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Abstract. In this paper, as a generalization of pointwise slant submanifolds [B-Y. Chen and O. ]J. Garay,
Pointwise slant submanifolds in almost Hermitian manifolds, Turk ] Math 36, (2012), 630-640.], pointwise slant
submersions [J.W.Lee and B. Sahin, Pointwise slant submersions, Bulletin of the Korean Mathematical Sosiety,
51(4), (2014), 115-1126.] and pointwise slant Riemannian maps [Y. Gilindiizalp and M. A. Akyol, Pointwise
slant Riemannian maps from Kaehler manifolds, Journal of Geometry and Physics, 179, (2002), 104589.], we
introduce pointwise semi-slant Riemannian maps (briefly, PSSR maps) from almost Hermitian manifolds
to Riemannian manifolds, present examples and characterizations. We also investigate the harmonicity of
such maps. Moreover, we give Chen-Ricci inequality for a PSSR map. Finally, we study some curvature
relations in complex space forms, involving Casorati curvatures for PSSR maps.

1. Introduction

In differential geometry, it is good to use some types of maps in order to compare objects (in partic-
ular, manifolds). The theory of smooth maps between Riemannian manifolds plays a preeminent role in
differential geometry and also in physics. The main smooth maps are isometric immersions, Riemannian
submersions and Riemannian maps. These kinds of maps have many applications, including in super-
gravity and superstring theories, Yang-Mills theory, Kaluza-Klein theory, geometric modeling, computer
vision, medical imaging, cartography and sustainability science ([9-11, 29-33, 55-57]).

Slant submanifolds were introduced by B. Y. Chen [13] as a generalization of almost complex subman-
ifolds and totally real submanifolds of an almost Hermitian manifold in 1990. After that, N. Papaghiuc
[34] defined the notion of semi-slant submanifolds of an almost Hermitian manifold as a generalization of
CR-submanifolds and slant submanifolds of an almost Hermitian manifold.

In [12], Casorati introduced Casorati curvature which is a very natural concept of regular surfaces in
the three-dimensional Euclidean space. The curvature is obtained by the normalized sum of the squared
principal curvatures of the surface. After that, many geometers published some optimal inequalities
involving Casorati curvatures in ([6], [7], [24], [25], [49], [50], [59], [60]).

2020 Mathematics Subject Classification. Primary 53C15; Secondary 53B40

Keywords. Kaehler manifold, Riemannian map, pointwise semi-slant submersion, pointwise semi-slant submanifold, semi-slant
function, Chen-Ricci inequality, Casorati curvature, pointwise semi-slant Riemannian map.

Received: 12 July 2022; Revised: 26 October 2022; Accepted: 29 October 2022

Communicated by Miéa S. Stankovié

This paper is supported by the Scientific and Technological Council of Turkey (TUBITAK) with project number 121F277.

Email addresses: ygunduzalp@dicle.edu. tr (Yilmaz Gundiizalp), mehmetakifakyol@ingol.edu. tr (Mehmet Akif Akyol)



Y. Giindiizalp, M. A. Akyol / Filomat 37:13 (2023), 42714286 4272

The main extrinsic (the squared mean curvature) and main intrinsic invariants (the scalar curvature and
the Ricci curvature) of a submanifold in a real space form was established by B. Y. Chen in [14] (see also
[15]). For the inequalities, see: ([5, 27, 28, 48, 51, 52]).

In 1998, pointwise slant submanifolds were introduced by F. Etayo [17] as a natural generalization of
slant submanifolds. In 2012, the notion were investigated by B. Y. Chen and O. J. Garay [16]. The notion of
pointwise semi-slant submanifolds were intoduced by B. Sahin in [47].

Dual to slant submanifolds, B. Sahin introduced in [44] the notion of slant submersions as a generalization
of anti-inviariant and holomorphic submersions in [45]. The notion of semi-slant Riemannian submersions
were introduced by K. S. Park and R. Prasad in 2013 [36]. As a natural generalization of slant submersions.
pointwise slant submersions were introduced by J. W. Lee and B. Sahin in [26].

A. Fischer [23] introduced Riemannian maps as a generalization of isometric immersions and Rieman-
nian submersions. After that, many geometers published many papers related to Riemannian maps in ([2],
[31, [4], [19],120], [37], [38], [39], [40], [41], [43], [46], [53], [54]). Moreover, B. Sahin defined slant Rieman-
nian maps in [42]. As a generalization of slant Riemannian maps and semi-slant submersions, semi-slant
Riemannian maps were introduced by [35]. It is also important to note that Riemannian maps satisfy the
eikonal equation which is a bridge between geometric optics and physical optics. For Riemannian maps
and their applications in spacetime geometry (see: [1], [18]).

In 2022, as a more general class of Riemannian maps including slant submanifolds, slant submersions,

slant Riemannian maps, pointwise slant submanifolds, pointwise slant submersions, pointwise slant Rie-
mannian maps were introduced by the authors [20] as follows.
Definition 1.1. Let ¢ be a Riemannian map from an almost Hermitian manifold (By, g3,, /1) to a Riemannian
manifold (By, gg,). If at each given g € By, the Wirtinger angle 6(U;) between J;U; and the space (kerg.), is
independent of the choice of the non-zero vector field U; € (kerg.), then we say that ¢ is a pointwise slant
Riemannian map. In this case, the angle 0 can be regarded as a function on B;, which is called the slant
function of the pointwise slant Riemannian map.

