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Abstract. The main goal of this exposition is to present further analysis of the Kantorovich and Ando
operator inequalities. In particular, a new proof of Ando’s inequality is given, a new non-trivial refinement

of Kantorovich inequality is shown, and some equivalent forms of the Kantorovich inequality are presented
with a Minkowski-type application.

1. Introduction and preliminaries

Let B(H) be the algebra of bounded linear operators on a complex Hilbert space H, with identity I3 (or
I if no confusion arises). For two Hilbert spaces H and K, a linear mapping @ : B(H) — B(K) is said to be
positive if it preserves positive operators. That is, if ®(A) > 0 whenever A > 0, where an operator A € B(H)
is said to be positive, denoted A > 0, if (Ax, x) > 0 for all x € H. In addition, if the positive linear mapping
D satisfies D(Igr) = Ix, it is said to be a unital (or normalized) positive linear mapping.

Operator convex and operator concave functions have played a major role in understanding the ge-
ometry of B(H). In this context, a function f : ] — R is said to be operator convex if f((1 — t)A + ¢B) <
(1 -t)f(A) +tf(B) for all 0 < t < 1 and self adjoint operators A, B with spectra in the interval J. Operator
concave functions are defined similarly. On the other hand, operator monotone functions have a strong re-
lation with operator concave functions. Recall that f : | — R is said to be operator monotone if f(A) < f(B)
for all self-adjoint operators A, B with spectra in the interval J, such that A < B (i.e.,, B— A > 0). Operator
monotone decreasing functions are defined similarly.

Unlike scalar monotony and convexity, operator monotony and convexity are strongly related, as stated

in the next proposition, which can be found in [23, Theorem 2.4], and [1, Theorem 2.1, Theorem 3.1, Theorem
2.3 and Theorem 3.7].

Proposition 1.1. Let f : (0, 00) — [0, 00) be continuous. Then

1. f is operator monotone decreasing if and only if f is operator convex and f(oo) < oo.
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2. f is operator monotone increasing if and only if f is operator concave.

The Choi-Davis inequality states that [3, 5]

f(D(A)) < O(f(A)), 1)

for all self adjoint operators A € B(H) with spectra in the interval J, all operator convex functions f : ] - R
and all unital positive linear mappings @ : B(H) — B(K).
In particular, if A > 0 (i.e., A > 0 is invertible), then

DA < DAY, 2)

since f(t) = 7! is operator convex on (0,). The inequality (2) can be reversed under the additional
condition that 0 < mI < A < MI, for some scalars m, M as follows [8, 16, 20]

B (M + m)?

) (A—l) < i@ A", ©)

Among many other equivalences, we shall prove that (3) is equivalent to

(M + m)?

®(A?) < i

D (A)*. (4)
Recalling that the geometric mean of two positive invertible operators A, B is defined by

ABB = AV2 (A7 2pA12) 2 102,
it is shown in [16] that (3) implies

(A7)0 (4) < ;V” m

I )
m

The inequality (3) is usually referred to as the Kantorovich inequality.
In [6, Lemma 2.1] it is proved that if f : ] — R is a convex function and A € B(H) is a self-adjoint
operator with spectrum in the interval ], then for any unital positive linear map ® : 8(H) — B(K),

FUPA)x,x) <{P(f(A)x,x) (xeK,lxl=1).
As a corollary (see [7, Theorem 1.4]), we see that if A is a positive operator, then
(Ax,x) <(A"x,x) (r=1). (6)

If the operator is positive and invertible, (6) is also true for » < 0.
A strongly related inequality that we will discuss is the celebrated Ando’s inequality stating [2]

D (AfB) < @ (A) $(B), (7)

where A and B are two positive operators and @ is a unital positive linear map. In addition to the
aforementioned references that have been cited, we refer the reader to [11, 13-15, 18, 19, 22] for further and
related discussions.

In this article, we first present a new proof of (7). This will help better understand this celebrated
inequality. Then, we use Kantorovich-type inequalities to provide the reverse of Ando’s inequality. Once
this is done, we present a non-trivial refinement of (5). Further discussion of the Kantorovich inequality
is presented via several equivalent forms. Some applications are given, including a submultiplicative
inequality for unital positive linear mappings and an operator Minkowski-type inequality.



