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Abstract. The present paper deals with the characterization of a new submersion named semi-invariant
conformal submersions with horizontal Reeb vector field from almost contact metric manifolds onto Rie-
mannian metric manifolds which is the generalization of some known submersions on Riemannian metric
manifolds. We give important and adequate conditions for such submersions to be totally geodesic and

harmonic. Also, a few examples are examined for such submersions endowed with horizontal Reeb vector
field.

1. Introduction

The development of Riemannian metric manifolds along with sectional non-negative curvature is an
iconic problem in Riemannian geometry. In this regard, the initial studies (O’Neill [26] and Gray [13])
connect Riemannian metric manifolds to the Riemannian submersions. The various theories are available
in Mathematical physics based Riemannian submersions such as Yang-Mills theory [9, 39], Kaluza-Klein
theory [10, 15], supergravity and superstring theories [16, 25]. Submersions were studied by many authors
between differential manifolds like almost Hermitian manifolds, Kdhler manifold, almost contact mani-
folds, nearly K-cosymplectic manifold, Sasakian type manifold etc. The authors studied semi-Riemannian
submersion and Lorentzian submersion [12], anti-invariant submersion [22, 24, 30, 36], anti-invariant &*-
submersion [23], semi-invariant submersion [19], [20], [32], semi-invariant &*-submersion [4] and many
other type of submersions studied by several authors [11, 18, 21, 28, 29, 31, 38], hemi-slant submersion
[34], anti-holomorphic semi-invariant submersion [35] etc. between differential manifolds with different
structures.

In comparison of conformal submersions, Riemannian submersions are specific. The conformal maps
don’t preserve distance between points but they preserve angle between vector fields which allows us to
transfer certain properties of manifolds to another manifolds by deforming such properties. Ornea [27]
initiated the theory of conformal submersions between Riemannian metric manifolds. Later, it was studied
by many authors [1-3, 5, 14].
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In the present manuscript, we establish the definition of semi-invariant conformal {*-Riemannian
submersions (in short, sic {*-Rs) from almost contact metric (in short, acm) manifolds onto Riemannian
metric manifolds, which is the generalization of conformal anti-invariant (*-submersions, semi-invariant
conformal submersions and many others. In section 2, we give preliminaries about Sasakian manifolds,
Riemannian submersions and conformal submersions. In section 3, we define sic (*-Rs from acm manifolds
onto Riemannian metric manifolds with examples. We give the necessary and sufficient (briefly, ns)
conditions for distributions to be integrable. After that, we establish the ns condition for sic {*-Rs to be
homothetic map. Then we investigate the geometry of leaves of horizontal and vertical distributions and
obtain ns condition for the distribution to be absolutely geodesic foliation on Sasakian manifolds. Atlast, we
obtain a condition when the fibers of sic (*-Rs from Sasakian manifolds onto Riemannian metric manifolds
to be locally product manifold. In section 4, we provide ns conditions for a sic {*-Rs to be harmonic. We
also investigate the ns conditions for such submersions to be completely geodesic.

2. Preliminaries

The basic definitions have been restated here as we need them to establish the new results in this paper.
An odd-dimensional acm manifold (Y, ¢., C, 1., ai) is presented in terms of ¢. ((1, 1)-tensor field), C (vector
field), n. (1-form) and g,, (Riemannian metric). Then

@?P = —P + n.(P)(, (2.1)

©.C=0,n.0@. =0, 0.(0) =1, gu(P,C) = n.(P), (2.2)
and

(PP, 9.Q) = 6w(P, Q) = n:(P)N:(Q),  8m(p.P, Q) = —gm(P, ¢.Q), (2.3)

for any vector fields P, Q € I'(TY).

An acm manifold (Y, ¢., C, 1., 8) is called Sasakian [33] if
(Vo@)Q = am(P, Q) — n.(Q)P (2.4)
and
VpC = —p.P (2.5)

for any vector fields P, Q € I'(TY), where V is the Levi-Civita connection.
Now, we give some useful definitions of submersions to extend our definition of semi-invariant confor-
mal Riemannian submersions s endowed with the horizontal Reeb vector field.

Definition 2.1. [26] We consider two Riemannian metric manifolds (Q, g,) and (Y, g,,) satisfying the condition that
dim(Y) > dim(Q). A Riemannian submersions W : Y — Qs a map of Y onto Q) satisfying the following conditions:

(i) W has maximal rank.
(ii) The metric of horizontal vectors is preserved by the differential V..

For each z € Q, W7(z) is an (m — n)-dimensional submanifold of Y. The submanifolds W~!(z), z € Q,
are called fibers. A vector field on Y is called vertical and horizontal if it is always tangent to fibers and
orthogonal to fibers, respectively. A vector field P on Y is called basic if P is horizontal and W-related to
a vector field P" on Q, that is, W.P, = Py, , for all x € M. The projection morphisms on the distributions
ker W, and (ker W.)* are denoted by V; and H;, respectively. The sections of V3 and H; are called the
vertical vector fields and horizontal vector fields, respectively. So
L

Vi, =T,(Y7@), H,=T,(¥"@)
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Definition 2.2. [27] Let (Y, g,,) and (Q, g,) be Riemannian metric manifolds, where dim(Y) = m, dim(Q)) = n and
m > n. A (horizontally) conformal submersion ¥ : Y — () is a map of Y onto Q) satisfying the following axioms:

(i) W has maximal rank.

(ii) The angle between the horizontal vectors is preserved by the differential \V,,
0 (WU W.V) = Ap)an(U, V), UV eH,

where A.(p) is a non-zero number and p € Y. The number A.(p) is called the square dilation of W at p, it is
necessarily non-negative. Its square root A.(p) = JA.(p) is called the dilation of W at p.