In the present paper, as a more generalization of the above mentioned notions, we will define the notions
of PSSR maps from almost Hermitian manifolds onto Riemannian manifolds and investigate the geometry
of the total space and the base space.

We organize the paper as follows. In Sec. 2 we deal with some necessary notions and recall some
basic notions. In Sec. 3 we introduce the definition of PSSR maps from almost Hermitian manifolds onto
Riemannian manifolds, giving many examples and investigate the geometry of foliations which are arisen
from the definition of a PSSR map. We also investigate the harmonicity of such maps and find necessary
and sufficient conditions for PSSR maps to be totally geodesic. In Sec. 4, we give Chen-Ricci inequality
for a PSSR map. In Sec. 5, we study some curvature relations in complex space form, involving Casorati
curvatures for PSSR maps.

2. Preliminaries

In this section, we review some basic concepts and results on geometric structures for Riemannian maps.

Let (B1, gp,, J1) be an almost Hermitian manifold. This means that B; admits a tensor field J; of type
(1,1) on Bq such that

Ji=-L g5 (hY1,]1Y2) = g5, (Y1,Y2), Y1,Y2 € T(TBy). (1)
An almost Hermitian manifold Bj is called Kaehler manifold [58] if
(Vy,J1)Y2=0, Y1,Y2 €I(TBy), 2)

where V denotes the Riemannian connection of the metric g, on B;.

Let (B1, gp,) and (B, ga,) be Riemannian manifolds and ¢ : (B1, g5,) — (B2, gs,) is a differentiable map.
Then the differential ¢. of ¢ can be viewed a section of the bundle Hom(TBs, (p‘lTBz) — By, where (p‘lTBz
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is the pullback bundle which has fibres (go’1 TB2); = Tyq)B2, g € B1. Hom(TBy, qo’lTBz) has a connection V
induced from the Levi-Civita connection V5! and the pullback connection. The second fundamental form
of ¢ is given by [8]

(VP)(Y1, Y2) = V4 .2 = p.(VEY2) 3)
for Yq,Y, € T'(TB1), where V? is the pullback connection. It is known that the second fundamental form
is symmetric. Remind that ¢ is said to be harmonic if we get the tension field t(¢) = trace(Ve.) = 0 and
we call the map a totally geodesic map if (V¢.)(Y1,Y2) = 0. On the other hand, it is shown in [41] that
(V.)(Y1,Y>) has no components in Img., provided that Y7, Y, € T'((kerg.)*). More precisely,

(Vo.)(Y1,Y2) € T((rangep.)*), VY1,Y2 € T((kerg.)™), 4)
here (rangeg.)* is the subbundle of ¢~!(TB,) with fibre I'(.(T,;B1)*), q € Bi.

Let ¢ be a Riemannian map from a Riemannian manifold (B, gp,) to a Riemannian manifold (B, gg,).
Then, we define 7 and A as

Tv,Y2 = hVyy,0Ys + 0V, hY, (5)
and

ﬂyl Yz = thyll’lYZ + hvhy10Y2 (6)
for every Y1, Y, € I'(TB;), where V is the Levi-Civita connection of gp,. In fact, one can see that these tensor
fields are O’Neill’s tensor fields which were defined for Riemannian submersions. For any Y; € I'(TBy),
Ty, and Ay, are skew-symmetric operators reversing the horizontal and the vertical distributions. We note
that the tensor fields 7 and A satisfy

Tu =Tuy,Uy, Ay, Yy =-HAy,Yq, (7)

for any YUy, U, € I'(kerg.), YY1, Y, € I'(kerg.)*. Using (5) and (6), we obtain

Vi, Uy = T, Uy + Vg, Us; (8)
Vi, Yi =Tu, Y1+ hVy, Yo, 9)
Vy, Uy = Ay, Uy + 0vVy, Uy; (10)
Vy,Ys = Ay, Yy + hVy,Ys, (11)

for any Yi,Y; € T((kerp.)*), Uy, U, € T(kerg.), here Vi, Uy = vV, Up.

3. PSSR maps from Kaehler manifolds

Definition 3.1. Let (B1, gp,, J1) be an almost Hermitian manifold and (B, gp,) be a Riemannian manifold. Then
we say that a Riemannian map ¢ : By — By is a pointwise semi-slant Riemannian map (briefly, PSSR map) if there
exists a pair of orthogonal distributions D® and DT on ker¢. such that

1. The space kerq. admits the orthogonal direct decomposition D? @ DT.
2. The distribution DT is invariant.
3. The distribution D is pointwise slant with semi-slant function 6.
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In this case, the angle O can be regarded as a function on By, which is called the semi-slant function of the PSSR map.

