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canonical transform and some applications in quantum mechanics
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Abstract. In this work, an n-dimensional pseudo-differential operator involving the n-dimensional linear
canonical transform associated with the symbol σ(x1, . . . , xn; y1, . . . , yn) ∈ C∞(Rn

×Rn) is defined. We have
introduced various properties of the n-dimensional pseudo-differential operator on the Schwartz space
using linear canonical transform. It has been shown that the product of two n-dimensional pseudo-
differential operators is an n-dimensional pseudo-differential operator. Further, we have investigated
formal adjoint operators with a symbol σ ∈ Sm using the n-dimensional linear canonical transform, and the
Lp(Rn) boundedness property of the n-dimensional pseudo-differential operator is provided. Furthermore,
some applications of the n-dimensional linear canonical transform are given to solve generalized partial
differential equations and their particular cases that reduce to well-known n-dimensional time-dependent
Schrödinger-type-I/Schrödinger-type-II/Schrödinger equations in quantum mechanics for one particle with
a constant potential.

1. Introduction, definitions, and preliminaries

The one-dimensional linear canonical transform (LCT) was introduced in 1970 as an integral transform.
The linear canonical transform (LCT) [2–4, 6] plays a vital role in many fields of quantum mechanics, optics,
signal processing, image processing, and engineering sciences, which is a generalization of many integral
transform, including the Fourier transform (FT) [7, 9, 10], the fractional Fourier transform (FRFT) [1, 2, 8], the
Fresnel transform. Most recent developments in such integral transforms include (for example) the short-
time special affine Fourier transform, the discrete quadratic-phase Fourier transform, the Mehler-Foke type
index transform, the non-separable linear canonical wavelet transform, the ridgelet and linear canonical
transform, the quantum representation of the linear canonical wavelet transform, wavelet multipliers
involving the Watson transform, the quadratic-phase wave-packet transform, continuous fractional Bessel
wavelet transform, the solution of a non-linear Hunter-Saxton equation using Fibonacci wavelet method, the
Kontorovich-Lebedev transform, general families of integral transformations and so on can be found in [11–
23]. It has found many applications, such as optics systems, filter design, signal synthesis, time-frequency
analysis, phase retrieval, pattern recognition, and many other areas. The classical multi-dimensional
separable LCT is reported in [24]. Let us begin by recalling [24, Definition 2.1, p.4] and a matrix M =
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a b
c d

]
=

[
d −b
−c a

]−1

∈ SL(2,F) (a special linear group of order 2), where F is a field with ad − bc = 1

defined in [29]. Now we define an n-dimensional linear canonical transform for a function φ(x1, . . . , xn) ∈
L1(Rn) associated with a matrix M is given by

LM(φ(x1, . . . , xn))(y1, . . . , yn) = φM(y1, . . . , yn) =
∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

KM(xk, yk)

φ(x1, . . . , xn)dx1 . . .dxn,(1.1)

where i =
√
−1 and the kernel KM(xk, yk) for each k = 1, . . . ,n, is defined by

KM(xk, yk) = CM e
i
(

ax2
k

2b −
xk yk

b +
dy2

k
2b

)
, (b , 0).

In the case when b = 0, then the LCT of a function φM(y1, . . . , yn) is given by

φM(y1, . . . , yn) =
√

d e
icd
2

∑n
k=1 y2

kφ(dy1, . . . , dyn),

and CM =
1

(2πib)
n
2

. The corresponding inverse of Eq. (1.1) is defined by

LM−1 (φM(y1, . . . , yn))(x1, . . . , xn) = φ(x1, . . . , xn) =
∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

KM−1 (yk, xk)

φM(y1, . . . , yn)dy1 . . .dyn,(1.2)

where the kernel KM(xk, yk) for each k = 1, . . . ,n, that is, KM−1 (yk, xk), is given by

KM−1 (yk, xk) = CM e
−i

(
ax2

k
2b −

xk yk
b +

dy2
k

2b

)
, (b , 0),

when b = 0, then the n-dimensional inverse LCT of a function φ(x1, . . . , xn) is defined by

φ(x1, . . . , xn) =
√

a e
−iac

2
∑n

k=1 x2
kφ(ax1, . . . , axn),

with CM =
1

(−2πib)
n
2

, and the overbar denotes the complex conjugate. Throughout this paper, we shall assume

b , 0.

Definition 1.1. Schwartz space S(Rn): The Schwartz space consists of all C∞-functions φ on Rn such that

γα,β(φ) = sup
(x1,...,xn)∈Rn

∣∣∣∣∣∣∣
n∏

k=1

xαk
k

(
∂
∂xk

)βk

φ(x1, . . . , xn)

∣∣∣∣∣∣∣ < ∞, (1.3)

where the letters α and β are denoted by non-negative integers inNn
0 , that is αk and βk (k = 1, . . . ,n) are non-negative

integers such that |α| = α1 + · · · + αn and |β| = β1 + · · · + βn.

Definition 1.2. Schwartz-type space SM(Rn): The space SM(Rn) is defined as follows; φ is member of SM(Rn) iff
it is a complex valued C∞-function on Rn, which satisfy the following condition:

S
M
α,β(φ) = sup

(x1,...,xn)∈Rn

∣∣∣∣∣∣∣
n∏

k=1

{
xαk

k

(
∆xk ,a,b

)βk
}
φ(x1, . . . , xn)

∣∣∣∣∣∣∣ < ∞, (1.4)

for every choice of non-negative integers α and β inNn
0 , where ∆xk ,a,b is defined by:

∆xk ,a,b =

(
∂
∂xk
− i

a
b

xk

)
, (1.5)

if we put a = 0 in (1.4), then it reduces to Definition 1.1.
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Definition 1.3. Let m ∈ R. Then we define Sm to be the set of all functions σ(x1, . . . , xn; y1, . . . , yn) in C∞(Rn
×Rn)

such that for any two multi-indices α and β, there is a positive constant Cα,β, depending on α and β only, for which∣∣∣∣∣∣∣
n∏

k=1

(
∂
∂xk

)αk
(
∂
∂yk

)βk

σ(x1, . . . , xn; y1, . . . , yn)

∣∣∣∣∣∣∣ ≤ Cα,β

1 +
n∏

k=1

|yk|


m−|β|

. (1.6)

Definition 1.4. Let σ(x1, . . . , xn; y1, . . . , yn) ∈ Sm. Then the n-dimensional pseudo-differential operator Tσ,M associ-
ated with symbol σ(x1, . . . , xn; y1, . . . , yn), is defined by

(
Tσ,Mφ

)
(x1, . . . , xn) = CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
ax2

k
2b −

xk yk
b +

dy2
k

2b

) σ(x1, . . . , xn; y1, . . . , yn)

