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Some spectral norms of RFPrLrR circulant matrices
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Abstract. In this article, based on combinatorial methods, the structure of RFPrLrR circulant matrices
and the identities of matrix norms, we give three lower bounds and upper bounds for spectral norms of
RFPrLrR circulant matrices involving exponential forms and trigonometric functions by using a different

method. Moreover, we introduce new geometric RFPrLrR circulant matrix, and then we obtain three lower
bounds for spectral norms and its upper bound.

1. Introduction and Preliminaries

Recently, studying the norms of circulant matrices has been a hot topic in matrix theory. Some scholars
studied the norms of circulant matrices, r-circulant matrices, geometric circulant matrices, *-Hankel and
r-Toeplitz matrices with some famous numbers and polynomials, and they examined various properties of
these matrices [3 — 7], [16 — 25], [28]. These types of special matrices are used in many branches of science
such as applied sciences, cryptology, encryption, and coding theory. A circulant matrix and r-circulant
matrix with the first row (co, ¢1, ¢, ..., cs-1) is a square matrix as the following form

Co C1 (0))

Cn-1 Co a1 2 Cn-1
-1 C0 QO Cn-2 TCn—1 Co a1 Cn-2

—_| Cu— Cp— C Cp— —| rcu- rCp— C Cy—
C= n-2 n-1 0 n-3 ,Cr = n-2 n—-1 0 n-3
C1 C2 Cy - Co rcy rcp rcy - Co

where r is a nonzero complex number. If r = 1, r-circulant matrix become the circulant matrix. A Toeplitz
matrix is defined by

fo  ta to L S S|
f fo fa fones  Fons2
7T =| f f fo Fonva Fonss 1)
the1 tp2 tpz o0 b to ) un
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Especially, the f(x)-circulant matrix [2] are another natural extension of circulant matrices. The properties
and structure of x” — rx — 1—circulant matrices, which are called row-first-plus-rlast right circulant matrices
(or shortly, RFPrLR circulant matrices), x" + x — r—circulant matrices are called REMLsR circulant matrices.
There are some interesting properties of f(x)-circulant matrices. For example, Shen [8] got the explicit
determinants of RFMLR and RLMFL circulant matrices involving certain famous numbers. In 2012, Jiang
[9] studied the norms of RFPLR circulant matrices with Fibonacci and Lucas numbers. Jiang [10] studied
fast algorithms for solving RFPrLR circulant linear systems. In 2019, Shi obtained several results [11,12] of

the norms of matrices mentioned above with exponential forms e( ) and trigonometric functions cos (k“)

sin (k” ) In this paper, we study another f(x)-circulant matrix called RFPrLR circulant matrix, then we
gave the spectral norms of r—circulant matrices and related results of the RFPrLrR circulant matrices. As
far as we know, it seems that no one has studied the upper and lower estimate problems for the spectral
norms of RFPrLsR circulant matrices involving exponential forms e ( ) and trigonometric functions cos (k“)

sm( ) yet. We shall give a different method to study the spectral norms of RFPrLrR circulant matrices.
These results of this paper have potential applications in neural network for nonlinear system control based
[13]
norms'l,
For exponential form e(x), e(x) = 2™, then |e(x)| = 1, by e/ = cos 6 +isin 0, note that e(0) = e(1) = e(-1) =
e(n) = 1, and by the trigonometric sums, we have

i km\ [ n, nlm
€ nl 10,  otherwise.

k=1

n-1
k 1!
Particularly,Z (n) 0, cos 0 = 9— ,sin 0 = (%)
k=0
and trigonometric functions cos( ) sm(kn) we can get some power sums of these functions. For more
information, we can see reference [26 — 28].

A n X n row first-plus-rlast r right circulant matrix with the first row (ag,a1,- - ,4,-1), denoted by
A = RFPrLrRcircfr.(ap,a1, -+ ,a,-1), is defined by [14] Xu et al. as follows:

kn

ao ay a3 T an-—2 ap-1
ray—1 ap + 11 1 e An-3 An-2
A=| "n2 1Ay +1dy2 do+rap1 - An-4 An-3 . 2)
raq rap + ray raz +ray - Ydy—1 +ray— Adg+ray—

nxn

Obviously, the RFPrLR circulant matrix is determined by its first row, the authors defined ©., as the basic
RFPrLrR circulant matrix with the first row(0,1,0,--- ,0),