Now, we present some examples for proper PSSR maps. Let J; be an almost complex structure on R®
as follows:
Ji(v, - y8) = (Y2, =Y, - Y8, —Y7)-

Example 3.1. Define a map ¢ : R® - R® by
@1, -, y8) = (y1COSX = Yz sinx, Y2 siny — Y4 oS Y, Ys, Yo, 0, €),

where x, y : R® — R are real valued functions. Then the map ¢ is a PSSR map such that

=< i i > and DY =< sinxi + COsS X—,CoS y=— + sin i >
8]/7, 8]/8 8y1 8y3' y&yz y8y4

T

with the semi-slant function 6 with cos 6 = sin(x + y).

Example 3.2. Let (IR®, ggs) be the Euclid space. Consider {J1, ]2} a pair of almost complex structures on R®
satisfying J1J, = —J2J1, here

Ji(aq, ...,a8) = (—as, —as, a1, a2, —az, —as, as, ag)

and
]2(a1/ [y a8) = (_QZ/ ay,04,—Aa3, —0e, 05,48, —ﬂ7).

For any real-valued function A : R® — R, we define new almost complex structure J, on R® by J, =
(cosA)J1 + (sin A) .

Then, ]Ri = (RS, J), grs) is an almost Hermitian manifold.

Consider a Riemannian map ¢ : ]Rg — R8 by

(P(yl/ eeer yS) = (0/ 0/ 0/ O/ O/ ]/6/ 0/ ]/8)

Then we obtain

J d
kerp )t =< X1 = =—, Xo = — >
(kerg.) 1 oy T 5
and 2 2 2 2 2 2
kerp,=<Vi==—,Vo=—,V3=—,Vy=—, Ve = — Vg = — >.
(P ! (9_1/5 2 8]/7 3 8y1 4 (9]/2 > 8y3 6 8y4

On the other hand, we get [1(V3) = sinAV4 + cos AVs, Ja(Vy) = —sinAV3 + cos AV, Ji(Vs) = —cosAV3 —
sinAVg, J1(Ve) = —cos AV, + sinAVs. Thus, ¢ is a PSSR map with the semi-slant function 6 = A with
Df =< Vi, Vo > and DT =< V3, V4, Vs, Ve > .

Let ¢ : (B1,98,,J1) = (B2, 98,) be a PSSR map. Then, for V € I'(kerp.), we can write

JhWV=QV+QV, (12)
here Q;V € ['(DT) and Q,V € I'(DY). For V € I['(ker¢.)

WV =CV 4+, (13)
here CV e I'(kerg,) and nV € I'(kerg.)*. Also, for Y € T'(kerg,)*, we get

Y = Oy + 7Y, (14)
here CY € ['(kerp.) and 7Y € T'(kerg.)*. For Z € ¢~ 'TB,, we have

2=012+Q7, (15)
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here Q1Z € T(rangeq.) and Q2Z € T(rangeqp.)*. Then,
(kerp.)* = nD @, (16)

here v is the orthogonal complement of D? in I'(ker¢.)* and is invariant under ;.

In addition to,
(DT =D", nD" =0, (DY c DY, {((kerp.)*) =D’
C+in=-1 7*+nl=-1, nC+in=0, T+ CC=0.
Also, if (B1, g,, J1) is Kaehler, for V3, V;, € T'(kerg.), then it is easy to get

Vvi)Va =Ty, Vo = Ty, (V> (17)

(Vu, Q) Vo = LTy, Vo = Ty,nVs, (18)
here V is the Levi-Civita connection on B; and define

(Vy, V2 = hVy,nVa — nVy, Va (19)

(Vy,Q)Vy = Vy,CV, = CVy, Vs (20)

Theorem 3.3. Let ¢ be a PSSR map from an almost Hermitian manifold (B1, gg,, J1) to a Riemannian manifold
(B2, gB,) with semi-slant function 6. Then, we have

2V = —(cos? O)Vy, Vq e I(DY). (21)

Proof. Since,
gg,(J1V1,CV1) gg, (V1, C2Vy)
cos B = =-
[J1V1lICV4] [V1lIC V]
[9%1
1Va

and cos 0 == j;34;, for V1 € T(D?) we obtain

_g8,(Vy, 2vy)

2
cos” 0 =
[V4]?

Hence,
?Vy = —(cos* O) V.
Also, conversely, it can be directly verified.
Using (1), (13) and (21), for V3, V, € T(D?) we have

g5,(CV1,CV,) = cos® Ogg, (V1, V2) (22)
g8,(nV1,nV2) = sin® Ogg, (V1, V). (23)

When semi-slant function 0, locally we can write an orthonormal frame {X3, J1 X, ..., Xk, J1 Xk, X1, sec 0CX;,
cscOnXy, ..., X, sec 0CXs, cscOnXs, X1, J1 X1, ..., X, J1X;} of TBy such that {Xy, [1 X1, ..., Xx, J1 X} is an orthonor-
mal frame of D7, {X1,sec (X, ..., X;, sec 0CX,} an orthonormal frame of DY, {cscOnX;, ..., cscOnX;} an or-
thonormal frame of T]DQ, and {X3, J1 X1, ..., X;, J1X;} an orthonormal frame of v.

