 2B ’

The inversion formula corresponding to linear canonical transform (3) is defined by

LIf1©) = { ©)

Kou(t, C) =

f0 = [ 0T D
R
Morever the well known Parsevel’s formula of the linear canonical transform (3) may be stated as

(LIf), LIgly = {f,9), forall f,g,[*(R).

We first recall the definition of a nonuniform multiresolution analysis associated with linear canonical
transform (as defined in Ref. [14]) and some of its properties.
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Definition 2.2. For aninteger N > 1 and an odd integer r with 1 < r < 2N —1 such that v and N are relatively prime,
a nonuniform multiresolution analysis associated with linear canonical transform is a sequence of closed subspaces

{V;.l 1je Z} of LA(R) such that the following properties hold:
(a) V;l c V;:lfor all je Z,;
1) Uiz V;' is dense in L2(K);
© ez V! = 10);
(d) f(t) e V;.i if and only if f (2N-) e~ A(-CN?)?/B ¢ V;‘H forall je Z;

A

(e) There exists a signal @ in V' such that {(p(t — N FE) ) e A}, is a complete orthonormal basis for V.

Given a LCT- NUMRA {Vf 1j€ Z}, we define another sequence {WJH 1je Z} of closed subspaces of
L*(R) by W;.l =V e V;l, j € Z. These subspaces inherit the scaling property of V;.l , namely,

j+1
(L : 21mAC/B L
f()e Wy ifandonlyif f(2N-)e /B e W]‘.H. (4)
Moreover, the subspaces {W]” 1je Z} are mutually orthogonal, and we have the following orthogonal
decomposition:
2(R) = oo pH f
L(JR)_@W]._VO@[@W].]. ()
j€ezZ j=0

A set of signals {f” i .,T‘;N_l} in L?(R) is said to be a set of basic wavelets associated with the LCT-

NUMRA {Vf tj€e Z} if the family of signals
{ff(t — e FEA 1 <P<IN-1,1¢€ A} forms an orthonormal basis for Wg.
In view of (4) and (5), it is clear that if {f{,f1, ..., fon-1] is a set of basic wavelets, then
:(ZN)f/ zfc((ZN)j t— /\)e‘%(tz‘ﬂ) :1<¢<2N-1,1¢€ A} constitutes an orthonormal basis for L(R).
Given N > 1, where N € Z with an odd integer r under the assumption 1 < r < 2N — 1 such that r and
N are relatively prime, let us define

r
, —

A=
o

k
}+22:{%+2n:nel,k:0,l}. ©)
One can verify that A is neither a group nor a uniform discrete set. However, it is the union of Z and a
translate of Z. Furthermore, A is the spectrum for the spectral set Y = [0, %) U %, %) and the pair (A, Y)

is called a spectral pair.
With f € L%(R), let us consider the nonuniform wavelet system associated with linear canonical transform
as

mA

GG, i A p) = {ff, = @NYPH(@NYE=2)e B s jez, A e Al. ?)

The above defied wavelet system G(J, j, A, ) is a nonuniform wavelet frame for L?(R) associated with linear
canonical transform, if we have the positive constants 0 < C < D < oo such that

o <X Y Kol <olls

JEZ. AeA

2
" (8)

is true for every signal f € L*(R). To defend our main results, we require the help of the following well
known lemma.
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Lemma 2.3. Suppose that {fi};-, is a family of elements in a Hilbert space H such that the inequalities (1) holds for
all f in a dense subset © of H. Then, the same inequalities is true for all f € H.

In the light of Lemma 2.3, let us consider the following set of signals:
D= { feL*(R): f € L(R) and f has compact support in IR}.

It is obvious that D is a dense subspace of the Hilbert space. Hence, it suffices to show that the system
G, j, A, u) given by (7) is a frame for the Hilbert space if (8) hold for all f € ®. Further, we require the
following lemma on nonuniform wavelet frames whose proof can be omitted for the sake of brevity.