Clearly, Riemannian submersions is a horizontally conformal submersion with A, = 1.

Definition 2.3. [6] Let WV : (Y gm) — (Q,8,) bea conformal submersion. A vector field E1 on Y is called pm]ectzable

if there exist a vector field E; on N* such that W, (E1p) = Elq/ () for any p € Y. In this case, E1 and E; are called
W-related. A horizontal vector field V on Y is called basic, if it is projectiable.

It is to be noted that if W is a vector field on Q, then there exists a unique basic vector field W on Y
which is called the horizontal lift of W.

Definition 2.4. [6] A horizontally conformal submersion \V : (Y, gi) — (Q, 8,) is called horizontally homothetic if
the slope of its dilation A. is vertical, that is,

Hi(gradA.) = 0
at p € Y, where H is the projection on the horizontal space (ker W,)*.
As per O’Neill [26], we can write
TeF = HLVY, o ViF + V1V, (HIF, (2.6)

ApF = '7"{1V (V1F + le 7'{11:, (27)

HLE HLE

where V7 and H, are projections the normal and tangential direction, respectively.
From equations (2.6) and (2.7), we obtain the following equations

VyW = TyW + Vi W, (2.8)
VyP = H,VyP + TyP, (2.9)
VoV = ApV + V1VpV, (2.10)
VpQ = HiVpQ + ApQ, (2.11)

for all VW € I'(ker ¥,) and P,Q € I'(ker W,)*, where V;VyW = §VW If P is the basic vector field, then
ApQ = 7‘{1VQP.
Clearly, forpe Y, U € (le and P € ?{1,,, the linear operators

Tu,Ap . TPY bl TPT
are skew-symmetric, that is,
am(ApE, F) = —g,u(E, ApF) and g,,(TyE, F) = —g,,(E, TyF), (2.12)

for all E,F € T,Y. From (2.12), one can say that totally geodesic fibres W and T = 0 has bi-conditional
relation.
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Consider the smooth map V¥ : (Y,g,) — (Q,g,) between Riemannian metric manifolds. Then the
differential W, of W can be noticed as a section of the bundle Hom(TY, W~1TQ) — Y, where W~!TQ is the

bundle which has fibres (\P’lTQ)x =TrwQ,x €Y. Hom(TY, W-1TQ) has a connection V induced from the
Riemannian connection VY and the pullback connection. The second fundamental form of W is

(VW.)(E, F) = V2W.F - W,(VLF), forall E,F € I(TY), (2.13)

where V¢ is the pullback connection ([6, 7]). The map W is said to be totally geodesic [6] if (VW.)(E,F) = 0,
forall E,F e I(TY).

Lemma 2.5. [37, Lemma 1.16, pp.129] Let ¥ : (Y, g) — (Q, 8,) be a smooth map between Riemannian metric
manifolds (Y, a,,) and (Q, g,). Then

W.([P,Q]) = VpW.Q - VQW.P, (2.14)
forall P,Q € I(TY).
From Lemma 2.5, we come to the conclusion
[P, Q] € I'(ker\V.), (2.15)

for P € T'(kerW.)* and Q € I'(ker'\V.).
A smooth map W : (Y, g) — (€, g,) is said to be harmonic [6] if and only if trace(VW.) = 0. The tension
field of W is the section 7(W¥) of T(W~!TN) and defined by

(W) = dioW. = ) (VW.)(ei e, (2.16)
i=1

where {e1, ey, ......, e} is the orthonormal basis on Y. Then it follows that ns condition for W to be harmonic
is (W) = 0 [6].
Now, we recall an important Lemma from [6], which will be needed in the study of whole paper.

Lemma 2.6. Let W : (Y, g,,) — (Q, gs) be a horizontal conformal submersion, P, Q are horizontal vector fields and
V, W are vertical vector fields. Then

(@) (VW.)(P, Q) = P(n A)W.(Q) + Q(n A)W.(P) — g(P, Q)W.(grad InA.),
(b) VW)V, W) = W (TyW),
(©) (VW.)(P, V) = —W.(VMV) = —W,(ApV).

3. Semi-invariant conformal {*-Riemannian submersions

In this segment, we deal with the definition and examples of sic {*-Rs from acm manifolds onto Rie-
mannian metric manifolds. We acquire the integrability of distributions and also geometry of leaves of
kerW, and (ker\W,)*.

Definition 3.1. Let (Y, ., C, s, 8n) be an acm manifold and (Q, g,,) be a Riemannian metric manifold. A horizontally
conformal submersion ¥ : (Y, a,,) — (Q, 8,) with slope A., is said to be a sic C*-Rs if C is normal to ker'\V, and there
is a distribution D] C kerW, such that

kerW. = D} @ D5, 3.1)

P(D}) = D}, @u(D3) C (kerW.)*, (3.2)

where D, is orthogonal complementary to 7 in ker'\V..
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It is to be noted that the distribution ker\V, is integrable.

Further to prove the consistency of sic (*-Rs in acm manifolds, we are putting some examples here.

Example 3.2. Every anti-invariant C--submersions from an acm manifold onto a Riemannian metric manifold is a
sic C*-Rs with A, = I and D} = {0}, where I denotes the identity function.

Example 3.3. Every semi-invariant C*-submersions from an acm manifold onto a Riemannian metric manifold is a
sic (*-Rs with A, = L.