Lemma 3.4. Let ¢ be a PSSR map from a Kaehler manifold (B1, gg,, 1) to a Riemannian manifold (B,, gg,) with
semi-slant function 6. If  is parallel, then V; € T(DP) we get:

Tey, (V) = —cos? Ty, V. (24)
Proof. Assume that 7 is parallel. Then, for V3, V; € I'(DY) we obtain

TV1 CVy = T_]Tvl Vs.



Y. Giindiizalp, M. A. Akyol / Filomat 37:13 (2023), 4271-4286 4276
By replacing V7 and V, we get
TVZCV1 = TTTV2 Vl.

So,
Ty,CVy =Ty, (V).

If we write CV1 instead of V; and using (21), then the proof is completed.

The proof of the following Theorem is the same with Theorem 49 in [45].
Theorem 3.5. Let ¢ be a PSSR map from a Kaehler manifold (B1, gg,, |1) to a Riemannian manifold (By, gg,). Then,
the distribution D7 is integrable if and only if for V1,V, e T(DT) we get

n(@vl V2 - @Vz Vl) =0.

Theorem 3.6. Let ¢ be a PSSR map from a Kaehler manifold (B1, gg,, J1) to a Riemannian manifold (B,, gg,) such
that D7 is integrable. Then, ¢ is harmonic if and only if trace(Vo.) = 0 on D? and H = 0, here H = 0 denotes the
mean curvature vector field of I'(rangeq..).

Proof. Using (4), we get trace(V.)|erp.) € I(rangep.) and trace(Ve.)|gerp.)+ € I'(rangeq.)* so that
tmce(V(p*) =0e trace(vq)*)l(ker(;u) =0, trace(V(P*)l(ker(p*)J- =0.

Since DT is invariant under [, locally we can write an orthonormal frame {Xy, J1 X, ..., X,,, J1 Xp} of DT'. Using
the integrability of DT,

Vo)1 X, 1X) = —o.Vix 1 X; = —o.i(Vx, 1 X; + 11X, Xj])
(p*VXij = —(V(p*)(X]‘, X]'), 1<j<p.

So,
trace(VN@.)lerp.) = 0 © trace(Ve.)lpe = 0.

Furthermore, it is easy to get that
trace(V ol erp.): = kH, k = dim(kerp.)*

so that
trace(V.)lerp) =0 & H = 0.

Thus, we have the result.
Using (24), we have:

Corollary 3.7. Let ¢ be a PSSR map from a Kaehler manifold (B1, gg,, J1) to a Riemannian manifold (By, gg,) such
that DT is integrable and the semi-slant function 6. Assume that the tensor 1 is parallel. Then, ¢ is harmonic if and
only if H = 0.

Theorem 3.8. Let ¢ be a PSSR map from a Kaehler manifold (B1, gg,, J1) to a Riemannian manifold (B,, gg,) with
the semi-slant function 0. Then, DT defines a totally geodesic foliation on By if and only if

g8, (Vu, iUz, ) = gg,(Ve.)(Us, JiUa), .7Y) (25)
and

— cos” 89, (Vu, Uz, Us) = g, (Vo.)(Un, Uz), 9.11CUs) + g, (Tu, J1 Uz, U3) (26)
for Uy, U, e T(DT), U3 € T(DY) and Y € T(kerg.)*.
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Proof. Forany U, U, e (D) and Y € I'(kerg.)*, we get:

g5, (ViU Y) = g, (Vu, iy, J1Y)
= gp,(Vu, Jilla, OY) + g8, (Vu, 1 Uz, Y)

= g5,(Vu, iz, OY) = g5, (Vo) (Un, J1 ), @.77Y). (27)
Moreover, for all Uy, U, € T(DT) and Us € T'(D) we obtain:
g5, (ViyUp, Us) = gp,(Vu, iy, [1U3)
= cos® Ogp,(Vi, Uz, Us) + g5, (Vo) (Us, Uy), p.1nCU3)
+ g8, (Tu, iz, nUs). (28)

So the proof comes from (27) and (28).

Theorem 3.9. Let ¢ be a PSSR map from a Kaehler manifold (B1, gg,, ]1) to a Riemannian manifold (B», gg,) with
the semi-slant function 0. Then, DY defines a totally geodesic foliation on By if and only if

Sin2 9981 ([ull Y]r UZ) = sin ZGY(Q)gBl (ulr UZ)
+ g, (AynClUy, Uz) — gp,(AynUy, CU)
- g, (@hVynUy, p.nl) (29)
and
g, (Tu,nCU, Us) = gp, (Tu,nls, J1Us) (30)

for Uy, Uy € T(DY), U3 e T(DT) and Y € T(kerg.)*.

Proof. Forany Uj, U, € T(D?) and Y € T'(kerg.)*, we obtain:

g8, (Vu, Up, Y) —gp,([Uy, Y], Uz) — g5, (VyCU4, J1Uz)
g5, (VynUy, 1 Uy).

