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Some effect of drift of the generalized Brownian motion process:
Existence of the operator-valued generalized Feynman integral

Jae Gil Choia

aSchool of General Education, Dankook University, Cheonan 31116, Republic of Korea

Abstract. In this paper an analytic operator-valued generalized Feynman integral was studied on a very
general Wiener space Ca,b[0,T]. The general Wiener space Ca,b[0,T] is a function space which is induced by
the generalized Brownian motion process associated with continuous functions a and b. The structure of
the analytic operator-valued generalized Feynman integral is suggested and the existence of the analytic
operator-valued generalized Feynman integral is investigated as an operator from L1(R, νδ,a) to L∞(R) where
νδ,a is a σ-finite measure on R given by

dνδ,a = exp{δVar(a)u2
}du,

where δ > 0 and Var(a) denotes the total variation of the mean function a of the generalized Brownian
motion process. It turns out in this paper that the analytic operator-valued generalized Feynman integrals
of functionals defined by the stochastic Fourier–Stieltjes transform of complex measures on the infinite
dimensional Hilbert space C′a,b[0,T] are elements of the linear space⋂

δ>0

L(L1(R, νδ,a),L∞(R)).

1. Introduction

Before giving a basic survey and a motivation for our topic we fix some notation. Let C, C+ and
C̃+ denote the set of complex numbers, complex numbers with positive real part and nonzero complex
numbers with nonnegative real part, respectively. For all λ ∈ C̃+, λ1/2

≡
√
λ (or λ−1/2) is always chosen to

have positive real part. Furthermore, let C[0,T] denote the space of real-valued continuous functions x on
[0,T] and let C0[0,T] denote those x in C[0,T] such that x(0) = 0. The function space C0[0,T] is referred to
as one-parameter Wiener space, and we let mw denote Wiener measure. Given two Banach spaces X and Y,
let L(X,Y) denote the space of continuous linear operators from X to Y.
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Let F be a C-valued measurable functional on C[0,T]. For λ > 0, ψ ∈ L2(R), and ξ ∈ R, consider the
Wiener integral

(Iλ(F)ψ)(ξ) ≡
∫

C0[0,T]
F
(
λ−1/2x + ξ

)
ψ
(
λ−1/2x(T) + ξ

)
dmw(x). (1.1)

In the application of the Feynman integral to quantum theory, the function ψ in (1.1) corresponds to the
initial condition associated with Schrödinger equation.

In [1], Cameron and Storvick considered the following natural and interesting questions. Under what
conditions on F will the linear operator Iλ(F) given by (1.1) be an element of L(L2(R),L2(R))? If so, does
the operator valued function λ → Iλ(F) have an analytic extension, write Ian

λ (F) (it is called the analytic
operator-valued Wiener integral of F with parameter λ), to C+? If so, for each nonzero real number q, does
the limit

Jan
q (F) ≡ lim

λ→−iq
λ∈C+

Ian
λ (F)

exist in some topological (normed) structure? The functional Jan
q (F) (if it exists) is called the analytic

operator-valued Feynman integral of F with parameter q.
Cameron and Storvick in [1] introduced the analytic operator-valued function space “Feynman integral”

Jan
q (F), which mapped an L2(R) function ψ into an L2(R) function Jan

q (F)ψ. In [1] and several subsequent
papers [2, 3, 15–22], the existence of this integral as an element of L(L2(R),L2(R)) was established for
various functionals. Next, the existence of the integral as an element of L(L1(R),L∞(R)) was established in
[4, 5, 14, 23]. Finally, the Lp → Lp′ theory (1 < p ≤ 2 and 1/p + 1/p′ = 1) was developed as an element of
L(Lp(R),Lp′ (R)) in [24].

The Wiener space C0[0,T] can be considered as the space of sample paths of standard Brownian motion
process (SBMP). Thus, in various Feynman integration theories, the integrand F of the Feynman integral
(1.1) is a functional of the SBMP, see [1–5, 14–24].

Let D = [0,T] and let (Ω,F ,P) be a probability space. By the definition, a generalized Brownian motion
process (GBMP) on D × Ω is a Gaussian process Y ≡ {Yt}t∈D such that Y0 = 0 almost surely and for any
0 ≤ s < t ≤ T,

Yt − Ys ∼ N
(
a(t) − a(s), b(t) − b(s)

)
,

where N(m, σ2) denotes the normal distribution with mean m and variance σ2, a(t) is a continuous real-
valued function on [0,T] and b(t) is an increasing continuous real-valued function on [0,T]. Thus a GBMP
is determined by the continuous functions a(t) and b(t). The function space Ca,b[0,T], induced by GBMP,
was introduced by Yeh [25, 26] and was used extensively in [6–13]. The function space Ca,b[0,T] used in
[6–13] can be considered as the space of sample paths of the GBMP.

The generalized Feynman integral studied in [6, 7, 9, 10] are scalar-valued. In this paper, the analytic
operator-valued generalized Feynman integral (AOVG‘Feynman’I) of functionals F on the general Wiener space
Ca,b[0,T] is investigated as an element of L(L1(R, νδ,a),L∞(R)), where νδ,a is a measure on R given by

dνδ,a = exp{δVar(a)u2
}du,

and where δ > 0 and Var(a) denotes the total variation of the mean function a of the GBMP. It turns out in
this paper that the AOVG‘Feynman’Is of functionals defined by the stochastic Fourier–Stieltjes transform
of complex measures on the infinite dimensional Hilbert space C′a,b[0,T], the space of absolutely continuous
functions in Ca,b[0,T], are elements of the linear space⋂

δ>0

L(L1(R, νδ,a),L∞(R)).

Note that when a(t) ≡ 0 and b(t) = t, the GBMP is an SBMP, and so the function space Ca,b[0,T] reduces
to the classical Wiener space C0[0,T]. But we are obliged to point out that an SBMP used in [1–5, 14–24]
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is stationary in time and is free of drift. While, the GBMP used in this paper, as well as in [6–13], is
nonstationary in time and is subject to a drift a(t). It turns out, as noted in Remark 4.2 below, that including
a drift term a(t) makes establishing the existence of the analytic operator-valued generalized function space
integral (AOVGFSI) and AOVG‘Feynman’I of functionals on Ca,b[0,T] very difficult.

In [13], Chang, Skoug and the current author introduced the analytic operator-valued Feynman integrals
Jan
q (F) of finite-dimensional functionals F : Ca,b[0,T]→ C, having the form

F(x) = f
( ∫ T

0
θ1(t)dx(t), . . . ,

∫ T

0
θn(t)dx(t)

)
where f : Rn

→ C is a Lebesgue measurable function,
∫ T

0 θ(t)dx(t) denotes the Paley–Wiener–Zygmund
stochastic integral with x in Ca,b[0,T], and {θ1, . . . , θn} is a set of functions of bounded variation on the time
interval [0,T] such that∫ T

0
θ j(t)θl(t)dmb,|a|(t) = δ jl (Kronecker delta),

and where mb,|a| denots the Lebesgue–Stieltjes measure induced by the variance function b and the mean
function a of the GBMP Y. But, in [13], the topological structures between the domain and the codomain of
the operator “Jan

q ” was not discussed.
The results in this paper are quite a lot more complicated because the GBMP Y referred to above is

neither stationary nor centered. We refer to the reference [6, 7, 9] for an unusual behavior of the GBMP.

2. Preliminaries

In this section, we briefly list some of the preliminaries from [6, 7, 9, 10] that we need to establish our
results in next sections; for more details, see [6, 7, 9, 10].

