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Generalized fractional midpoint type inequalities for co-ordinated
convex functions
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?Department of Mathematics, Faculty of Science and Arts, Duzce University, Tiirkiye

Abstract. In this research paper, we investigate generalized fractional integrals to obtain midpoint type
inequalities for the co-ordinated convex functions. First of all, we establish an identity for twice partially dif-
ferentiable mappings. By utilizing this equality, some midpoint type inequalities via generalized fractional
integrals are proved. We also show that the main results reduce some midpoint inequalities given in earlier
works for Riemann integrals and Riemann-Liouville fractional integrals. Finally, some new inequalities for
k-Riemann-Liouville fractional integrals are presented as special cases of our results.

1. Introduction

The inequalities, introduced by C. Hermite and J. Hadamard for convex functions, are significant issue
in the literature. These inequalities state that if f : ] — R is a convex function on the interval I of real
numbers and a,b € [ with a < b, then the following double inequality

47) < f o= L0300 !

is valid. If f is concave, then both inequalities in (1) hold to the reverse direction. With the help of the
convex functions, Dragomir and Agarwal [12] first obtained an upper bound for

b
b
f(a);f()—biaff(x)dxf

which is the right-hand side of inequality (1). In addition to this, Kirmaci [20] first obtained upper bound

for
—ff(x)d (”*b),
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which is the left-hand side of inequality (1). These inequalities are called by trapezoid type inequality
and midpoint type inequality, respectively. Many researchers have been studied extensively the trapezoid
inequalities and midpoint inequalities for various types of convex functions [3, 21, 28, 33, 35, 45]. In 2013,
Sarikaya et al. first proved Hermite-Hadamard inequalities for Riemann-Liouville fractional integrals and
the authors also gave some corresponding trapezoid type inequalities [39]. With the help of the results of
Sarikaya et al., some fractional midpoint type inequalities for convex functions were established in [17].
Thereupon, many researchers obtained fractional midpoint inequalities and trapezoid inequalities using
different kind of fractional integrals [1, 2, 4, 5, 8, 11, 27, 29, 32, 36, 37, 46]. On the other hand, Dragomir
first proved Hermite-Hadamard inequalities for co-ordinated convex mappings in [13]. The midpoint and
trapezoid type inequalities for co-ordinated convex functions were established in the papers [23] and [38],
respectively. Furthermore, the Hermite-Hadamard inequalities for functions with two variables by utilizing
Riemann-Liouville fractional integrals were obtained in [40]. Although Sarikaya gave the corresponding
fractional trapezoid inequalities for co-ordinated convex functions in [40], Tung et al. presented fractional
midpoint type inequalities for co-ordinated convex functions in [43]. In the literature, there are great
number of papers about to Hermite-Hadamard inequalities for several type co-ordinated convex functions.
Because of these reasons, the reader is referred to [9, 10, 19, 22, 24, 30, 31, 42] and the references therein for
additional information and unexplained subjects about these topics.

The generalized fractional integrals, which will be used frequently throughout this paper, were intro-
duced by Sarikaya and Ertugral in [41]. In the same paper, the authors also established Hermite-Hadamard
inequalities and introduced several trapezoid and midpoint type inequalities for this kind fractional inte-
grals. In addition to this, Turkay et al. defined the generalized fractional integrals for functions with two
variables in [44]. These authors presented Hermite-Hadamard and trapezoid type inequalities for this kind
of fractional integrals.

The purpose of this paper is to establish some generalized midpoint type inequalities for co-ordinated
convex functions involving generalized fractional integrals. The general structure of our article contains
four parts, including the introduction. The rest of the paper continues as follows: In Section 2, the definitions
of generalized fractional integrals are given. Moreover, relations between generalized fractional integrals
and other type fractional integrals are introduced. In Section 3, we first prove an equality involving for
twice partially differentiable functions. Then, we establish several generalized midpoint type inequalities
whose partially derivatives in absolute value are co-ordinated convex. We show that our main results are
reduced to inequalities from earlier studies by looking at their particular case. Furthermore, some new
midpoint type inequalities for k-Riemann-Liouville fractional integrals are given. Finally, some results and
further aspects of research are discussed in the last section.

