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Abstract. For some operator A € B(H), positive integers m and k, an operator T € B(H) is called k-quasi-
(A, m)-symmetric if T*(Y (-1)/ (;”)T*’”’fATf )T* = 0, which is a generalization of the m-symmetric operator.
j=0

In this paper, some basic structural properties of k-quasi-(A, m)-symmetric operators are established with
the help of operator matrix representation. We also show that if T and Q are commuting operators, T is
k-quasi-(A, m)-symmetric and Q is n-nilpotent, then T + Q is (k + n — 1)-quasi-(A, m + 2n — 2)-symmetric. In
addition, we obtain that every power of k-quasi-(A, m)-symmetric is also k-quasi-(A, m)-symmetric. Finally,
some spectral properties of k-quasi-(A, m)-symmetric are investigated.

1. Introduction

Let B(H) denote the algebra of all bounded linear operators on the complex separable Hilbert space
H. For S,T € B(H), let Ls and Ry € B(B(H)) denote the operators Ls(X) = SX and Rp(X) = XT of
left multiplication by S and right multiplication by T. Recall the definition of the usual derivation operator
0s,7(X) givenby 65 7(X) = SX—-XT for X € B(H). For every positive integer m, we have 6¢..(X) = 65;(6';;1()())

for X € B(H). Given any positive integer m, an operator T € B(H) is said to be m—syfnmetric (also called
m-selfadjoint in the literature) if

8 (D) = (L = Rp)"(1) = ) _(-1)/ ()T T/ = 0,
j=0

where (;.”) is the binomial coeffcient and T" is the adjoint operator of T. The m-symmetric operators have
applications in positive definite differential operators of odd order, conjugate point theory, and classical
disconjugacy theory [1, 3, 12, 13]. In [11] Helton initiated the study of the m-symmetric operator, in a series
of papers [11-13], he modelled these operators as multiplication ¢ on a Sobolev space, established their
connections to Sturm-Liouville operators. Note that T is 1-symmetric if and only if T is selfadjoint. It is
clear thatif T is m-symmetric, then T is n-symmetric for alln > m.In [17], McCullough and Rodman obtained
some algebraic and spectral properties of m-symmetric operators. On the other hand, the perturbation of
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m-symmetric operators by nilpotent operators has been considered in [9, 16, 17], and products and sums of
two commuting m-symmetric operators were discussed in [4, 5, 7-9]. In addition, m-symmetric weighted
shift operators have been explored in [18]. Recently, in [14], Jeridi and Rabaoui extended the notion of
m-symmetric operators to (A, m)-symmetric operators. For a positive A € B(H) and positive integer n, an
operator T € B(H) is called (A, m)-symmetric if

8. 1(A) = (L = Rr)"(A) = ) (=1)/(")T" AT = 0.
j=0

(A, m)-symmetric operators inherit many interesting properties of m-symmetric operators, for example, if

T and Q are commuting operators, T is an (A, m)-symmetric operator and Q is n-nilpotent, then T + Q is

an (A, m + 2n — 2)-symmetric operator; if T is an (A, m)-symmetric operator, then T is an (A, n)-symmetric

operator for all n > m; the powers of an (A, m)-symmetric operator are also (A, m)-symmetric operators.
Now we consider an extension of the notion of the (4, m)-symmetric operator.

Definition 1.1. For some operator A € B(H), positive integers m and k, an operator T € B(H) is called k-quasi-
(A, m)-symmetric if

T*S%. ((A)TF = T*(Lr- — Rp)™(A)T* = T*k(Z(—l)f(;")T*m—fATf)Tk =0.
j=0

In particular, for A = I, the operator T is said to be k-quasi-m-symmetric if

m
ik _1\j(myTrm=jrjiyTk _
T (Z( /()T IT)T* = 0.
j=0
In this paper, we study various properties of k-quasi-(A, m)-symmetric operators. The perturbation of k-

quasi-(A, m)-symmetric operators by nilpotent operators is obtained. In addition, some spectral properties
of k-quasi-(A, m)-symmetric are investigated.

