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The structure of F? as an associative algebra via quadratic forms
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Abstract. Let F be a totally ordered field and w € F (a field extension of F) be a solution to the equation
x?> = ax + b € F[x], where a and b are fixed with b # 0. With the help of this idea, we convert the F-vector
space F? into an associative F-algebra. As far as F? can even be converted into a field. In the next step,
based on a quadratic form, we define an inner product on F? with values in F and call it the F-inner
product. The defined inner product is mostly studied for its various properties. In particular, when F = R,
we show that R? with the defined product satisfies well-known inequalities such as the Cauchy-Schwarz
and the triangle inequality. Under certain conditions, the reverse of recent inequalities is established.
Some interesting properties of quadratic forms on F? such as the invariant property are presented. In
the sequel, we let SL(2,R) denote the subgroup of M(2,R) that consists of matrices with determinant 1
and set G = SL(2, R) N MR, where My, is the matrix representation of R%2. We then verify the coset space
SLER) with the quotient topology is homeomorphic to H (the upper-half complex plane) with the usual
topology. Finally, we determine some families of functions in C(H, C), the ring consisting of complex-valued
continuous functions on H; related to elements of G for which the functional equation fog = go f is satisfied.

1. Introduction and preliminary results

A partially ordered set (in brief, poset) is a set together with a partial order relation < satisfying reflexive,
antisymmetric, and transitive properties. A totally ordered set is a poset in which every pair of elements x, y
are comparable, i.e.,, x < y or y < x. Hence, a totally ordered set is often referred to as a chain. The notions
N, Q, R, and C denote the set of positive integers, rational numbers, real numbers, and complex numbers,
respectively. A totally ordered ring is a partially ordered ring (see [4, 0.19]) that is ordered by its ordering
relation. So each element is comparable with 0. A totally ordered field F is a lattice ordered ring that means if
x,y € F, then x V y := sup{x, y} € F (note, the supremum is x or y). Also, x A y := inf{x, y} = —(-x vV —y) € F.
In particular, |x| := x V —x € F. Whenever F is referred to as a topological space, its topology is the interval
topology, i.e., the family of all rays {x : x > c} and {x : x < d} (c,d € F) is a subbase for the open sets in
F. Hence, the family of all the open intervals (x,y) := {z € F : x < z < y} is a base for the topology. The
topological concepts that we need can be found in [2] and [23]. Throughout the paper, F is a totally ordered
field with the interval topology, and note that F contains a copy of Q (Proposition 1.1). For example, R and
every countable subfield of R are totally ordered fields. If for 0 < y € F there is x € F such that y = x",

then x is called the n* root of y and denoted by </y or yrl’z (ie, x = y%). Recall that Q does not satisfy the
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property of 2 root for all y > 0. But in R, all nonnegative elements have the same number of square roots.
If 0 < x <y, then x* < y", where n € IN. Hence, a positive element has at most one positive n™ root (see
Proposition 1.1). A mapping Q of an R-module M to R is called a quadratic form, if Q(rx) = r*Q(x) for each
r € R and x € M; and the mapping B : M X M — R defined by B(x, y) = Q(x + y) — Q(x) — Q(y) is a bilinear
symmetric form (see [8, 1.2]). For a deeper discussion of quadratic forms, we refer the reader to [5], [8], [9],
[11], [12], [14] and [15]. _

The paper is organized as follows: In Section 2, with the help of a solution w € F of the equation
x? = ax + b € F[x], we convert F? into an associative F-algebra. As far as F? can even be converted into a
field. In the next step, based on a quadratic form, we define an inner product on F? with values in F and
call it the F-inner product. The defined product is mostly studied for its various properties. In particular,
we focus on the case of F = R and show that IR? with this product satisfies well-known inequalities such
as the Cauchy-Schwarz and the triangle inequality. Under certain conditions, the reverse of recent inequalities
is established. In the sequel, we let SL(2, IR) denote the subgroup of M(2, R) that consists of matrices with
determinant 1. The best general references here are [6] and [10]. Set G = SL(2, R) N M. We then show that
the coset space % with the quotient topology is homeomorphic to H (the upper-half complex plane)
with the usual topology. In Section 3, we determine some families of functions in C(H, C), the ring consisting
of complex-valued continuous functions on H (actually, from H to H); related to elements of G for which
the functional equation f o g = g o f is satisfied.