2. Generalized fractional Integrals

In this section, we will give the necessary definition of generalized fractional integrals introduced by
Sarikaya and Ertugral in [41]. Moreover, the relation between generalized fractional integrals and other
type integrals are considered.

Definition 2.1. Let f : [a,b] — R denote a integrable function. The left-sided and right-sided generalized fractional
integral operators are given by

wilp ) = f G f(t )it, x> a @)

and

b-Lof(x) = f qo(t_ Y ftyat, x<b, (3)

respectively. Here, the function ¢ : [0, 00) — [0, c0) satisfying the condition
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‘fo (p:)dt<

Remark 2.2. With the help of the given Definition 2.1, the following cases are provided:

1. Ifwe choose ¢ (t) = ¢, the operators (2) and (3) reduce to the Riemann integral.
2. Let us consider ¢ (t) = ( s and a > 0. Then, the operators (2) and (3) reduce to the Riemann-Liouville fractional
integrals J? f(x) and J;_ f(x) respectively. Here, I is Gamma function.

3. Let us define ¢ (t) = ( )tk and a,k > 0. Then, the operators (2) and (3) reduce to the k-Riemann-Liouville
fractional integrals |7 f(x)and J_, f(x), respectively. Here, I is k-Gamma function.

There are several papers on inequalities for generalized fractional integrals in the literature. In [41],
Sarikaya and Ertugral also proved Hermite-Hadamard inequalities for generalized fractional integrals. In
addition, Budak et al. proved midpoint type inequalities and extensions of Hermite-Hadamard inequalities
in the papers [6] and [7], respectively. In [14], Ertugral and Sarikaya presented some Simpson type
inequalities for these fractional integral operators. For some of other papers on inequalities for generalized
fractional integrals, please refer to [15, 16, 18, 25, 26, 34, 47].

Generalized double fractional integrals are given by Turkay et al. in [44], as follows:

Definition 2.3. Let f : QO := [a,b] X [c,d] — R be a integrable function. The generalized double fractional integrals
a+,c+lp,p, n+,d—I<p,1p/ b—,c+1<p,1/u b—,d—I(p,lp are defined by

arerlppf (X, y) = ff(P(x_tlp(yS)f(t,s)dsdt,x>a,y>c, 4)
I (M (=YY

ard-Touf (X, y) = L, ot sy f(t,s)dsdt,x >a,y <d, (5)
b~y — -

e lp f (1Y) = f f (’)ft_ xx)l’”;y_ Ss)f(t,S)dsdt,X<b,y>c, (6)

and

b

b_,d_lq,,¢f(x,y)=ff t_xx)‘b(s yy)f(t s)dsdt, x < b,y < d. @)
x Jy

Here, the function ¢ : [0,00) — [0, o) and the function 1 : [0, 00) — [0, 00) satisfy the conditions fol @dt < 00

and fol @ds < oo, respectively.
Remark 2.4. By using the Definition 2.3, the following conditions are ensured:

1. Ifwe take @ (t) = t and \ (s) = s, then the operators (4), (5), (6), and (7) reduce to the double Riemann integral.
2. Let us consider ¢ (t) = %}), Y (s) = rs(’;) for a,B > 0. Then, the operators (4), (5), (6), and (7) reduce to

the Riemann-Liouville fractional integrals |, " e f (oY), ]a af Y, P Wf (o y), and “ﬁ . f (x,y), respec-
tively.