2. Main Results

Henceforth, let IN, R, C be the set of natural numbers, real numbers and complex numbers, respectively.
A will denote a bounded linear operator unless explicitly stated otherwise, M will denote the closure of a
set M. If T € B(H), we shall write N(T), R(T) and o(T) for the null space, the range space and the spectrum
of T, respectively.

Theorem 2.1. Let A = A1 @ A, be an operator on H where A1 = Al

not dense. Then the following statements are equivalent:
(1) T is a k-quasi-(A, m)-symmetric operator;

(T T
(@)= ( o T
o(T) = o(T1) U {0}.

e and Az = Al Suppose that R(T*) is

on H = R(T*) & N(T**), where Ty is an (A1, m)-symmetric operator and T’; = 0. Furthermore,

Proof. (1) = (2) Consider the matrix representation of T with respect to the decomposition H = R(T*) &
N(T)
(T T
(BT
Let P be the projection onto R(T¥). Since T is a k-quasi-(A, m)-symmetric operator, we have

P(Z(—Df(;")T*m—fATf)P =0.
=0
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Therefore
m

Y (1T AT =0,
=0

On the other hand, for any x = (x3, x)" € H, we have
(T§x2,%2) = (T*(I = P)x, (I - P)x) = ((I = P)x, T*(I - P)x) = 0,

which implies T’S‘ = 0. Since o(T1) N {0} has no interior point, by [10, Corollary 7] o(T) = o(T1) U {0}.
T, T

(2) = (1) Suppose that T = ( o T

) on H = R(T¥) & N(T**), where T is an (A1, m)-symmetric operator
and T% = 0. We have

LS R
LTI

T =
0 0
m . i .
LetF = EO(_l)](T)Tlm ]AlT{. Then F = 0. Since

T} (/)T IAT)T*
j=0

T 0 m i k=1
B DO AT < || T LTI
| (X T TRT; ) 0 = j=0
j=0 * * 0 0
TkETk T*E Il i, 751
1 1 1 ]E‘O 1 2 3

K i ket S i ke S i k1
(L LI )FT (R TITT Y F L T,
J= J= J=

=0
for some non specified entries . Hence T is a k-quasi-(A, m)-symmetric operator. []

Corollary 2.2. ([19]) Suppose that R(T*) is not dense. Then the following statements are equivalent:
(1) T is a k-quasi-m-symmetric operator;

([ Th T
@DT=1y T,
o(T) = o(T1) U {0}.

on H = R(T¥) & N(T*%), where Ty is an m-symmetric operator and T’g = 0. Furthermore,

Proof. This is a result of Theorem 2.1. [J

Corollary 2.3. Suppose that T is a k-quasi-(A, m)-symmetric operator and R(T*) is dense. Then T is an (A, m)-
symmetric operator.

Proof. This is a result of Definition 1.1. O

Proposition 2.4. Suppose that T is a k-quasi-(A, m)-symmetric operator. Then T" is also a k-quasi-(A, m)-symmetric
operator for any n € IN.

Proof. Since T is a k-quasi-(A, m)-symmetric operator, we have

T*S%. ((A)TF = T*(Lr- — Rp)™(A)T* = T*k(Z(—1)7(71)T*m‘7ATf)T" = 0.
j=0
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Therefore
T8 2 (A)T™ =T (Lyon — Rpn)™(A)T™
=T (Lj. - Rp)™(A)T™
=T"MLI 67 7 + L7207 7Ry + L7367 rR2:
+ oo+ Ly O pRE2 + 67 pRETY™(A)T™
=T DKLt 4 L2 Ry + LEPRE + - -
+ LRy + R Y™MTHOT. ((A) T T
=0,
i.e., T" is a k-quasi-(A, m)-symmetric operator for any n € IN. [0

Remark The converse of Proposition 2.4 is not true in general as shown in the following example.