Example 3.4. [8] Let (R™, g, ¢+, C, 1), (m = 2n + 1) be a Sasakian manifold given by

—1 dw—iv’dui C—Zi
T]*_ 2 7 - aw/

i=1
1y i i i i
gm=n*®n*+1;(du®du +dv' ®dv'),
0 &; O
(p,{: —61']' 0 0 ,
0 o 0
P) 9 .9

where {(u', o', w)|i = 1,...,n} are the cartesian coordinates. The vector fields X; = 2—, Xp4i = 2(— + v’—)

'’ oul  Jw
and C form a @.-basis for the contact metric structure.
Let ¥ : (1R7, 91) - (]R2, gz) be a submersion defined by

\I/(ul, w?,ul, 0t v, 0, w) = (sinh v cos w, cosh v° sin w).

Also, define g1 = 1. ® 1. + i(dui ®du' +do' ® dv') and g, = (dx ® dx + dy ® dy), where (x, y) is coordinate system
nR%,n. =dw, = % andl:;/ = 0in @.. Then it follows that

kerV" = span{L; = oul,Ly = du?, Ly = ou®, Ly = 9v', L5 = 9v?}
and

(kerW,)* = span {W1 =’ W, = &w}.

Hence, we have ¢.L1 = —Ls, ¢.Ly = —Ls, L3 = =Wy, ¢.Ls = Ly and ¢.Ls = Ly. Thus it follows that D] =
span{Li, Ly, Ly, L5}, D5 = span{Ls} and C € (kerW.)*. We can easily compute that

g (W W, W) = (sinh2 V3 sin® w + cosh? U3 COS> w) g1 (W1, Wy),
72 (W W, W.W,) = (sinh2 U3 sin® w + cosh? V3 OS> w) g1 (Wa, Wy).

Therefore, ¥ is a sic (*-Rs with A, = \/ (sinh2 v3 sin® w + cosh? v3 cos? w)

Let W be a sic {*-Rs from acm manifolds (Y, ¢., C, 1., 8,) onto Riemannian metric manifolds (Q, g,).
Consider

(kerW.)" = p. Dy @ 1,

where y is the complementary distribution to ¢. D, in (kerW.)* and @.u C p. Therefore C € .
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For V € I'(ker\V.), we write
.V =0V +awV, (3.3)

where ¢V € I'(D]) and wV € I'(p.D)).
For P € T'(kerW,)*, we have

@.P = aP + P, (3.4)

where aP € I'(D}) and P € I'(u).
Now, using (2.8), (2.9), (3.3) and (3.4), we get

(VM)W = aTyW — TyoW, (3.5)

(VY)W = BTy W — TypW (3.6)
for V, W € I'(kerW.), where

(VVOIW = VyoW - pVy W (3.7)
and

(VM)W = HiVY W — 0V I, (3.8)

Lemma 3.5. Let W be sic (*-Rs from Sasakian manifolds (Y, ¢., C, 1., 8n) onto Riemannian metric manifolds (Q, g,,).
Then the ns condition for the distribution D to be integrable is

(VE)(V, @.U) = (VE)(U, p.V) € T(F. (1)
for U,V € I(D)).
Proof. Let U,V € I'(D]) and W € I'(D;). With the help of (2.2), we get
8n(Vu:V, 9. W) = gu(VuV, W). (3.9)
So
an([U, V], W) = gu(VuV, W) = (Vv U, W).
Using (2.8) and (3.9), we obtain

gm([u/ V], W) = Qm(vu(P*V, (P*W) - gm(VV(p*ll, QD*W)
= gm(TU(P*V - TV@*LI, (P*W)

The distribution D] is integrable if and only if g,,([U, V], W) = gu([U, V], Z) = 0 for U,V € T(D]), W € I'(D})
and Z € T'((ker'W.)*). Since kerW. is integrable, so we immediately have g,,([U, V],Z) = 0. Thus the ns
condition for the distribution D] to be integrable is g,,([U, V], W) = 0. Since W is a conformal submersion,
in view of Lemma 2.6 result (b), we conclude that

am((U, VI, W) = %gn((v‘l’*)(V, e.U) = (VYU ¢.V), V.. W).

Lemma 3.6. Let WV be sic C*-Rs from Sasakian manifolds (X, ., C, 1., §m) onto Riemannian metric manifolds (Q, g,,).
Then the ns condition for the integrability of distribution D’ is

V& + Twwé — VW — TewW € T(D3)

for W, & € T(D)).
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Proof. Let U € T(D]) and W, & € I'(D}). Using (2.2), (2.3), (2.6), (2.8), (2.9) and (3.9), we get

3 (<[W, €], U)

g (Vwep.&, U) = gm(Vep. W, U)

= Gu(Twpé + Viwd& + Twwé + HiVwwé
~TepW = VoW — TewW — H; VewW, U)

= gu(Vwoé + Twwé - VepW — TewW, U).

Theorem 3.7. Let W be a sic (*-Rs from Sasakian manifolds (Y, ¢., C, 1., 8m) onto Riemannian metric manifolds
(Q, 8n). Then the ns conditions for the distribution (kerW.)* to be integrable are

AgwaP — ApwaQ — @.AppQ + @.AgBP ¢ I'(D))

and
1
ﬁgn(vv\}’*CU - VuV¥.CV,V.9.Z) = g,(AyBU — AyBV — CV(InA.)U

+ CU(InA.)V + 2g,,(U, CV)grad InA.
+ (WY = (VU ¢.2)

for U,V € T'(kerW.)*) and Z € T(D}).
Proof. The ns condition for the distribution (ker'V.)* to be integrable on manifold Y is that

au([P,QL,U) =0 and g,([P,Ql, W) =0,

for P,Q € I'((kerW.)*), U € I(D]) and W € ['(D}).
Using (2.1), (2.2), (2.4) and (3.4), we infer

gm([P, Ql, U) = gum(p.[P, Q], p.U)
= 0mn(:VrQ — . VP, ¢.U)
= gm(VpaQ, @.U) + 6,,(VppQ, p.U)
= gn(VoaP, ¢.U) — gu(VopP, ¢.U)
= gm(@-VpaQ, U) — 6u(p.VppQ, U)
+ 8m(@.VoaP, U) + 8u(p.VoBP, U).