8
3. Let us note that ¢ (t) = kl‘k @ and P (s) = kﬁkk(ﬁ) for a, B,k > 0. Then, the operators (4), (5), (6), and (7) reduce

to the k-Riemann-Liouville fractional integrals | “f C’; fxy, ]aﬁ * f(xy), ]Zl P S (), and I . f (x,y),
respectively.
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3. Generalized midpoint type Inequalities for co-ordinated convex functions

To make the presentation easier and compact to understand, we make some symbolic representation:
L = : %AtA &th 1-t)b 1 —s)d) dsdt
= [ M 080 G =0 se @ -9 ds,

! 82f
—f f A1 () Ay (s) ETER (ta + (1 = £)b,sc + (1 — s)d) dsdt,
f f A1 (1) Az (s) 8té{ (ta+ (1 = t)b,sc + (1 — s)d) dsdt,
Iy = f; f; A1 (£) As (s) T;s (ta+ (1 = b)b,sc + (1 — s)d) dsdt,
b g
Is = f f A (t) Ar (s) % (tb + (1 — t)a,sd + (1 — s)c) dsdt,
f f A (t) Ar (s) f (tb + (1 —ta,sd + (1 —s)c)dsdt,
A (5) A ( 7f - -
1 2(8) == FTEN (tb+ (1 = t)a,sd + (1 — s)c) dsdt,
Ig = f f A1 () Ay (s) f (tb + (1 —ta,sd + (1 —s)c)dsdt,
f f A1 (£) Ao (s) &t&f (ta+ (1 = t)b,sd + (1 — s)c)dsdt,
I = fo L A1 (t) Az (5) Tafs (ta+ (1 =1)b,sd + (1 — s)c)dsdt,
1 Pav)
I = f; j(; Aq (t) Az (s) yaj; (ta+ (1 —1t)b,sd + (1 — s)c)dsdt,
1l Pf
Ip = —f f A1 (£) Az (s) ETER (ta+ (1 —t)b,sd + (1 — s)c) dsdt,
Lz = f f A1 (1) Az (s) % (tb+ (1 —t)a,sc + (1 — s)d) dsdt,
Ly = f f A1 (t) Az (s) 81‘(; (tb+ (1 —t)a,sc + (1 — s)d) dsdt,
I15 —f f A1 (1) Ao (S) f (tb+ (1 -1t)a,sc+ (1 —s)d)dsdt,

L = f f A1 (t) Ay (s) m (tb+ (1 —t)a,sc + (1 — s)d) dsdt,

where ot
Ai(e) = [ e,

AZ( ) _ S L,U( duc)u)d
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and
Ay = [y,

Ay(s) = fs 1 lP((d;C_)") du.

In order to prove our main results, we need the following Lemma.

Lemma 3.1. Let f : O — R be a partial differentiable mapping on Q and let % € L(Q). Then, the following
equality holds:

f(a;b’czd)_zmlu)[“*‘f’f(b’czd) wf( C+d)] (®)

(e (|

1
I MDA ()

[a+,C+I((),ll)f(b/ d) +a+,d— I(”)/lﬁ‘l)f(b/ C) +b—,C+ I({),l})f(a, d) +b—,d— I(P#’f(a, C)]

_b-a)d-o)
T AN (DA (D) Z Ik

Proof. With the help of the integration by parts, we obtain

L = f f A1 (£) Az (s) % (ta+ (1 —B)b,sc + (1 — s)d) dsdt )
1 a L
- [ (t){/\z(s) Y itaraa-

- f ¥ (cl—c)s)<9f(iE +( _t)b,sc+(1—s)d)ds}dt

1

:Az—(i)f Al(t)—f(t a+(1- b, C+d)dt
0

c—d

1 (Ped-9s) (. of
_c—dfo s foAl(t)g(taﬂl—t)b,sc+(1—s)d)dtds

ML) fa+b cedy 1 [re-a)D c+d
_bf( — = )—a_bfo t f(ta+(1 B, —)dt
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1 (Tyd-0)s)
_C—dj(; S

_1 fzqo((b_a)t)i—f(ta+(1—t)b,sc+(1—s)d)dt]ds
0

Al(%) a+b
a—bf( 2

,sc+ (1 — s)d)

a—>b t

e MO NONC

1\ [ @b-a)D ctd
_A2 (E)L‘ f’f (t{l + (1 — i’)b, T)dt

1 : d- b
_Al(i)f(; P (( : c)s)f(a; ,SC+(1—s)d)ds

P p(b-a)t) Y (d-0)s) ) )
+f0 fo i 5 fta+ (1 —tb,sc+(1 s)d)dsdt}.