0 00O 0 00O
10000 " 1 000 " ) .
Example 2.5. Let A = 001 1]|€ B(C*)and T = 0100]|€ B(C*). A simple calculation shows
0 011 0 010

that T2(T**A — 3T*AT? + 3T2AT* — AT®)T? = 0 and T*(T3A — 3T*AT + 3T*AT? — AT®)T # 0. So, we obtain
that T? is a quasi-(A, 3)-symmetric operator, but T is not a quasi-(A, 3)-symmetric operator.

Corollary 2.6. Suppose that T is an invertible k-quasi-(A, m)-symmetric operator. Then T~ is a k-quasi-(A, m)-
symmetric operator.

Proof. Suppose that T is an invertible k-quasi-(A, m)-symmetric operator. Then T is an (A, m)-symmetric

operator, and so is T~'. Hence T~ is a k-quasi-(A, m)-symmetric operator. []

Proposition 2.7. Suppose that {T,} is a sequence of k-quasi-(A, m)-symmetric operators such that lim ||T,, = T|| = 0.
n—oo

Then T is a k-quasi-(A, m)-symmetric operator.

Proof. Suppose that {T,} is a sequence of k-quasi-(A, m)-symmetric operators such that lim ||T,, — T|| = 0.
n—oo
Then

m m
ITEQ) (DT ATITS = THY (~D/(H T TATHTH|
=0 j=0

<ITHQY (VT AT)TS = THY (<1 ()T AT T
=0 =0

m m
HITFQ (1T IATHTF = TH)  (-1) ()T TATHT|
j=0 j=0

m m
& i *1M—] i+k . —i .
<IT; Nl Z(—D’(T)Tnm AT - Z(—l)J(T)T "= ATIK|
j=0 j=0
HITE =TI Y (DI HT AT - 0.
=0
Since {T,} is a k-quasi-(A, m)-symmetric operator,

m

TH) (1T AT)TE = 0,

j=0
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we have

m
T (-)/(HT"TAT)T* = 0,
j=0

i.e., T is a k-quasi-(A, m)-symmetric operator. [J

Lemma 2.8. ([6, Proposition 2.2]) Suppose that T is an (A, m)-symmetric operator and Q is an n-nilpotent operator
such that TQ = QT. Then T + Q is an (A, m + 2n — 2)-symmetric operator.

Theorem 2.9. Let A = Ay ® Ay be an operator on H where A1 = A'W and A, = Alm. Suppose that T
is a k-quasi-(A, m)-symmetric operator and Q is an n-nilpotent operator such that TQ = QT. Then T+ Q is a

(k + n — 1)-quasi-(A, m + 2n — 2)-symmetric operator.

Proof. Assume that R(T*) is dense. Then T is an (A, m)-symmetric operator, T + Q is an (A, m + 2n — 2)-
symmetric operator by Lemma 2.8, hence T + Q is a (k + n — 1)-quasi-(A, m + 2n — 2)-symmetric operator.
Now we may assume that TX does not have dense range. Then by Theorem 2.1 the k-quasi-(A, m)-symmetric
T can be decomposed as follows:

7&(? ?)mW=mmeNmm
3

where T; is an (A, m)-symmetric operator and T’S‘ = 0. Since TQ = QT, it follows that Q has the upper
triangular representation

Q= ( (()31 82 ) on H = R(TF & N(T™),

hence T;Q; = Q;T; and Q= 0(i = 1,3). Since T; is an (A1, m)-symmetric operator, by Lemma 2.8, T1 + Q; is
an (Ay, m + 2n — 2)-symmetric operator. We have

m+2n—2
S R = Y (CDICAT + QDA + Q)
=0
202 (202
Y (T @ Tar QT
. j 0 T3+ Q3
7=0
Ay 0\[Th+Q1 To+Q» /
0 A 0 T3+ Qs
F, F3
(0 F
“\F, Fj

for some operators F;(i = 1,2,3) and

k+n—-1
(T + Q)k+n—l — (Tl "SQI ;i i 8§)