From (21), we have

sin? Ogp, (Vi Uy, Y)

—sin? Ogg, ([Uy, Y], Uy) + sin20Y(0)gp, (Uy, Uy)
g8, (AynClUy, Up) — g, (AynUs, CU>)

= g8, (:hVynlhy, p.nll). 31)
Additionally, for all Uy, U, € T(DY) and U; € T(DT), we get:

+

ge,(Vu, U, Us) = g, (Vu, 1Uz, J1U3).
By using (9),(13) and (21), we arrive at
sin? 0gp, (Vu, Uz, Us) = —gp, (Tu,nCUa, Us) + gp, (Tu,nUz, J1Us). (32)
Thus, the proof comes from (31) and (32).

Theorem 3.10. Let ¢ be a PSSR map from a Kaehler manifold (B1, gg,, J1) to a Riemannian manifold (B,, gs,) with
the semi-slant function 6. Then, the space kerq. defines a totally geodesic foliation on By if and only if

g8, (Ay1Q2Us, J1Ua) —sin? Ogg, ([U1, Y], Uy) + cos? 0g5, (0Vy Qo Uy, Up)
+ sin20Y(0)g, (Q1Uy, Uz) + g, (AynCQ Uy, )
= g5 (AvnQils, itlz) = g5, (WWynQilh, ill)
= 98,0Vy1QaUy, J1 o). 39
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for Uy, Uy € T'(kerg.) and Y € T'(kerg.)*.

Proof. For any U;, U, € I'(kerg.) and Y € (kerg.)*, from (1),(2) and (12), we get

g8, (Vu, Uz, Y) = —gp,([Uy, Y], Uz) — g8, (Vy/1Q1 U1, J1U>)
= g8, (VyJ1QoUy, 1lh).
By using (13) and (21), we have
g5,(Vu, Uz, Y) = —gp,([Uy, Y], Ua) — cos® Ogg, (VyQ1 Uy, L)
+ sin20Y(0)gp, (Q1Uy, Uz) + g, (VynCQ Uy, U>)

g8, (VynQ1Uy, J1Uz) — g, (Vy1Q2Us, J1U2).
By using (10) and (11), we obtain

sin? Ogg, (Vi Uz, Y) —sin? Ogg, ([Us, Y], Us) + cos? Ogg, (vVy Qo Uy, Us)
sin 20Y(0)gg, (Q1U1, U2) + ga, (AynCQ1 Uy, Up)
g8, (AynQq Uy, 1Uz) — g, (WVynQ1 Uy, J1Us)
98, (Ay[1Q2Us, [1Uz) — g5, (0Vy[1Q2Us, Ji).

Theorem 3.11. Let ¢ be a PSSR map from a Kaehler manifold (B1, gg,, J1) to a Riemannian manifold (B,, gs,) with
the semi-slant function 6. Then, the space (ker.)* defines a totally geodesic foliation on By if and only if

?)Vulzl,b = —Ay, (34)

+

and

98, (Vu, 0-(nV2), i) = g5, (Vu, -(nCV2), p.Uz)
- g5, (AynVa, CUy). (35)
fOT’ Vs, € I’(De), Vie F(DT) and Uy, U, € F(ker(p*)l.

Proof. For any V; € I'(D") and U3, U, € T'(kere.)*, from (1), (2), (10), (11) and (14), we get
g8, (Vu, Uz, V1) = gp, 0V, LU, + Ay, iy, 1 V7). (36)
Also, for V, € T(D?), by using (21) we have

sin® Ogp,(Vi, Uz, Vo) = gp,(hVu,nlVa, Us) — gp,(hV1u,nVa, i)
- 981 (AU1 TIVZ/ CUZ)

By using (3)and (4) we obtain

sin® 0gs,(Vu, Uz, V2) = g5,(Vu, 0. (nCV2), 9.l) — g5,(Vu, u(nV2), .7]U)
- gg,(AynVa, CUy). (37)

So, (36) and (37) complete proof.

4. Chen-Ricci inequality

Let (B1, g5,, J1) be a Kaehler manifold. The Riemannian-Christoffel curvature tensor of a complex space
form B;(v) of constant holomorphic sectional curvature v satisfies

Rg, (Y1,Y2,Y3,Ys) = 2{931(Y1,M4)g& (Yo, Y3) — 98, (Y1,Y3)98,(Y2, Ys)

+ 98,(Y1,1Y3)98,(J2Y2, Ya) — 98,(Y2, [1Y3)g8,(J1 Y1, Y4)
+ 298,(Y1,/1Y2)98,(1Y3, Y4)} (38)
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for all vector fields Y1, Y3, Y3, Yy € T'(TB1)([58]).