Similarly, by using integration by parts it follows that

b= g | ) ) )

1\ [ e(b-a)t) ctd
_Az (E)j(; ff (i’ﬂ + (1 - t)b, T)dt

1\ (Y- b
_Al(i)f P (( : c)s)f(anr ,SC+(1—s)d)ds

1l
2 p(-a)t)P((d—-c)s)
+f0f r S f(m"‘(l—f)b/SC+(1—S)d)dsdt],

- s G 5

1 p—
—Az(%)f; —(p((bt a)t)f(tu+(1—t)b,c-'2-d)dt

1 2 d— b
—Al(z)f pi . C)S)f(a; ,sc+(1—s)d)ds

= [ s 22 )

1o (h —
—Az(%)j; AL ta)t)f(ta+(1—t)b,%l)dt

0
L rEp(b—a)t) ¥ ((d—-0)s)
+£ j; ; S+ (L=t)bsc+ (1 -s)d)dsdt|,

4108

(10)

(11)

(12)
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1\ (Y- b
_Al(i)ﬁ P (( S c)s)f(a-; ,5c+(1—s)d)ds

L Mlo(-at)y(@d-o)s)
+£ L ¢ S fta+ (1 —t)b,sc+ (1-s)d)dsdt|,

1 1 1 a+b c+d

b= o—na- c)[Al( )Az(z)f( 2 ' 2 )
b-a d

Az(z)fo Mf(tb+(1—t)a,%)dt

flp((d C)S)f(a+b d+(1—s)c)ds

S

16:m[Al(l)Az(l)f(a;b,c;d)
—Az(z)f Mf(t%t(l Ha, C+d)dt
0

1 —
_Al( f Y (d C)S)f(a+b,sd+(1—s)c)ds

; o ((b-a)) P ((d—-0)s) ) )
N fo fo t Ftb+(1—ta,sd+(1 s)c)dsdt},

fz f @ ((b a)t) Il’((dS c) S)f(tb +(1—=1t)a,sd + (1 —s)) dsdt],

b= ma—s 0 6 6)( 555
_AZ(%)j;l@((b;a)t)f(tb""(l ha, C+d)dt

_Al 1 f2 lzb((d_C)S)f(a;b,:;d+(1—s)c)ds

f f go((b a)t) P ((d - C)S)f(tb +(1 _t)a,sd+(1—s)c)dsdt],

= gma—s o G)2 () (55

1\ (Fo(b-a)t) c+d
—Az(z)ﬁ Tf(tb+(1—t)a, > )dt

1\ (f¢@- b
_Al(E)L LA 5 C)S)f(a; ,sd+(1—s)c)ds

Lo -a)) Y (d-o)s)
* L L ; . f(tb+(1—t)ﬂ,Sd+(1—s)c)dsdt],

4109

(13)

(14)

(15)

(16)

(17)
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1 1 1 a+b c+d
19‘(b a)(d - c)[A( )Az(z)f( 2 ' 2 ) (18)
b—a)t
—A2 - f plE-a)l) ( +(1- Db, —c+d)dt

_Al(%)jo‘; ¢((d—c)s)f(a+b d+(1—s)c)ds

S

P p(-a)) Y (d-o)s)
+f t

S

fta+ 1 —1)b,sd+(1—s)) dsdt} ,

’w—m[m(l)Az@)J‘ 5" 19
—A2(2)£ Mf(ta+(1—t)bc+d)dt
—Al( f‘“d 95) (“b d+(1—s)c)ds

ff(P((b a)t) Y ((d - C)S)f(t + _t)bsd+(l—s)c)dsdt],

1 1 1 a+b c+d
h=G"0a-9 [Al( )Az(z)f( 22 ) 0
A Eﬂwf(ta+(1—t)b ul)dt
—Al(%)foz l/)((ds_c)s)f(a;b,sd+(1—s)C)dS