Lemma 2.4. Let f € Dand | € L*(R). Ifesssup{ Yiez |f(((2N)fB)‘1C)|2 :Cel, 2NB]} < oo, then

YY) = f}R \f(%)r;zif(«zN)fB)-lc)rdc+zf<f>, ©)

JEZ. AeA

where Ti(f) = To+ Ty + -+ + Ton-1 and for 0 < p < 2N -1, T, is given by

Y =N ZZ[{ ( + Ny )((2]3)13+§)f(%+(2N)j§)

j€Z t#p

¢ ¢ Rt (Cp)
X T((ZN)J'B + 2)(1 +e P)} dc. (10)

Let us now establish the first sufficient condition for the nonuniform wavelet system G(f, j, A, i) associ-
ated with linear canonical transform given by (7) to be a frame for L?(R). Here we not only obtain various
Inequalities for the nonuniform wavelet system but also modify the already obtained inequalities in [2]. So,
we set

Qi(m) = esssup ]EZZ ﬁf( (ZIS)]B)‘ e [1,2NB] Y, 11)
where
hom 0 = Y (@i (eni(s + ) 12)

kelNp

We also use the following set:
© = {(@N)Bk+ € ke Ny, 1< £ <2N -1},

Analogously for the nonuniform case, we establish the first sufficient condition as follows.

Theorem 2.5. Suppose * € L*(R) such that

/2
o . (_C \_ (v—v’) (B=v\]'
% = SSCe[lfg\/B]Zf (2N)JB ;Q[Qf 2 )\ 2 >0
vy B—v 1/2
B; = ess sup ( )' [Qf( )-Q;( )] < 00,
T Cell, ZNB]GZZ ;@ 2 2

Then {T;A jeEZ, A€ A} is a frame for L*(R) with bounds U and B;.
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Proof. As the last series in (10) converges absolutely for every f € D, we use Levi lemma to estimate T;(f)
by rearranging the series as well as changing the orders of summation and integration . Therefore we have

()|

IN

IN

IA

N
z

1

-1 f
]G

w2 2LV
N R

v=0 je

(%) ((ZN)JB)

{ke]No V£V €O

[
X f( + (2N)f+k ( o (ZN)k ))
e

{zzz

keNo v €@ jez
xf< R e

2NB Z f'f {]EZV#V - (]2 +(2N)f(1/—2v’))
XZ?((ZNCV k) (( )k(<2N>fB v_zw))

v =V
1 £ 5o (<)

N
ou
ZM

bl

ﬁ

N
7

2N)1B)

N
oo

g
N

e
e
e

2Ny~ ")

2N-1

NB Zf'f

v—1 C
Xt*( 2 ’(ZN)J'B)}dC
2N-1 1/2

C

a2l L6 ((mg
by C 12
{ +(2N] tf( 2 ’(2N)J'B) }dc

1 2 1 1/2
NG D D {fR ( 2 <2N>JB) dc}

v=0 jeZ v#v'e®

7\ |2

- (v =V v—v C
f(§+(2N)]( 2 )) tf( 2 ’(2N)fB)
1/2
=1 C
tf( 2 ’<2N>fB)’dC}

1/2
MHECENIE S

j€Z

1/2
R

/—/A

C —P\)sf_C t=p
(E ey ( 2 ))f(aNﬂB+ 2

|
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2N-1 , C 12
-V
- 2NBZ Z{ ( 2 '(2N)fB)‘dC}

v=0 v#1€@ | jeZ
1/2
{]EZ -2 ) dc}
2N-1 . 2 , 1/2
= 2NB Zg;@{fn{ / %)‘ Qf(v - )dc}
x{jl; f(%)zgf(_(vz—v’))dc}l/z
2N-1