010 --- 0
001 --- 0
O = : :
r r 0 --- 0

nxn
They [14] obtained get G)(r y = ln + 10,. According to the structure of the power of the basic RFPrLR
circulant matrix Oy, it is clear that
n-1
A = RFPrLrRcircfr (ap, a1, -+ ,an-1) = Z a G)ém
i=0
In the light of the nice articles above, in this paper, we shall use identities of exponential forms e (K) and

trigonometric functions cos (k“) sin (k”) and power sums of e( ) cos (k”) sm( ) to study the norms of
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RFPrLrR circulant matrices

A =RFPrLchircfrr(e(%), ( ) ( ) e(ngl)),
B :RFPrLchircfr,(cos(O n) cos(l;ln),cos(z'Tn),--~,COS(W)),

n
C = RFPrLrRcircfr, (sin(o.—n),sin(l.—n),sin(z'—n),--~ ,sin(w)).
n n n n

Let us now give the following definition and lemmas that we use throughout this article.
Definition 1°! Let any matrix A = (4j}) € Myuxu(C), the spectral norm and the Euclidean norm of matrix A
are defined by

1Al = | [max 24" A), ©)

1

m n 2
laijl* | 4)
1

i=1 j=

and

lAllE =

respectively, where, 1;(A"A) is the eigenvalues of matrices A”A and A" is the conjugate transpose of A.
The following important inequalities hold between the Frobenius norm and spectral norm:

1
%”AHF < [IAll2 < lAllp-

Lemma 1'% For exponent1a1 forms e (k)

n—-1 n-1 n—-1 n—-1
)= Zefi)-Le5) -2 )
k=0 k=0 k=0 n k=0 n

Lemma 22l For any positive integer 1 > 2, we have

Lemma 3012 If 1 is even,

If nis odd,
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By exponential sums, we can get easily

n—=1 . n-1 .
)1 =2 ¥V sin( Z) = cot(
lem(7)| = Zl‘sm( " ) —cot(zn).

=1 i=
Lemma 4 The following identities hold:

n-1
kn

)_ 1
n) c:os(E

7)1

kcos( +

7

N3

k=1

and
nilksin k—n = Ecot(i)
nl) 2 2n)”

%) p(— 2
Proof. By using the identities cos ("7”) = w, and sin(

i) = A)(2)

n

2i

thus we have

(kn) 1 noa (kn) n T
kcos| — | = ———+ =, ksin| — :—cot(—).
n COS(g)_ 1 2 n 2 2n

Lemma 5 For RFPrLrR circulant matrix A, we can get

n—=1

k=1

ao ay a3 e An-—2 Ap-1
ray— ap + ray—1 m s an-3 -2
A = Tap—2 Tdp-1+Tdy—2 Ao +7Tdy—1 --- An-4 an-3
raq rap + ray raz +ray .- tAdy—1 +ray— Adg+ray—q
ao ay ap - 42 A1
Ty ao i o Gp-3  Ap-2
= "y Tap-1 do -+  Op—4 Ap-3
raq ran raz - ra;—1 ap i
0 0O 0 e 0 0
0 a1 0 X 0 0
+ 7 0 ayp a1 --- 0 0
0 @ a4 - Ao dp ),

C,+1T,

7

nxn

4224
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where C, is r-circulant matrix and T is lower triangular matrix. Then we have ||All, < [|C/ll2 + [7Il|T .
Lemma 6 For RFPrLrR circulant matrix A(even order), the matrix factorization of A is following form:

ao ay a3 te an-2 Ap-1
ray—1 ap + 11 1 e An-3 An-2
A = Tap—2 Tdp-1+Tdy—2 Ao +7Tdy-1 --- An-4 An-3
raq rap + raq raz+ray .- Yady—1 +ray— Aag+ray—q
ag 4 —day ax—at+ay - Ap2— Ayt tag dp1 — a2+ —dp
Ty ag m —dap v Ap3 — Ayt —do Ay —Ap-1 7+t
= rap—2  Tap-1 ap ot Ap—g4 —Ap3t---+a4y Ap-3 —Ap2t - — 4o
rai rap ras cee ray—1 ap
110 --- 00
o1 1 .- 00
=TP.
000 --- 01