1 1
2p((b-a)t) Y ((d-c)s)
+£ j; P S f(m+(1—t)b,sd+(1—s)c)dsdt],

qum[Al( Jaa(5)s (%b%) @1)
Az(z)ﬁ Mf( (1—t)bc+d)dt

flP((d C)S)f(a+b d+(1—s)c)ds

ffgo((b a)t)¢((d c) f(t +(1_t)b5d+(1—s)c)d5df},

v e | B M) @

<P(b— c+d
“A (2 (tb+(1—t) )dt
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1\ (7 ¢(d- b
Al(z)fo LA 5 C)S)f(a;r ,sc+(1—s)d)ds

S p(b-a)t) P (d—c)s)
+fofo t S f(fb+(1—t)a,sc+(1—s)d)dsdt],

1 1 1 a+b c+d
114:m[ (3 )Az(z)f( 2 'T) )
—Azlfwf(tb+(1—t)a,czd)dt

_A1 ft,b(d—c)s)f(a-;b c+(1—s)d)ds

f f ® ((b -a)t) P ((d f(tb +(1—=Ba,sc+ (1 —s)d) dsdt] ,

b= gara=s | (2 2 (5 e
—AZ(Z)L Mf(tb+(l—t) C+d)dt
—Aq (%)jj l’b((ds_c)s)f(a;b,sc+(1—s)d)ds

L rip(-atp(d-c)s)
+ﬁ fo f S f(b+ (1 —t)a,sc+ (1 —s)d)dsdt|,

and

Imzm[ (1)A2(1)f(a;bfczd) 25)

—Az f@((b ”)t)f(tb (1-1ta, ﬂ)dt
fl“(d_c (a+bsc+(1—s)d)ds

p(b-a)t)P(d-
* L L ; S f (tb + (1 = t)a,sc + (1 - s)d) dsdt}.

By using the equations (9)-(25), the change of the variable x = ta+ (1 - f)b,and y = sc+ (1 —s)d for t,s € [0, 1],
it can be rewritten as follows

Il+12+"'+116 (26)

_4/\1(1)/\2(1) a+b c+d
_(b—a)(d—c)f 27 2
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2A, (1 d d
RETE S

2A1 (1) a+b a+b
T b-ad-o [”L’”f ( d) ta-Tof ( )]

+ (b—a)lw [u+,c+ o0 f (b, d) +ara- Loy f(b,0) +o-er Loy fla,d) +p-a- Loy f(a, C)] .

Multiplying the both sides of (26) by 4(1}; ”1))(;1\23), we get equation (8). This ends the proof of Lemma 3.1. [J

Next, we start to state the first theorem containing the Hermite-Hadamard type ineqaulity for fractional
integrals.

Theorem 3.2. Suppose f : QO — R is a partial differentiable mapping on Q. Suppose also ‘ 2/ is a convex function

Jtds
on the co-ordinates on Q. Then, the following inequality

(258 b3 b3
2A1(1) [H lpf(a+bd) d—Ilpf(aer )]

1
+m [n+,c+1<p,¢f(b/ d) +a4 - Iw,wf(b, C) +b— ot I(p,lpf(ﬂ, d) +p—a- Iq),wf(ﬂ, C)]

(b—a)(d—c)
< m [A1 + A2] [B1 + Ba]
Pf Pf ol 1P oL
“w@” s 1 9195 ) T |Gtas )

is valid. Here,

1 1
Ar= [FIA(ldt, By = [7 A2 (S)lds,
Ao = [l1d @ldt, By = [ 180 ()] ds.

Proof. Lemma 3.1 yields the following inequality

‘f a+b c;d) ZAj(l) [M (pf(b,c;rd) (pf( c+d)] @)

2A1<1> [ ‘”f(Hb d) - I‘”f(a;b’c)]
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1
+Equiﬁhﬁwﬁm®+%¢hww@+%H%M%®+h¢%U@Q]
<D= et el

T AM (A (D)

By using co-ordinated convexity of | 5z | function on Q and calculating the integrals in above inequality,

the following inequalities hold:

°f
—a(ta+(1—t)b,sc+(1—s)d)

b :
R A AT e
< [ [ i (f)||/\2(5)|{t5

0 0

2f

dsdt (28)

2f

(a o) +s(1 - t)