× φM(y1, . . . , yn)dy1 . . .dyn, ∀φ ∈ S(Rn), (1.7)

where φM(y1, . . . , yn) is the n-dimensional linear canonical transform of a function φ. Let σ(x1, . . . , xn; y1, . . . , yn) ∈
S

m for r = 0, 1, 2, . . . , which is given by:

σr(x1, . . . , xn; y1, . . . , yn) = σ(x1, . . . , xn; y1, . . . , yn)φr(y1, . . . , yn), ∀ (x1, . . . , xn), (y1, . . . , yn) ∈ Rn, (1.8)

then we define

Kr,M(x1, . . . , xn; z1, . . . , zn) = CM

∫
∞

−∞

· · ·

∫
∞

−∞

e
−i

(
az2

k
2b −

zk yk
b +

dy2
k

2b

) σr(x1, . . . , xn; y1, . . . , yn)dy1 . . .dyn, (1.9)

where φr is the partition of the unity constructed in the book of Wong [28, p. 40].

Theorem 1.5 (Taylor’s Formula [28]). Suppose f ∈ C∞(Rn) and for all positive integer l, we have

f (y1 + η1, . . . , yn + ηn) =
∞∑
α1=l

· · ·

∞∑
αn=l

ηα1
1 . . . ηαn

n

α1! . . . αn!
(∂α1+···+αn f )(y1, . . . , yn)

∂yα1
1 . . . ∂yαn

n
+ Rl(y1, . . . , yn; η1, . . . , ηn), (1.10)

where Rl(y1, . . . , yn; η1, . . . , ηn) = l
∑
∞

ν1=l · · ·
∑
∞

νn=l
η
ν1
1 ...η

νn
n

ν1!...νn!

∫ 1

0 (1 − θ)l−1 (∂ν1+···+νn f )(y1,...,yn)
∂yν1

1 ...∂yνn
n

(
y1 + θη1, . . . , yn + θηn

)
dθ,

for all (y1, . . . , yn), (η1, . . . , ηn) ∈ Rn.

Cordero and Gröchenig [26], Du and Wong [27] found the product formula for localization operators
(sub-class of pseudo-differential operators) on modulation space and Gelfand-Shilov spaces. Motivated
by the work of Du and Wong [27, 28], our main goal in this paper is to find the characterization of n-
dimensional pseudo-differential operator associated with the symbol σ(x1, . . . , xn; y1, . . . , yn) ∈ C∞(Rn

×Rn)
involving n-dimensional linear canonical transform. Further, we have derived some new results of the
n-dimensional linear canonical transform in a distributional sense. These new findings have become an
elegant tool for solving generalized partial differential equations. Furthermore, we have investigated
some applications of the n-dimensional linear canonical transform to solve generalized partial differential
equations and their particular cases that reduce to well-known n-dimensional time-dependent Schrödinger-
type-I/Schrödinger-type-II/Schrödinger equations in quantum mechanics for one particle with a constant
potential.

2. Properties of the n-dimensional pseudo-differential operator

This section proves that the n-dimensional pseudo-differential operator is a continuous linear map from
Schwartz space into itself. Then we have shown that the product of two n-dimensional pseudo-differential
operators is again an n-dimensional pseudo-differential operator. We have defined the formal adjoint of
an n-dimensional pseudo-differential operator. Using this fact, we have derived an asymptotic expansion
for the symbol of the formal adjoint. The boundedness on Lp(Rn) has been investigated by using the
n-dimensional linear canonical transform technique.
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Proposition 2.1. Let σ(x1, . . . , xn; y1, . . . , yn) ∈ Sm, m ∈ R. Then the n-dimensional pseudo-differential operators
Tσ,M : S(Rn)→ S(Rn) is a continuous linear map.

Proof. Let φ ∈ S(Rn). Then for any two multi-indices α and β, we have to show that

sup
(x1,...,xn)∈Rn

∣∣∣∣∣∣∣
 n∏

k=1

xαk
k

(
∂
∂xk

)βk

Tσ,Mφ

 (x1, . . . , xn)

∣∣∣∣∣∣∣ < ∞.
Multiplying both sides of Eq. (1.7) by

∏n
k=1 xαk

k

(
∂
∂xk

)βk
and using the Leibniz rule followed by integration by

parts with the setting αk + ηk = δk, (k = 1, . . . ,n), we have

= (−1)|δ|CM

n∏
k=1


βk∑
β
′

k=0

(
βk

β
′

k

) β
′

k∑
β
′′

k =0

(
β
′

k

β
′′

k

)
(
i
1
b

)β′′k −δk


n∏

k=1

β
′

k−β
′′

k∑
ηk=0

Aηk

(a
b

)


n∏
k=1

β
′

k−β
′′

k∑
η
′

k=0

Aη
′

k

(
d
b

)
−1

×

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
ax2

k
2b +

dy2
k

2b −
xk yk

b

) n∏
k=1

δk∑
δ
′

k=0

(
δk

δ
′

k

) ( ∂
∂yk

)δk−δ
′

k
(
∂
∂xk

)β−β′k
σ

 (x1, . . . , xn; y1, . . . , yn)

×

n∏
k=1

(
∂
∂yk

)δ′k (
y
β
′′

k −η
′

k
k φM(y1, . . . , yn)

)
dy1 . . .dyn.

with the help of Definition 1.3, we can find a positive constant depending on the two multi-indices δ − δ
′

and β − β
′

such that

sup
(x1,...,xn)∈Rn

∣∣∣∣∣∣∣
n∏

k=1

xαk
k

(
∂
∂xk

)βk

(Tσ,Mφ)(x1, . . . , xn)

∣∣∣∣∣∣∣
≤ |CM|

n∏
k=1


βk∑
β
′

k=0

(
βk

β
′

k

) β
′

k∑
β
′′

k =0

(
β
′

k

β
′′

k

)
(1

b

)β′′k −δk


n∏

k=1

β
′

k−β
′′

k∑
ηk=0

Aηk

(a
b

)


n∏
k=1

β
′

k−β
′′

k∑
η
′

k=0

Aη
′

k

(
d
b

)
−1

n∏
k=1


δk∑
δ
′

k=0

(
δk

δ
′

k

)
× Cβ−β′ ,δ−δ′

∫
∞

−∞

· · ·

∫
∞

−∞

1 +
n∏

k=1

|yk|


m−|δ|+|δ′ | ∣∣∣∣∣∣∣

n∏
k=1

(
∂
∂yk

)δ′k (
y
β
′′

k −η
′

k
k φM(y1, . . . , yn)

)∣∣∣∣∣∣∣ dy1 . . .dyn. (2.1)

Since φ ∈ S(Rn), it follows from Eq. (2.1), and there exist is a positive constant CM,β−β′ ,δ−δ′ depending on
Cβ−β′ ,δ−δ′ and CM, we have

sup
(x1,...,xn)∈Rn

∣∣∣∣∣∣∣
n∏

k=1

xαk
k

(
∂
∂xk

)βk

(Tσ,Mφ)(x1, . . . , xn)

∣∣∣∣∣∣∣ ≤ CM,β−β′ ,δ−δ′

∫
∞

−∞

· · ·

∫
∞

−∞

1 +
n∏

k=1

|yk|


m−|δ|+|δ′ |

dy1 . . .dyn.