M. Sababheh et al. / Filomat 37:13 (2023), 4171-4183 4173

2. Ando’s inequality

In this section, we first present a new proof of Ando’s inequality; then, we prove a reversed version of
Ando’s inequality.

Recall that for positive invertible operators A and B, the Riccati equation XA™'X = B has the geometric
mean A}B as a unique positive solution [21, Theorem 2.2].

Let X = AfB and let @ be a unital positive linear map. It follows from Choi’s inequality [4, Proposition
4.3],

@ (X) D(A) D (X) < q)(XA‘lX) =®(B).
Therefore,

1 1,2 1
(@A) 22 (X) D(A) ) < D(A) 20 (B) D(A) 2.
Since f () = £2 is operator monotone [7, Corollary 1.16], we get

1

D(A) 2D (X) D(A) 2 < (cp(A)—fcp (B) D(A) 2 )E

N

Consequently,
@ (X) < @(A)%((D(A)’%dD (B) (D(A)’%)ECD(A)%,

which is equivalent to
O (AB) < D (A) #D (B).

This proves Ando’s inequality.

Next, we utilize (4) to prove a reversed version of Ando’s inequality under the sandwich condition. We
remark that this reversed version has been shown in [10, Theorem 4] using a completely different method.
In this article, we utilize the Kantorovich-type inequalities to offer this version. This helps understand the
relation between Ando-type and Kantorovich-type inequalities.

Proposition 2.1. Let @ : B(H) — B(K) be a unital positive linear mapping and let A,B € B(H) be positive
operators such that m*>A < B < M?A, for some positive scalars 0 < m < M. Then

DO(AWMD(B) <

Mt o ap).

2VmM

Proof. Forthe given ® and A, define the positive unital linear mapping Wby W (X) = @ (A)_% D (A%XA%) o) (A)_%
1

and let C = (A‘%BA‘%)2 Since m?A < B < M?A, it follows that mI < C < MI. Therefore, we may apply the

inequality W(C?) < ( Af;ﬂ) Y(C)? to obtain

2
D(A)  DB)DA) < ( ;VI ;/11:1) (@A) (AtBYDA) ) .

Since the function f(t) = t2 is operator monotone, it follows that

M+m _1
A" AfB 2
2\/M_CD( DAB)D(A

N

(@(A)—%cD(B)q)(A)-%f <

which implies the desired inequality. [
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In fact, Ando’s inequality follows from a more general result that
®(Ac¢B) < D(A)o s D(B), (8)

where A, B are positive and oy is an operator mean with representing function f. In the next result, we
show that if f is operator convex, then Ando’s inequality is reversed, then we show that this reversed
Ando inequality implies (2). We point out here that Theorem 2.2 does not follow from (8), as f is a positive
function. So, multiplying (8) with -1 does not imply Theorem 2.2.

Theorem 2.2. Let A, B € B(H) be positive invertible, f : (0, 00) — (0, 00) be a given operator convex function and
D : B(H) — B(K) be a positive unital linear mapping. Then

D(Ac(B) > D(A)o ;D(B),

where the connection o is defined by
AoyB = A?f(ATIBAT}) A,

Proof. For the given parameters, define
W(X) = ®(A)2 O (AIXAN) D (A) 7 ; X € B(H).

Then W is positive unital. Since f is operator convex, (1) implies f (W (X)) < W(f(X)), for any self adjoint
X € B(H). Let X = A"2BA™? and apply this latter inequality to get
F(DA)TOB)DA) ) < D (A) 2 (AT f(AIBATH) AT)D(A)F,
which is equivalent to
D(A)orP(B) < D(AosB),
as desired. [J

Interestingly, Theorem 2.2 implies (2), as follows: In Theorem 2.2, let f(f) = t> and B = I. Since f is
operator convex, we may apply the theorem. Direct computations show that AcsB = A™!. Consequently,

D(A™") = (Ao ¢B) > D(A)oD(B) = D(A)™;
as desired.
Remark 2.3. We remark that in Theorem 2.2, if we let A = I, we get
f(®(B)) < O(f(B));
an inequality that is equivalent to the fact that f is operator convex. This shows that the inequality in Theorem 2.2 is
equivalent to the fact that f is operator convex.
3. Further analysis of the Kantorovich inequality

This section is devoted to the study of the Kantorovich inequality (3), where we begin by giving multiple
equivalent statements. It should be remarked that these individual statements are well known, but their
equivalence is the aim of Theorem 3.1.