Let (B};1 (v),g8,,J1) be a complex space form, (B, gp,) a Riemannian manifold and ¢ : Bi(v) — B, be
a PSSR map with (rangep.)* = {0} and dim(kerg.) = p = 2ki + 2k,. For every g € By, we consider
X1, X2 = 1 X1, oo, Xog -1, Xoty, = J1Xok -1, Xoky 41, Xok 12 = 5€C OCX ok, 41, Xoky 42k,-1, Xp = 5€C OCX 0, 421,-1} and
{Xp+1, Xps2, ..., Xp, } two orthonormal bases of (kerg.) and (ker.)*, respectively. One can get easily,

2 |1, forke{l,2,..,2k —1};
I, 1 X Xin) = { cos?0, forke {2k +1,..,2k + 2k, — 1}.
Then
P

Z _‘7231 (]1Xk, Xk+1) = 2(k1 + k2 COS2 6) (39)

k;s=1
Let’s denote 7',(‘; by

(Tki =g, (TXkXSI Xoc) (40)

where 1 <k, s<pandp+1<a<b.

Now, for kerg. using (1.27) of [22] and (38) , since ¢ is a PSSR map with (rangep.)* = {0} then, for each
unit vector F; € I'(ker¢.) we arrive at

Rickre(Fy) = E[p +2 +3cos® 6]

P
— P (TeFyH) + ) (TP, Tr X, (41)

k=1

here H is the mean curvature vector field of the fiber.
From here, we get:
Theorem 4.1. Let ¢ : (B1(v), gg,) — (B2, gs,) be a PSSR map with (range@.)* = {0}. Then, we have
Rice®(Fy) > E[p +2 + 3 cos® 0] - pgp, (Tr, F1, H). (42)

For a unit vertical vector Fy € T'(kerq.), the equality status of the inequality satisfies if and only if every fibre is totally
geodesic.

By polarization, using (41), we obtain:

Theorem 4.2. Let ¢ : (B1(v), gg,) — (B2, 95,) be a PSSR map with (rangeq.)* = {0}. Then, the Ricci tensor Skre-
on kerq. satisfies

Sk (Fy, Fy) > E[p +2 + 3 cos’ 01gs,(F1, F2) — pge,(Tr, F2, H). *3)

For F1,F, € I'(kerg.), the equality status of the inequality satisfies if and only if every fibre is totally geodesic.
Similarly, for kerg. using (1.27) of [22] and (38), we obtain

2050 = Z[p(p —1) + 6(k; + ks cos? 6)]

P
= PIHIP+ Y 91(Tx X, T X0), (44)

k,s=1
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here pkerrp* = lek<ssp Reer9- (Xk/ Xs, Xs, Xk)-
Therefore, we can state the following result.

Theorem 4.3. Let ¢ : (B1(v), g8,) = (B2, g,) be a PSSR map with (rangep.)* = {0}. Then, we have

2070 > Z[p(p 1) + 6(ks + kz cos? O)] = pRIHIP
the equality status of the inequality satisfies if and only if every fibre is totally geodesic.
Now, we give Chen-Ricci inequality on kerg. for a PSSR map with (rangeg.)*- = {0}.

By using (7), (40) and (44), we arrive at

zpker(p* — Z[p(p — 1) + 6(k1 + k2 C052 6)]
by P
- PIHE+ Y Y (TR
a=p+1ks=1

From [21], we know that

b 4 by ) )
DN ST D WCAELE TN ED WD ey
TPkt a=p+l a=p+1 5=2

by P
2 Y Y |- )]

a=p+12<k<s<p

If we put (47) in (46), we obtain

2pk”‘f’* = Z[p(p —1)+6(k + k> cos? 0)]
by
1 1 (24 (24 (2% 2
- SPIHIE+ 5 Y 7 -7 -7
a=p+1
by 4 by p )
2 Y Yop-2 Y Y [rare-))
a=p+1 s=2 a=p+12<k<s<p

From here, we get

2Pker<p, > Z[p(p —1)+6(k +k cos? 0)]
1 ) 2 = - ((%q a*1 a 2
_EP [[H- -2 Z Z |i7~kk7~55 _<7-ks) ]
a=p+1 2<k<s<p

On the other hand, using (1.27) of [22], taking U = W = X}, V = F = X, and from (40), we have

2 ) RP(Xe X X X) =2 ) R (X, X, X, X)

2<k<s<p 2<k<s<p

b P
2 Y [T ()]

a=p+1 2<k<s<p

4280

(45)

(46)

(47)

(48)
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From the last equality, (48) can be written as
2057 > Z[p(p —1) +6(ky + ky cos® 0)] — %pzllﬂllz

¥2 ) REP (X X X X =2 ) RP(X, X, X, X). (49)

2<k<s<p 2<k<s<p

Also, using the equality
p
20870 =2 N RMP (X, Xy, X, Xe) +2 ) R (X, X, X, X0).
2<k<s<p s=1

If we put the last equality in (49), then we have

2RIk (X,) > Z[p(p — 1) + 6(k1 + k2 cos? )]

1
~5PIHIP =2 ) R (X, X, X X0).

2<k<s<p

Since Bj is a complex space form, curvature tensor RP! of By provides equation (38), therefore we acquire
. 3 1
Rickr® (X;) > Z(p 1)+ Z”(l +cos?0) - 7P IHIP
Thus, we can give the following result:

Theorem 4.4. Let ¢ : B1(v) — By be a PSSR map from a complex space form (B1(v), gp,) onto a Riemannian
manifold (By, gp,) with (rangep.)* = {0}. Then we have

1
Ricke(Xq) > E(p -1+ ‘1—”(1 + cos? 0) — Zp2||7{||2.
The equality status of the inequality satisfies if and only if
TH=Tn++Ty

T7.=0,5s=2,..,p.