Lot ol

It is clear from the expression (9) in Lemma 2.3 that

ZZKH f‘f ‘{ ((215)]3)" Y [Qf(v—Zv’),Qf(—(vz—v'))}”z}dc,

JEZ AeA V£V €O

2N

and

JEZ AeA V£V €O

P RN
ZZK”M’ SLHE)‘ {]EZZ ‘f((ZN)J’B)
We take infimum in (13) and supremum in (14).Thus

Wl < XY [f <o

JEZ AeA

hold for all f € ®. This completes the proof of Theorem 2.5. [

On the same platform as in [2], we modify the notations as:

(2N)/B(A - G)'A L o}

2= {v € R : there exists (j,A) € Z x A such that v = >

and for all v € E, we define

7

I(V)z{(]‘r/\)EZXA:Vz(ZN)]‘B#}

P C R C 1-0o
0} = f( )f( . )
(i /\)Jﬁ;;)el v \@N)BJ \(2N)'B 2

v § C K C A—o
Q0 = f( | )f( - )
<f,A>¢<ZJ;;‘>ez(v) (N)B) \@N)B 2

Having defined above notations, we reintroduce the following result as.

- X el

3730

(13)

(14)

(15)

(16)

(17)

(18)
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Theorem 2.6. Suppose | € L*(RR) such that

C; ess  inf {Qg((_,)— Z

Ce[1,2NB] W

1)} >0

Di = ess sup Z (Q:(C)|<+oo.
C€[1,2NB] 1’65\{0}

Then {T;A 1jEZ, A€ A} is a wavelet frame for L*(R) with bounds €; and D.

Proof. We first note that Qj(C) = X;
re-estimate T;(f) for f € D as

f(C/ (2N)f) }2 by the definition of Q] ({). We apply Lemma 2.3 to

41_3 )3 , L{f(% *@ )]g)?((ZZ\%)JB - g)f(% +(2N)j§)

e 4 i (C—p)
8 f((21\1)13 " 2)(1 e p)}dc

|%5(f)|

y (T P\s y
R 7=0 icZ (ep ju;‘f(ﬁ +(2N)’§)f(C+(zN)1§)‘
A C p ﬁ
X f((zN)JB E)T((ZN)JB E) ic
. VGEZ\}OI (M):t%;‘)el(v)fﬂ; f(B +(2N) 2) (C+(2N) )’
A
((ZN 5) ((2N)]B _)

IA

#(5)/ (G + @ (777)
" lf(ms)fB)%((zzé)fB 4 0)

2 f((25)]‘13)?((215)1'3 " A;a)
(:A)#(jo)el(v)

Or@c  (ByEq. (17))
2 1/2
f(g+ g) v«:)ldc}

1/2
(C)ldC} : (19)

veE\(0} (jA)#(jio)el(v) ‘[R

dc

- L VGV G3)

veE\{0}

- L [VGIG3)

T ([ e
foe] |51

.

IA

veE\{0}

Lx [l

VEE\{0) IR

IA
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Putn = % +v/2. We have v = 2N)/B(A — o) for (j, A) # (j, 0) € I(v) that

K C 2 C A—o
Qi = f( ‘ ) f( . )
( j,A)st;)eI(v) (2N)'B) \(2N)'B 2
1 —
(jA)£(o)El(v)
e Y A=o
i f( - (@NYBY )(——((N)B>1 )
(M#%;)el(v) (2Ny (2N)i 5
- Y f( U ‘_/\—o)%( 1 )
(jA)#(0)el(v) 2Ny 2 (2N)/
= ;0 (ByEq. (18)).
Therefore
Z [SMOIE Z |, (). o0
veE\{0} veE\{0}

Again changing C + v/2 to ) in the last integration of (19), we obtain from (19) and (20) that

Y f ‘f dn}

[i)| { V<c>|dc} {
veE\{0 veE\{0
- [ f(%)r{ V(C))}dc. @)