We will use the following observation to prove the next result. Let @ be a given unital positive linear
map and let @ be another unital positive linear map. Then (7) implies

D’ (D (A#B)) < O (D (A) §D (B)) < ' (D (A)) §O' (P (B)).
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Defining @’ (T) = (Tx, x), with x € H, ||x]| = 1, we get

(@ (AfB) x, x) < (D (A) P (B) x, x)
<(D@(A) x, x) §{(D (B) x, x) 9)
= (D (A)x,x) (P (B) x, x).

As we mentioned earlier, these statements are all known. We have already seen (i), (iii) and (iv) (from
Theorem 3.1) in (3), (5) and (4) respectively. For (ii) in Theorem 3.1, it can be easily deduced from Proposition
2.1 on letting B = A~! and defining the new mapping @'(X) = (P(X)x, x} .

Theorem 3.1. Let A € B(H) satisfying ml < A < MI for some scalars 0 < m < M. Then the following assertions
are equivalent.

(i) (I)(A 1) < ( ) DA for any unital positive linear mapping ® : B(H) — B (K).

2VMm

2VMm
D : B(H) - B(K).

2
(ii) <(I> (A‘l)x, x> < (M) (@ (A)x,x)™" for any unit vector x € K and any positive unital linear mapping

(iii) <IJ( )ﬁCD (A) < ;‘ffﬂl for any unital positive linear mapping ® : B(H) — B(K).

(iv) CI)(AZ) ( I‘f/ﬂ) D (A)? for any unital positive linear mapping @ : B (H) — B(K).

Proof. (i) = (i)
Assuming that (ii) is true. Using (6) we see that for any unit vector x € K,

2
<q) (A‘l)x,x> < (;VI\/;/I_Z) (D (A)x,x)"

<(M+m)2<¢>(A)_1x x>.
~\2vVMm '

This implies the desired result.
(ii) = (1ii)
Since

2
<(I) (A_l)x,x> < (24\/4]\_/1_7:1) (D(A)x, X7

we get

M+ m

2vVMm

V@ (AT x, x) (D (A) x, %) <

On the other hand, by (9),

(0 (A7) (A) x,x) < V(D (A1) 2,0) (D (A) x, x)
we get for any unit vector x € K,

M+m
2vVMm

(@(A™) o) x,x) <
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(i) = (iid)
As shown in [20], (i) implies (iii), but here we give another proof. For positive linear functional ¥ : 8(H) —
R* defined by W(A) := (P(A)x, x) (with the understanding ® : B(H) — B(K) is a unital positive linear
map and x € K is a unit vector), (i) implies

2
(@ (A7) x,x) (@ (A)x,x) < (x/%) .

This yields

(@ ATy %, ) (D (A) 5, %) < ;\4 t

m
By (9), we have

-1 vy M+m
(©(A™) o A)x,x) < Ny

2VMm

as desired.

(iii) = (ii)
We may take the unital positive linear map ¥ : 8(K) — R* defined by W(A) := (®(A)x, x) for any unital
positive map ®, A > 0 and a unit vector x € K. From the assumption (iii) with W, we have for any unit
vector x € K,

V@A, NDA T, 0 = WARWAT) < f—%
which implies (ii):

(@AM, x) < ( ;VI i

2
) (D(A)x, x)~ L.
m
(i) = (iv)
By taking W (X) = @ (A)_% ) (A%XA%) ) (A)_%, where @ is an arbitrary unital positive linear map in (i), we
obtain
2

Mam ) (@@t o(a2)om)?)’