(1 =5) |55 @, d)| + (1 -s)(1 - 1) |5~

f f |A1 (B)]|Az (s)] tsdsdt

P .
+ (b c)fO L A1 (B)] A2 () s(1 — t)dsdt

2f (b d)l}dsdt

» -
A5z @a) [ [ oo - s
7/ b,d o A A 1 1 — t)dsd
5 el [ [T 1o o1 - - s,
IL| < It (a,c) f : f 1 |A1 ()] 1Az ()| tsdsdt (29)
2l = |5 0 Ji 1 2
pav 3
o @ [ monsrs - pasi

pavd 1
+ at(; (a, d)](; j; A1 (B A2 ()] (1 — s)dsdt

Pav) 1l
[arms @) [ [ ez era s s
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2
H|oL @ f f 181 (O11As 9] st
2 1 1
+ yaj;(b c) f;‘ fo‘ |A1 ()] 1A2 (s)|s(1 — f)dsdt
2f 1 1
o @] [ [ e -
32f 1 3
o @) [ [ 01 10 - s
4] < W([l c) f f [A1 (D)]1A2 (s)] tsdsdt
2 1 1
+ %(b c) f; f; [A1 (OI1A2 (s)s(1 — t)dsdt
2 1 1
+ 8t8f (a,d) j; j; [A1 (D]1A2 () £(1 — s)dsdt
aZf d 1 1 e
o @] [ [, monsoi0-sa -
i< |2 6 f; f% A1 ()] 1Ay (5)] Esdsdt
51 < |55, )y M 2
P f Pl
15005 d)j(; f(; [A1 (O] A2 (8)]s(1 — t)dsdt
B Pl
5 0ol [ [T @i - s
P -
5z @l [ [ i onasena - - v,
| < 8to7 o, d' f f A1 (B)] A (5))| tsdsdt

4114

(30)

(31)

(32)

(33)
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22 7 ol
" Fafs(”’d)fo £ |A1 (1142 (5)] s(1 — t)dsdt

Fa -
" Tafs(b’c) fo L IA1 (D11A2 ()| H(1 — s)dsdt

* it
+ yafs(a,C)j; L [A1 (B)]1A2 () (1 = s)(1 — t)dsdt,

7| <

> 1}
Taﬁ(h,d)'f;fo‘ IA1 ()] 1Az ()| tsdsdt a0

P 1l
3735 @) f fo A1 (B11A2 ()] (1 = Hdsdt

Px 1l
* ?;L(b,c)f;fo IA1 (D[ A2 (5)| £(1 = s)dsdt

2 1 %
" %(“'C) f fo |A1 (O] 1A2 (5)] (1 = 5)(1 — t)dsdt,

2

sl < | 5755

1 1
ﬁ f (A (815 (&) tsdsdt (35)

0? 1 1
" T(;s(a’d) L L |A1 ()] 1Az ()| (1 — t)dsdt

*f 1 Al
* |55 &9 f f IA1 (B)] 1Az (8)| (1 — s)dsdt

2 1 1
2L @0 f f 1A (182 (9] (1 — s)(1 — Hdsd,

Ilo] <

> -
T&j;(”'d)|f0 fo‘ [A1 (B)] | A2 (s)| tsdsdt 6

[ [ 1Az @15 - pasar

P o)

1 ot0s




F. Hezenci et al. / Filomat 37:13 (2023), 41034124 4116

) .
* o @© fo fo A1 (O] 1A2 (9)] £(1 — s)dsdt

7 b
1555 -9 fo fo IA1 () 1A2 (5)] (1 = s)(1 = t)dsdt,
Pf
ol < |55 ()| tsdlsdt -
2
o f
M FTER — f)dsdt