Let (Ca,b[0,T],B(Ca,b[0,T]), µ) denote the function space induced by the GBMP Y determined by contin-
uous functions a(t) and b(t), where B(Ca,b[0,T]) is the Borel σ-field induced by the sup-norm, see [25, 26].
We assume in this paper that a(t) is an absolutely continuous real-valued function on [0,T] with a(0) = 0,
a′(t) ∈ L2[0,T], and b(t) is an increasing, continuously differentiable real-valued function with b(0) = 0 and
b′(t) > 0 for each t ∈ [0,T]. We complete this function space to obtain the complete probability measure
space (Ca,b[0,T],W(Ca,b[0,T]), µ) whereW(Ca,b[0,T]) is the set of all µ-Carathéodory measurable subsets of
Ca,b[0,T].

We can consider the coordinate process X : [0,T] × Ca,b[0,T] → R given by X(t, x) = x(t) which is a
continuous process. The separable process X induced by Y [26] also has the following properties:

(i) X(0, x) = x(0) = 0 for every x ∈ Ca,b[0,T].

(ii) For any s, t ∈ [0,T] with s ≤ t and x ∈ Ca,b[0,T], x(t) − x(s) ∼ N(a(t) − a(s), b(t) − b(s)).

Thus it follows that for s, t ∈ [0,T], Cov(X(s, x),X(t, x)) = min{b(s), b(t)}.
A subset B of Ca,b[0,T] is said to be scale-invariant measurable provided ρB isW(Ca,b[0,T])-measurable

for all ρ > 0, and a scale-invariant measurable set N is said to be scale-invariant null provided µ(ρN) = 0
for all ρ > 0. A property that holds except on a scale-invariant null set is said to hold scale-invariant almost
everywhere (s-a.e.). A functional F is said to be scale-invariant measurable provided F is defined on a
scale-invariant measurable set and F(ρ · ) isW(Ca,b[0,T])-measurable for every ρ > 0.

Let L2
a,b[0,T] be the separable Hilbert space of functions on [0,T] which are Lebesgue measurable and

square integrable with respect to the Lebesgue–Stieltjes measures on [0,T] induced by b(t) and a(t): i.e.,

L2
a,b[0,T] =

{
v :

∫ T

0
v2(s)db(s) < +∞ and

∫ T

0
v2(s)d|a|(s) < +∞

}
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where |a|(t) denotes the total variation function of a(t) on [0,T]. The inner product on L2
a,b[0,T] is defined

by (u, v)a,b =
∫ T

0 u(t)v(t)d[b(t) + |a|(t)]. Note that ∥u∥a,b =
√

(u,u)a,b = 0 if and only if u(t) = 0 a.e. on [0,T]
and that all functions of bounded variation on [0,T] are elements of L2

a,b[0,T]. Also note that if a(t) ≡ 0 and
b(t) = t, then L2

a,b[0,T] = L2[0,T]. In fact,

(L2
a,b[0,T], ∥ · ∥a,b) ⊂ (L2

0,b[0,T], ∥ · ∥0,b) = (L2[0,T], ∥ · ∥2)

since the two norms ∥ · ∥0,b and ∥ · ∥2 are equivalent.
Throughout the rest of this paper, we consider the linear space

C′a,b[0,T] =
{
w ∈ Ca,b[0,T] : w(t) =

∫ t

0
z(s)db(s) for some z ∈ L2

a,b[0,T]
}
.

For w ∈ C′a,b[0,T], with w(t) =
∫ t

0 z(s)db(s) for t ∈ [0,T], let D : C′a,b[0,T]→ L2
a,b[0,T] be defined by the formula

Dw(t) = z(t) =
w′(t)
b′(t)

. (2.1)

Then C′a,b ≡ C′a,b[0,T] with inner product

(w1,w2)C′a,b =

∫ T

0
Dw1(t)Dw2(t)db(t) =

∫ T

0
z1(t)z2(t)db(t)

is also a separable Hilbert space.
Note that the two separable Hilbert spaces L2

a,b[0,T] and C′a,b[0,T] are topologically homeomorphic under
the linear operator given by equation (2.1). The inverse operator of D is given by

(D−1z)(t) =
∫ t

0
z(s)db(s)

for t ∈ [0,T].
In this paper, in addition to the conditions put on a(t) above, we now add the condition∫ T

0
|a′(t)|2d|a|(t) < +∞. (2.2)

Then, the function a : [0,T]→ R satisfies the condition (2.2) if and only if a(·) is an element of C′a,b[0,T], see
[11, 12]. Under the condition (2.2), we observe that for each w ∈ C′a,b[0,T] with Dw = z,

(w, a)C′a,b =

∫ T

0
Dw(t)Da(t)db(t) =

∫ T

0
z(t)

a′(t)
b′(t)

db(t) =
∫ T

0
z(t)da(t).

Next we will define a Paley–Wiener–Zygmund (PWZ) stochastic integral. Let {1 j}
∞

j=1 be a complete
orthonormal set in C′a,b[0,T] such that for each j = 1, 2, . . ., D1 j = α j is of bounded variation on [0,T]. For
each w = D−1z ∈ C′a,b[0,T], the PWZ stochastic integral (w, x)∼ is defined by the formula

(w, x)∼ = lim
n→∞

∫ T

0

n∑
j=1

(w, 1 j)C′a,b D1 j(t)dx(t) = lim
n→∞

∫ T

0

n∑
j=1

∫ T

0
z(s)α j(s)db(s)α j(t)dx(t)

for all x ∈ Ca,b[0,T] for which the limit exists.
It is known that for each w ∈ C′a,b[0,T], the PWZ stochastic integral (w, x)∼ exists for µ-a.e. x ∈ Ca,b[0,T].

If Dw = z ∈ L2
a,b[0,T] is of bounded variation on [0,T], then the PWZ stochastic integral (w, x)∼ equals the
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Riemann–Stieltjes integral
∫ T

0 z(t)dx(t). It also follows that for w, x ∈ C′a,b[0,T], (w, x)∼ = (w, x)C′a,b . For each
w ∈ C′a,b[0,T], the PWZ stochastic integral (w, x)∼ is a Gaussian random variable on Ca,b[0,T] with mean
(w, a)C′a,b and variance ∥w∥2C′a,b

. Note that for all w1,w2 ∈ C′a,b[0,T],

∫
Ca,b[0,T]

(w1, x)∼(w2, x)∼dµ(x) = (w1,w2)C′a,b + (w1, x)C′a,b (w2, x)C′a,b .

Hence we see that for w1,w2 ∈ C′a,b[0,T], (w1,w2)C′a,b = 0 if and only if (w1, x)∼ and (w2, x)∼ are independent
random variables. We thus have the following function space integration formula: let {e1, . . . , en} be
an orthonormal set in (C′a,b[0,T], ∥ · ∥C′a,b ), and given a Lebesgue measurable function r : Rn

→ C, let
R : Ca,b[0,T]→ C be given by equation

R(x) = r((e1, x)∼, . . . , (en, x)∼).

Then ∫
Ca,b[0,T]

R(x)dµ(x) ≡
∫

Ca,b[0,T]
r((e1, x)∼, . . . , (en, x)∼)dµ(x)

= (2π)−n/2
∫
Rn

r(u1, . . . ,un) exp
{
−

n∑
j=1

(u j − (e j, a)C′a,b )
2

2

}
du1 · · · dun

(2.3)

in the sense that if either side of equation (2.3) exists, both sides exist and equality holds.
The following integration formula is also used in this paper:∫

R

exp{−αu2 + βu}du =
√
π
α

exp
{ β2

4α

}
(2.4)

for complex numbers α and β with Re(α) > 0.