DA< (
2

2
) ® ()} (42) " D ().

m
3 ( M+m
2VMm
This implies
2
M+m -1
DA< (—) ®(A?) .
2VMm ( )

By taking the inverse, we infer

®(4?) < (M)2q> (A
2VMm
(iv) = (i)

Assuming (iv) and replacing A with A™!, we obtain

M+m
2 VMm

2
(AT < ( ) DA,
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for any unital positive linear mapping ®. Again, defining ¥ (X) = @ (A)_% D (A 1XA %) D (A)_% and applying
this latter inequality to W, we obtain

2
WA < (ZM\/%) WA,

which is equivalent to

2
DAY DA DAY < ( éVI o ) D(A)2.

This implies

M+m

2
DAY < (2 ) DA,

m

as required. This completes the proof.
|

We have seen that the Kantorovich inequality (3) is equivalent to the inequality

(A7)0 (4) < 2 (10)
2 m
which in turn implies
1 . M+m
O(A™) 40 (A) < ||q>(A )tiCD(A)“I < =l

Next, we present a more precise estimate than (10), as follows.

Theorem 3.2. Let A € B(H) be a positive operator such that mI < A < MI, for some scalars 0 < m < M. If
D : B(H) — B(K) is a positive unital linear mapping, then

M+m

Lo (A1) o))
(cD(A) qD(A )cD(A) ) e

O (AT D (A) < I<

L

Proof. The Kantorovich inequality states that if mI < A < MI and @ is a unital positive linear map, then

< (M + m)?

@A) i

AL
This implies

M+m)

D(A): D (AT D(A)? < i

Noting operator monotony of the function f(t) = t2, we have

1 _ ns M
(@) 0 (A7) D)) < 2\/;4_"; .
Whence
H(@(A)%q)(A‘l)CD(A)%)% < Mim

~ 2vVMm



M. Sababheh et al. / Filomat 37:13 (2023), 4171-4183 4178

On the other hand, from [12, Corollary 2.13], we infer that

||q> ﬁ(D(A)“ D(A) 0 (A )(D(A)%)%H.
Consequently,
O (A7) 40 (4) < [(@) 0 (A7) d(a)? )% x/jw_";il

This completes the proof. [J

In what follows, we present a reversed version of [4, Proposition 4.3] using (iv) in Theorem 3.1. We
remark that this proposition has already been shown in [15, Corollary 3.11], using a different technique.

Proposition 3.3. Let @ : B(H) — B(K) be a unital positive linear mapping and let A,B € B(H) be such that
mA < B < MA, for some scalars 0 < m < M. Then

2
®(BA'B) < ( éw * :::) D(B)D(A) " D(B).

Proof. From Theorem 3.1, we have ® (AZ) (;‘ffﬂ) @ (A)* forany ®and ml < A < MI. WhenmA < B < MA,

we get ml < A"1BA"1 < MI. Therefore, any positive unital linear mapping ® satisfies

“1p -1y M+m\ C1p a1\
D((A71BA ))S(zx/ATm)q)(A BATE) .

Letting W (X) = CD(A)% O (A1 XAz <D(A)7% and applying the latter inequality for W, we obtain
& pplying q y

2
D(A) 2 P(BA™B)D(A) 2 < ( éw o ) D(A) 1 D(B)D(A) ' D(B)D(A) 2,
m

which implies the desired inequality. [

We notice that (ii) in Theorem 3.1 is a particular case of the following more general result, whose proof is
an implementation of the well-known Mond-Pecari¢ method. We remark that this theorem follows from [15,
Theorem 2.2] upon letting W(X) = (®(X)x, x), but we present the proof here for the reader’s convenience.

Theorem 3.4. Let A € B(H) be a self- adjoint operator with the spectra in the interval [m, M] and let ® be a unital
positive linear mapping on B(H). If f : [m, M] — R is a convex function, then for any unit vector x € H and a > 0

(@(f(A)x,x) < B+af(P(A)x,x))
holds, where B = maxXy<i<m {aft +bs — af(t)}withaf =(f(M) - f(m))/(M —m) andbs = (Mf (m) — Mf (m))/(M —m) .
Proof. Since f is convex on [m, M], we have for any m <t < M,

f () <agst+by.
It follows from the continuous functional calculus that

f(A) < apA+ byl
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The assumptions on @ implies
D (f (A)) < ag®(A) + byl.
Thus, for any unit vector x € H
(P(f(A)x,x) <ap(D(A)x,x)+ by.
Therefore,