92 1o
" #( /©) L f% |A1 (D142 ()| (1 — s)dsdt

82f 1l
e o] [ m o ena a0 -oas
2 1 1
Il < Wfs(a,d)‘ f fo (s (112 ()] fsdsdt (39)
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f f 1A (B11A2 $)] (1= 5)(L — Bydsdl,

f f |A1 (V)] |Az (5)| tsdsdt

foz fOZ A1 (D] A2 (5)]s(1 = t)dsdt
foz [)z |A1 (D] 1Az (8)] H(1 = s)dsdt

f : f T 1AL O11A2 6)] (1 = 5)(1 — Hydsdt,
0 0

i
f ’ f AT (B)]|Ag (5)] Esdsdt
0 i

I

fo f A1 ()42 (5)] 5(1 — H)dsdt
!

fo f AL B8z ($)] H(1 - s)dsdt

1o
f f AL O]1A2 ()] (1 = $)(1 — Bydsdt,
0 Js

ff |A1 (D] |A2 (5)| tsdsdt

f f A1 (1A ()] s(1 — t)dsdt
.
ﬂ fo A1 (O] A2 ()] ¢(1 - s)dsdt
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and
6| < ETEN (43)
1 A1
oL wo f f 181 (112 @151 — it
Pf 1,1
o @] [ [ 1 e o1 s
>f 1 A1
+ ETEN (a,d) ﬁ ﬁ A1 ()]1Az ()] (1 = s)(1 — t)dsdt.
With the help of the inequalities (28)-(43), we get
Il + 2| + - - - + |L6] (44)
< [A1 + A2][By +Bz]( TER (a,0)| + ETER *15508 (a d)‘ ETER (b, d)

If the inequality (44) is written into (27), then we get desired result. This finish the proof of Theorem
32. O

Remark 3.3. In Theorem 3.2, if we assign @(t) = t and Y(s) = s for all (t,s) € Q, then Theorem 3.2 reduces to [23,
Theorem 2].

Remark 3.4. In Theorem 3.2, let us now note that @(t) = ri; and P(s) = r([;;) forall (t,s) € Qand o, > 0. Then,
Theorem 3.2 reduces to [43, Theorem 2.1].

Corollary 3.5. In Theorem 3.2, if we choose p(t) = -~ (a) and Y(s) = 75 (ﬁ) for all (t,5) € Qand a, B,k > 0, then we
obtain the following inequality

‘fa+bc+d) rua+m[ +kf(CJral)Jr]bkf(CJ”;l)]

2 2(b-a)*

%[”J(Hb ) kf(a+b )”

Fk(a + k)l"k(ﬁ + k)
4 (b - a) (d- c)k

X fO.d + 2L 0,0+ 1 Fa,d) + 1P a0

(b—a)(d—c)[2+ (1- 2?)}[ +’<(1—2i)]

4 28 (a+k) 288 + k)
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82 >’f
" |9tas

9? >’f
tds

Pf

Ji0s @O *

(a,d)| +

(b d)‘

% ( 8t&
*f |

Theorem 3.6. Assume f : QO — R is a partial differentiable mapping on Q. Assume also |m

,q > 1isaconvex
function on the co-ordinates on Q). Then, one obtains the following inequality

‘f a+b c;d) 2A1(1)[u+¢f( c+d) @f( c+d)]

1 a+b a+b
BETV) [HW (Td) *a-Ipf (TC)]

1
TIA A

1
[ﬂ+,c+ (p,l[!f(b/ d) +a+,d7 I@/‘/}f(b/ C) +b7,c+ I(p,t,bf(a/ d) +b*,d* I(p,t[!f(a/ C)] '

< e (G CalDy+ D)
|5E@ o +3]5£0,0 +3|5k@al +9|Zk0,0]
64
. |3t¢?s(a )' +9|8t¢?s 'q |atab(11 d)| +3|Ms(bd) '
64
(2l <|gEoof +ojgtwal +2[gwa )
64

ey

9|5k@ 0| +3|5E @0 +3|5k @] +| 55w,
64 /

where : :
o= (L mora), po=(faeoras),

1

1 5 1
C=(fmora), pa=(fmeras),
1 1_
and v + i 1.