3. Analytic operator-valued generalized function space integral

In this section, we introduce the definition of the AOVGFSI as an element of L(L1(R),L∞(R)). The
definition below is based on the previous definitions in [3–5, 14, 22–24].

Definition 3.1. Let F : C[0,T] → C be a scale-invariant measurable functional and let h be an element of
C′a,b[0,T]\{0}. Given λ > 0, ψ ∈ L1(R) and ξ ∈ R, let

(Iλ(F; h)ψ)(ξ) ≡
∫

Ca,b[0,T]
F(λ−1/2x + ξ)ψ(λ−1/2(h, x)∼ + ξ)dµ(x). (3.1)

If Iλ(F; h)ψ is in L∞(R) as a function ofξ and if the correspondenceψ→ Iλ(F; h)ψ gives an element ofL(L1(R),L∞(R)),
we say that the operator-valued generalized function space integral (OVGFSI) Iλ(F; h) exists.

Let Γ be a region in C+ such that Int(Γ) is a simply connected domain in C+ and Int(Γ) ∩ (0,+∞) is a nonempty
open interval of positive real numbers. Suppose that there exists an L(L1(R),L∞(R))-valued function which is
analytic in λ on Int(Γ) and agrees with Iλ(F; h) on Int(Γ) ∩ (0,+∞), then this L(L1(R),L∞(R))-valued function is
denoted by Ian

λ (F; h) and is called the AOVGFSI of F associated with λ.

The notation ∥ · ∥o will be used for the norm of operators in L(L1(R),L∞(R)).
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Remark 3.2. (i) In equation (3.1) above, choosing h(t) =
∫ t

0 db(s) = b(t) ∈ C′a,b[0,T], we obtain

(h, x)∼ = (b, x)∼ =
∫ T

0
Db(t)dx(t) =

∫ T

0
dx(t) = x(T).

In this case, equation (3.1) is rewritten by

(Iλ(F; b)ψ)(ξ) =
∫

Ca,b[0,T]
F(λ−1/2x + ξ)ψ(λ−1/2x(T) + ξ)dµ(x). (3.2)

Moreover, if a(t) ≡ 0 and b(t) = t on [0,T], then the function space Ca,b[0,T] reduces to the classical Wiener space
C0[0,T] and the definition of the OVGFSI Iλ(F; b) in equation (3.2) agrees with the definitions of the operator-valued
function space integrals Iλ(F) with λ > 0 defined in [1–5, 14–24].

(ii) In the case that a(t) ≡ 0 and h(t) = b(t) = t on [0,T], choosing Γ = C+ ∩ {λ ∈ C : |λ| < λ0} for some
λ0 ∈ (0,+∞), then the definition of the AOVGFSI Ian

λ (F; b) (if it exists) agrees with the definitions of the analytic
operator-valued function space integral Ian

λ (F) associated with λ > 0 defined in [23, 24].

4. The F (Ca,b[0, T]) theory

In [6, 8], Chang, Choi and Lee introduced a Banach algebra F (Ca,b[0,T]) of functionals on function
space Ca,b[0,T], each of which is a stochastic Fourier transform of C-valued Borel measure on C′a,b[0,T],
and showed that it contains many functionals of interest in Feynman integration theory. In [6, 7], the
authors showed that the analytic (but scalar-valued) generalized Feynman integral exists for functionals in
F (Ca,b[0,T]). In this section, we show that the AOVGFSI Ian

λ (F; h) is in L(L1(R),L∞(R)) for functionals F in
F (Ca,b[0,T]).

Let M(C′a,b[0,T]) denote the space of C-valued, countably additive (and hence finite) Borel measures
on C′a,b[0,T]. We define the Fresnel type class F (Ca,b[0,T]) of functionals on Ca,b[0,T] as the space of all
stochastic Fourier–Stieltjes transforms of elements of M(C′a,b[0,T]); that is, F ∈ F (Ca,b[0,T]) if and only if
there exists a measure f inM(C′a,b[0,T]) such that

F(x) =
∫

C′a,b[0,T]
exp{i(w, x)∼}d f (w) (4.1)

for s-a.e. x ∈ Ca,b[0,T].
More precisely, since we shall identify functionals which coincide s-a.e. on Ca,b[0,T], F (Ca,b[0,T]) can

be regarded as the space of all s-equivalence classes of functionals having the form (4.1).
We note thatM(C′a,b[0,T]) is a Banach algebra under the total variation norm and with convolution as

multiplication. The Fresnel type class F (Ca,b[0,T]) also is a Banach algebra with norm

∥F∥ = ∥ f ∥ =
∫

C′a,b[0,T]
d| f |(w).

In fact, the correspondence f 7→ F is injective, carries convolution into pointwise multiplication and is a
Banach algebra isomorphism where f and F are related by (4.1). For a more detailed study of functionals
in F (Ca,b[0,T]), see [6, 8].

Remark 4.1. If F is in F (Ca,b[0,T]), then F is scale-invariant measurable and s-a.e. defined on Ca,b[0,T]. If x in
Ca,b[0,T] is such that F(x) is defined, then by (4.1) and the definition of the PWZ stochastic integral, it follows that
F(x + ξ) = F(x) for all ξ ∈ R.
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Let h be a (fixed) function in C′a,b[0,T]\{0}. Then for any function w in C′a,b[0,T], we obtain an orthonormal
set {e1, e2(w)} in C′a,b[0,T], by the Gram–Schmidt process, such that h = ∥h∥C′a,b e1 and

w = (w, e1)C′a,b e1 + βwe2(w) (4.2)

where

βw =
∥∥∥w − (w, e1)C′a,b e1

∥∥∥
C′a,b
=

[
∥w∥2C′a,b − (w, e1)2

C′a,b

]1/2
.

Throughout this paper, we will use the following notations for convenience:

M(λ; h) =
(

λ

2π∥h∥2C′a,b

)1/2

, (4.3)

V(λ; ξ, v ; h,w) = exp
{ 1

2λ∥h∥2C′a,b

[(
iλ(v − ξ) + (h,w)C′a,b

)2
− ∥h∥2C′a,b∥w∥

2
C′a,b

]}
, (4.4)

L(λ; ξ, v ; h) = exp
{
λ
2

(v − ξ)2

∥h∥2C′a,b

}
, (4.5)

H(λ; ξ, v ; h) = exp
{
−

(√
λ(v − ξ) − (h, a)C′a,b

)2

2∥h∥2C′a,b

}
, (4.6)

A(λ; w) = exp
{ i
√
λ
βw(e2(w), a)C′a,b

}
= exp

{ i
√
λ

[
∥w∥2C′a,b − (w, e1)2

C′a,b

]1/2
(e2(w), a)C′a,b

}
(4.7)

and

(Kλ(F; h)ψ)(ξ) =M(λ; h)
∫

C′a,b[0,T]

∫
R

ψ(v)V(λ; ξ, v ; h,w)L(λ; ξ, v ; h)H(λ; ξ, v ; h)A(λ; w)dvd f (w) (4.8)

for (λ, ξ, v, h,w, ψ) ∈ C̃+ × R2
× (C′a,b[0,T]\{0}) × C′a,b[0,T] × L1(R). In equation (4.7) above, w, e1 and e2 are

related by equation (4.2).