Since the integrals on the right-hand side are convergent for sufficiently large multi-index δ, we obtained
the desired result.

Theorem 2.2. Let σ ∈ Sm1 and τ ∈ Sm2 , (m1,m2 ∈ R). Then the product of two n-dimensional pseudo-differential
operators Tσ,MTτ,M is again an n-dimensional pseudo-differential operator Tλ,M, where λ is a symbol in Sm1+m2 and
has the following asymptotic expansion

λ(x1, . . . , xn; y1, . . . , yn) ∼
n∏

k=1

∞∑
µk=0

(−i)µk

µk!

(
∂σ
∂yk

)µk
(
∂τ
∂xk

)µk

(x1, . . . , xn; y1, . . . , yn), (2.2)
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here, Eq. (2.2) means that

λ(x1, . . . , xn; y1, . . . , yn) −
n∏

k=1

l−1∑
µk=0

(−i)µk

µk!

(
∂σ
∂yk

)µk
(
∂τ
∂xk

)µk

(x1, . . . , xn; y1, . . . , yn), (2.3)

is a symbol in Sm1+m2−l for every positive integer l.

Proof. Let φ ∈ S(Rn). From Eq. (1.7), we have

Tσ,Mφ(x1, . . . , xn) =
∞∑

r=0

(
Tσr,Mφ

)
(x1, . . . , xn)

= CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
ax2

k
2b +

dy2
k

2b −
xk yk

b

)
 ∞∑

r=0

σr(x1, . . . , xn; y1, . . . , yn)

φM(y1, . . . , yn)dy1 . . .dyn

= CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
ax2

k
2b +

dy2
k

2b −
xk yk

b

) σ(x1, . . . , xn; y1, . . . , yn)φM(y1, . . . , yn)dy1 . . .dyn.

For τ ∈ Sm2 , we obtain

(Tσr,MTτ,Mφ)(x1, . . . , xn) = CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
ax2

k
2b +

dy2
k

2b −
xk yk

b

)
× σr(x1, . . . , xn; y1, . . . , yn)LM(Tτ,Mφ)(y1, . . . , yn)dy1 . . .dyn.

Using Eq. (1.1), (1.9) and Fubini’s theorem on the right-hand side of the above expression, we get

= CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
ax2

k
2b +

dy2
k

2b

)
+i

xk yk
b


CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
i
(

a(xk−tk )2

2b +
dy2

k
2b

)
−i

yk (xk−tk )
b


× Kr,M(x1, . . . , xn; x1 − t1, . . . , xn − tn)τ(y1, . . . , yn; t1, . . . , tn)dt1 . . .dtn

)
φM(y1, . . . , yn)dy1 . . .dyn

= CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
ax2

k
2b +

dy2
k

2b

)
+i

xk yk
b

λr(x1, . . . , xn; y1, . . . , yn)φM(y1, . . . , yn)dy1 . . .dyn, (2.4)

where

λr(x1, . . . , xn; y1, . . . , yn) = CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
i
(

a(xk−tk )2

2b +
dy2

k
2b

)
−i

yk (xk−tk )
b


× Kr,M(x1, . . . , xn; x1 − t1, . . . , xn − tn)τ(y1, . . . , yn; t1, . . . , tn)dt1 . . .dtn. (2.5)

Therefore, Eq. (2.4) becomes

(Tσr,MTτ,Mφ)(x1, . . . , xn) = (Tλ,Mφ)(x1, . . . , xn), (2.6)

where

λ(x1, . . . , xn; y1, . . . , yn) =
∞∑

r=0

λr(x1, . . . xn; y1, . . . , yn). (2.7)

Now, Eq. (2.5) can be re-written as

λr(x1, . . . , xn; y1, . . . , yn) = CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
i
(

az2
k

2b +
dy2

k
2b

)
−i

ykzk
b

 Kr,M(x1, . . . , xn; z1, . . . , zn)

× τ(x1 − z1, . . . , xn − zn; y1, . . . , yn)dz1 . . .dzn. (2.8)
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Using Taylor’s formula provided in Theorem 1.5, we can write the right-hand side of the above expression
as

τ(x1 − z1, . . . , xn − zn; y1, . . . , yn) =

n∏
k=1

l1−1∑
µk=0

(−zk)µk

µk!

(
∂
∂xk

)µk

τ(x1, . . . , xn; y1, . . . , yn)

+ Rl1 (x1, . . . , xn; y1, . . . , yn; z1, . . . , zn). (2.9)

Using Eq. (2.8) and Eq. (2.9), we have

λr(x1, . . . , xn; y1, . . . , yn) =
n∏

k=1

l1−1∑
µk=0

1
µk!

(
∂
∂xk

)µk

τ(x1, . . . , xn; y1, . . . , yn)CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
i
(

az2
k

2b +
dy2

k
2b

)
−i

ykzk
b


× Kr,M(x1, . . . , xn; z1, . . . , zn)[(−z1)µ1 . . . (−zk)µk ]dz1 . . .dzn + Tr

l1,M
(x1, . . . , xn; y1, . . . , yn), (2.10)

where

Tr
l1,M

(x1, . . . , xn; y1, . . . , yn) = CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
i
(

az2
k

2b +
dy2

k
2b

)
−i

ykzk
b

 Kr,M(x1, . . . , xn; z1, . . . , zn)

× Rl1 (x1, . . . , xn; y1, . . . , yn; z1, . . . , zn)dz1 . . .dzn. (2.11)

Using Definition 1.1 and Eq. (2.10), we get

λr(x1, . . . , xn; y1, . . . , yn) =
n∏

k=1

l1−1∑
µk=0

(−zk)µk

µk!

(
∂
∂xk

)µk

σr(x1, . . . , xn; y1, . . . , yn)

×

n∏
k=1

(
∂
∂xk

)µk

τ(x1, . . . , xn; y1, . . . , yn) + Tr
l1,M

(x1, . . . , xn; y1, . . . , yn). (2.12)

For any integer l1 > l, the function λ given by Eq. (2.7) satisfies

λ(x1, . . . , xn; y1, . . . , yn) −
n∏

k=1

l−1∑
µk=0

(−ik)µk

µk!