_ Ty + Qp)ft F
- 0 (T5 + Q)+t

[T+ Q)1 F
- 0 0/’
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for some operator F. Hence
(T* + Q*)k+n_16?;:25;72-+Q(A)(T + Q)k+n—1

(T;+Qz)k+n—l 0\/0 Fl (T1+Q1)k+n—l F
F* 0J\F, F; 0 0

ie, T+ Qisa (k+n—1)-quasi-(A, m + 2n — 2)-symmetric operator. []

In the sequel, let 64,(T), 0,(T), 05u(T), 00 (T), 05(T) and or(x) for the approximate point spectrum of T, the
point spectrum of T, the surjective spectrum of T, the Weyl spectrum of T, the Browder spectrum of T and
the local spectrum of T at x, respectively.

Theorem 2.10. Suppose that T € B(H) is a k-quasi-(A, m)-symmetric operator for some positive A € B(H) and
0 ¢ 0,(A). The following statements hold:

(1) 0,(T) C R;

(2) For distinct non-zero real numbers a, b and non-zero vecters x,y € H, if Tx = ax and Ty = by, then (Ax,y) = 0;
(8) For distinct non-zero real numbers a,b and sequences of unit vectors {x,},{y} € H, l:f}}i_I)IOlO(T —a)x, = 0and

lim (T - b)y, = 0, then lim (Ax,, y,) = 0.

Proof. (1) We argue by contradiction. Assume that A € C\ R. If A € 0,(T), then there exists a non-zero
vecter x € H such that (T — A)x = 0. Thus, for each integer I, (T' — A')x = 0. Moreover,

0 :(T*k(Z(—nJ’(;ﬂ)T*"’-J‘ATf)Tkx, x)
j=0

=[AP*(A = A)"(Ax, x)
=|APX(=2Im(A))"|| A2 ]|,

which implies that Im(A) = 0 since IIA%xII # 0, this is a contradiction. Hence, 0,(T) C R.
(2) Since a, b are two non-zero eigenvalues of T and Tx = ax and Ty = by, we have

0= (T*()_(~1/(HT™TAT)T*x, y) = db(a - b)"(Ax, y).
j=0

Hence (Ax, y) = 0.
(3) By similar arguments of the proof of (2), we have

0= lim (T*() (=) (VT TAT)T %, y) = V(@ — )" lim (Ax, y,).
j=0

Hence lim (Ax,,y,) =0. O
n—oo

Definition 2.11. [15] An operator T € B(H) has the single-valued extension property, abbreviated SVEP, if, for
every open set G C C, the only analytic solution f : G — H of the equation (T — AI)f(A) = 0 for all A € G is the zero
function on G.

Theorem 2.12. Suppose that T € B(H) is a k-quasi-(A, m)-symmetric operator for some positive A € B(H) and
0 ¢ 0y(A). Then T has SVEP.
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Proof. Suppose that T € B(H) is a k-quasi-(A, m)-symmetric operator for some positive A € B(H) and
0 ¢ 0,(A). Then by Theorem 2.10 0,(T) C R. An operator such that its point spectrum has empty interior
has SVEP [2, Remark 2.4(d)], hence T has SVEP. [

Corollary 2.13. Suppose that T € B(H) is a k-quasi-(A, m)-symmetric operator for some positive A € B(H) and
0 ¢ 0,(A). The following statements hold:

(1) o(T) = 05u(T) = Ulor(x) : x € H};

(2) 00(T) = ap(T).

Proof. Note that T has SVEP. For (1) we can apply [15, Proposition 1.3.2]. For (2) we can apply [2, Corollary
353]. O

Corollary 2.14. Suppose that T € B(H) is a k-quasi-m-symmetric operator. The following statements hold:
(1) o(T) = 05u(T) = Ulor(x) : x € H};
(2) 0u(T) = 0v(T).

Proof. This is a result of Corollary 2.13. [
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