Proof. If we apply some elementary column operators to A, we can obtain

ao ay a3 T an-—2 ap-1
ray—1 e | a1 e an-3 -2
A=| "n2 1Ay +71dy2 do+Trap1 - An-4 an-3
raq rap + ray raz +ray -+ YAdy—1 +ray— Ao+ ray—q
ap m—ayg ax—m+dap -0 Ap2— Ayt +dp Ay —dp2+ - —dg
ray— ao ay —4ap o Ap3 — Ayt - —dy Ap2—Adp-1+ -+ 4
| "Map—2  ray— ao o pg —Ap3t -t ap Ap3—ap2+-c-—do =g
raq rap ras s ray—1 ap
Namely, AP = 7, where
1 -1 1 - -1
1 -1 --- 1
P = 7
1 -1
1
1 1 0 0
1 1 0
pt= L=
1 1
1

Thus A = T7P! = TP, where T is Toeplitz matrix.
Lemma 7 For Toeplitz matrix 7~ as (1.1), its decomposition is as following form:

n-1 n-1

T = Z b B+ Z HCF.

k=1 k=0
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n—1

n—-1
170 < ) il + ) It
k=1 k=0

where
0 1 0 0 0
1
B = , C =
o1 TS
0 0 0 1 0
n-1 n-1 n-1 n-1
Proof. We canverify 7 = Z t_kBk+Z tC*,and ||B|l> = ||Cll» = 1, Therefore, |7 ]|, = || t_kBk+Z HCHlp <
k=1 k=0 k=1 k=0
n—1 n—1
Y I+ Y Il
k=1 k=0

Lemma 828 Let A € C"™" then
2 + 1o+ 4 1yl
m+n ’

1
lAll2 = —=|lAlle, g = min(m, n), ||All2 >
Vaq
In particular, for A € C"™",

Iri+ 12+ 41 [l + Iral + - - + [ra?
lAll2 > ” , Al > "

4

where r7; denote the row sums of A.

Our aim in this paper is to examine RFPrLrR circulant matrices whose entries are exponential forms e (%)
and trigonometric functions cos (’%), sin (’%), respectively and obtain their three lower bounds and upper
bounds for spectral norm. Moreover we define a new geometric RFPrL#R circulant matrix and mentioned
some norm calculations for further research.

2. Main results

We give Frobenius norms, the three lower and upper bounds for the spectral norms of these matrices as
following theorems.

Theorem 1Let A = RFPrLrRcircfr, (e (%) e (%) e (%) R (”7‘1)) be a 1 x n RFPrLrR circulant matrix, then
we have three lower bounds

a
nl
n-2 k
—k+j-1
[2r-1| Z e( n] )
k=0 j=0
lAll2 = m ,
n-2 k
—k+j-1
[2r=1P2 | e( J ) 2
k=0 j=0 n
n
Where
n?+n ) ) 2T\, 5 o
a= > +m—n)r-+m— 1)cos(7)(nr —2r° +2r).

Two upper bounds for spectral norm,
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Irl(2n - 1), "l >1;
lAll2 <
n+lri(n-1), <1,

o Al < &\gﬂ) + \/Elrln.

Proof. The matrix A = RFPrLrRcircfr, (e (%) ,e (l) ,e (2) S, e( 1)) is of the following form:

e(%) 6’(%) e(%) e(nn;Z) e(nT_l)

re(*=1) e e() L e(EE2) p(222)
A= r@(nTQ) (%) e1 e(%) E(WT%) I
re(‘%) re(%) + re(%) re(%) + re(%) 6"2 a )

where ¢; =e( )+re( ) e —re( )+re( )
Using the definition of Euclidean norm and Lemma 1, g, = e (S) , we have

n-1 n-1 n—-2 n-2
2 2 2 2 2 2 H 2 : 2
AR = Y 1 + 72 Yl + (1= 1)lag + raya + 72 Y flajer +aiP + Y (1= j = Dlayl,
j=0 j=1 =1 =1

then |ai| = Ie(f)l =1,

2

0)erf2f -3

—2rcos( )+r +1,

0
lag + ray_1)> = Ie(—) + re(
n

Jr-

(557 eisn(:
Ccos +7+isin

|
I

2
|6lj+1+ﬂ]‘|2 = ‘( ) ( ) = (%)(6 +1)‘ )+1
= 2cos( ) +2
therefore,
2
AR = 2 e () o] () [
n?+n

= > +(n2—n)r2+(n—1)cos(27n)(nr2—2r2+2r) =a.