(
∂σr

∂yk

)µk
(
∂τ
∂xk

)µk

(x1, . . . , xn; y1, . . . , yn)

= λ(x1, . . . , xn; y1, . . . , yn) −
n∏

k=1

l1−1∑
µk=0

(−ik)µk

µk!

(
∂σr

∂yk

)µk
(
∂τ
∂xk

)µk

(x1, . . . , xn; y1, . . . , yn)

+

n∏
k=1

l1−1∑
µk=l

(−ik)µk

µk!

(
∂σr

∂yk

)µk
(
∂τ
∂xk

)µk

(x1, . . . , xn; y1, . . . , yn). (2.13)

From Wong [28, p. 57], we have

n∏
k=1

l1−1∑
µk=l

(−ik)µk

µk!

(
∂σr

∂yk

)µk
(
∂τ
∂xk

)µk

(x1, . . . , xn; y1, . . . , yn) ∈ Sm1+m2−l. (2.14)

From Wong [28, p. 58–59] and for all multi-indices α and β there exist a positive constant Cα,β > 0, such that∣∣∣∣∣∣∣∣∂αx∂βy
λ − n∏

k=1

l−1∑
µk=0

(−ik)µk

µk!

(
∂σr

∂yk

)µk
(
∂τ
∂xk

)µk
 (x1, . . . , xn; y1, . . . , yn)

∣∣∣∣∣∣∣∣ ≤ Cα,β

1 +
n∏

k=1

|yk|


m1+m2−l−|β|

. (2.15)

From Eq. (2.13), Eq. (2.14) and Eq. (2.15), we conclude that λ ∈ Sm1+m2 .
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Definition 2.3. Let σ be a symbol in Sm and Tσ,M is the n-dimensional pseudo-differential operator. Suppose there
exist a linear operator T⋆σ,M : S(Rn)→ S(Rn), such that〈

Tσ,Mφ,ψ
〉
=

〈
φ,T⋆σ,Mψ

〉
, ∀ φ,ψ ∈ S(Rn), (2.16)

then, T⋆σ,M is said to be formal adjoint of the operator Tσ,M.

Theorem 2.4. Let σ ∈ Sm. Then the formal adjoint of the n-dimensional pseudo-differential operator Tσ,M is again
an n-dimensional pseudo-differential operator Tτ,M and has the following asymptotic expansion

τ(x1, . . . , xn; y1, . . . , yn) ∼
n∏

k=1

∞∑
µk=0

(−ik)µk

µk!

(
∂
∂xk

)µk
(
∂
∂yk

)µk

σ(x1, . . . , xn; y1, . . . , yn), (2.17)

here, Eq. (2.17) means that

τ(x1, . . . , xn; y1, . . . , yn) −
n∏

k=1

l−1∑
µk=0

(−ik)µk

µk!

(
∂
∂xk

)µk
(
∂
∂yk

)µk

σ(x1, . . . , xn; y1, . . . , yn) ∈ Sm−l, (2.18)

where τ ∈ Sm, and for all positive integer l.

Proof. For φ,ψ ∈ S(Rn), then we have〈
Tσr,Mφ,ψ

〉
=

∫
∞

−∞

· · ·

∫
∞

−∞

CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
ax2

k
2b +

dy2
k

2b

)
+i

xk yk
b


× σr(x1, . . . , xn; y1, . . . , yn)φM(y1, . . . yn)

)
dy1 . . .dynψ(x1, . . . , xn)dx1 . . .dxn.

Using Eq. (1.9), Eq. (2.16), and Fubini’s theorem on the right-hand side of the above expression, we have

=

∫
∞

−∞

· · ·

∫
∞

−∞

CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
a(x2

k−z2
k )

2b

)
+i

(
a(xk−zk )2

2b +
dy2

k
2b

)
× Kr,M(x1, . . . , xn; x1 − z1, . . . , xn − zn)ψ(x1, . . . , xn)dx1 . . .dxn

)
φ(z1, . . . , zn)dz1 . . .dzn

=

∫
∞

−∞

· · ·

∫
∞

−∞

φ(z1, . . . , zn)(T⋆σr,M
ψ)(z1, . . . , zn)dy1 . . .dyn, (2.19)

where(
T⋆σr,Mψ

)
(x1, . . . , xn) = CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
i
(

a(z2
k−x2

k )

2b

)
−i

(
a(zk−xk )2

2b +
dy2

k
2b

)
× Kr,M(z1, . . . , zn; z1 − x1, . . . , zn − xn)ψ(z1, . . . , zn)dz1 . . .dzn. (2.20)

Using the n-dimensional inverse LCT on the right-hand side of the above expression and applying change
of variables (let us take zk − xk = ζk, for k = 1, . . . ,n), we get

= CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
ax2

k
2b +

dy2
k

2b

)
+i

xk yk
b


CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
aζ2

k
2b +

dy2
k

2b

)
+i

ζk yk
b


× Kr,M(x1 + ζ1, . . . , xn + ζn; ζ1, . . . , ζn)dζ1 . . .dζn

)
ψM(y1, . . . , yn)dy1 . . .dyn

= CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
ax2

k
2b +

dy2
k

2b

)
+i

xk yk
b

 τr(x1, . . . , xn; y1, . . . , yn)ψM(y1, . . . , yn)dy1 . . .dyn

=
(
Tτr,Mψ

)
(x1, . . . , xn), (2.21)
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where

τr(x1, . . . , xn; y1, . . . , yn) = CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
aζ2

k
2b +

dy2
k

2b

)
+i

ykζk
b


× Kr,M(x1 + ζ1, . . . , xn + ζn; ζ1, . . . , ζn)dζ1 . . .dζn. (2.22)

Therefore, from Eq. (2.21), T⋆σr,M
is again an n-dimensional pseudo-differential operator. Since

⟨Tσ,Mφ,ψ⟩ =
∞∑

r=0

⟨Tσr,Mφ,ψ⟩.

Therefore,

τ(x1, . . . , xn; y1, . . . , yn) =
∞∑

r=0

τr(x1, . . . , xn; y1, . . . , yn), (2.23)

and 〈
Tσ,Mφ,ψ

〉
=

〈
φ,Tτ,Mψ

〉
. (2.24)

Then by Taylor’s formula with the integral remainder given by Eq. (1.10), we get

Kr,M(x1 + ζ1, . . . , xn + ζn; ζ1, . . . , ζn) =

n∏
k=1

l1−1∑
µk=0

ζ
µk

k

µk!