Proposition 1.1. ([4, 0.20]) Let D be a totally ordered integral domain. If 0 < x < y, then x* < y", where n € IN.
Hence, a positive element has at most one positive n'* root. D contains a natural copy of N. If D is a totally ordered
field, then D contains a copy of Q.

Proposition 1.2. Let R be a totally ordered commutative ring and 0 < x,y € R. Then x < y if and only if x" < y"
for eachn € IN.

Proof. Since R is commutative, we conclude that x" — y" = (x — y)( Y x"‘iyi‘l). Moreover, the last sum is

positive. Therefore, x — y < 0 gives x" — y" < 0 and vice versa. Actually, x — y and x" — y" have the same
sign. It means both are positive or both are negative, and we are done O

2. The structure of F? as an associative F-algebra and some of its properties

Let F be a totally ordered field and a,b € F be fixed with b # 0. Suppose w satisfies the equation
x? =ax+b,ie.,w? =aw+b. If x*> = ax + b has a zero in F, then w € F. Otherwise, we may assume that @

belongs to a field extension (not necessarily totally ordered) F of F. For example, x> = —1 with coefficients
inR(@=0,b=-1)hasw =i € Cas azero. Also, w = V2 € R satisfies x> = 2 with coefficients in Q
(2 =0, b =2). Now, we define A as follows and refer to it often because it plays a crucial role in most results.

A = a? + 4b.

Let F2 = {(x,y) : x,y € F}. Then F? with the pointwise addition and the scalar multiplication is a vector
space over F. Also, F? can be identified by the set {x + yw : x,y € F} via the map (x,y) — x + yw. Our goal
in this part is to convert the vector space F? into an associative algebra. For X = (x,y),Y = (x',y) € F?, we
put X =x+ywand Y = x’ + y’w. Therefore, X +Y = x+x" + (y + y')w and AX = Ax + Ayw (A € F). Also,
X X Y represents the product of X and Y and is defined by the following relation,

XXY =(x+yo)x +yw) =xx +(xy +yx o + yy o’
=xx"+byy + (xy + yx' +ayy)w
= (xx" + byy, xy' + yx' +ayy’). (%)

Note that X XY = Y X X. In particular, if F = R, 2 = 0 and b = -1, then the above multiplication agrees with
the multiplication in C. From now on, the matrix [x y] is used instead of the ordered pair (x, v).
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Proposition 2.1. Let M(2, F) be the ring of all 2-square matrices over F and SL(2,F) = {A € M(2,F) : det(A) = 1}.

Then H := { [(1) ;] icE€ F} and K := { [cll (1)] :de F} are abelian subgroups of SL(2, F). Furthermore, H = F = K

as groups.

Theorem 2.2. Let My = {[ Y ] tX,Y € P}. Then M is an F-subalgebra of M(2, F). Moreover, F? = M

x
by x+ay
as algebras.

Proof. Let A = [x Y € Mr. Then —A, A + B € My. Also,

by x+ay

/B:|:x’/ /yl ’
by x +ay

xx" + byy’ xy’ +yx’ +ayy’

AB = € M.

b(yx' + xy’ +ayy’) xx’ +byy +alxy’ + yx' +ayy’)
Moreover, 1m, = 1y, r) = I, the identity matrix. Therefore, M is a subring of M(2, F). Since rA € M, for
every r € F, we infer that IMr is an F-subalgebra of M(2, F). Now, let us define

(p:F2—>]Mpby(p(X):[ Y },whereX=[x y].