By simple calculations, we have

gm([P/ Q]/ u) = _gm(vP(P*aQ/ u) + gm(VPﬁQ/ (P*u)
+ Qm(VQ(P*“P/ u) - gm(vQ‘BPI (28 u)

By (3.3), we have g.aP = ¢aP + waP. Since g.aP, waP € I'((ker¥.)*), so paP = 0, VP € I'((ker'¥.)*). Using
(2.4), (2.11) and (3.3), we get

am([P, Q1 U) = gm(AqwaP — ApwaQ — ¢.AppQ + p.AgBP, U). (3.10)
With the help of (2.1), (2.2), (2.4) and (3.4), we deduce

gm([Pr Q]/ W) = gm(vPaQ/ @*W) + gm(vPﬁQr QD*W)
- gm(VQaP, (P*W) - gm(VQﬁP, (P*W)
+ TT*(P)gm(Qr (p*W) - ﬂ*(Q)Qm(P/ (P*W)
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Since W is sic (*-Rs, using (2.10), (2.11), (2.13) and Lemma 2.5 and 2.6, we obtain
([P, Q, W) = =1.(Q)gm (P, . W) + 1.(P)gm(Q, . W)
- (VP 00), V. W) + 10(V(Q, aP), Wy W)

+ /\iggn{—P(ln/\*)‘I’*ﬁQ — BQ(InA,)W.P

+ gn(P, BQ)W.(grad In).) + Vi W.Q, W.p. W}
- /\—zgn{—Q(lnA*)\I&ﬁP — BP(InA)W.Q
+ 9u(Q, BP)W.(grad InA.) + VEW.BP, W.0. W),

([P, QL W) = —1.(Q)8m(P, 9. W) + n.(P)8:(Q, 9. W) — g(ApaQ, p. W)
1
+ gm(Agal, . W) — F{gm(gmd InA., P)g,(V.Q, V.. W)
+ gm(grad InA., Q)gu(V.P, V.. W)
— au(P, BQ)an(W.(grad InA.), V.. W)
= gm(grad InA., Q)g,(W.BP, W.0.W)
— gm(grad InA., BP)g,(W.Q, V.. W)
+ 6u(Q, BP)gn (V. (grad InA.), WV.p.W)
— 0u(Vy W.BQ, W.0. W) + g,(VEW.BP, W.0. W)).

Using Definition 3.1, we have

au([P,QLW) = —1(Q)8u(P, . W) + 1n.(P)au(Q, p. W)
+am(AgaP — ApaQ — (BQ) (PIn A,)
+ (BP) (QIn A.) + 26, (P, BQ)grad InA., p. W)
+9m((BPINA)Q — (BQINAL)P, 0. W)

1
+A—zgn(VI\f'\P*[3Q - VoW.BP, W.p.W). (3.11)
From the above expression, we entail that

%MV‘S‘I’*IH’ ~ VIW.BQ, W.0.W) = g.(AgaP — ApaQ — (BQ) (PIn 1)

+ (BP) (QIn A.) + 2g,,(P, BQ)grad InA.
+ (BPInA.)Q — (BQINAL)P + 1.(P)Q
- T]*(Q)P, (P*W). (3_12)

So from (3.10) and (3.12), we obtain the results.

Theorem 3.8. Let W be a sic (*-Rs from Sasakian manifolds (Y, ¢., C, 1., 8m) onto Riemannian metric manifolds
(Q, a,) with integrable distribution (kerW,)*. Then the ns condition for the \V to be homothetic map is

0:(Vy WP = VEW.BQ, W.p. W) = Ag,u(AgaP — ApaQ
+1.(P)Q = n.(Q)P, W) (3.13)
for B,Q € T((kerW.)*) and W € I'(D;).
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Proof. Let P, Q € I'((ker'V.)*) and W € T'(D;). Using (3.12), we infer

gm([P, Ql W) = —1.(Q)gm (P, . W) + 1.(P)g(Q, . W)
+ gm(AgaP — ApaQ - (BQ) (PIn A.)
+ (BP) (QIn A,) + 2g,,(P, BQ)grad InA., p.W)
+ g ((BPInA.)Q — (BQINAL)P, . W)

1
+ A—%gn(vg’%ﬁg — VHW.BP, W.p.W). (3.14)

If ¥ is a parallel homothetic map, therefore we acquire (3.13). Conversely, if (3.13) holds, then we gain

0 = g.u((BPIA)Q - (BQInA)P, 9. W)
+ (= (BQ) (PIn A,) + (BP) (QIn A.) + 2g,,(P, BQ)grad InA., p.W). (3.15)

Replacing Q by ¢.W for W € I'(Dj) in (3.15), we entail that
gm(grad In A, BP)gm (@ W, . W) = 0,

which implies that A, is a invariable on I'(1) since ||.W]|| # 0.
Now, again replace Q by P for P € I'(u) in (3.15), we have

gm(grad InA., p.W)g,(P, B*P) = au(grad InA., . W)a(BP, BP) = 0.