(
∂
∂xk

)µk

Kr,M(x1, . . . , xn; ζ1, . . . , ζn)

+ Rr
l1

(x1, . . . , xn; ζ1, . . . , ζn), (2.25)

Therefore, from Eq. (2.22), we have

τr(x1, . . . , xn; y1, . . . , yn) =

n∏
k=1

∞∑
µk=l1

(−i)µk

µk!

(
∂
∂xk

)µk
(
∂
∂yk

)µk

σr(x1, . . . , xn; y1, . . . , yn)

+ Tr
l1

(x1, . . . , xn; y1, . . . , yn), (2.26)

where

Tr
l1

(x1, . . . , xn; y1, . . . , yn) = CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
aζ2

k
2b +

dy2
k

2b

)
+i

ζk yk
b


× Rr

l1
(x1, . . . , xn; ζ1, . . . , ζn)dζ1 . . .dζn. (2.27)

For any positive integer l1 > l, the function τ is given by Eq. (2.23) satisfies

τ(x1, . . . , xn; y1, . . . , yn) −
n∏

k=1

l−1∑
µk=0

(−i)µk

µk!

(
∂
∂xk

)µk
(
∂
∂yk

)µk

σ(x1, . . . , xn; y1, . . . , yn)

= τ(x1, . . . , xn; y1, . . . , yn) −
n∏

k=1

l1−1∑
µk=0

(−i)µk

µk!

(
∂
∂xk

)µk
(
∂
∂yk

)µk

σ(x1, . . . , xn; y1, . . . , yn)

+

n∏
k=1

l1−1∑
µk=l

(−i)µk

µk!

(
∂
∂xk

)µk
(
∂
∂yk

)µk

σ(x1, . . . , xn; y1, . . . , yn). (2.28)
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Hence,
n∏

k=1

l1−1∑
µk=l

(−i)µk

µk!

(
∂
∂xk

)µk
(
∂
∂yk

)µk

σ(x1, . . . , xn; y1, . . . , yn) ∈ Sm−l. (2.29)

From Wong [28, p. 58–59] and for all multi-indices α and β, there exists a constant Cα,β > 0, such that∣∣∣∣∣∣∣∣

(
∂
∂xk

)αk
(
∂
∂yk

)βk
τ − n∏

k=1

l−1∑
µk=0

(−i)µk

µk!

(
∂
∂xk

)µk
(
∂
∂yk

)µk

σ


 (x1, . . . , xn; y1, . . . , yn)

∣∣∣∣∣∣∣∣ ≤ Cα,β

1 +
n∏

k=1

|yk|


m−l−|β|

.

(2.30)

Therefore, from Eq. (2.30), we get the desired result as follows

τ(x1, . . . , xn; y1, . . . , yn) −
n∏

k=1

l−1∑
µk=0

(−i)µk

µk!

(
∂
∂xk

)µk
(
∂
∂yk

)µk

σ(x1, . . . , xn; y1, . . . , yn) ∈ Sm−l.

Theorem 2.5. Let σ ∈ S0, then Tσ,M : Lp(Rn)→ Lp(Rn) is a bounded linear operator for 1 ≤ p < ∞.

Proof. From Eq. (1.7), we have

(
Tσ,Mφ

)
(x1, . . . , xn) =

∞∑
r=0

(
Tσr,Mφ

)
(x1, . . . , xn)

= CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
ax2

k
2b +

dy2
k

2b

)
+i

xk yk
b

 σ(x1, . . . , xn; y1, . . . , yn)φM(y1, . . . , yn)dy1 . . .dyn, (2.31)

applying n-dimensional LCT then after n-dimensional inverse LCT on the symbol σ(x1, . . . , xn; y1, . . . , yn),
and using Fubini’s theorem, we have

(
Tσ,Mφ

)
(x1, . . . , xn) = CM

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

e
−i

(
aλ2

k
2b +

dx2
k

2b

)
+i

λkxk
b

 (
Tλ,Mφ

)
(x1, . . . , xn)dλ1 . . .dλn. (2.32)

Since σ ∈ S0 and from Upadhyay and Dubey [25] for 1 ≤ p < ∞, we have

∥∥∥Tλ,Mφ
∥∥∥

p = CM,β

1 +
n∏

k=1

|λk|


−|β| ∥∥∥φ∥∥∥

p . (2.33)

Using Minkowski’s inequality in Eq. (2.32), we obtain∥∥∥Tλ,Mφ
∥∥∥

p ≤ CM
∫
∞

−∞
· · ·

∫
∞

−∞

∥∥∥Tλ,Mφ
∥∥∥

p dλ1 . . .dλn. (2.34)

From Eq. (2.33) and Eq. (2.34), we get

∥∥∥Tσ,Mφ
∥∥∥

p ≤ CMCM,β


∫
∞

−∞

· · ·

∫
∞

−∞

1 +
n∏

k=1

|λk|


−|β|

dλ1 . . .dλn

 ∥∥∥φ∥∥∥
p ,

since the last integrals are bounded, therefore we have∥∥∥Tσ,Mφ
∥∥∥

p ≤ CM,β

∥∥∥φ∥∥∥
p , for all 1 ≤ p < ∞.
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3. Important results of an n-dimensional linear canonical transform

This section has derived some new results of an n-dimensional linear canonical transform in a distribu-
tional sense. In the next section, these new findings become elegant tools for solving generalized partial
differential equations and particular cases in quantum mechanics.

Proposition 3.1. Suppose φ,ψ ∈ SM(Rn) and j ∈N0, then following results can be obtained

(i)
∫
∞

−∞
· · ·

∫
∞

−∞

({∏n
k=1 ∆xk ,a,b

}
φ(x1, . . . , xn)

)
ψ(x1, . . . , xn)dx1 . . .dxn

=
∫
∞

−∞
· · ·

∫
∞

−∞
φ(x1, . . . , xn)

({∏n
k=1 ∆

⋆
xk ,a,b

}
ψ(x1, . . . , xn)

)
dx1 . . .dxn,

(ii)
{∏n

k=1
(
∆xk ,a,b

)
KM(xk, yk)

} j
=

(∏n
k=1

−iyk
b

) j {
KM(xk, yk)

}
,

(iii) LM

{(∏n
k=1 ∆

⋆
xk ,a,b

) j
φ(x1, . . . , xn)

}
=

(∏n
k=1

−iyk
b

) j
(LMφ(x1, . . . , xn))(y1, . . . , yn),

where ∆⋆xk ,a,b
= −

(
∂
∂xk
+ i a

b xk

)
is the adjoint operator of ∆xk ,a,b =

(
∂
∂xk
− i a

b xk

)
.

Proof. One can derive this proposition easily by extending (one dimension to n-dimension) results provided
in [4, 5].