X
by x+ay
Then (X + Y) = p(X) + @(Y) and ¢(rX) = ro(X), where Y = [x’ y’] and r € F. Moreover,

xx’ + byy’ xy' +yx' +ayy

PXXY) = } (see (*)). We also have

b(yx" +xy’ +ayy’) xx’ +byy +alxy’ +yx' +ayy’)

_|x y x’ v
PX)p(Y) = |by X+ ay] [by’ X+ ay’]

xx' + byy’ xy’ + yx' +ayy’ ]

b(yx' + xy’ +ayy’) xx’ +byy +alxy’ + yx' +ayy’)
So p(XxY) = p(X)@(Y). Furthermore, ¢ is one-to-one and onto. This yields ¢ is an algebra isomorphism. [J

Remark 2.3. For X = [x y] € F?, we may let det(X) = det(p(X)) = x> + axy — by?. It easily follows that
det(X) is a quadratic form (see [8, 1.2]). In the sequel, we will need det(X) as in the following form.

det(X) = x* + axy - by” = (x + %2 B }L(uz +4b)y’ (1)

ay, 1. 5
= =) — —Ay~. 2
(x+ > ) 1 Yy )
The next result is now immediate.

Corollary 2.4. Forevery A, B € M, we have AB = BA. So every subring of IMF is commutative and every subgroup
of Mr with multiplication is abelian. In particular, G := {M € Mp : det(M) # 0}, and G := {M € M : det(M) = 1}
are subgroups of Mg. Moreover, G is a normal subgroup of G, and further, G = SL(2,F) N M.

Proposition 2.5. Let G and G be as defined in Corollary 2.4, and let F = R. Then the following hold:
(i) If A = a* +4b < 0, then ¢ =R = O
(i) If A > 0, then & = R\ {0}.



A. Veisi, A. Delbaznasab / Filomat 37:14 (2023), 4671-4682 4674

Proof. First, we note that R \ {0} and R* := {r € R : r > 0} are multiplicative abelian groups with the same
identity element 1.

(i) Define 11 : G — R* with P1(M) = det(M) (note, A < 0 gives det(M) > 0). So ¢, is a homomorphism
and ker(i1) = G. Now, if r > 0and X = [W O], then 1(X) = r, i.e., 1 is onto. For the second assertion,
consider ¢ : R \ {0} — R* with ¢(+) = |r|. Hence, 1 is onto and ker(¢)) = {-1,1}.

(if) Define 1, : G — R\ {0} like Yn, ie., Po(M) = det(M). So ¢, is a homomorphism and ker(y,) = G. If
r > 0, then we choose X as the same matrix in part (i), and if 7 < 0, then we take x + 3ay = 0 and F'Ay* =71,

and let X = [x y] for which x and y satisfy the latter equation. Then in both cases ¢»(X) =7, i.e., ¢, is onto,
which completes the proof. [

Theorem 2.6. Let A < 0. Then Mg (and hence F?) is a field.

Proof. According to Corollary 2.4, Mr (and hence F?) is a commutative ring. Let0 # M = [b); X _g a y] € Mp.
We claim that det(M) # 0 (and thus by (2), det(M) > 0). Otherwise, det(M) = 0 gives

OSCP#%f:iAfS&

Therefore, ¥ = 0 and hence x = 0, which implies that M = 0. So every non-zero element of IMr is invertible,
meaning that IMr, as well as F? isafield. O

Definition 2.7. Let V be an F-vector space and a map ¢ : V X V — F provides all the requirements of an
inner product. Then, we call the pair (V, @) or simply V an F-inner product space over F and ¢ the F-inner
product.

Example 2.8. Let P : F> X F> — F be defined by
1
PX,Y) = §[2x1x2 +a(x1y2 + y1x2) — Zbylyz], where X = [xl y1] ,and Y = [JCz yz]. 3)

If A <0, then it is easy to verify that P is an F-inner product, and thus F? is an F-inner product space.

Theorem 2.9. Let P be as defined in Example 2.8. Then the following hold:
(PX+Y,X+Y)+PX-Y,X-Y)=2P(X,X) +2P(Y,Y).
(M) PX+Y,X+Y)-PX-Y,X-Y)=4P(X,Y).
(ii)) If A = a® + 4b < 0, then P(X, X) = det(X) > 0.
(iv) If A < 0, then P2(X,Y) < P(X, X)P(Y,Y).
() If A > 0, then P*(X,Y) > P(X, X)P(Y, Y).
(vi) P2(X,Y) = P(X, X) P(Y,Y) if and only if A = 0 or X = AY for some A € F.