Remark 4.2. Clearly, for λ > 0, |H(λ; ξ, v ; h)| ≤ 1 for all (ξ, v, h) ∈ R2
× (C′a,b[0,T]\{0}). But for λ ∈ C̃+,

|H(λ; ξ, v; h)| is not necessarily bounded by 1. Note that for each λ ∈ C̃+, Re(λ) ≥ 0 and Re(
√
λ) ≥ |Im(

√
λ)| ≥ 0.

Hence for each λ ∈ C̃+,

H(λ; ξ, v ; h) = exp
{
−

[Re(λ) + iIm(λ)](v − ξ)2

2∥h∥2C′a,b
+

[Re(
√
λ) + iIm(

√
λ)](v − ξ)(h, a)C′a,b

∥h∥2C′a,b
−

(h, a)2
C′a,b

2∥h∥2C′a,b

}
, (4.9)

and so

∣∣∣H(λ; ξ, v ; h)
∣∣∣ = exp

{
−

Re(λ)(v − ξ)2

2∥h∥2C′a,b
+

Re(
√
λ)(v − ξ)(h, a)C′a,b

∥h∥2C′a,b
−

(h, a)2
C′a,b

2∥h∥2C′a,b

}
. (4.10)

Note that for λ ∈ C+, the case we consider throughout Section 4, Re(
√
λ) > |Im(

√
λ)| ≥ 0, which implies that

Re(λ) = [Re(
√
λ)]2
− [Im(

√
λ)]2 > 0. Hence for each λ ∈ C+, 0 < |Arg(λ)| < π/2 and so

[Re(
√
λ)]2

Re(λ)
=

1
2

(
|λ|

Re(λ)
+ 1

)
=

1
2

(sec Arg(λ) + 1). (4.11)
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For (λ, h) ∈ C+ × (C′a,b[0,T]\{0}), let

S(λ; h) = exp
{
(sec Arg(λ) + 1)

(h, a)2
C′a,b

4∥h∥2C′a,b

}
. (4.12)

Using (4.10), (4.11), and (4.12), we obtain that for all λ ∈ C+,∣∣∣H(λ; ξ, v ; h)
∣∣∣

= exp
{
−

Re(λ)(v − ξ)2

2∥h∥2C′a,b
+

Re(
√
λ)(v − ξ)(h, a)C′a,b

∥h∥2C′a,b
−

(h, a)2
C′a,b

2∥h∥2C′a,b

}

= exp
{
−

Re(λ)
2∥h∥2C′a,b

[
(v − ξ) −

Re(
√
λ)

Re(λ)
(h, a)C′a,b

]2

+
[Re(
√
λ)]2

Re(λ)

(h, a)2
C′a,b

2∥h∥2C′a,b
−

(h, a)2
C′a,b

2∥h∥2C′a,b

}
≤ S(λ; h).

(4.13)

These observations are critical to the development of the existence of the AOVGFSI Ian
λ (F; h).

One can see that for all (λ, ξ, v, h,w) ∈ C+ ×R2
× (C′a,b[0,T]\{0}) × C′a,b[0,T],∣∣∣V(λ; ξ, v ; h,w)L(λ; ξ, v ; h)

∣∣∣
=

∣∣∣∣∣∣ exp
{[(

iλ(v − ξ) + (h,w)C′a,b

)2
− ∥h∥2C′a,b

∥w∥2C′a,b

]
2λ∥h∥2C′a,b

+
λ
2

( v − ξ
∥h∥C′a,b

)2}∣∣∣∣∣∣
= exp

{
−

Re(λ)
2|λ|2∥h∥2C′a,b

[
∥h∥2C′a,b∥w∥

2
C′a,b
− (h,w)2

C′a,b

]}
≤ 1,

(4.14)

because (h,w)2
C′a,b
≤ ∥h∥2C′a,b

∥w∥2C′a,b
. However, the expression (4.7) is an unbounded function of w for w ∈ C′a,b[0,T],

because βw(e2(w), a)C′a,b with

e2(w) =
1
βw

[
w − (w, e1)C′a,b e1

]
=

1
βw

[
w −

1
∥h∥2C′a,b

(h,w)C′a,b h
]

(4.15)

is an unbounded function of w for w ∈ C′a,b[0,T]. Throughout this section, we thus will need to put additional
restrictions on the complex measure f corresponding to F in order to obtain the existence of our AOVGFSI Ian

λ (F; h)
of F in F (Ca,b[0,T]).

In order to obtain the existence of the AOVGFSI, we need to impose additional restrictions on the
functionals in F (Ca,b[0,T]).

For a positive real number q0, let

k(q0; w) = exp
{
(2q0)−1/2

∥w∥C′a,b∥a∥C′a,b
}

(4.16)

and let

Γq0 =
{
λ ∈ C̃+ : |Im(λ−1/2)| =

√
|λ|−Re(λ)

2|λ|2 < (2q0)−1/2
}
. (4.17)

Define a subclass F q0 of F (Ca,b[0,T]) by F ∈ F q0 if and only if∫
C′a,b[0,T]

k(q0; w)d| f |(w) < +∞. (4.18)
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Then for all λ ∈ Γq0 ,

|A(λ; w)| < k(q0; w). (4.19)

Remark 4.3. The region Γq0 given by (4.17) satisfies the conditions stated in Definition 3.1; i.e., Int(Γq0 ) is a simple
connected domain in C+ and Int(Γq0 ) ∩ (0,+∞) is an open interval. We note that for all real q with |q| > q0,
(−iq)−1/2 = 1/

√
2|q| + isign(q)/

√
2|q|. Also, by a close examination of (4.17), it follows that −iq is an element of the

region Γq0 . In fact, Γq0 is a simple connected neighborhood of −iq in C̃+.

Lemma 4.4. Let q0 be a positive real number and let F be an element of F q0 . Let h be an element of C′a,b[0,T]\{0}
and let Γq0 be given by (4.17). Let (Kλ(F; h)ψ)(ξ) be given by equation (4.8) for (λ, ξ, ψ) ∈ Γq0 × R × L1(R). Then
Kλ(F; h) is an element of L(L1(R),L∞(R)) for each λ ∈ Int(Γq0 ).

Proof. Let Γq0 be given by (4.17). Using (4.8), (4.3), (4.4), (4.5), (4.6), (4.7), (4.14), the Fubini theorem, (4.13),
and (4.19), we observe that for all (λ, ξ, ψ) ∈ Int(Γq0 ) ×R × L1(R),∣∣∣(Kλ(F; h)ψ)(ξ)

∣∣∣
≤M(|λ|; h)

∫
C′a,b[0,T]

∫
R

∣∣∣ψ(v)
∣∣∣∣∣∣V(λ; ξ, v ; h,w)L(λ; ξ, v ; h)

∣∣∣ × ∣∣∣H(λ; ξ, v ; h)
∣∣∣∣∣∣A(λ; w)

∣∣∣dvd| f |(w)

≤M(|λ|; h)
∫
R

∣∣∣ψ(v)
∣∣∣∣∣∣H(λ; ξ, v ; h)

∣∣∣dv
∫

C′a,b[0,T]

∣∣∣A(λ; w)
∣∣∣d| f |(w)

≤ ∥ψ∥1S(λ; h)M(|λ|; h)
∫

C′a,b[0,T]
k(q0; w)d| f |(w)

< +∞,

(4.20)

where S(λ; h) is given by equation (4.12). Clearly Kλ(F; h) : L1(R)→ L∞(R) is linear. Thus, for all λ ∈ Int(Γq0 ),

∥Kλ(F; h)∥o ≤ S(λ; h)M(|λ|; h)
∫

C′a,b[0,T]
k(q0; w)d| f |(w)

and the lemma is proved.