Proposition 3.2. For any function f (∆x1,a,b, . . . ,∆xn,a,b) ∈ S(Rn), then we have the following result

f (∆x1,a,b, . . . ,∆xn,a,b)

 n∏
k=1

KM(xk, yk)

 = f
(
−

iy1

b
, . . . ,−

iyn

b

)  n∏
k=1

KM(xk, yk)

 .
Proof. As f (∆x1,a,b, . . . ,∆xn,a,b) ∈ S(Rn), then f (∆x1,a,b, . . . ,∆xn,a,b) can be written in the form of n-dimensional
Taylor’s series expansion about the origin by

f (∆x1,a,b, . . . ,∆xn,a,b) =
∞∑

r1=0

· · ·

∞∑
rn=0

∆r1
x1,a,b

. . .∆rn
xn,a,b

r1! . . . rn!
∂|r| f (0, . . . , 0)
∂xr1

1 . . . ∂xrn
n
, (3.1)

using Proposition 3.1 (ii) part, we can write

f (∆x1,a,b, . . . ,∆xna,b)

 n∏
k=1

KM(xk, yk)

 = ∞∑
r1=0

· · ·

∞∑
rn=0

∆r1
x1,a,b

KM(x1, y1) . . .∆rn
xn,a,b

KM(xn, yn)

r1! . . . rn!
∂|r| f (0, . . . , 0)
∂xr1

1 . . . ∂xrn
n

=

∞∑
r1=0

· · ·

∞∑
rn=0

(
−

iy1

b

)r1
. . .

(
−

iyn

b

)rn

r1! . . . rn!
∂|r| f (0, . . . , 0)
∂xr1

1 . . . ∂xrn
n

 n∏
k=1

KM(xk, yk)

 = f
(
−

iy1

b
, . . . ,−

iyn

b

)  n∏
k=1

KM(xk, yk)

 .

Lemma 3.3. For all f (∆x1,a,b, . . . ,∆xn,a,b) ∈ S(Rn), we have∫
∞

−∞

· · ·

∫
∞

−∞

f (∆x1,a,b, . . . ,∆xn,a,b)

 n∏
k=1

KM(xk, yk)

φ(x1, . . . , xn)dx1 . . .dxn

=

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

KM(xk, yk)

 f (∆⋆x1,a,b
, . . . ,∆⋆xn,a,b

)φ(x1, . . . , xn)dx1 . . .dxn. (3.2)
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Proof. To prove Lemma 3.3, we first start with the left-hand side of Eq. (3.2) as below∫
∞

−∞

· · ·

∫
∞

−∞

f (∆x1,a,b, . . . ,∆xn,a,b)

 n∏
k=1

KM(xk, yk)

φ(x1, . . . , xn)dx1 . . .dxn,

using Eq. (3.1) and Proposition 3.1 (iii) part, we have

=

∫
∞

−∞

· · ·

∫
∞

−∞

 n∏
k=1

KM(xk, yk)


 ∞∑

r1=0

· · ·

∞∑
rn=0

(
∆⋆x1,a,b

)r1
. . .

(
∆⋆xn,a,b

)rn

r1! . . . rn!
∂|r| f (0, . . . , 0)
∂xr1

1 . . . ∂xrn
n


φ(x1, . . . , xn)dx1 . . .dxn.

So, we got the desired result.

4. Applications

This section uses the n-dimensional linear canonical transform and significant results obtained in the pre-
vious section to solve the initial value problem of n-dimensional Generalized Partial Differential Equations
(n-GPDE) and their particular cases.

4.1. An n-dimensional generalized partial differential equations

The n-dimensional Generalized Partial Differential Equations (n-GPDE) are as follows:

n-GPDE : A ∂φ(x1,...,xn,t)
∂t = B

{
f
(
∆⋆x1,a,b

, . . . ,∆⋆xn,a,b

)
φ
}

(x1, . . . , xn, t) + Cφ(x1, . . . , xn, t),

IC : Initial φ(x1, . . . , xn, 0) = 1(x1, . . . , xn), ∀ (x1, . . . , xn) ∈ Rn, t ≥ 0,

 (4.1)

where A , 0,B and C are governing parameters of the n-GPDE. Also, ∆⋆xk ,a,b
and f

(
∆⋆x1,a,b

, . . . ,∆⋆xn,a,b

)
are

defined in Proposition 3.1, and Eq. (3.1) (where ∆xk ,a,b is replaced by ∆⋆xk,a,b
for k = 1, 2, . . . ,n), respectively.

Taking n-dimensional LCT on n-GPDE of Eq. (4.1) and using Proposition 3.2, Lemma 3.3, we have

∂φM(y1, . . . , yn, t)
∂t

=

(
B

A
f
(
−

iy1

b
, . . . ,−

iy1

b

)
+
C

A

)
φM(y1, . . . , yn, t).

Therefore,

φM(y1, . . . , yn, t) = 1M(y1, . . . , yn) e
(
B

A
f
(
−

iy1
b ,...,−

iy1
b

)
+ C
A

)
t. (4.2)

Taking n-dimensional inverse LCT of both sides of Eq. (4.2), we have

φ(x1, . . . , xn, t) =
e
C

A
te−i a

2b (∑n
k=1 x2

k)

(2πb)n

∫
∞

−∞

· · ·

∫
∞

−∞

ei 1
b (∑n

k=1 xk yk)e
(
B

A
f
(
−

iy1
b ,...,−

iy1
b

))
tdy1 . . .dyn

×

∫
∞

−∞

· · ·

∫
∞

−∞

ei 1
b (∑n

k=1 ykzk)ei a
2b (∑n

k=1 z2
k)1(z1, . . . , zn)dz1 . . .dzn.

4.2. An n-dimensional generalized time-dependent Schrödinger-type-I equations in quantum mechanics and their
particular cases

In this section, we have established the n-dimensional generalized time-dependent Schrödinger-type-I
equations in quantum mechanics for one particle with a constant potential and its particular cases while
choosing suitable governing parameters and differential operators.
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If we take the governing parameters asA = iℏ,B = − ℏ
2

2m (where ℏ = h
2π is the reduced Planck’s constant

and m is the mass of the particle), and C = V(x1, . . . , xn) = β , 0 is the constant potential energy influencing

the particle along with the Laplacian-type-I operator f
(
∆⋆x1,a,b

, . . . ,∆⋆xn,a,b

)
=

(
∆⋆x1,a,b

)2
+ · · · +

(
∆⋆xn,a,b

)2
in

the n-GPDE as defined in Eq. (4.1), then it reduces to the n-dimensional generalized time-dependent
Schrödinger-type-I equations in quantum mechanics for one particle with non-zero constant potential as
follows

n-GPDE : iℏ ∂φ(x1,...,xn,t)
∂t = − ℏ

2

2m

{(
∆⋆x1,a,b

)2
+ · · · +

(
∆⋆xn,a,b

)2
}
φ(x1, . . . , xn, t)

+βφ(x1, . . . , xn, t), ∀ (x1, . . . , xn) ∈ Rn, t ≥ 0,

IC : Initial φ(x1, . . . , xn, 0) = 1(x1, . . . , xn),

 (4.3)

where ∆⋆xk,a,b
= −

(
∂
∂xk
+ i a

b xk

)
is defined in Proposition 3.1, and taking n-dimensional LCT on n-GPDE of Eq.