Proof. (i)-(ii). Since the mapping P is bilinear, it follows that

PX+Y,X+Y)=PXX)+P(Y,Y)+2PX Y), and (4)
P(X-Y,X-Y)=PXX)+P(Y,Y) - 2P(X, Y). )

The results are now obtained by adding and subtracting recent expressions respectively.
(#ii) It follows from (2).
(iv) First, we let

A=PX, X)P(Y,Y) - PX(X,Y), (6)
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and then calculate as follows:
A = (x% +axiy; — by%) (x% + axplys — by%)

1 2
B Z[lexz +a(x1yz + yixz) — Zbylyz]
= xfx% + ax%xzyz - bxfy% + axy y1x§
+ a%xq YiXoYo — abxi1y y% - by%x% - abyfxzyz

1
+ bzy%yi - 1[49(%3% + azx%yé + azy%xé
+4b* 2y + daxixoy, + daxiyixg — 4bxi iy,
+ 202 x1y1x0Y2 — dabxi 115 — 4aby%x2y2]

= —(x12 — y1%2)*A.
We summarize the above calculations as follows:
A = —(x11y2 — y1x2)*A. )

Now, if A <0, then A > 0 and we reach the claim.

(v) Reusing (7), we obtain A < 0 when A > 0.

(vi) (=) If A #0, then x1y> = y1x2. We can assume that Y # 0. If y, # 0, then we take A = ylyz‘l, and if
x; # 0, then we take A = x1x,'. So X = AY.

(&) Itis obvious. O

Remark 2.10. If F is R or C, then every inner product induces a norm, called its canonical norm, that is
defined in the natural way, by ||x]| = V(x x). With this norm, every inner product space becomes a normed
vector space. So, every general property of normed vector spaces applies to inner product spaces. But in
general, it is not true that every F-inner product induces a norm because the square root V(x x) does not
necessarily belong to F (for example F = Q).

For X,Y € R%, we put P(X,Y) = X- Y and P(X, X) = X - X = ||X|]%.

Theorem 2.11. Let X = [x1 yl] ,Y = [xz yz] € R2. Then the following hold:

OIX+YIP+IX=-Y|P=2(X-X)+2(Y-Y).

(i) X + YIP = IX = YIP = 4(X - Y).

(i) IFA < 0, then || X|* = X - X = det(X) > 0.

(iv) If A <0, then | X - Y| < [IX|IIY]]. (the Cauchy-Schwarz inequality)

@) IfA 20, then |X - Y| > [IX|IYI]. (the reverse of Cauchy-Schwarz inequality)
(i) If A <0, then || X + Y| < IX]| + [IY]I. (the triangle inequality)

(i) IfA>20and XY 20, then || X + Y|| = [IX|| + [|Y]]. (the reverse of triangle inequality)

(viid) IX|IIYIl = 1X - Y| if and only if A = 0 or X = AY, for some A € R.

Proof. (i)-(v) and (viii) are obtained by (i)-(v) and (vi) in Theorem 2.9, respectively.
(vi) From (4) we get

IX + YIP = IXIP + IYIP +2(X - Y), and IX = Y|P = [IXI? + IYI? - 2(X - ). (8)

Also, Theorem 2.9(iv) implies that

(X Y)* < IIXIPIIYIP, and therefore [X - Y] = /(X - Y2 < VIXIPIYI? = X IY]l
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Hence, we obtain
IX + YIP = [IXIP + IYIP +2(X - Y) < [IXIP + Y]+ 21X - Y]
< IXIP + IIYIP + 20X 1Yl
= (IXI1 + 1Y)
So [IX + Y| < [IX|| + ||Y]l, meaning that triangle inequality is established.