Using ||All> > \/LEIIAIIF, we can get the lower bound ||All; > \/g,

where a = 1 + (% — n)r? + (n - 1) cos(%”) (nr® =212 + 2r).

4227
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By Lemma 8, we can get the other lower bounds of ||A|l2,
rn =0

r, = (2r—1)e(_1),

n

o = el
-3
n

ry = (r-— 1)6(

. : (2r—1)e(_nn+1)(1+e(%)+'”+e(n;2))’

and then we have

n-2 k
-k -1
27 — 1| Ze( +n] )
jal, > mrrEoornd S0 ,
n n
n-2 k
—k -1
r —1p |Ze( - )|2
2 2 ... 2 = =
Al > \/|r1| L e 2 k=0 50
n n
On the other hand,
e(Y) e(1) e(*=2) e(=1)
re(*=1) e(%)+re(”7‘1) e(%=3) e(=2)
A = re(”TQ) re(”—;ll)+re(”7*2) e(%‘) e(%)
re(3) re(2) + re(L) re(%)+re(%) e(%)+re(’%) s
e(Y) ety o e(=2) e(%d)
et e(8) o eBR) e
= | re(=2) re(”T‘l) cee(t) (2
re(1) re(2) - (=) e(®)
0 0 0 0
0 e(=l) -~ 0 0
+ 0 e -0 0
0 e}y -+ e(=2) =)
= C,+1rT.

By the identities of matrix norms, we have
Al = [IC; + rTll2 < ICll2 + 7Tl

Where C, is r-circulant matrix, T is lower Triangular matrix. For the spectral norm of C,, we defined the
basic r-circulant matrix ®, = Circ,(0,1,---,0),



B. Shi, C. Kizilateg / Filomat 37:13 (2023), 4221-4238

n-1 n-1 n—1
C = Z ¢;®., we can get ||C,||, = || Z Ol < Y 1cill®yllh.
i=0 i=0 i=0
Since
M2 0 0 0 0
o 10 --- 0O
@H@y — 0 0 1 s 0 0
r 7
0 00 - 01)

when [r] > 1,|©[l2 = |r],

i
e(—)‘ = |r|n.
n
n-1 i
Gl < Y e(5)] =
i=0

For matrix T, let matrices Q1,Qy, - , Q,,—1 be as follows:

0 0 O
0 0
_ Q=[0 0 o -,
& ( 0 L )nxn < [ ]
nxn

n-1
G <1 )
i=0

I <L11O2 =1.

0 I, O
0 0 0 0
0 00 0
Qn—l— :
010 0

Then we can get

T=0ay-1Q1 +a,2Q2 + -+ + 31Qy-1,
and the spectral norms of Q1,Qy, -+, Qu-1,

1Q1ll2 = 1Q2ll2 = -+ = IQn-1ll2 = 1,

hence,
ITll2

lan-1Q1 + an2Qs + -+ + a1Qu-1ll2

IA

n—1
lan1llQull + a2 IQall + -+ + lanlliQuall = ) laj
=1
n

n2n-1),  IH>1

n—1
=n-1.
1

]’ =
thus we have

lAll2 <
n+lri(n-1), |1 <1,

4229

On the other hand, we give another upper bound for spectral norm, by using Lemma 6 and Lemma 7,

1Pl = V2, Al = 1T Pl < 1T 2Pl = V2l I, now we discuss [[7]),

since

n-1
7T =Y () (1)) + Y 1, CF,

k
1 i=0 k=0

=
[y

o~
Il
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SO

n-1 k n-1
1T = ||Z(Z( 1y, )B"+Zmn <Y Y lail 411 lanl,
k=1 i=0 k=1 i=0 k=0

by lagl = le(£)] = 1, thus |7, < L2 4y,
and then we get

Al < % + V2rin,

we can find the upper bound is terrible. Hence, we always use Lemma 5 to compute the upper bounds of
spectral norm.
So the proof is completed.