Corollary 4.5. Let ¢ : B1(v) — By be a PSSR map from a complex space form (B1(v), gg,) onto a Riemannian
manifold (Bz, gp,) with (rangep.)* = {0} and the semi-slant function © = Z. Then we get

. ker v 1
Ric"?(Xy) 2 2(p +2) = 2p7I1HP.
The equality status of the inequality satisfies if and only if
TH=Tn++T,

T75=0,s=2,..,p.

Corollary 4.6. Let ¢ : B1(v) — By be a PSSR map from a complex space form (B1(v), gg,) onto a Riemannian
manifold (B, gp,) with (rangeg.)* = {0} and the semi-slant function © = 0. Then we obtain

R (X)) 2 ¥ (p+5) — 2P IHIP.
The equality status of the inequality satisfies if and only if
TH=Tn++T,

T7.=0,5=2,..,p.
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5. Casorati curvatures

The following lemma plays a key role in the proof of our theorem:
Lemma 5.1. Let W = {(y1,Y2, ..., Ym) € R™ : y1 + yo + ... + Y = z} be a hyperplane of R, and g : R™ — Ra
quadratic form given by

g1, Y2, e Ym) = ch 1(yk) + d(ym)2 — 2Xq <kas<m¥kYs, € >0, d > 0.
Then the constrained extremum problem ming, y, ...y ewg has the following solution:

z oz z(m=1)
c+ 1T AT (c+1)d

YI=Y2= . =Yy = =(c—m+2)ci

+17
[49].

provided that d =

c— m+2

Let ¢ be a PSSR map from a complex space form (B (v), J1, g8,) to a Riemannian manifold (B2 ,gB,) with
(rangep.)* = {0}. Suppose {Xi, ..., X,} is an orthonormal basis of the vertical space ker¢.,, for q € By, and
{Xp+1, ..., Xp, } be an orthonormal basis of the horizontal space (kerg.;)*.

We defined the scalar curvature 7’ on the vertical space ker¢., by

= g (R (%, X)X, Xi)

and the normalized scalar curvature k¢ of ker¢., as

ke = Zaik .
plp—1)
Then, we can write
T = g8/(T(Xk,Xs), Xp), ks=1,.,p, p=p+1,..,b,
TR = =0 g (T(Xk X), T(Xe, X,)),
traceT = Zzle(Xk,Xk), ||traceT||> = gs, (traceT, traceT)

and the squared norm of T over the manifold By, denoted by Ckere- s called the vertical Casorati curvatures
of the vertical space (kerg.),;. Thus, we get

1 1
kerq, _ 2 b B\2
Chrt = DI = g B (T

Now, assume that L*"?- is a t—dimensional subspace (kerq.);, 2 < t and let {X1, X5, ..., X;} be an orthonormal
basis of L*'-. Then the Casorati curvature C*?- (L '¢") of L¥"#- defined as

1 1
Ckewh(Lker%) — ?“THZ — ?Z? bl ks 1( )2.
The normalized %'~ Casorati curvatures oS kerg. ‘(p—1)and 6 ‘kmp (p — 1) of ker¢.), are given by
[o’gm(p -], = 1Ckmp + 5 aal Sy in F{Ckere- (Lkere-) : Lhere- a hyperplane of (kerg.),}, and

[5’8’“’)* p-Dl; = ZCI,;MP 2’; Lin f{Ckere- (Lker-) : Lker? a hyperplane of (ker.),}.

Theorem 5.2. Let ¢ be a PSSR map from a complex space form (B (v), J1, 98,) to a Riemannian manifold (B2 ,9B,)

with (range@.)* = {0} and 3 < p. Then the normalized o— Casorati curvatures o and & ‘k P on (kere.), satisfy

C
(i) K% <P (p—1) + - Sv

vy 2
1 + 2p(p — 1) (k1 + k2 COS 6), (50)
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4V
2P(P 1)

Furthermore, the equality case holds in any inequalities at a point q € By if and only if with respect to suitable
orthonormal basis {Xy, ..., X,} on T'(ker.), and {Xp41, ..., Xp,} on T((ker@.),)*), the components of T satisfy

(i) 1570 < G577 (p - 1)+ (k1 + K, cos? 0). (51)

po_h _ b 1
T, =T, = Tlglp1 2m,,ﬁep+1p+2 . b1},

T =0, kse(l,, ..plk#s), elp+Lp+2,..,bi)
Proof. Using (1.27) of [22] and (38) we have

2Tk€r(/),, - E(pz — p) + %(kl + k2 COSZ 9)
- kaer‘P* + ||traceT||. (52)

Now we define a function @Q*# associated with the following quadratic polynomial with respect to the
components of T :

1
lenp, — E[(pz _ p)Cker(p* + (pz _ 1)Cker(p* (Lker(p*)]
— 27k 4 E(pz —-p)+ 3?V(k1 + ky cos? 0).