Lemma 4.5. Let q0, F, h, Γq0 and (Kλ(F; h)ψ)(ξ) be as in Lemma 4.4. Then (Kλ(F; h)ψ)(ξ) is an analytic function of
λ on Int(Γq0 ).

Proof. Let λ ∈ Int(Γq0 ) be given and let {λl}
∞

l=1 be a sequence in C+ such that λl → λ. Clearly, 0 ≤ |Arg(λ)| <
π/2. Thus there exist θ0 ∈ (Arg(λ), π/2) and n0 ∈ N such that λl ∈ Int(Γq0 ) and 0 < |Arg(λl)| < θ0 for all
l > n0. We first note that for each l > n0,

[Re(
√
λl)]2

Re(λl)
=

1
2

(
|λl|

Re(λl)
+ 1

)
=

1
2

(sec Arg(λl) + 1) <
1
2

(secθ0 + 1).

Using this and the Cauchy–Schwartz inequality, it follows that for all l > n0 and ψ ∈ L1(R),∣∣∣ψ(v)
∣∣∣∣∣∣V(λl; ξ, v ; h,w)L(λl; ξ, v ; h)H(λl; ξ, v ; h)A(λl; w)

∣∣∣
=

∣∣∣ψ(v)
∣∣∣ exp

{
−

Re(λl)(v − ξ)2

2∥h∥2C′a,b
−

Re(λl)
2|λl|

2∥h∥2C′a,b

[
∥h∥2C′a,b∥w∥

2
C′a,b
− (h,w)2

C′a,b

]

+
Re(
√
λl)(v − ξ)(h, a)C′a,b

∥h∥2C′a,b
−

(h, a)2
C′a,b

2∥h∥2C′a,b
− Im(λ−1/2

l )
[
∥w∥2C′a,b − (w, e1)2

C′a,b

]1/2
(e2(w), a)C′a,b

} (4.21)
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≤

∣∣∣ψ(v)
∣∣∣ exp

{
−

Re(λl)(v − ξ)2

2∥h∥2C′a,b
+

Re(
√
λl)(v − ξ)(h, a)C′a,b

∥h∥2C′a,b
−

(h, a)2
C′a,b

2∥h∥2C′a,b

− Im(λ−1/2)
[
∥w∥2C′a,b − (w, e1)2

C′a,b

]1/2
(e2(w), a)C′a,b

}
=

∣∣∣ψ(v)
∣∣∣ exp

{
−

Re(λl)
2∥h∥2C′a,b

[
(v − ξ) −

Re(
√
λl)

Re(λl)
(h, a)C′a,b

]2

+
[Re(
√
λl)]2

2∥h∥2C′a,b
Re(λl)

(h, a)2
C′a,b
−

(h, a)2
C′a,b

2∥h∥2C′a,b
− Im(λ−1/2)

[
∥w∥2C′a,b − (w, e1)2

C′a,b

]1/2
(e2(w), a)C′a,b

}

≤

∣∣∣ψ(v)
∣∣∣ exp

{ (h, a)2
C′a,b

2∥h∥2C′a,b

[Re(
√
λl)]2

Re(λl)
+

∣∣∣Im(λ−1/2)
∣∣∣[∥w∥2C′a,b − (w, e1)2

C′a,b

]1/2
|(e2(w), a)C′a,b |

}

=
∣∣∣ψ(v)

∣∣∣ exp
{ (h, a)2

C′a,b

2∥h∥2C′a,b

[Re(
√
λl)]2

Re(λl)
+

∣∣∣Im(λ−1/2)
∣∣∣∥w∥C′a,b∥a∥C′a,b}

<
∣∣∣ψ(v)

∣∣∣ exp
{ (h, a)2

C′a,b

4∥h∥2C′a,b
(secθ0 + 1)

}
k(q0; w)

where e2(w) and k(q0; w) are given by (4.15) and (4.16), respectively. Sinceψ ∈ L1(R), and f , the corresponding
measure of F by (4.1), satisfies condition (4.18), the last expression of (4.21) is integrable on the product
space (R × C′a,b[0,T],mL × f ), as a function of (v,w), where mL denotes the Lebesgue measure on R. Hence
by the dominated convergence theorem, we see that the right-hand side of equation (4.8) is a continuous
function of λ on Int(Γq0 ). Next we note that for all (ξ, v, h,w) ∈ R2

× (C′a,b[0,T]\{0}) × C′a,b[0,T],

V(λ; ξ, v ; h,w)L(λ; ξ, v ; h)H(λ; ξ, v ; h)A(λ; w)

is an analytic function of λ throughout the domain Int(Γq0 ). Thus using (4.8), the Fubini theorem, and the
Morera theorem, it follows that for every rectifiable simple closed curve ∆ in Int(Γq0 ),∫

∆

Kλ(F; h)ψ)(ξ)dλ

=M(λ; h)
∫

C′a,b[0,T]

∫
R

ψ(v)
( ∫
∆

V(λ; ξ, v ; h,w)L(λ; ξ, v ; h)H(λ; ξ, v ; h)A(λ; w)dλ
)
dvd f (w)

= 0.

Therefore for all (ξ, h, ψ) ∈ R × (C′a,b[0,T]\{0}) × L1(R), (Kλ(F; h)ψ)(ξ) is an analytic function of λ throughout
the domain Int(Γq0 ).

Theorem 4.6. Let q0, F, h and Γq0 be as in Lemma 4.4. Then for each λ ∈ Int(Γq0 ), the AOVGFSI Ian
λ (F; h) exists

and is given by the right-hand side of equation (4.8). Thus, Ian
λ (F; h) is an element of L(L1(R),L∞(R)) for each

λ ∈ Int(Γq0 ).

Proof. Let (λ, ξ, ψ) ∈ (0,+∞) ×R × L1(R). We begin by evaluating the function space integral

(Iλ(F; h)ψ)(ξ) =
∫

Ca,b[0,T]
F(λ−1/2x + ξ)ψ(λ−1/2(h, x)∼ + ξ)dµ(x)

=

∫
Ca,b[0,T]

∫
C′a,b[0,T]

exp{iλ−1/2(w, x)∼}ψ(λ−1/2(h, x)∼ + ξ)d f (w)dµ(x).
(4.22)
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Using the Fubini theorem, we can change the order of integration in (4.22). Sinceψ ∈ L1(R), f ∈ M(C′a,b[0,T]),
and (h, x)∼ is a Gaussian random variable with mean (h, a)C′a,b and variance ∥h∥2C′a,b

, it follows that for λ > 0,

∣∣∣(Iλ(F; h)ψ)(ξ)
∣∣∣ ≤ ∫

C′a,b[0,T]

∫
Ca,b[0,T]

∣∣∣ψ(λ−1/2(h, x)∼ + ξ)
∣∣∣dµ(x)d| f |(w)

≤M(|λ|; h)
∫

C′a,b[0,T]

∫
R

|ψ(v)|H(λ; ξ, v ; h)dvd| f |(w)

≤M(|λ|; h)
∫

C′a,b[0,T]

∫
R

|ψ(v)|dud| f |(w)

=M(|λ|; h)∥ψ∥1∥ f ∥
< +∞.