(@(fA)x,x) —af (D(A)x,x)) <ap(P(A)x,x) + by —af (P(A)x,x))
< rg&)}@{ {aft +bs - af(t)}
= B.
O

Corollary 3.5. Let A € B(H) be a positive operator satisfying mI < A < MI for some scalars 0 < m < M and
D : B(H) — B(K) be a unital positive linear map. Then, for any unit vector x € K,

(D (AP) x, x) < K(p, m, M) (D (A) x, x)! (11)

where K(p, m, M) is the generalized Kantorovich constant defined by

(mMP —MmP) ((p—1) MF —mP) Y
K M) := . 12
W M) = DMy~ p (b — M) (12
Proof. 1f we take f(f) =7, (t > 0), forp > 1 or p <0, we obtain (11). O
Remark 3.6. We know that if A is a positive operator, then for any p > 1
D (AP) < K(p,m,M) D (A). (13)
If the operator A is positive and invertible, (13) is also true for p < 0. Evidently, (13) implies
(D (AP) x,x) < K(p,m, M) (D (AY x,x) (14)
for any unit vector x € K. Thus, (11) can be considered as an improvement of (14), thanks to (6).
Notice that the case p = 2 in (13) reduces to
2
M+m
D (A%) < (—) O (A). (15)
( ) 2VMm
4. Related results via operator convex and operator monotone functions
An additive form (see [17, Theorem 2]) of (15) is incorporated in
1 2
2\2 (M —m)
D (A%) 3—4(M+m)1+®(A). (16)

In this section we present a two-term version of this inequality in a more general setting; where this
inequality is looked at as f~1(®(f(A)) where f(t) = t. Then, we present a Minkowski-type inequality for
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tuples of operators.
For the used notation in the next theorem, we shall adopt the following notations

a[f;m,M]Zmax{j%(f(]\ﬁ:{n(m)t+Mf(n;/)l:zf(M)): mStSM},

and

fOD—f @), Mfm) —mf M)

ﬁg[f,'m,M]:max{f(t)— = M —m stsM}, 17)

where f : [m, M] — (0, ) is a given function.

Theorem 4.1. Let A, B € B(H) be two positive operators satisfying mI < A,B < MI for some scalars 0 < m < M
and let @ be a unital positive linear mapping on B (H). If f : (0,00) — (0, o) is a 1-1 operator convex function such
that =1 is operator monotone, then

FHOf(A) + fHO(F(B)) < af  (D(f(A +B)),
and

FHUD(f(A) + fHO(f(B)) < BI+ fH(D(f(A + B)),
where o = alf;m, M],m’ = minyepmpmy f(£), M’ = maxsepma f(£) and B = 2ol f~;m’, M'].
Proof. From the Choi-Davis inequality, we have

f(D(A +B)) < O(f(A + B)),

which then implies

®(A + B) < fH(P(f(A + B)), (18)

since, by assumption, f~! is operator monotone. Furthermore, by [15, Corollary 2.5], we have

D (f(A) < af (@(A) and ©(f (B)) < af (P(B)) (19)
since f is convex. Now since f~! is operator monotone, a > 1, the latter inequalities imply
FTHO(f(A) < a®(A) and f7 (D (f (B))) < a® (B). (20)

Combining (20) and (18) imply

FH@(f(A) + f(D(f(B)) < a(D(A) + D(B))
= a®(A + B)

< af {(@(f(A +B)).

This proves the first inequality. To prove the second inequality, recall that if g is operator concave then
g(D(A)) = D(g9(A)). Further, we know, from [15, Remark 2.3], that if mI < A < MI, then

9(D(A)) < olg; m, MII + D(g(A)). (21)

By assumption, f~! : (0,0) — (0, c0) is operator monotone, hence it is operator concave (Proposition 1.1).
So, applying (21) with g = f~!, we obtain

SH@f(A) < Bolfm!, MU+ @(A) and  fH(P(f(B)) < ol f~;m', M']I + D(B), (22)
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where m’ = min{f(t) : m <t < M} and M’ = max{f(t) : m <t < M}. Adding the two inequalities we get
FHDf(A) + fH(P(F(B)) < 2Bolf s m/, M']I + D(A + B).