Without loos of generality, by supposing that the hyperplane L*'¢- is spanned by {Xj, ..., X,-1}, one can
produce

Qe = g 0PI + (o + (T )]

+

Zbl p+1[2(p + 1)Zl k<s( )2
p-

p B P B \2
= 22 T Ts + 7 (TPP) 1 (53)

Using (53), we obtain the critical points

c _ p+1 p+l p+1 by b1
T _(T1 1T12r /Tpp/ rTllr Tp)

of Q“#- are solutions of the next system of equations:

% =2+ )Tf, -2} Th = 0
93;5:" =(r-1Th,-22Th = 0 5
93;5“’ =4(r+ DT, = 0 69
% =20+ DT) = 0,

here k,s € {1,2,..,p -1}, k # sand B € {p + 1,...,b1}. Frankly (54) is a system consisting only in linear
homogeneous equations and it is easy to checky that every solution T¢ has Tfs = 0 for k # s, and the
determinant corresponding to the first two series of linear homogeneous equations in (54) has vanishes.
Furthermore, the Hessian matrix of Q<% is defined as

Hi 0 0
H(ler@) — 0 7.[2 0 ,
0 0 Hs
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here
2p -2 .. -2 -2
-2 2p .. -2 =2
Hy=| ... .. . .. v |,
-2 -2 . 2p 2
-2 -2 .. -2 p-1

denotes the zero matrix of suitable dimensions and the matrices H,, H; are ones having the following
diagonal forms

H; diag(4(p +1),4(p + 1), .., 4(p + 1)),
H; diag2(p + 1),2(p + 1), ..., 2(p + 1)).
Then a standard computation shows that the eigenvalues of H(Q'?") are

En=0 En=p+3, Ep=..=&p =20 +1), & =4(p+ 1),
Ekbl = 2(}7 + 1)/ Vkls € {1/2/~-'/p - 1}/ k #s.

Also it follows that @“'¢" is parabolic and achieves a global minimum value Q" r#+(c) for T°~ the solution of
(54). However we obtain @“'(c) = 0 and we get Q- > 0. Thus,

szerqA < %[(pZ _ p)Ckerrp* + (p2 _ 1)Cker<p* (Lkerq)*)]
+£@2—p)+%;wl+kzam2e) (55)

and using (55) we obtain
p+1
2p
v
4 2p(p-1)

Kker(p, < [%Cker(p* + Cker(p*(Lker(p*)]

(ky + ky cos? ) (56)

for all hyperplane L*#- of B;. Now, taking the infimum in (56) over every hyperplane L¥"¢-, we get (i)

Y

4

(k1 + ko cos? 6) (57)

wkeres < Glgm -1+

N 3v
2plp—1)
Besides, simply we can check that the equality sign holds in the (57) if and only if

T =0, Vkse{L,2,..p), k#s, pelp+1,..bi),
and

T, =2T) = .. =210, .\, Vkselp+Lp+2,.,b).

In a similar way we have (ii).
Using the Theorem 5.2, we obtain the following results:

Corollary 5.3. Let ¢ be a PSSR map from a complex space form (Blljl ), J1, g8,) to a Riemannian manifold (BZZ’Z, gB,)
kerg.

with (rangeq.)* = {0}, the semi-slant function 0 = % and 3 < p. Then the normalized o— Casorati curvatures o,

and (‘flg"‘)* on (kere.), satisfy

. kerg. ker. _ 1_/ 3k1V
(i) « <o, "(p-D+ il —2P(P —1y (58)
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3k11/

(-1 (59)

(i) 1470 < 5" (p = 1)+ 7 +

Furthermore, the equality case holds in any inequalities at a point q € By if and only if with respect to suitable
orthonormal basis {X1, ..., X,} on T'(kerq.), and {X,41, ..., Xy, } on T((ker.),)*), the components of T satisfy

1
B _ B _ P _—7h
Th=Ty=w=T_,,= ETPP’ Belp+Lp+2,..,0},
Tfs =0, ksefl,,..,plk#5s), pe{p+1,p+2,.. b}

Corollary 5.4. Let ¢ be a PSSR map with (rangeq.)* = {0} from a complex space form (B?1 (v), gB,) to a Riemannian

kerq.

manifold (BZZ, gs,) with the semi-slant function 6 = 0 and 3 < p. Then the normalized o— Casorati curvatures o,

and c‘f’émp* on (kerq.), satisfy

N _kerg. kerg. _ (P + Z)V
() x <o, "(p-D+ 4—(P —1y
(p+2)yw

= kerg. _kerq. _
(1) x <o, (p 1)+4(p—1)'

Furthermore, the equality case holds in any inequalities at a point q € By if and only if with respect to suitable
orthonormal basis {Xy, ..., X,} on T'(ker.), and {Xp11, ..., Xy, } on T((ker@.),)*), the components of T satisfy

1
T =Th=w=Th = ETﬁp, Belp+1,p+2,..,bi},

T =0, kse(l,, .plk#s), elp+Lp+2,..,bi)
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