(vii) Using the assumptions, A > 0, X - Y > 0, and Theorem 2.9(v), we get X - Y = |X - Y| > [IX|||[Y]l. The
result is now obtained by replacing < with > in the above calculation, and we are done. [J

Corollary 2.12. If A < 0, then the mapping || - || : R?* - R which X + ||X|| = +/det(X) turns R? into a normed
space.

Remark 2.13. Similar to real-valued functions on R?, the gradient vector (gradient) of f : F — F at a point
Xy is the vector Vf(Xp) = (%(Xo), %(XO)), for brevity, Vf = (% ﬁ), obtained by evaluating the partial

’ 3y
Pf P
ra dxdy
derivatives of f at Xj. If the second derivations of f exist at Xo, then we let | := d*f = and call
2f Pf
axdy Iy

it the Jacobean matrix of f.

Proposition 2.14. If X,Y € F? and Y' denote the transpose of Y, then 2P(X,Y) = XJY" (see (3)). In particular,
2IXI? = XJX!.

Proof. Let f : F* > F be defined by f(X) = det(X) = x* + axy — by?, where X = [x y] (Remark 2.3). Then

] = [i —HZb]' Let X = [x1 yl] ,Y = [xz yZ] € F2. Then, with a simple calculation, we get

XJY! = 2x120 + a(x1y2 + y1x2) — 2byry2 = 2P(X, Y),

which gives the result. Also, XJX' =2P(X,X) =2[IX|*>. O
Proposition 2.15. Let M € M(2,F) and A = a® + 4b # 0.

(i) If M € Mg (Theorem 2.2), then MJM' = det(M)].

(ii) M € G = {M € Mg : det(M) = 1} (Corollary 2.4) if and only if det(M) > 0 and MJM' = .
Proof. (i) It is straightforward, so we eliminate the proof.

(i1) (=) It follows from (7).

(&) LetM = [)ZC g] € M(2, F) such that MJM' = ]. Then the assumption, det(]) = —A # 0, gives det? (M) =1

and thus det(M) = 1. Moreover, from equation MJ = J(M’)™! we obtainz = by and t = x+ay,ie, M€ G. O

Definition 2.16. Let X = [x1 yl] VY = [xz yz] € F2. Then we define

1
Pi(X,Y) = E(lexz +a(x1y2 + x211) — 2b]/1y2>/

1 2
Py(X,Y) = §(2x1x2 + g(xlyz + Xoy1) — Eyu/z),
Qi1(X) = P1(X, X) = 2% + ax;y1 — by?, and
2
a

Qa(X) = Pa(X,X) = B + Tx1ys - %
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Notice that the mappings P1, P : F* — F,and, Q1, Q> : F> — F are continuous. Moreover, if A < 0, then
Py (= P, in Example 2.8) and P, are F-inner products. Also, Q; and Q, are quadratic forms. Furthermore,

the gradient vectors of Q; and Q, are as follows.
vQi(X) = (211 +ayy, axy - 2by1), and VQ(Y) = (2x2 +ayy, ax, - 2by,).

2 2
vQy(X) = (211 + gyl, gxl - Eyl)/ and vQy(Y) = (2%, + %yz, gxz - E}/z).

The relations between P; and P, as well as Q; and Q, are presented in the next two theorems.
A quadratic form Q on F? is called G-invariant, if for all A € G and X € F?; we have Q(AX') = Q(X),

where G is a family of invertible elements of M(2, F) and X' is the transpose of X.

x+y% ] : det(N) # 0} and X = [X1 y1],Y = [XZ ]/2] € F2. Then the

SR

Theorem 2.17. Let G = {N = [

following hold:
(i) P1(VQa(X), vQa(Y)) = HAPy(X, V),

(i) Q1(vQ2(X)) = £AQ:(X).
(i) Q1(NX') = det(N)Qu(X). In particular, if det(N) = 1, then Qy is Gy-invariant

Proof. (i)