Now, we see that the [|BP|| # 0, this concludes A. is a invariable on I'(¢.®D}), which finalize the proof of our
theorem.

Now, we come to the following results for the geometry of leaves of horizontal distributions.

Theorem 3.9. Let W be a sic C*-Rs from Sasakian manifolds (Y, ¢., C, 1., 8,) onto Riemannian metric manifolds
(Q, an). Then the ns conditions for the (kerW;) to be completely geodesic foliation on Y are

App.Q + V1ViaQ e I'(D)),
and
0 (Vp 0.0 W, W.6Q) =A2g,,(~ApaQ + BQUNA)P - 6,(P, BO)(grad In A.)
~ P(InA.)BQ + 1.(Q)P, . W)
for P,Q € T(kerW.)*, U € T(D}) and W € T(D)).

Proof. Here, it is to be noted that the distribution (ker'W.)* characterizes a completely geodesic foliation on
Y if and only if g,,(V5Q, U) = 0 and g,,(VyQ, W) = 0 for P,Q € I'(kerW.)*, U € [(D]) and W € I'(D}). Then
with the help of (2.1),(2.2), (2.4), (2.10), (2.11) and (3.4), we infer

an(Vp Q, U) = am(Vp9.Q, .U) — n.(Q)8m (P, ¢.U) (3.16)
= —au(@- (Arp.Q + V1V}aQ), D),
which implies that App.Q + V1 VFaQ € I'(D;).
Using (2.1),(2.2), (2.4) and (3.4), we observe that
3n(VpQ, W) = gu(VpaQ + V5 BQ, 9. W)
= 1(Q)am(P, p. W),

= —au(aQ, Vp 9. W) — au(BQ, Vi . W)
= 1(Q)gum(P, p.W).
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Since W is a conformal submersion, in view of (2.11), (2.13) and Lemma 2.5, we gain
1
an(VpQ U) = ~an(@Q, App.W) + —5an(grad In A, . W)au(V.P, W.pQ)

! gm(gradIn A., P)a,(W.p.W, W.BQ,)

+A2

1
- ?gn(\I’*(gmd In 1), W.8Q)am (P, p. W)

1
+ ﬁgn(v}?‘l’*@*W, W.8Q) — 1.(Q)3m(P, . W).

Using the definition of sic {*-Rs, we obtain
an(VpQ, U) = gu(ApaQ — QUnA)P + g,u(P, Q) (grad In A.) (3.17)
+ PnA)BQ - n.(QP, 9. W) + Al%gn(vapw w,60).
Thus, we obtain the proof from (3.16) and (3.17).
Now, we state the following definition for further result.

Definition 3.10. Let ¥ be a sic {*-Rs from acm manifolds (Y, @., C, 1., m) onto Riemannian metric manifolds
(Q, au). The distribution D is parallel along (ker'W.)* if VW € I'(D}) for P € T'((ker'W.)*) and W € T(D3).

Corollary 3.11. Let WV be a sic {*-Rs from Sasakian manifolds (Y, ¢.,C, 1., ) onto Riemannian metric manifolds
(Q, 8,,) such that D’ is parallel along (kerW.)*. Then the ns condition for the W to be horizontally homothetic map is

A28u(ApaQ, 9. W) = 6,(VpW.0. W, W. Q) (3.18)
for P,Q € T'(kerW.)* and W € T(D;).
Proof. Using (2.11), (3.18) and Lemma 2.6, we obtain

—am(grad InA., BQ)aw(P, 9. W) + 8,u(P, BQ)am(grad InA., .W) = 0. (3.19)
Now, replacing P by ¢.W for W € I'(D)) in (3.19), we get

am(grad InA., BQ)gm(@.W, . W) = 0.

Since ||@.W]|| # 0, Thus A, is a invariable on I'(u).
Now again replace P by BQ for Q € I'(ker'W.)* in (3.19), we get

an(BQ, BQ)gm(grad InA., p.W) = 0.
Since ||BQIl # 0, Thus A. is a invariable on I'(p.D}). Therefore A. is invariable on I'(ker'V.)*.
The converse easily follows from (3.19).
Now, we explore the geometric investigation of leaves of the distribution (ker'\V.).

Theorem 3.12. Let W be a sic {*-Rs from Sasakian manifolds (Y, @, C, 1., m) onto Riemannian metric manifolds
(€, 81). Then the ns conditions for the (kerW.) to be completely geodesic foliation on Y are

0 (Vov¥.Z, V. wl) = Af{gm(ﬁTuqbV + AwvoU + gn(wV, wl)grad InA.,

and
TywV + VyupV € T(DY).
for U,V € T'(ker\W.), Z € T(u) and W € I'(D)).



S. Pandey et al. / Filomat 37:12 (2023), 3819-3836 3829

Proof. It is to be noted that the ns conditions for the (ker\V.) to be completely geodesic foliation on Y are
an(V(}V,Z) = 0 and g,,(V]}V, . W) = 0 for U,V € TI'(ker'V.), Z € I'(u) and W € I'(D;). Then with the help of
(2.1), (2.2), (2.4) and (3.3), we infer

an(VIV, 2) = au(V 10V, 9. Z) + gu(oU, VI, Z) + (U, V1, Z)
+ N.(Z)gm(p. U, V).

Since VW is a sic C*-Rs, from (2.8), (2.11), (2.13) and Lemma 2.6, we get
gm(VﬁV,Z) = gm(Tud)V/ (P*Z) + gm(¢ur Aa)VZ)

- %gm(gmd InA., 2)g,(V.0V, V. wU)
1
+ ﬁgn(va\y*z, V. wl) + 1.(2)8u(p.U, V).