Theorem 2 Let B = RFPrLrRcircfr, (cos (07”) ,COS (17”) ,COS (27”) ,--+,COS (@)) be a n x n REPrLR circu-
lant matrix, then we have three lower bounds

\/E
1+2r12kco k_n
n

B2 > .
n k-1 .
(n—jm
1+Z[(2r— )’ cos( - +1
k=2 j=1
n
where
2 2
2\ 2n S(n-—=5n+4 (n) (n)
= — —_— Z)-2m-1 =).
B= +(2 1) 1 +2r ( 1 )cos - (n —1)rcos -
When 7 is even,
if[r] > 1,
n—1 .
)| (et (5)-1)
< — || - = —_ =
||B||z_2|r|;; Cos(n)‘ = I (2cot(5-) ~1),
if[r] <1,
-1 . 1
[1Bll2 SZ ( )+IrZ ( )’z |r|+1)cot( )—lrl
=1

When n is odd, if |r| > 1,

n-1 .
n - T
IBIl> < Z'V'Z; cos(;)‘ Il = I (ZCSC( 2n) 1),
]:
it <1,
n—-1 .
1Bll2 < Z cos( ) Z ( )‘ (Ir] + 1)csc(2n) — 7.
j=0 =1
Proof.
cos (%) cos(1Z) o cos(UAT) cos(21T)
n n n
rcos((n—nl)n) n Cos( n— 3)7'[) cos(@)
B= rcos((”f%) ™y o cos(= 4>n) cos((”f)”) /
rcos(3£)  rcos(%E)+rcos(E) - 1y m n
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where m; = COS( ) + rcos(( )i ) my = rcos(( —Un ) +7cos (—("_nz)”).

Using the Frobenius norms and Theorem 1, b; = cos (]777) ,we have

n—-1

IBI = sz r22b + (1= 1)y + rby1)? + 72 Z](b]+1 +b)) +Z(n—]—1)b2
j= j=1 j=1
n-1 n-1 n-1 n=2 n-2
= n) B+(P-1) Z B+ 2 bjbjs1 + 201 — 1)rbob, 1
j=0 k=1 j=n-k k=1 j=n-k-1
n—1 n—1 (n-1 n—k—1 n-2 (n-2 n—k—2
= n) P+(?-1) P - b]+2 Z[be,ﬂ be,ﬂ]
j=0 k=1 \ j=0 j=0

jmT\ n
where b; —cos( ) by Lemma 1, Zcos (n) -

2
j=0
. . . 2j+1 2j+1
. . . i0  ,—i0 : 2i+1 4 m +e| —
Using the identities cos 0 = 35—, e(x) = ¢*™, cos { ]n o _ (%) 2( 2 ),
we can get
n—1 n—k-1 . 2
L (Jm n
Z COS Z,
n
=1 j=0

n—1 . n—1 . .
@j+Dmy 1 2j+1 2j+1
L) = X))

Coafe(F)a-e)  e(z)A-e-1)
T2 a2

= 0,
n-1 n—1
Cos(]n) ((]+1)n) _ 1 C08((2]+1)7'c) n (_)
— 2 = n 2
j=0 j=0
n 4
- el
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and then we can get

n—2 n—k-2 . .
1
CcOs (%) COS ( (] hl )T()

n
k=1 j=0
1 n-2 n—k-2 2i+1 . n-2 k-1
245 =0 n o 2
CIE IS (2+1 L[ 21|, mR B2
Y= A S T A W 4
n?-3n+4 (n)
= ————cos|—].
4 n

Therefore,

2

2-2 2-5n+4
IBIF = % ) e | L L ¥ (%)cos (%) -2(n - 1)rcos(%)

We can get [Bll. > =Bl = /2,
where

2 2_2 2 _ 4
ﬁ=%+(21”2—1)n n n+2r2(%)co (n

Next, we give the row sums of B, denote as r1, 12,73, -+ , 7y,

[ (1 2
e =(Q2r-1) cos(%)+cos(%)+-~+c05(

k-1 .
(n - j)m
h =1,andr = (2r - 1 E +1.
so we have r; andry = (2r—1) 2 cos( -
By Lemma 5, we can get the other lower bounds of ||B||,,

[rr+r+- 1|

1Bll2 > 1+

CO

n-1m

&

S ;) -2(n - 1)rcos(g).

Jore

2 2 2 —
rl=+lrls+--+r k=
||B||22\/| Pl oot nf

4232
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by Lemma 4, we can get specific result.