Next, using (4.22), the Fubini theorem, (4.2), (2.3), (2.4), (4.3), (4.4), (4.5), (4.6), and (4.7), it follows that

(Iλ(F; h)ψ)(ξ)

=

∫
C′a,b[0,T]

∫
Ca,b[0,T]

ψ(λ−1/2
∥h∥C′a,b (e1, x)∼ + ξ)

× exp
{
iλ−1/2(w, e1)C′a,b (e1, x)∼ + iλ−1/2βw(e2(w), x)∼

}
dµ(x)d f (w)

=
(
λ

2π

) ∫
C′a,b[0,T]

∫
R2
ψ(∥h∥C′a,b u1 + ξ)

× exp
{
i(w, , e1)C′a,b u1 + iβwu2 −

(
√
λu1 − (e1, a)C′a,b )

2

2
−

(
√
λu2 − (e2(w), a)C′a,b )

2

2

}
du1du2d f (w)

=
(
λ

2π

)1/2 ∫
C′a,b[0,T]

∫
R

ψ(∥h∥C′a,b u1 + ξ) exp
{
i(w, e1)C′a,b u1 −

(
√
λu1 − (e1, a)C′a,b )

2

2

}
du1

× exp
{
−

1
2λ
β2

w +
i
√
λ
βw(e2(w), a)C′a,b

}
d f (w)

=M(λ; h)
∫

C′a,b[0,T]

∫
R

ψ(v) exp
{
i
(w, e1)C′a,b

∥h∥C′a,b
(v − ξ) −

(
√
λ(v − ξ) − ∥h∥C′a,b (e1, a)C′a,b )

2

2∥h∥2C′a,b

}
dv

× exp
{
−

1
2λ
β2

w +
i
√
λ
βw(e2(w), a)C′a,b

}
d f (w)

=M(λ; h)
∫

C′a,b[0,T]

∫
R

ψ(v)V(λ; ξ, v ; h,w)L(λ; ξ, v ; h)H(λ; ξ, v ; h)A(λ; w)dvd f (w)

= (Kλ(F; h)ψ)(ξ).

Hence we see that the OVGFSI Iλ(F; h) exists for all (λ, h) ∈ (0,+∞) × (C′a,b[0,T]\{0}).
Let Ian

λ (F; h)ψ = Kλ(F; h)ψ for all λ ∈ Int(Γq0 ). Then by Lemmas 4.4 and 4.5, we obtain the desired
result.

5. The analytic operator-valued generalized Feynman integral

In this section we study the AOVG‘Feynman’I Jan
q (F; h) for functionals F in F (Ca,b[0,T]). First of all, we

note that for any q ∈ R \ {0} and any (ξ, v, h,w) ∈ R2
× (C′a,b[0,T]\{0}) × C′a,b[0,T],∣∣∣V(−iq; ξ, v ; h,w)L(−iq; ξ, v ; h)

∣∣∣ = 1.
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Let λ = −iq ∈ C̃+ − C+. Then

√

λ =
√
−iq =

√
|q|/2 − isign(q)

√
|q|/2.

Hence for λ = −iq with q ∈ R \ {0}, [Re(
√
−iq)]2

− [Im(
√
−iq)]2 = 0, and so

∣∣∣H(−iq; ξ, v ; h)
∣∣∣ = exp

{ √
2|q|(h, a)C′a,b (v − ξ) − (h, a)2

C′a,b

2∥h∥2C′a,b

}
which is not necessarily in Lp(R), as a function of v, for any p ∈ [1,+∞]. Hence K−iq(F; h) might not exist as
an element of L(L1(R),L∞(R)).

Let q = −1 and let h be an element of C′a,b[0,T] with ∥h∥C′a,b = 1 and with (h, a)a,b > 0 (we can choose h to
be a/∥a∥C′a,b in C′a,b[0,T]). Let ψ : R→ C be defined by the formula

ψ(v) = vχ[0,+∞)(v) exp
{ iv2

2
−

i
√

2(h, a)C′a,b v

2
+

(h, a)2
C′a,b

2
−

√
2(h, a)C′a,b v

4

}
.

We note that

|ψ(v)| = vχ[0,+∞)(v) exp
{ (h, a)2

C′a,b

2
−

√
2(h, a)C′a,b v

4

}
,

and hence ψ ∈ Lp(R) for all p ∈ [1,+∞]. In fact, ψ is also an element of C0(R), the space of bounded
continuous functions on R that vanish at infinity.

Let F(x) ≡ 1. Then F is an element of F q0 for all q0 ∈ (0,+∞), and (K−iq(F; h)ψ)(ξ) with q = −1 is given by

(Ki(1; h)ψ)(ξ) =
( i

2π

)1/2 ∫
R

ψ(v)H(i; ξ, v ; h)dv. (5.1)

Next, using equation (4.9) with λ = i and
√
λ =

√
i = (1 + i)/

√
2, we observe that

H(i; ξ, v ; h) = exp
{
− i

(v − ξ)2

2
+

(h, a)C′a,b (v − ξ)
√

2
+

i(h, a)C′a,b (v − ξ)
√

2
−

(h, a)2
C′a,b

2

}
,

and hence,

ψ(v)H(i; ξ, v ; h) = vχ[0,+∞)(v) exp
{ √2(h, a)C′a,b v

4
+ iξv −

iξ2

2
−

(1 + i
√

2

)
(h, a)C′a,bξ

}
(5.2)

which is not an element of Lp(R), as a function of v, for any p ∈ [1,+∞].
Then, using equations (5.1) and (5.2), we see that

(Ki(1; h)ψ)(ξ) =
( i

2π

)1/2

exp
{
−

iξ2

2
−

(1 + i
√

2

)
(h, a)C′a,bξ

}∫
R

vχ[0,+∞)(v) exp
{ √2(h, a)C′a,b v

4
+ iξv

}
dv.

Hence, choosing ξ = 0, and using the fact that (h, a)C′a,b is positive, we see that

∣∣∣(Ki(1; h)ψ)(0)
∣∣∣ = (2π)−1/2

∫ +∞

0
v exp

{ √2(h, a)C′a,b v

4

}
dv = +∞.
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In fact, for each fixed ξ ∈ R, we observe that

∣∣∣(Ki(1; h)ψ)(ξ)
∣∣∣ = (2π)−1/2 exp

{
−

1
√

2
(h, a)C′a,bξ

}∣∣∣∣∣ ∫
R

vχ[0,+∞)(v) exp
{ √2(h, a)C′a,b v

4
+ iξv

}
dv

∣∣∣∣∣ = +∞,
and so (Ki(1; h)ψ) is not an element of L∞(R) even though ψ was an element of L1(R). Hence K−iq(F; h)ψ ≡
Ki(1; h)ψ is not in L(L1(R),L∞(R)).

In this section, we thus clearly need to impose additional restrictions on ψ for the existence of our
AOVG‘Feynman’I.