P1(7Qa(X), 7Qa(1) = 32231 + Ty)(@xa + yo) +al(nr + )

a 2 a a 2
X (Exz — E]/Q) + (2xp + Eyz)(Em - E}/l)]

a 2 a 2
= 2b(x1 — Eyl)(l_yxz - EyZ)]

b
1 202 242 24° 40 4da
=3l6+ G+ G- (-7
a®  da 40 @ —4a 4da
+ ﬁ + ?)x1y2 + (? + b_2 + T + ?)Xle

NE
2 2 b
1 a?+4b
3%
_1,a%+4b
=2
1
= SpAPAX,Y).

a 2
)[lexz + (x1y2 + ym)g - Eylyz]

)P (X, Y)

(if) By (i), we have

Qi(vQa(X)) = Py(vQa(X), vQa(X))
1 1
= 25 AP2X, X) = 2 AQx(X).
Tty ] and Q1(X") = Qi(X) = 22 +axyy1 — b2,

Yy a
7X1 T XYL+ 3y

(iii) If X" is the transpose of X, then NX' =
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Therefore,
Qi(INX") = (xx1 + yy1)* + a(xxy + yy1) (%Jq +xy7 + gyyl)
- b(yxl +xy1 + %yyl)z

= (xxl)2 (yy1)2 + 2xx1yy1 + a[xxlz + 2 X1y1 + bxxlyyl
v 2, 4 9
+ S ay +ayy + v - bl EREE +3 y "
2 2a 5
+ —XX1yy1 + ﬁxlyly + ?X}/yl]

:[x + xy— ] [2xy+ax2+§xy+%y2—2xy

- Zbay ]x1y1 + [y +axy+ y —bx® — —y 2axy]y1
2
= (x2 + gxy - %) (x% +ax 1y — by%)
= det(N)Q1(X).

The second assertion is now obvious. [

- |~ vy 1. - - 2
Theorem 2.18. Let G, = {M = [by x+ay] : det(M) # 0} and X = [xl %],Y = [x2 yz] e F2. Then the
following hold:

(i) P(VQ1(X), vQi(Y)) = HAPy(X, V).

(if) Qa(vQ1(X)) = HAQi(X).
(iii) Qu(MX") = det(M)Q(X). In particular, if det(M) = 1, then Qs is Gy-invariant.

Proof. The proof is exactly the same as the proof of Theorem 2.17, so the details are omitted. [
The next result is an application of Theorem 2.17.

Corollary 2.19. Let F = R. Then the tangent line to the curve Q1(X) = x> +axy —by? = 1 at the point Xo = (xo, Yo)
(belonging to the curve) is P1(X, Xp) = 1.

Proof. The tangent line to the curve at Xj is the line through X, whose slope is

_ TFR(X0) _ (2% +ayo)
%(Xo) ~ (2byo — axo)

Calculations give an equation to the tangent line that is P1(X, Xp) =1. O

In the remainder of this section, we focus on the case of F = IR, and to obtain the main result (Theorem
2.24), we will use [3, Chapter I], [6], and [10]. Remember that by Corollary 2.4, we have

_ _|x vy . 1\ _

G= {M = [by t ay] 1x,y €R, det(M) = 1} = SL(2,R) N M. )
Remark 2.20. Remember that the roots of the equation X2 =ax+bare w, wy = “12\@ , where A = a2 + 4b.
If A <0, then wy, wp = “iﬁi. Let A = (}71 and A, = a%z Then Ay, Ay = ai\z/ﬁi = u F vi, where u and v are
defined in (10). From now on, we let

. 2a a 2V-A  V-A
w:=wy, and A := A, = u + vi, where, u = Y = o and v = A = o (10)
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Since A <Oand b # 0; we getb < 0. SoIm(1) =v > 0,i.e, A € H = {z € C: Im(z) > 0}, the upper-half plane.

xz+y
rz+t

Definition 2.21. Let M = ): ¥ € SL(2,R) and consider a mapping Ty : H — C which z — M(z) :=
and let zy € H be fixed. Then we call M a stabilizer of zy, or equivalently, z is a fixed point of M, if M(zo) = zo.
In the next result, we show that the stabilizers of A (see (10)) are precisely the elements of G.

Lemma 2.22. A is a fixed point of a matrix M € SL(2,R) if and only if M € G.