From the previous equation, we have
an(Vi;V, Z) = gn(=pTupV — Awv QU — gn(@V, wl)(grad In.), Z) (3.20)

1 y
+0m(PU, V)C, Z) + ?gn(viv‘l’*Z, W wl).

Now, using (2.1), (2.2) (2.8), (2.9) and (3.3), we infer

gm(vfﬁ‘/l (P*W) = —Qm(@*(TuCUV + vU(i)‘/)r QD*W)
= —gu(@(TywV + VyudV), p.W) (3.21)

So the results follows from (3.20) and (3.21).

Definition 3.13. Let W be a sic {*-Rs from acm manifolds (Y, @., C, 1., m) onto Riemannian metric manifolds
(Q, 8,). Then we call that p is horizontal along (ker\V.) if V{;Z € T'(u) for Z € T'(u) and U € T'(ker'\V.).

Corollary 3.14. Let W be a sic {*-Rs from Sasakian manifolds (Y, ¢.,C, 1., 8,) onto Riemannian metric manifolds
(Q, 8,) such that p is horizontal along (ker\W.). Then the ns condition for the V' to be invariable on u is

A28 (BTupV + Awv U — 89U, V)T, Z) = 6, (Voy V. Z, VL), (3.22)
for U,V € (ker\V.) and Z € T'(u).
Proof. Let U, V € I'(ker\V.), Z € T'(u). Then g,,(V}}V, Z) = —=gu(V, V];Z). Since u is horizontal along (ker\V.), so
gm(V, V'{}Z) =0.
Using (3.20) and (3.22), we infer
am(wV, wl)gy(grad InA., Z) = 0. (3.23)

Replacing U by V in the foregoing equation, we may say that A. is a invariable on I'(u).
The converse follows from (3.20).

Theorem 3.15. Let WV be a sic C*-Rs from Sasakian manifolds (Y, @., C, 1., ) onto Riemannian metric manifolds
(€2, 94). Then the ns conditions for Y to be a locally product manifold of the form Yierw, X1, Yierwr are

3n(Vov V. Z, W,0l) = A28, (BTudV + AwvdU + 8wV, wl)grad InA.,

TywV + VyupV € T(DY).
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and

App.Q + V1ViaQ e I'(D)),

(VoW W, W.BQ) =A2g,(—ApaQ + BQ(InA)P — a,u(P, pQ)(grad In A.)
= P(InA.)BQ + n.(Q)P, . W)
for P,Q e T'(ker¥.,)*, U, V,W € I'(ker?.,).
Let W be a sic C*-Rs from Sasakian manifolds (Y, ¢., C, 1., 8,;) onto Riemannian metric manifolds (€, g,).

For U € T(D}) and Q € I'(u), we have

1
ﬁgn(\y*(p*u \II*Q) = gm((P*ur Q) = 0/

which shows that the distributions W.(¢.D) and W.(u) are orthogonal. W
Now, we explore the geometric properties of the leaves of the distributions D] and D;.

Theorem 3.16. Let WV be a sic C*-Rs from Sasakian manifolds (Y, @., C, 1., ) onto Riemannian metric manifolds
(Q, 8,). Then the ns conditions for the distribution D] to be completely geodesic foliations on Y are

(VW)U ¢.V) e T(W.u)

and

1 N
ﬁgn(V‘I’*)(U, V), W.BZ) = gu(V, TuwaZ + VupaZ) — n.(BZ)su(U, V)

for U,V e I(D)) and Z € T(kerW.)*.

Proof. The ns conditions for the distribution D] to be completely geodesic foliations on Y are g,,(V{;V, W) = 0
and g,,(V}V,Z) = 0 for U,V € I'(D}), W € T(D)) and Z € I'(ker ¥.)*. Using (2.1), (2.2), (2.4) and (3.3), we
obtain

n(V{V, W) = gu(@. V][V, 0. W) = .(V{;V)n.(W)
= gu(V{10:V, . W)

From (2.13) and using the fact that W is a sic {*-Rs, we have
1
am(V]V, W) = —ﬁgn((VW*)(U, @.V), V.. W) (3.24)

Using (2.1), (2.2), (2.4), (2.8) and (3.4), we have

gm(vﬁ‘/lz) = —au(V, V”JZ) =gV, Vﬁ@fz)

= gu(V,Vij9.aZ) + gu(V, V{19.Z)

gm(V/ Vﬁ(P*aZ) + gm(vrﬁ(P*V/ ﬁZ) - n*(ﬁz)gm(u/ V)
Now, using (2.9), (2.13) and (3.3), we get

au(ViiV,Z) = gu(V, TuwaZ) + gu(V, VugaZ)

~ L (VLU .V), V.52)
—1(BZ)am (U, V). (3.25)

The proof of the theorem comes from (3.24) and (3.25).
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Theorem 3.17. Let W be a sic C+-Rs from Sasakian manifolds (Y, @, C, 1., m) onto Riemannian metric manifolds
(€, gn). Then the ns conditions for the distribution D to be a completely geodesic foliations on Y are

(VW)(W, L) € T(W.p)
and

(V\y VpWWp.BZ) = gulp.E, TwaZ) — gu(W, E)am(Higrad InA., ¢.pZ)
+1.(BZ)8m(W, &).