Hence from (21) and (9), we get

| \f(%)\z{oa@ y )Q+<c>|}dc<22\ff . )

veE\{0 JEZ. AeA

veE\{0}

and

LY Jrw) < fR i (%)r{ﬂg(cn y |Q:<c)|}dc

j€Z AeA veE\{0}

or, equivalently
A2
;ngkff;})k < fm‘f(%)‘ {;‘ |Q$(C)|}dc. o

We take infimum in (22) and supremum in (23), to get

sllfE <Y Y[ < ol

JEZ AeA

The proof of Theorem 2.6 is complete. [J
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Remark 2.7. The crux of our results lies in the fact that the bounds obtained in Theorem 2.6 are far better than those
of Bhat and Dar [2]. To be precise, we obtained:

u = i ZZ (@B ZZ;;;\ ((@NYBY'C)i((2N)B)- 1C+€/2)‘}
IS IS #

. o C o C Vo C A-o

= e ].GZZT((ZN)fB) f((ZN)fB)f((ZN)fBJr 2 )

. C o C Yo C A

ci3hin ]EZZ ((21\1)13) o lon e EI(V)f((ZN)JB)T((ZN)J’B "

- Ce[il%B]{Qg(C) - Z o

veE\{0}
= ¢,

2

veE\(0} (jA)£(jo)el(v)

2

>

IA

N |
Q
S —

Ve

)

and

v < sp VY

(,e[l,2NB] jGZ (7

H(@NYBY 1 C)f((@N)B)1C + f/z)\}
o C N[ T Ao
f(<2N>J'B)f(<2N>fB+ 2 )
= sup

% Z ) (a2
cel.2nB] &0 [adGaei VENVBIAE@NYVB 2

= sup { ) [0r©l}

(,e[l,2NB] VGE\[O}
= D

With the notations in (17) and (18), we define new sets as

= sup
CE[L2NB] | eB\(0) (j )% (o)el(v)

A} = esssup { |Q:(C)| :Ce [1,2NB]}, A, = esssup{|Q;(C)) :Cel, ZNB]}.

Theorem 2.8. Suppose f € L*(RR) such that

2
. N 12
€ = f - - A7 A >0
f essge[llr,}NB] ].EZZ f((ZN)]B)| Vegz\'fm[ ’ V]
5 = ess sup Zf( C )2 N Z [A+A—]1/2<oo
T % vV
cel12nB] | 57 (2N)B VEEV(0)

Then {T;A tje€EZ, A€ A} is a wavelet frame for L(R) with bounds €; and ;.

(5) ‘ 1Q+<c>|d<;} /2 {f}R e
(5 ot (oo
(&)

Proof. By equation (19), we have

’If(f)‘ = V;TOI{
- [

veE\{0}

Y [ara]”

VEEN{0}

A

1/2
M(8] dc}

o~}

IA

dac.
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With the same lines on Theorem 2.5, we get

JHGT Bl ] - B, vl e Lol

7

vEEN(0) jeZ. NeA
and
2 e\ X C 2 e
é;\'(ﬁ%ﬂ Sfm‘f(g)‘ jezzf((zN)].B) +VE§O}[AV AV] e
Hence 2 2 2
sl < XL <l

JEZ AeA

This completes the proof of Theorem 2.8. [J

Conclusion

The paper deals with the synthesis problem for the nonuniform wavelets in the classic Hilbert space
L?(R). We here proposed two types of the nonuniform frames and prove bounds for the appropriate wavelets
using linear canonical transform. Several special transforms can be obtained from the linear canonical
transform. For example, for u = (1, B,0,1), gives the Fresnel transform, for p = (cos 6,sin 6, —sin 6, cos 0)
the LCT yields us the fractional Fourier transform whereas for u = (0,1,-1,0), we reach at the classical
Fourier transform. Moreover, Bi-lateral Laplace, Gauss-Weierstrass, and Bargmann transform are also its
special cases. Our results will therefore hold true for these transformations also.
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