For any positive real number δ, let νδ,a be a measure on R with

dνδ,a = exp{δVar(a)u2
}du

where Var(a) = |a|(T) denotes the total variation of a, the mean function of the GBMP, on [0,T] and let
L1(R, νδ,a) be the space of C-valued Lebesgue measurable functions ψ on R such that ψ is integrable with
respect to the measure νδ,a on R. Let ∥ · ∥1,δ denote the L1(R, νδ,a)-norm. Then for all δ > 0, we have the
following inclusion

L1(R, νδ,a) ⊊ L1(R) (5.3)

as sets, because ∥ψ∥1 ≤ ∥ψ∥1,δ for all ψ ∈ L1(R).
LetL(L1(R, νδ,a),L∞(R)) be the space of continuous linear operators form L1(R, νδ,a) to L∞(R). In Theorem

4.6, we proved that for all ψ ∈ L1(R), Ian
λ (F; h)ψ is in L∞(R). From the inclusion (5.3), we see that for all

ψ ∈ L1(R, νδ,a), Ian
λ (F; h)ψ is in L∞(R). Furthermore, for all δ > 0,

L(L1(R),L∞(R)) ⊂ L(L1(R, νδ,a),L∞(R)), (5.4)

as sets.
Now, the notation ∥ · ∥o,δ will be used for the norm on L(L1(R, νδ,a),L∞(R)). We already shown in (4.20)

that for all (λ, ξ, ψ) ∈ Int(Γq0 ) ×R × L1(R),∣∣∣(Kλ(F; h)ψ)(ξ)
∣∣∣ ≤M(|λ|; h)

∫
R

∣∣∣ψ(v)
∣∣∣∣∣∣H(λ; ξ, v ; h)

∣∣∣dv
∫

C′a,b[0,T]

∣∣∣A(λ; w)
∣∣∣d| f |(w).

But, by the same method, (4.13), and (4.19), it also follows that for any δ > 0 and all (λ, ξ, ψ) ∈ Int(Γq0 )×R×
L1(R, νδ,a),∣∣∣(Kλ(F; h)ψ)(ξ)

∣∣∣
≤M(|λ|; h)

∫
R

∣∣∣ψ(v)
∣∣∣∣∣∣H(λ; ξ, v ; h)

∣∣∣dv
∫

C′a,b[0,T]

∣∣∣A(λ; w)
∣∣∣d| f |(w)

≤M(|λ|; h)
∫
R

∣∣∣ψ(v) exp{δVar(a)v2
}

∣∣∣∣∣∣H(λ; ξ, v ; h)
∣∣∣dv

∫
C′a,b[0,T]

∣∣∣A(λ; w)
∣∣∣d| f |(w)

(5.5)

≤M(|λ|; h)S(λ; h)
∫
R

∣∣∣ψ(v) exp{δVar(a)v2
}

∣∣∣dv
∫

C′a,b[0,T]
k(q0; w)d| f |(w)

≤ ∥ψ∥1,δ

(
S(λ; h)M(|λ|; h)

∫
C′a,b[0,T]

k(q0; w)d| f |(w)
)

and so

∥Kλ(F; h)∥o,δ ≤ S(λ; h)M(|λ|; h)
∫

C′a,b[0,T]
k(q0; w)d| f |(w).

Thus we have the following definition.
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Definition 5.1. Given a non-zero real number q, let Γq be a connected neighborhood of −iq in C̃+ such that Int(Γq)
satisfies the conditions stated in Definition 3.1. If there exists an operator Jan

q (F; h) in L(L1(R, νδ,a),L∞(R)) for some
δ > 0 such that for every ψ in L1(R, νδ,a),∥∥∥Jan

q (F; h)ψ − Ian
λ (F; h)ψ

∥∥∥
∞
→ 0

as λ→ −iq through Int(Γq), then Jan
λ (F; h) is called the AOVG‘Feynman’I of F with parameter q.

Theorem 5.2. Let q0, F, h and Γq0 be as in Lemma 4.4. Then for all real q with |q| > q0, the AOVG‘Feynman’I of F,
Jan
q (F; h), exists as an element of L(L1(R, νδ,a),L∞(R)) for any δ > 0, and is given by the right-hand side of equation

(4.8) with λ = −iq.

Proof. First, we will show that K−iq(F; h) is an element of L(L1(R, νδ,a),L∞(R)). Note that for every δ > 0,
|H(−iq; ξ, v ; h)| exp{−δVar(a)u2

} is bounded by 1. Hence for any δ ∈ (0,+∞) and every ψ ∈ L1(R, νδ),∫
R

∣∣∣ψ(v)
∣∣∣∣∣∣H(−iq; ξ, v ; h)

∣∣∣dv

=

∫
R

∣∣∣ψ(v)
∣∣∣ exp

{
δVar(a)u2

}∣∣∣H(−iq; ξ, v ; h)
∣∣∣ exp

{
− δVar(a)u2

}
dv

≤ ∥ψ∥1,δ.

Also, by a simple calculation, it follows that

|V(−iq; ξ, v ; h,w)
∣∣∣∣∣∣L(−iq; ξ, v ; h)

∣∣∣ = 1.

Thus, using these and (4.19), it also follows that for all real q with |q| > q0,∣∣∣(K−iq(F; h)ψ)(ξ)
∣∣∣

≤M(|q|; h)
∫

C′a,b[0,T]

∫
R

∣∣∣ψ(v)
∣∣∣∣∣∣V(−iq; ξ, v ; h,w)

∣∣∣∣∣∣L(−iq; ξ, v ; h)
∣∣∣∣∣∣H(−iq; ξ, v ; h)

∣∣∣∣∣∣A(−iq; w)
∣∣∣dvd| f |(w)

=M(|q|; h)
∫
R

∣∣∣ψ(v)
∣∣∣∣∣∣H(−iq; ξ, v ; h)

∣∣∣dv
∫

C′a,b[0,T]

∣∣∣A(−iq; w)
∣∣∣d| f |(w)

≤ ∥ψ∥1,δ

(
M(|q|; h)

∫
C′a,b[0,T]

k(q0; w)d| f |(w)
)
.

(5.6)

Therefore we have that∥∥∥K−iq(F; h)ψ
∥∥∥
∞
≤ ∥ψ∥1,δ

(
M(|q|; h)

∫
C′a,b[0,T]

k(q0; w)d| f |(w)
)

and ∥∥∥K−iq(F; h)
∥∥∥

o,δ
≤M(|q|; h)

∫
C′a,b[0,T]

k(q0; w)d| f |(w),

and implies that K−iq(F; h) ∈ L(L1(R, νδ,a),L∞(R)).
We now want to show that the AOVG‘Feynman’I Jan

q (F; h) of F exists and is given by the right-hand side
of (4.8) with λ = −iq. To do this, it suffices to show that for every ψ in L1(R, νδ,a)∥∥∥K−iq(F; h)ψ − Ian

λ (F; h)ψ
∥∥∥
∞
→ 0
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as λ→ −iq through Int(Γq0 ), where Γq0 is given by equation (4.17). But, in view of Lemmas 4.4, 4.5, Theorem
4.6, and equation (5.4), we already proved that Ian

λ (F; h) = Kλ(F; h) for all λ ∈ Int(Γq0 ) and that Kλ(F; h) is an
element of L(L1(R, νδ,a),L∞(R)). Next, by (5.5) and (5.6), we obtain that for all (λ, ξ, ψ) ∈ Γq0 ×R × L1(R, νδ),∣∣∣(Kλ(F; h)ψ)(ξ)

∣∣∣
≤


∥ψ∥1,δ

{
S(λ; h)M(|λ|; h)

∫
C′a,b[0,T] k(q0; w)d| f |(w)

}
, λ ∈ Int(Γq0 )

∥ψ∥1,δ
{
M(|q|; h)

∫
C′a,b[0,T] k(q0; w)d| f |(w)

}
, λ = −iq, q ∈ R\{0}

< +∞.