ZA+t

Proof. (=) LetM = [ ]{] € SL(2,R) such that M(A) = 4 _ ). Then

Hyw _ 1
z+tw T @’

and so xw + yo? =z + tw.
Replacing w? withaw + b (since @? =aw + b) gives z = by, and t = x + ay. Hence, M € G.

(&) Let M € G. Since det(M) = 1, it follows that x + ay and by cannot be zero at the same time. Now,

X+ yw 1

— Y = 2:
M(A)_/\@by+(x+ay)w = O+ yw by + (x + ay)w.

The last equality holds because @? = aw + b. Thus, A is a fixed point of M, and we are done. [J

Proposition 2.23. The mapping p : SL(2, R) — H which M = [)ZC ?] — M(A) is onto and continuous.

Proof. First, we claim that (zu + t) + zvi # 0. Otherwise, z = 0 and therefore t = 0 which is absurd, since
det(M) = 1. Also, M(A) = Z};ﬁ = ((Z:lt/ :;Z’ € H because Im(M(A)) = m > 0. Next, forz=x+yie€ H
(i.e., y > 0), we set

\/% x\/g_u\/%,whereX:[x y]. (11)

Now, it is easy to check that Mx(A) = z. Thus p(Mx) = z, i.e., pis onto. Remember that SL(2, R) is a subspace
of R* with the usual topology and p(M) = M(A). Therefore, p is continuous. [

For a topological space X and a set Y with an onto mapping 7 : X — Y, a topology can be induced on Y,
which is called the quotient topology. The space Y is called a quotient space of X and m a quotient map. Hence,
V is open in Y if and only if 771(V) is open in X. Now, consider SL(2, R) as a subspace of R* with the usual
topology, and let % denote the family of all cosets of G (see (9)) as a quotient space of SL(2,IR). Note
that G is not necessarily a normal subgroup of SL(2, R). Hence, % is regarded as a set of cosets of G.

In [3, Chapter I], the upper-half complex plane H with the usual topology is described as a coset space,
by H ~ %, where the special orthogonal group SO(2, R) is the stabilizer of i (where i* = —1). Here, in
the next theorem, we present a new description of H, where G is the stabilizer of A, see (10).

Another main result in this section is as follows:

2 SL@,R) ; SL(Z Ry

Theorem 2.24. Suppose that > is equipped with the quotient topology. Then

Proof. Define ¢ : &8 H with p(MG) = M(A). If MG = NG, then N""MG = G and thus N"'M € G. By
Lemma2.22, N~ 1M()\) Aand hence M(A) = N(A), so @ is well-defined. Now, suppose that p(MG) = p(NG).
Hence, M(A) = N(A) and thus N"'M(A) = A. Reusing Lemma 2.22 we get N"'M € G. Therefore, MG = NG,
i.e., @ is one-to-one. To show that ¢ is onto, for z = x + yi € H, it suffices to choose Mx the same matrix as
defined in (11). Hence, p(MxG) = Mx(A) = z. Let V be an open set in H. Then p~1(V) is open in SL(2, R)
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(Proposition 2.23) and hence A ( ) s open in %. Furthermore, ¢~ 1(V) = {MG : M(A) € V} =W,
Therefore, ¢ is continuous. Now let us define

Y:H— % with ¢(x + yi) = MxG, where My is defined in (11). (12)

Also, let 7w : SL(2,R) — SL(Z B be the quotient map and ¢’ : H — SL(2, R) be defined by ¢’ (x + yi) = Mx.
Then ¢ = mo ¢/, and it is Contmuous because both 7 and " are continuous. Remember that p(MG) =
M(A) = x + yi € H. On the other hand, we have Mx(A) = x + yi. So MG = MxG (Lemma 2.22). Thus,

(¥ 0 P)(MG) = (¢ 0 p)(MxG) = P(x + yi) = MxG = MG, and
(p o P)(x + yi) = p(MxG) = Mx(A) = x + yi.