For another, using Theorem 1, and for the matrices Q1, Q2, Qs, - -+, Q,-1 as mentioned above, we have

cos(%r) cos(1Z) o cos( (n—nZ)ﬂ) COS((n—nl)n)
I’COS(w) m o cos( (”—143)77) COS(("_HZ)T[)
B = TCOS(@) My . COS( (n—n4)n) COS( (n—n3)n)
rcos(i)  rcos(E) + rcos(i - 1o my o
COS(()?T[) COS(%T) COS( (U 2)77) COS( ("—nl)n)
r cos(@) cos (07) oS ((n n3)n cos (n—nZ)n)
— 7 COS(@) rcos ((n—nl)n) cos ((n n4)n) cos ((n;lg,)n)
TCOS(%T) rc05(27”) rcos((n—nl)n) COS(%”)
0 cos ((”_1)”) 0 0
+ 7| 0 cos ((”;2)77) 0 0
: 1 (1-2) (n-1)
0 cos(&E) .- Cos(%) COS(%)
= Cyl +rT7.

Obviously, C,, is r—circulant matrix, T; is lower triangular matrix, by the Lemma 3, Theorem 1 and the

identities of matrix norms [12], we can get
1Bl = ICy, + rT1ll2 < ICpyll2 + [Tl

when 7 is even,

@ >1,
n-1 .
m _ T\
IBll, < 2|r|]Z:(; cos(;)‘ =1 (2cot(2n) 1),
(il < 1,
-1 .
1Bl < (4l-+ 1) Z;‘ ( )| = (1 + Dot (5] = I
When 7 is odd,
@l >1,
n-1 .
JTN = T\
||B||2S2|r|;; cos(7)‘ |r|—|r|(2csc(2n) 1),
@ <1,

(%)’ —pl =+ 1)csc(%) —1.

n-1
1Bl < (| +1) ), |cos
j=0

Thus the proof is completed.

Theorem 3 Let C = RFPrLrRcircfr, (sm (7”) sin (7”) sin (2'” ) ,-0,8in (@)) be a nxn RFPrLR circulant

n
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matrix, we have three lower bounds

\/E
n/
« kmt
cot(zl) + 21 ksm(—) ,
n
IICll> = k=1
n k-1 (n— ])n - 2
cot?( £ )+ 2r - 1)2511'1 t(ﬂ)
k=2 j=1
2|r| cot (zln), I > 1;
ICI2 <
(Ir + 1)cot(%), I <1.
where
n? (272 - 1)71 n2—n
e i 1 e
Proof.
Sln(()?ﬂ) Sln(%) e 51n( (n=2)n ) Sln( (ﬂ—nl)ﬂ)
rsin(=2%) 51 e sin(2n H)n Ty sin(o2r)
Cc=| rsin("= 2)ﬂ) $2 sm( (n “yn Ty sin( (n—n3)n) ,

rsin(lf) rsin(%“) +rsin(17”)

where s; = sin (%) + rsin (“0%), 5, = rsin (“=0%) +

Using the Frobenius norms and Theorem 1, ¢; = sin (%

n—-1 n—-1 n-2

ICE =) 2+ ) G+ Y jicj+ i)l + Y (1= j=1)c + (1= 1)(co + reur)’

j=0 =1 =1
n-1 n-1 n—-1 n—-2
= c
j=0 j=1
n-1 n-1 n-1 n-2  n—
= n c]2+(272—1)ZZcf+ZrZZ
j=0 k=1 j=n-k k=1 j=n-
n-1 n=1 (n-1 n—k-1
= n c]2+(2r2—1) c?— Z CJZJ
j=0 k=1 \ j=0 j=0

SZ Sl nxn

rsin(@).
i ), we have

n—-1

j=1

]2 +n + 2r* - 1)Z]c + 272 Z jeicir1 + (n = 1)(co + reu- 1)? =1 (n - 1)ci_1
] j=1 =1

-2
cjcjr1 +2(n — N)rcocy—1
—k-1
n=2 (n-2 n—k=2

2
+ 2r Z CjCj+1 — Z CiCj+1
o -

k=1 \j= =0
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n—1 n—k-1 ]-7_(
2 sin? (—) =
n
k=1 0

_2 n
sin (]—) sin (
=\

—.