/\2 —

for W,& e I(D}), U € (D)) and Z € T'(ker'V7).
Proof. The ns conditions for the distribution D} to be a completely geodesic foliations on Y are g,,(V{},&, U) =
0 and g, (V& Z) = 0 for W, & € T(D}), U € T(D]) and Z € T((ker W,)*). Using (2.1), (2.2), (2.4) and (3.3), we

come to the next equation

(VR E, W) = am(@. VL&, o.U) + n.(ViR En.(U)
= au(Viyp.&, @.U) = =gu(@.E, Viyp.U)

From (2.13) and definition of sic (*-Rs, we get
1
gn(Viyé, U)) = Fgm((v‘l’*)(W} p.U), V.p.<). (3.26)

With the help of (2.1), (2.2), (2.4), (2.8) and (3.4), we obtain
3n(Vive, 2)) = =8m(p«&, TwaZ) + 8u(Vy, W, BZ).
3n(VivE, 2) = =@u(p«&, TwaZ) + gu(Vy, (W, 9.BZ) = n.(BZ)am(W, &).
Then from (2.13), (3.4) and Lemma 2.6, we obtain
am(Viyé, Z) = —gm(%é, TwaZ) + gu(W, &)8n(Higrad InA., p.pZ) (3.27)

aby: gn(V VoW, V.. BZ) = 1. (BZ) 3 (W, £).

The proof of the theorem comes from (3.26) and (3.27).
From Theorem 3.16 and 3.17, we have the following theorem:

Theorem 3.18. Let WV be a sic C*-Rs from Sasakian manifolds (Y, @., C, 1., ) onto Riemannian metric manifolds
(Q, a). Then the ns conditions for the fibers of W to be locally product manifold are

(VW)U ¢.V) e I'(W.u)
and
(VW)W @.U) € T(¥.p)

forany U,V € T(D]) and W € I(D)).
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4. Harmonicity of semi-invariant conformal {*-Riemannian submersions

In this part, we provide the ns conditions for a sic {*-Rs to be harmonic. We also look into the ns
conditions for such submersions to be completely geodesic. By decomposition of all over space of sic (*-Rs,
we have the following Lemma.

Lemma 4.1. Let W : (Y2404l g ¢.) — (Q7+2*1 g, be a sic C*-Rs from acm manifolds (Y, ¢., C, 1., 6u) onto
Riemannian metric manifolds (€, g,,). Then the tension field T of ¥V is

(W) = —Q2p + Q)W (1* V) + 2 — g — 2r)W.(grad In A.), @.1)

ker W,

where 1 is the mean curvature vector field of the distribution of ker V..

Proof: It is easy to prove this lemma with the help of the method [1].
In view of Lemma 4.1, we have the following result.

Theorem 4.2. Let W : (Y2441 g .) — (QT2+1 q,) be a sic C*-Rs from acm manifolds (Y, ., C, 1., gm) onto
Riemannian metric manifolds (Q, g,,) such that q + 2r # 2. Then any two of the conditions imply the third:

(1) VY is harmonic
(ii) The fibers are minimal.

(iii) ¥ is a horizontally homothetic map.
Proof: Using (4.1), we can easily find the results.

Corollary 4.3. Let W : (Y20++0+1 g ¢,) — (QI*2+1 g, be a sic C*-Rs from acm manifolds (Y, ¢., C, 1., @) onto
Riemannian metric manifolds (Q3, g,). If g + 2r = 2 then the ns condition for the \V to be harmonic is the minimal
fiber.

A map is claimed to be totally geodesic map if it maps every geodesic in the total manifold into a geodesic
within the base manifold in proportion to arc lengths. We recall that a differentiable map W between two
Riemannian metric manifolds is called completely geodesic if (VW.)(U, V) =0 VYU,V e I(TY).

We now, present the subsequent definition:

Definition 4.4. Let WV be a sic (+-Rs from acm manifolds (X, ¢., C, 11+, §m) onto Riemannian metric manifolds (Q, g,,).
Then W is called a (., u)-completely geodesic map if

(VW) (@ W, Q) =0 for W e T(D;) and Q € I'(u).
In this sequence, we have the following important result.

Theorem 4.5. Let W be a sic C*-Rs from acm manifolds (Y, ., C, 1., §m) onto Riemannian metric manifolds (Q, g,,).
The ns condition for W to be a (¢. D}, u)-completely geodesic map if VY is a horizontally homothetic map.

Proof. For W € I'(D}) and Q € I'(u), from Lemma 2.6, we infer
(VI)(@. W, Q) = 9. W(In A)W.Q + QUnA)W.. W — g,u(p. W, Q. (grad In A.).

Since W is a horizontally homothetic therefore (VW.)(¢.W, Q) = 0.
Conversely, if (VW.)(¢.W, Q) = 0, we have

. W(In 1.)W.Q + QIn A)W.@. W = 0 4.2)
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Taking scaler product in (4.2) with W.¢.W and since W is a sic (*-Rs, we infer
gm(grad In A., p.W)g,(V.Q, V.. W) + gin(grad In A., Q)g, (V.. W, W.p.W) = 0.
Since ||@.W]|| # 0, then the above equation reduces to
gm(Higradin A,, Q) =0,

which implies that A, is a invariable on I'(u).
Taking scaler product in (4.2) with W.Q ,we get

gm(grad In A, . W)g,(W.Q, W.Q) + gm(grad In A, Q)g, (V.. W, W.Q) = 0.
Since ||Q|| # 0, then the above equation reduces to
gm(gradInA., @.W) =0,

it follows that A, is a invariable on I'(.D}). Thus A. is a invariable on I'((kerW.)*), which over the proof.
At last, we infer the ns conditions for sic {*-Rs to be completely geodesic.