This yields both ¢’ o ¢ and ¢ o ¢ are identity maps. So ¢ = ¢! and hence ¢ is a homeomorphism. [

3. Finding some solutions for the functional equation fog=go f

Let f,g : H — H be continuous functions and f o g represents their composition. In this section, we
are going to introduce some families of continuous functions f, g from H to H which satisfy the functional
equation f o g = g o f. Evidently, the invertible continuous functions f and f~! are the solutions to the
equation. Below, we prove that these types of functions are closely related to elements of G (see (9)). This
is also generalized in Theorem 3.3.

Proposition 3.1. Let Ty : H — C be defined by Ti(z) = M(z) = where M = [ Y ] € G be fixed

xz+
hyZ+X+ﬂy by x+ay
(in fact, Ty : H — H)and let T = { :Me G}. Then T with the composition of functions is an abelian group.

Moreover, T = where Ng = {I, -1}.

o~ N i
Proof. First, we note that if y = 0, then x = +1 because det(M) = 1. Hence, Ty(z) = z. Otherwise, it easily

follows that Ty(z) € H (i-e., Im(Tj1(z)) > 0) and further Ty, is continuous. Let N = [bxy’ ¥ j{ ay’] € G. Then

/ /

X'z+Y
( Xz+y ) _ x(by’z+x’+ay’) ty

byz+x +a (&)
Y Y7 by by ) TX Ay

(Tm 0 TN)(2) =

(xx” + byy )z + xy’ + X'y + ayy’

= = T .

(byx’ + bxy’ + abyy’)z + byy’ + xx’ + ayx’ + axy’ + a’yy’ ()
So T is closed under the composition of functions. Moreover, it is easily seen that (Ti)™! = Ty;-1, and the
identity element in T is T;. Therefore, T is a group. Now, since G is abelian, we have MN = NM and hence

TmoIn=Tun =Tnm =Tn o Ty

This yields T is abelian. To establish the second assertion, consider the mapping ¢ : G — T with p(M) =
So ¢ is an epimorphism. Let M € ker(¢p). Since Ty is the identity map, we obtain ; yﬁ;f oy = 2 Fromb #0,

wegety = O Now, det(M) = 1yields x = +1 and thus M = +I. Hence, ker(¢) € INy. Moreover, Ny C ker(¢).
Therefore, =T. O

Corollary 3.2. Every two elements of T are solutions for the equation f o g = go f.
The main result of this section is the next theorem, which generalizes Proposition 3.1.

Theorem 3.3. Let u : H — H be an invertible continuous function and Ty, Ty be as defined in Proposition 3.1.
Define f(z) = u‘l(TM(u(z))), briefly, f = u‘l(TM(u)), and g = u‘1<TN(u)). Then fog=go f.
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Proof. By Proposition 3.1, Ty and Ty, and therefore, f and g are continuous. Now, the proof is as follows:

(f o )@ = f(9(2)) = (™ (Tn(w))
_ f(u_l( /x’u +y ))

by'u +x' +ay’
= u_l(
byu(u‘l(by e -)) + x +ay
X' u+y’
1 (by’u+x’+uy’) Ty
u ( x’ u+y )

by(by "u+x' +ay’ ) Tx+ay

_ _1< xx'u+xy +byy'u+x'y+ayy )
- by’ xu + byy’ + bxy'u + abyy'u + xx’ + ax’y + axy’ + a’yy’

-1 X' u+y’
xu(u”™ (gyrmwray ) + Y )

X' u+y’

¥ xu+y
| (byu+x+uy) + y

u ( ,( xXu+y )
byu+x+ay

)+x +ay

—1, xu+y
X'u(™ (prrreay) + Y

)

= 1/{_1( -1 xu+y ’ ’
by u(u (byu+x+ay)) X +ay

™ (Tn(f(2)))
(g0 @)

0
An immediate consequence of the above theorem is given below:

Corollary 3.4. Let u : H — H be an invertible continuous function and let
T, = {u’l(TM(u)) ‘Me G}.

Then every pair of elements of T,, satisfy the equation f o g = g o f. In particular, if u is the identity map, then
T, = T (Proposition 3.1).
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