(4.3) and using Proposition 3.1, we have

∂φM(y1, . . . , yn, t)
∂t

=

− iℏ
2mb2

 n∑
k=1

y2
k

 − iβ
ℏ

φM(y1, . . . , yn, t).

Therefore,

φM(y1, . . . , yn, t) = 1M(y1, . . . , yn) e
{
−

iℏ
2mb2 (∑n

k=1 y2
k)−

iβ
ℏ

}
t. (4.4)

Taking n-dimensional inverse LCT of both sides of Eq. (4.4), we have

φ(x1, . . . , xn, t) =
e−i βℏ te−i a

2b (∑n
k=1 x2

k)

(2πb)n

∫
∞

−∞

· · ·

∫
∞

−∞

ei 1
b (∑n

k=1 xk yk)e
{
−

iℏ
2mb2 (∑n

k=1 y2
k)−

iβ
ℏ

}
tdy1 . . .dyn

×

∫
∞

−∞

· · ·

∫
∞

−∞

ei 1
b (∑n

k=1 ykzk)ei a
2b (∑n

k=1 z2
k)1(z1, . . . , zn)dz1 . . .dzn.

Let us assume thatΛM(z1, . . . , zn) = ei a
2b (∑n

k=1 z2
k)1(z1, . . . , zn), and the setting yk

b = vk, then the above expression
becomes

φ(x1, . . . , xn, t) =
me−i βℏ te−i a

2b (∑n
k=1 x2

k)

iℏ(πt)
n
2

∫
∞

−∞

· · ·

∫
∞

−∞

ei(∑n
k=1 xkvk)F

(
e−

iℏx2
k

8mt

)
(v1, . . . , vn)F (ΛM(z))(v1, . . . , vn)dv1 . . .dvn,

where F ( f ) denotes the Fourier transform of a function f . We have

φ(x1, . . . , xn, t)

=
me−i βℏ te−i a

2b (∑n
k=1 x2

k)

iℏ(πt)
n
2

1
(2π)

n
2

∫
∞

−∞

· · ·

∫
∞

−∞

ei(∑n
k=1 xkvk)F

{(
e−

iℏx2
k

8mt

)
∗ (ΛM(x))

}
(v1, . . . , vn)dv1 . . .dvn

=
me−i βℏ te−i a

2b (∑n
k=1 x2

k)

iℏ(πt)
n
2

∫
∞

−∞

· · ·

∫
∞

−∞

e−i ℏ8tm (∑n
k=1(xk−wk)2)ΛM(w1, . . . ,wn)dw1 . . .dwn.

Hence,

φ(x1, . . . , xn, t) =
me−i βℏ te−i a

2b (∑n
k=1 x2

k)

iℏ(πt)
n
2

∫
∞

−∞

· · ·

∫
∞

−∞

e−i ℏ8tm (∑n
k=1(xk−wk)2)ei a

2b (∑n
k=1 w2

k)1(w1, . . . ,wn)dw1 . . .dwn.

If we take the governing parameters asA = iℏ,B = − ℏ
2

2m (where ℏ = h
2π is the reduced Planck’s constant and

m is the mass of the particle), and C = V(x1, . . . , xn) = β = 0 is the constant potential energy influencing the
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particle along with the Laplacian-type-I operator f
(
∆⋆x1,a,b

, . . . ,∆⋆xn,a,b

)
=

(
∆⋆x1,a,b

)2
+· · ·+

(
∆⋆xn,a,b

)2
in the n-GPDE

as defined in Eq. (4.1), then it reduces to the n-dimensional generalized time-dependent Schrödinger-type-I
equations in quantum mechanics for one particle with zero potential as follows:

n-GPDE : iℏ ∂φ(x1,...,xn,t)
∂t = − ℏ

2

2m

{(
∆⋆x1,a,b

)2
+ · · · +

(
∆⋆xn,a,b

)2
}
φ(x1, . . . , xn, t),

∀ (x1, . . . , xn) ∈ Rn, t ≥ 0,

IC : Initial φ(x1, . . . , xn, 0) = 1(x1, . . . , xn),

 (4.5)

where ∆⋆xk ,a,b
= −

(
∂
∂xk
+ i a

b xk

)
is defined in Proposition 3.1. Then the required solutions for Eq. (4.5) are as

follows

φ(x1, . . . , xn, t) =
me−i a

2b (∑n
k=1 x2

k)

iℏ(πt)
n
2

∫
∞

−∞

· · ·

∫
∞

−∞

e−i ℏ8tm (∑n
k=1(xk−wk)2)ei a

2b (∑n
k=1 w2

k)1(w1, . . . ,wn)dw1 . . .dwn.

4.3. An n-dimensional generalized time-dependent Schrödinger-type-II equations in quantum mechanics and their
particular cases

In this section, we have established the n-dimensional generalized time-dependent Schrödinger-type-II
equations in quantum mechanics for one particle with a constant potential and its particular cases while
choosing suitable governing parameters and differential operators. If we take the governing parameters
as A = iℏ,B = − ℏ

2

2m (where ℏ = h
2π is the reduced Planck’s constant and m is the mass of the particle), and

C = V(x1, . . . , xn) = β , 0 is the constant potential energy influencing the particle along with the Laplacian-

type-II operator f
(
∆⋆x1,cosθ,sinθ, . . . ,∆

⋆
xn,cosθ,sinθ

)
=

(
∆⋆x1,cosθ,sinθ

)2
+· · ·+

(
∆⋆xn,cosθ,sinθ

)2
in the n-GPDE as defined

in Eq. (4.1), then it reduces to the n-dimensional generalized time-dependent Schrödinger-type-II equations
in quantum mechanics for one particle with non-zero potential as follows:

n-GPDE : iℏ ∂φ(x1,...,xn,t)
∂t = − ℏ

2

2m

{(
∆⋆x1,cosθ,sinθ

)2
+ · · · +

(
∆⋆xn,cosθ,sinθ

)2
}
φ(x1, . . . , xn, t)