Proof. With the help of the Holder’s inequality for double integrals and by using the co-ordinated convexity



F. Hezenci et al. / Filomat 37:13 (2023), 4103-4124

>f |1
Of|m

function on Q, we have

2
3 (ta+ (1 =1t)b,sc+ (1 —-1s)d)

i Af
|11|Sj(; j(; |A1(f)||/\2(5)|m
s[ f 5 f AP |A2<s>|"dsdt]

dsdt

q g
(f f ETER (ta+ (1 =t)b,sc+ (1 —5s)d) dsdt]
2 q
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2 q 22 i
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L] < Cy - Ds |f9t¢95( c)l +9|,9t35(b c ‘64 ‘atas(“ d)’ +3‘azas(b p ’q
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IIs] < Cy - Dy —~
|atas(a c)' +3|3tas(b c' +3|MS( d)' |3t85(b d)'
|4 £ C; - Do
) 64
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I <Cy-D ggs(a C)l ‘ (b, C)| +9|3tas(a d)| +3|atas(b d ‘
6l <C1-Dy

64

B

==
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(45)

(46)

(47)

(48)

(49)

(50)
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3|22 o] +o|2L.0f + |2k a| +3[2 6l |

II7] < Cz- Dy ol , (51)
‘(Pt&s(a )’ +3‘8tz95 b, )’ +3‘8t8$( d)’ +9‘8tas(bd’ }7

Is| < C2- D i / (52)
3|5k o] +o| 7o +|Fheaf +3|Fea| |

o] < Cq- Dy = , (53)
SL@o| +3| 5w 0| +3|5E@ | +9| £ w0 l

ol < C1- Dy o1 , (54)
o|ztw,of +3|2L 0,0 +3|2 @] +| 20| )

1] < Ca- Dy oI , (55)
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o] < C2- Dy oI , (56)
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Ihal < Cy - Dy oI , (58)
|8t8s(a )‘ +3|8t¢?s(b C)| +3|8t95(a d)| +9|8t95(b d)| %

5] < C2- Dy oI , (59)

and

latas(” )| +9|atas(b )| |8t35(a d)| +3|atas(b d)| %

sl < Co - Dy . (60)

64

If the inequalities (45)-(60) are written into (27), then we obtain desired result. This is the end of the proof
of Theorem 3.6. O
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Remark 3.7. In Theorem 3.6, let us consider that @(t) =
reduces to [43, Theorem 2.2].

Corollary 3.8. In Theorem 3.6, if we take @(t) = ka(a) and P(s) =

4122

F(a) and Y(s) = (’;) for all (t,s) € Q. Then, Theorem 3.6

=@ (ﬁ) for all (t,5) € Q, then we get the following

inequality
a+b c+d T(a + k) c+d c+d
‘f 2 ) [2(b—a)“[ *"f( ) Ji- "f( )
Fk(ﬁ+k)[c+kf(a+b ) kf(a+b )”
2(d—c)k
Fk(a + k(B + k)
4(b—a) (d —C)k

Xt £ + 2L F, 0+ 1 Fa,d) + 1P a0

1

_ 2p1+1

4

_-0@-0 [

_ 2p€+]

P 1 P
1 1

w|[E+ L p+
2 i (ph4)

1 P
[W“l@§+lﬂ

9|7k @ +3| 3£ @0 +3|5k@ )| +|FE @, a| ]
64
|atas( )| |z9t¢9$(b C)| +3|atas(” d)| ’8t¢95(b d)| %
’ 64
3|55@0)| +| 7k 0| +9|5L@ | +3|5E w0 %
’ 64
(AlgEw o] +slghoof +|ghwal +s|gEoa] %
64

4. Conclusions

In this manuscript, we consider generalized fractional integrals to get midpoint type inequalities for
the co-ordinated convex functions. Firstly, it is established an identity for twice partially differentiable
mappings. By using the this identity, some midpoint type inequalities via generalized fractional integrals
are proved. Furthermore, the main results reduce some midpoint inequalities given in earlier works for
Riemann integrals and Riemann-Liouville fractional integrals. In addition to this, it is introduced some
new inequalities for k-Riemann-Liouville fractional integrals as special cases of our results. We propose
for forthcoming researchers that the methods and techniques used in this study can be established similar
inequalities for different kinds of co-ordinated convexity.
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