Theorem 4.6. Let WV be a sic C*-Rs from Sasakian manifolds (Y, ¢., C, 1., 8,) onto Riemannian metric manifolds
(€, 94). Then the ns conditions for the W to be completely geodesic map are

(@) BTup.V + oVup.V = n(TuV)C =0, U,V € T(DY),
(b) Ty W + BHVu@.W = n(TW)C = 0, U € T(ker?.), W € T(D}),
(c) W is a horizontally homothetic map,

(d) wV1VpoU + BApdU + pH1VpwlU + wApwU — 1. (ApU) C =0, U € T'(kerW.), P € T'((ker'W,)").
Proof. (a) For U,V € I'(D)), using (2.1), (2.2), (2.4), (2.8) and (2.13), we have
(VW)U V) = VWV =W (VV)
= W (IVV = n.(V]IV)0)
=W (. V10V = 1n.(V]V)O)
= W (0. (Tup.V + Vup.V) — n.(TuV)0).
With the help of (3.3) and (3.4) in the above expression turns into
(VW.)(U, V) = Wu(aTup.V + BTup.V + pVup.V + wVue.V - n.(ViV)0),
since aTu®.V + ¢pVup.V € T((kerW.), we infer
(VW.)(U, V) = W.(BTup.V + oVup.V — n(ViiV)0).

Since W is a linear isomorphism between (ker'V.)* and I'(TN), so (VW.)(U, V) = 0 if and only if fTy¢.V +
wVyu@.V = n.(V1V)C = 0.
(b) For U € I'(kerW.) and W € T'(D), using (2.1), (2.2), (2.4) and 2.13), we come to the next equation
(VW)U W) = VyW.W = W (V][W)
= W(@2V]IW = n.(V]TW)O)
= W@V W = n.(TW)0)
= \I]*((P*(TU(P*W + leu(P*W) - n*(TTLr;W)C)
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In view of (3.3) and (3.4) in the foregoing equation, we gain

(VW)U W) =V (oTupW + wTup.W + aH Vyup.W + pH Vup. W — n.(TW)Q)
Since ¢Tye.W + aHiVup.W € T'(ker W,), we infer

(VW)U W) = V(wTyup.W + BH Ve W — n.(T{W)0).
Since W is a linear isomorphism between (ker'W,)* and I'(TN), so (VW.)(U, W) = 0 if and only if oTyp.W +
BHVup.W = n.(TjW)C = 0.
(c) For U,V € I'(u), from Lemma 2.6, we get

(V&)U V) = UIn AWV + V(In L)W U - gu(U, V)W.(gradIn A.).
In the above equation, replacing V by ¢.U, we infer

(VYO @.U) = U(ln A)V.p. U + . U(In A)W. U — g, (U, . U)WV (grad In A.).
= U(nA)¥.e. U+ @, U(InA,)V. U

If (VW.)(U, p.U) = 0, we have

U(n A)W.p.U + . U(InA)P.U = 0. (4.3)
Taking scaler product of the above equation with W.¢.U, we infer

am(grad In A, U)g, (V..U V.. U) + gu(gradini., . U)g, (V.U V.@.U) =0,

which shows that A. is a invariable I'(u).
In a similar pattern, for U, V € T'(D}), using Lemma 2.6, we get

(VW) (.U, ¢.V) = o U(InA)W.0.V + 9. V(InA,) V..U
= om(@.U, . V)W, (grad InA.).

In the above equation, replacing V by U, we get

(VW) (p.U @.U) = p.U(InA)V.p.U + @.U(InA,)V.p.U
= gu(p.U p.U)V.(grad In.)
=20, U(InA V..U = gn(e.U @.U)W.(grad InA.). (4.4)

Consider (VW.)(p.U, ¢.U) = 0 and taking scalar product of above equation with W,¢.U and using the fact
that W is sic (*+-Rs, we infer

2gu(grad InA., . U)a, (V..U V.. U) = gn(p.U, ¢.U)a,(V.(grad InA.), V.p.U).

From the above expression, it follows that A. is a invariable on I'(¢. D).
Thus A. is a invariable on I'((ker'W.,)*).
If W is a horizontally homothetic map, then H;grad InA. vanishes.
Therefore (VW,)(U, V) = 0 for U, V € T'((kerW,)*).
(d) For U € T'(ker'V,) and P € I'((kerW.)*), using (2.1), (2.2), (2.4), (2.9) and (2.13), we acquire

(VW.)(P,U) = VpW.U - W, (Vi)
= W (p2ViU - n(VEU)D)
= W.(. ViU — n.(VEU)D).
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Then from (2.8), (2.9) and (3.4), we arrive at

(VI,)(P, U) W (0. VI + 0)U — 1. (ApU + V1 VpU) O)
‘I’*((p*(qu)U + (V1Vp(PU) + (p*(ﬂlvau + prU))

-, (7]* (Ap U) C)

Using (3.3) and (3.4) in the above equation, we have

(VPP U) = W.(pV1VpdpU + wV1VpoU + aAppU + BApU
+aH Vol + pH Vol + pApwl + wApwU — n. (ApU) 0)

Since ¢V1VppU + aAppU + aH,Vpwl + pApwU € T'(ker'\V.), we infer
(VW,)(P,U) = W.(wV1VpoU + BApQU + pH1VrwU + wApwU — 1. (ApU) O).

Since VW is a linear isomorphism between (ker'V,)* and I'(TN), so (VW.)(P, U) = 0 if and only if V1 VppU +
ﬁAp(PU + ﬁ“HprU + wApwlU — 1« (ApU) c=0.
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