+βφ(x1, . . . , xn, t), ∀ (x1, . . . , xn) ∈ Rn, t ≥ 0,

IC : Initial φ(x1, . . . , xn, 0) = 1(x1, . . . , xn),

 (4.6)

where ∆⋆xk ,cosθ,sinθ = −
(
∂
∂xk
+ ixk cotθ

)
is defined in Proposition 3.1, and the Laplacian-type-II operator is

obtained by considering the entries of the matrix as M =
[

cosθ sinθ
− sinθ cosθ

]
and θ , nπ, n ∈ Z. Then the

required solutions for Eq. (4.6) are as follows

φ(x1, . . . , xn, t) =
me−i βℏ te−i cotθ

2 (∑n
k=1 x2

k)

iℏ(πt)
n
2

∫
∞

−∞

· · ·

∫
∞

−∞

e−i ℏ8tm (∑n
k=1(xk−wk)2)ei cotθ

2 (∑n
k=1 w2

k)1(w1, . . . ,wn)dw1 . . .dwn.

If we take the governing parameters as A = iℏ,B = − ℏ
2

2m (where ℏ = h
2π is the reduced Planck’s constant

and m is the mass of the particle), and C = V(x1, . . . , xn) = β = 0 is the constant potential energy influencing

the particle along with the Laplacian-type-II operator f
(
∆⋆x1,cosθ,sinθ, . . . ,∆

⋆
xn,cosθ,sinθ

)
=

(
∆⋆x1,cosθ,sinθ

)2
+ · · ·+(

∆⋆xn,cosθ,sinθ

)2
in the n-GPDE as defined in Eq. (4.1), then it reduces to the n-dimensional generalized

time-dependent Schrödinger-type-II equations in quantum mechanics for one particle with zero potential
as follows:

n-GPDE : iℏ ∂φ(x1,...,xn,t)
∂t = − ℏ

2

2m

{(
∆⋆x1,cosθ,sinθ

)2
+ · · · +

(
∆⋆xn,cosθ,sinθ

)2
}
φ(x1, . . . , xn, t)

∀ (x1, . . . , xn) ∈ Rn, t ≥ 0,

IC : Initial φ(x1, . . . , xn, 0) = 1(x1, . . . , xn),

 (4.7)
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where ∆⋆xk ,cosθ,sinθ = −
(
∂
∂xk
+ ixk cotθ

)
is defined in Proposition 3.1, and the Laplacian-type-II operator is

obtained by considering the entries of the matrix as M =
[

cosθ sinθ
− sinθ cosθ

]
and θ , nπ, n ∈ Z. Then the

required solutions for Eq. (4.7) are as follows

φ(x1, . . . , xn, t) =
me−i cotθ

2 (∑n
k=1 x2

k)

iℏ(πt)
n
2

∫
∞

−∞

· · ·

∫
∞

−∞

e−i ℏ8tm (∑n
k=1(xk−wk)2)ei cotθ

2 (∑n
k=1 w2

k)1(w1, . . . ,wn)dw1 . . .dwn.

4.4. An n-dimensional time-dependent Schrödinger equations in quantum mechanics and their particular cases

In this section, we have established the n-dimensional generalized time-dependent Schrödinger equa-
tions in quantum mechanics for one particle with a constant potential and its particular cases while choos-
ing suitable governing parameters and differential operators. If we take the governing parameters as
A = iℏ,B = − ℏ

2

2m (where ℏ = h
2π is the reduced Planck’s constant and m is the mass of the particle), and

C = V(x1, . . . , xn) = β , 0 is the constant potential energy influencing the particle along with the Laplacian

operator f
(
∆⋆x1,0,1

, . . . ,∆⋆xn,0,1

)
=

(
∆⋆x1,0,1

)2
+ · · ·+

(
∆⋆xn,0,1

)2
in the n-GPDE as defined in Eq. (4.1), then it reduces

to the n-dimensional generalized time-dependent Schrödinger equations in quantum mechanics for one
particle with non-zero potential as follows:

n-GPDE : iℏ ∂φ(x1,...,xn,t)
∂t = − ℏ

2

2m

{(
∆⋆x1,0,1

)2
+ · · · +

(
∆⋆xn,0,1

)2
}
φ(x1, . . . , xn, t)

+βφ(x1, . . . , xn, t), ∀ (x1, . . . , xn) ∈ Rn, t ≥ 0,

IC : Initial φ(x1, . . . , xn, 0) = 1(x1, . . . , xn),

 (4.8)

where ∆⋆xk ,0,1
= −

(
∂
∂xk

)
is defined in Proposition 3.1, and the Laplacian operator is obtained by considering

the entries of the matrix as M =
[

0 1
−1 0

]
. Then the required solutions for Eq. (4.8) are as follows

φ(x1, . . . , xn, t) =
me−i βℏ t

iℏ(πt)
n
2

∫
∞

−∞

· · ·

∫
∞

−∞

e−i ℏ8tm (∑n
k=1(xk−wk)2)1(w1, . . . ,wn)dw1 . . .dwn.

If we take the governing parameters as A = iℏ,B = − ℏ
2

2m (where ℏ = h
2π is the reduced Planck’s constant

and m is the mass of the particle), and C = V(x1, . . . , xn) = β = 0 is the constant potential energy influencing

the particle along with the Laplacian operator f
(
∆⋆x1,0,1

, . . . ,∆⋆xn,0,1

)
=

(
∆⋆x1,0,1

)2
+ · · ·+

(
∆⋆xn,0,1

)2
in the n-GPDE

as defined in Eq. (4.1), then it reduces to the n-dimensional generalized time-dependent Schrödinger
equations in quantum mechanics for one particle with zero potential as follows:

n-GPDE : iℏ ∂φ(x1,...,xn,t)
∂t = − ℏ

2

2m

{(
∆⋆x1,0,1

)2
+ · · · +

(
∆⋆xn,0,1

)2
}
φ(x1, . . . , xn, t)

∀ (x1, . . . , xn) ∈ Rn, t ≥ 0,

IC : Initial φ(x1, . . . , xn, 0) = 1(x1, . . . , xn),

 (4.9)

where ∆⋆xk ,0,1
= −

(
∂
∂xk

)
is defined in Proposition 3.1, and the Laplacian operator is obtained by considering

the entries of the matrix as M =
[

0 1
−1 0

]
. Then the required solutions for Eq. (4.9) are as follows

φ(x1, . . . , xn, t) =
m

iℏ(πt)
n
2

∫
∞

−∞

· · ·

∫
∞

−∞

e−i ℏ8tm (∑n
k=1(xk−wk)2)1(w1, . . . ,wn)dw1 . . .dwn.
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