=

by Theorem 1, we can get

k=1
n-—-3n+2
= 1 cos
n? —3n n
= 1 oS (—

Therefore,

We can get [[Cll> > ~=IClIr
By virtue of Lemma 8, we

i
=)

rs = (2r — 1) sin

ry = (2r — 1) |sin

B. Shi, C.

n(n —2)
—

(j+Dn
)
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- /& - @ -De? 2 (z)(ﬂzfn)
= /7, where £ = 5 + =" +2r°cos (% )

have
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Thus we have,

2 2 2
>+ >+ +|r
Il > \/| TRy

n k-1 . 2
cot? (%) + kZ; 2r-1) Zf s'm(@) + cot(%)
- =
- n

For another, using Theorem 1, and for the matrices Q1, Q2, Qs, - -+, Q,-1 as mentioned above, we have

sin(%“) sin(%”) - sin( (”—nz)ﬂ) sin( (n—nl)n)
r sin(@) 1 . sin( (n;?)n) sin( (n;lZ)n)
C = r sm(@) S . sin( (H*n4)71 ) sin( (n7n3)7'( )
rsin(3)  rsin(%) +rsin(£) - 5 5 -
sm(%“) Sln(l?n) . Sin( (n—”2)7z ) sin( (n—nl)n )
rsin(U)  sin(%) - sin(U20)  gin(4221)
C = r sin(@) rsin (@) .. sin ( (”—n4)7'l sin ((n—n?))n)
rsin(iZ) rsin(Z) .- rsin(@) Sin(07n)
0 0 ... 0 0
0 sin (@ .. 0 0
+ 7 0 sin (@ e 0 0
. ; ‘1 ; (' -2) : (. -1)
0 sin(<7) sm( "n n) sm(—"n ”)

Crz +17T>.
By the Lemma 1,2,3, Theorem 1 and the reference [12], we can get
ICll2 = ICr, + 7Tall2 < [ICpyll2 + 7l T2l

Thus,
i1 > 1,1ICll> < 2Ir} cot(l),
2n
In < 1,1ICll < (irl + 1)cot(%).
So the proof is completed.

3. Conclusion

In the present paper, we obtained some bounds for the spectral norms of the RFPrLR circulant matrices
with the exponential forms and trigonometric functions by using a different methods. Based on this article,
the following matrix can be defined with the help of geometric circulant matrix, similar to the relationship
of r—circulant and RFPrLrR circulant matrices for further research. Moreover, various linear algebraic
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properties of such matrices can be studied by journal readers.
Let F- be an n X n matrix. The geometric RFPrL#R circulant matrix can be defined as follows:

ao a1 a s ap-2 An-1
Tp-1 ap + 1y m e An-3 Apn-2
Py Tay_1+Tay_y Ao+ Tpq i An-3
Fr=| ¥a,5 1?ay0+1a,5 ra,q+1a,, - fns - ,
lay ey e r"Pazdray o Fagg +tay Ao+ T )
then we can get some properties for F,.. For example,
ao ay a3 T an—2 Ap-1
ray—1 ap + ray-1 a e An-3 An-2
Pay_y Ay + Ay Ay +Fdp_q - Ap_y Ap_3
Fr= | Pa,s 1Payo+1ays rayq+71ayp - n-s -
mla M 2ay+ray M laz4ray - rau_ 4+ rAp— g + tay_q
ao m a o Op-2 Ap-1
ray—1 ao a1 o Op-3 4p-2
2
"y Ty ao s Ap—4 Op-3
= 2
Pays Ay T - G5 peg
gy 20, 1 3a3 oo ra, ap
0 0 0 0 0
0 ra,q 0 0 0
0 ra,_» ra,q 0 0
+ 0 ra,.3 ra,o 0 0
0 rm ray -+ TAy—p  tdp—1

= Cp + 1T,

then we have ||[F|l; = ||Cy + T2 < ICll2 + I71lITll2, the spectral norm of ||C;||2, we can see reference [18], thus
we can get the upper bound of ||F-

2.

IF,

n—-1 n—1 n—1
2 2 2 2 —kj2 2 -k 2
2= laol + (1 = Dlag + ray P+ Y la? + Y 1P Rl + Y (= DI Fa + ra .
k=1 k=1 k=2

n—1
For the row sum vy, 19, -+ , 1y, 11 = Z a,
k=0
k n—k
- i-1 _
1= Z(r Ans1-i + Fpy1-i) + Z ai, (k=2,---,n),
i=2 i=0

so by Lemma 8, we can get two lower bounds,

IIEr|

Mttt 1 2+ + -+ |
s It n|IHFﬂ”22\/|1| I ool
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