But we know that
(A +B) = O(f ' (f(A +B)) < f(P(f(A + B)))

since f~! is operator concave. Thus, we have shown that

FHD(f(A) + FH(O(f(B)) < B+ f~(D(f(A + B))),
where B = 2Bo[f~1;m’, M']. This completes the proof. [J
Notice that if f(f) = t?, then m’ = m?>, M’ = M? and f~'(t) = Vt. Calculating the maximum in (17), we

obtain

—1. .../ ’ _(M_m)z
Bolf 1,mrM]—m-

Therefore, the inequality (16) follows from (22).
In general, if f(t) = #,p > 1, we can show that

ol M) = gy [{p%}]

where M M — M?
i -m_,  mM’ —Mm
gt =t MP —mp MP—mp
We will use the notation
By = 2Bolt"/P;mP, MP]. (23)

Remark 4.2. Tracing the proof of Theorem 4.1, one can see that if = is a power function, then (19) implies

FH@(f Q) < fFH)DP(A) and (D (f (B) < f (@)D (B).
This implies
FHD(FA) + FHO(F(B)) < fH(a)f HD(f(A + B)).

In particular, letting f(t) = #,1 < p < 2 in Remark 4.2, we obtain the following special cases. We refer the
reader to [9] for a detailed discussion of the next corollary.

Corollary 4.3. Let A, B € B(H) be two self-adjoint operators satisfying ml < A, B < MI for somescalars 0 < m < M
and let © be a unital positive linear mapping on B(H). If 1 < p <2, then

D (A7) + D (B')F < K, D((A+B))",
and
O (AP)F + D (B)F < B,I+D((A+BY)r,

where K, = K(p, m, M) is defined as in (12) and B, is as in (23). In particular, when p = 2,

@(Az)% + CD(BZ)% < é\“ n

MmCD((A +B)’)’,

and

CD(AZ)% + @(32)% < %1 +o((A+ B)Z)% .
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We conclude this section by presenting the following Minkowski-type inequalities as an application of
Corollary 4.3.

Corollary 4.4. Let Ay, ..., Axand By, ..., By be Hermitian matrices satisfying ml < A;, B <Ml fori=1,... kand
some scalars 0 < m < M, and let Oy, ..., Py : M, — M be positive linear mappings with Zle ®;(I) = 1. Then

Z(D (42) Zcp (82) ]ZSMJ”“ Z(D (A + B)) ] (24)

and

(25)

Zcp A2) Zcp B2J SZ(ZE/IM )’ Zcp (4; + B

Proof. It Ay, ..., Ax € M, are positive matrices, then A = A; & - - @Ay is a positive matrix in .# (.#,). Let the
unital positive linear mapping @ : # (#,) — .#; be defined by ® (A) = Zle ®; (A;). Utilizing Corollary
4.3, we obtain the desired inequalities (24) and (25). O

In particular, we have the following.

Corollary 4.5. Let Ay, ..., Axand By, ..., By be Hermitian matrices satisfying ml < A;, B <Ml fori=1,..., kand
some scalars 0 < m < M, and let wy, . .., wy be positive scalars satisfying Zf-;l w; = 1. Then

£ : L : M+m
Z wA| + {Z w,-Bf] < [Z wi(A; + B) ] (26)
i=1 i=1

and

k E M m)2 k %
; WA [Z w1B2J < T [; wi(A; + Bj)zJ . 27)

Proof. By applying inequalities (24) and (25) for positive linear mappings ®; : .#, — .#, determined by
O : T wT,i=1,...,k weget(26)and (27). O

5. A counterexample

In studying the equivalence of inequalities (3) and (5), we first tried to prove the following inequality:

(M + m)?

CD(A_l)z = 4Mm

A0 (A0 (A) 2,

This inequality is not true, as noticed by Yamazaki [24]. To show this, let A = (1 }), and define

D (A) = %U*AU + %V*AV,

where U and V are 2 X 2 unitary matrices. Then @ is a unital positive linear map. We set unitary matrices

_ (cosﬁ —sin ﬁ)

“\sina cosa

_[cosa —sina
“\sinf  cosp
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with a, B € R. Then for x > 0, we have only to check

T(x,a,p) = %@(A)‘i (Ao (A)F - q>(A-1)2 > 0.