Moreover, using the techniques similar to those used in the proof of Lemma 4.5, one can easily verify that
there exists a sufficiently small ε0 > 0 satisfying the inequality:∣∣∣(Kλ(F; h)ψ)(ξ)

∣∣∣
≤ ∥ψ∥1,δ

(
exp

{ (h, a)2
C′a,b

4∥h∥2C′a,b

(q0

ε0
+ 1

)}
M(1 + |q|; h)

∫
C′a,b[0,T]

k(q0; w)d| f |(w)
)

< +∞

for all λ ∈ Γq0 ∩ {λ ∈ C̃ : |λ − (−iq)| < ε0} (we have already commented in Remark 4.3 that Γq0 is a simple
connected neighborhood of −iq in C̃+). Hence by the dominated convergence theorem, we have

lim
λ→−iq

λ∈Int(Γq0 )

(Ian
λ (F; h)ψ)(ξ) = lim

λ→−iq
λ∈Int(Γq0 )

(Kλ(F; h)ψ)(ξ) = (K−iq(F; h)ψ)(ξ)

for each ξ ∈ R. Thus Jan
q (F; h) exists as an element of L(L1(R, νδ,a),L∞(R)) and is given by the right-hand

side of equation (4.8) with λ = −iq.

It is clear that given two positive real number δ1 and δ2 with δ1 < δ2,

L1(R, νδ2,a) ⊊ L1(R, νδ1,a) ⊊ L1(R).

Thus it follows that

L(L1(R),L∞(R)) ⊊ L(L1(R, νδ1,a),L∞(R)) ⊊ L(L1(R, νδ2,a),L∞(R)).

Let

L1,a(R) =
⋃
δ>0

L1(R, νδ,a)

and let

B(L1,a(R),L∞(R)) =
⋂
δ>0

L(L1(R, νδ,a),L∞(R)).

We note that L1,a(R) and B(L1,a(R),L∞(R)) are not normed spaces. However we can suggest set theoretic
structures between them as follows: since L1(R, νδ,a) ⊂ L1,a(R) ⊂ L1(R) for any δ > 0, it follows that

L(L1(R),L∞(R)) ⊂ B(L1,a(R),L∞(R)) ⊂ L(L1(R, νδ,a),L∞(R)).

From this observation and Theorem 5.2, we can obtain the following assertion.

Theorem 5.3. Let q0, F, h and Γq0 be as in Lemma 4.4. Then for all real q with |q| > q0, the AOVG‘Feynman’I
Jan
q (F; h) exists as an element of B(L1,a(R),L∞(R)).

Remark 5.4. If b(t) = t and a(t) ≡ 0 on [0,T], the function space Ca,b[0,T] reduces to the classical Wiener space
C0[0,T]. In this case, the three linear spaces L1(R), L1(R, νδ,0) and L1,0(R) coincide each other. Furthermore, the three
classes L(L1(R),L∞(R)), B(L1,0(R),L∞(R)), and L(L1(R, νδ,0),L∞(R)) also coincide.
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6. Examples

In this section, we present interesting examples to which our results in previous sections can be applied.
LetM(R) be the class of complex-valued, countably additive Borel measures on B(R). For η ∈ M(R),

the Fourier transform η̂ of η is a C-valued function defined on R, given by the formula

η̂(u) =
∫
R

exp{iuv}dη(v).

(1) Let w0 ∈ C′a,b[0,T] and let η ∈ M(R). Define F1 : Ca,b[0,T]→ C by

F1(x) = η̂((w0, x)∼).

Define a function ϕ : R→ C′a,b[0,T] by ϕ(v) = vw0. Let f = η ◦ ϕ−1. It is quite clear that f is inM(C′a,b[0,T])
and is supported by [w0], the subspace of C′a,b[0,T] spanned by {w0}. Now for s-a.e. x ∈ Ca,b[0,T],∫

C′a,b[0,T]
exp{i(w, x)∼}d f (w) =

∫
C′a,b[0,T]

exp{i(w, x)∼}d(η ◦ ϕ−1)(w)

=

∫
R

exp{i(ϕ(v), x)∼}dη(v)

=

∫
R

exp{i(w0, x)∼v}dη(v)

= η̂((w0, x)∼).

Thus F1 is an element of F (Ca,b[0,T]).
Suppose that for a fixed positive real number q0 > 0,∫

R

exp
{
(2q0)−1/2

∥w0∥C′a,b∥a∥C′a,b |v|
}
d|η|(v) < +∞. (6.1)

It is easy to show that condition (6.1) is equivalent to condition (4.18) with f = η◦ϕ−1. Thus, under condition
(6.1), F1 is an element of F q0 and so, by Theorem 5.2, Jan

q (F1; h) exists as an element of L(L1(R, νδ,a),L∞(R))
for all real q with |q| > q0, all h ∈ C′a,b[0,T]\{0}, and any δ > 0. Moreover Jan

q (F1; h) is an element of the space
B(L1,a(R),L∞(R)) by Theorem 5.3.

Next, we present more explicit examples of functionals inF (Ca,b[0,T]) whose associated measures satisfy
condition (6.1).

(2) Let S : C′a,b[0,T] → C′a,b[0,T] be the linear operator defined by Sw(t) =
∫ t

0 w(s)db(s). Then the adjoint
operator S∗ of S is given by

S∗w(t) =
∫ t

0

(
w(T) − w(s)

)
db(s)

and for x ∈ Ca,b[0,T], (S∗b, x)∼ =
∫ T

0 x(t)db(t) by an integration by parts formula.
Given m and σ2 in R with σ2 > 0, let ηm,σ2 be the Gaussian measure given by

ηm,σ2 (B) = (2πσ2)−1/2
∫

B
exp

{
−

(v −m)2

2σ2

}
dv, B ∈ B(R). (6.2)

Then ηm,σ2 ∈ M(R) and

η̂m,σ2 (u) =
∫
R

exp{iuv}dηm,σ2 (v) = exp
{
−

1
2
σ2u2 + imu

}
.
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The complex measure ηm,σ2 given by equation (6.2) satisfies condition (6.1) for all q0 > 0. Thus we can apply
the results in argument (1) to the functional F2 : Ca,b[0,T]→ C given by

F2(x) = η̂m,σ2 ((w0, x)∼) = exp
{
−

1
2
σ2[(w0, x)∼]2 + im(w0, x)∼

}
. (6.3)

For example, if we choose w0 = S∗b, m = 0 and σ2 = 2 in (6.3), we have

F3(x) = exp
{
− [(S∗b, x)∼]2

}
= exp

{
−

( ∫ T

0
x(t)db(t)

)2}
for x ∈ Ca,b[0,T].

We note that the functional F3 is in ∩q0>0F
q0 , and so that for every nonzero real number q, the

AOVG‘Feynman’I Jan
q (F3; h) exists as an element of B(L1,a(R),L∞(R)).

(3) Let F4 : Ca,b[0,T]→ C be given by

F4(x) = exp
{
i
∫ T

0
x(t)db(t)

}
.

Then F4 is a functional in F (Ca,b[0,T]), because

F4(x) = exp{i(S∗b, x)∼} =
∫

C′a,b[0,T]
exp{i(w, x)∼}dζ(w)

for s-a.e. x ∈ Ca,b[0,T], where ζ is the Dirac measure concentrated at S∗b in C′a,b[0,T]. The Dirac measure
ζ also satisfies condition (4.18) with f replaced with ζ for all q0 > 0; that is, F4 ∈ ∩q0>0F

q0 , and so that for
every nonzero real number q, the AOVG‘Feynman’I Jan

q (F4; h) exists as an element of B(L1,a(R),L∞(R)).
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