With the help of Mathematica, we get

T(2 n E)_ ~0.0842034 —0.185577
'376) 7\ ~0185577 -0.826511

and its eigenvalues are —0.87032, —0.0403946.

Acknowledgment

The authors would like to thank the anonymous reviewers for their valuable comments. Their comments

have significantly improved the quality of our work.

References

(1]
[2]
[3]
[4]
[5]
(6]

[7]
(8]
[9]

[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]

[18]
[19]

[20]
[21]
[22]
[23]

[24]

T. Ando and E. Hiai, Operator log—convex functions and operator means, Math. Ann., 350(3) (2011), 611-630.

T. Ando, C.-K. Li, and R. Mathias, Geometric means, Linear Algebra Appl., 385 (2004), 305-334.

M. D. Choi,A Schwarz inequality for positive linear maps on C*-algebras, Illinois J. Math., 18 (1974), 565-574.

M. D. Choi, Some assorted inequalities for positive linear maps on C*-algebras, . Operator Theory., 4 (1980), 271-285.

C. Davis, A Schwarz inequality for convex operator functions, Proc. Amer. Math. Soc., 8 (1957), 42—44.

S. Furuichi, H. R. Moradi and A. Zardadi, Some new Karamata type inequalities and their applications to some entropies, Rep. Math.
Phys., 84(2) (2019), 201-214.

T. Furuta, J. Mi¢i¢, J. Pe¢ari¢, and Y. Seo, Mond—Pecari¢ method in operator inequalities, Element, Zagreb, 2005.

W. Greub and W. Rheinboldt, On a generalization of an inequality of L.V.Kantorovich, Proc. Amer. Math. Soc., 10 (1959), 407-415.
M. Kian and Y. Seo, Jointly convex mappings related to the Lieb’s functional and Minkowski type operator inequalities, Anal. Math. Phys.,
(2021) 11: 72.

E.Y. Lee, A matrix reverse Cauchy—Schwarz inequality, Linear Algebra Appl., 430 (2009), 805-810.

C. K. Li and R. Mathias, Matrix inequalities involving a positive linear map, Linear Multilinear Algebra., 41 (1996), 221-231.

J.S. Matharu and J. S. Aujla, Some inequalities for unitarily invariant norms, Linear Algebra Appl., 436(6) (2012), 1623-1631.

J. Mi¢i¢, J. Petari¢, Y. Seo and M. Tominaga, Inequalities for positive linear maps on Hermitian matrices, Math. Inequal. Appl., 3 (2000),
559-591.

J. Mi¢i¢ and ]. Pecari¢, Order among power means of positive operators, 11, Sci. Math. Jpn., 71(1) (2010), 93-109.

J. Mi¢i¢, . Pecari¢ and Y. Seo, Complementary inequalities to inequalities of Jensen and Ando based on the Mond—Pecarié¢ method, Linear
Algebra Appl., 318 (2000), 87-107.

B. Mond and J. E. Pecari¢, Bounds for Jensen’s inequality for several operators, Houston J. Math., 20 (1994), 645-651.

B. Mond and J. Pecari¢, Converses of Jensen’s inequality for linear maps of operators, An. Univ. Timisoara Ser. Mat. Inform., 31(2)
(1993), 223-228.

B. Mond and J. E. Pecari¢, Operator convex functions of several variables, Soochow J. Math., 24 (1998), 239-254.

H. R. Moradi, I. H. Giimtis and Z. Heydarbeygi, A glimpse at the operator Kantorovich inequality, Linear Multilinear Algebra., 67(5)
(2019), 1031-1036.

R. Nakamoto and M. Nakamura, Operator mean and Kantorovich inequality, Math. Japon., 44(3) (1996), 495-498.

N. Nakamura, Geometric operator mean induced from the Riccati equation, Sci. Math. Japon., 66 (2007), 83-87.

M. Sababheh, H. R. Moradi and S. Furuichi, Exponential inequalities for positive linear mappings, J. Funct. Spaces., (2018), Article ID
5467413.

M. Uchiyama, Operator monotone functions, positive definite kernels and majorization, Proc. Amer. Math. Soc., 138(11) (2010), 3985-
3996.

T. Yamazaki, Private communications.



