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On some inequalities of Fejér’s type using the notion of harmonic
convexity

Muhammad Amer Latif?

?Department of Basic Sciences, Deanship of Preparatory Year, King Faisal University, Hofuf 31982, Al-Hasa, Saudi Arabia

Abstract. In this study, we introduce some new mappings in connection with Hermite-Hadamard and Fejér
type integral inequalities which have been proved using the harmonic convex functions. As a consequence,
we discover certain new inequalities of the Fejér type that provide refinements of the Hermite-Hadamard
and Fejér type integral inequalities that have already been obtained.

1. Introduction

For convex functions the following double inequality has great significance in literature and is known
as Hermite-Hadamard’s inequality:
Letf:] — R, 0+#ICR,uvelwithu <o, beaconvex function then

f(”“’)s ! ff(x)dxsf—(u);f(v), (1)

2 v—1u
the inequality holds in reversed direction if f is concave.
Fejér [15], established the following double inequality as a weighted generalization of (1):

v

£(152) [ptarts < f Fopwx < 120 f P, ®

u

where f: I — R, 0 # I C R, u,v € I with u < v is any convex function and p : [#,v] — R is non-negative
integrable and symmetric about x = “32.
These inequalities have many extensions and generalizations, see [2]-[16] and [19]-[36].

Consider the following mappings on [0, 1]:

G(t):%[f(tu+(1—t)”T“’)+f(tv+(1—t)”Jz”’)],
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1
Q) = 3 [ftu+ (A -Ho)+ f(tv+ (1 -t)u)],

u+v

H(t):ﬁfvf(tﬂa—t) . )dx,

u+7o

Hp(t):ff(tx+(l—t) . )p(x)dx,

v

1) = %f[f(t”;”‘+(1—t)”§”)+f(t”;x +(1—t)uT+v)]p(x)dx

0= [ (5o (5 (e 5
0= sy I (5 ) A2 o (55

v

xX+v

N(t)=%f[f(tu+(l—t)uTH)+f(tv+(l—t) - )]p(x)dx,

u

1 v
L(t) = mf[f(tu+(1—t)x)+f(tv+(1—t)x)]dx,

v

Ly(t) = %f[f(tu+(l—t)x)+f(tv+(1—t)x)]p(x)dx

u

and

v

X+?))

S,,(t)z%f[f(tu+(1—t)u;x)+f(tu+(1—t) ;

u

+f(tv+(1 —t)uTH)+f(tv+(1 —t)xT”)]p(x)dx,

where f : [u,v] = Risaconvex function and p : [, v] — R is non-negative integrable and symmetric about

— wkd
X = 5 -

Remark 1.1. It should be noted that H = H, =1, P =P, =Nand L = L, = S, on [0,1] as p (x) = ﬁ, x € [u,v].
The important results that characterize the properties of the mappings G, H, Q,I, P, N, L and refinement
inequalities for (1) are discussed by a number of mathematicians, see for instance the studies conducted
in Tseng et al. [27], Dragomir et al. [2], Yang and Hong [32]. Yang and Tseng [33] and Tseng et al.
[27] established the following Fejér-type inequalities by using the mappings H,, P, which are weighted
generalizations of proved in [2], [27], [32] and [33].
Dragomir et al. [7], obtained the Hermite-Hadamard-type inequality given as:
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Theorem 1.2. [7] Let f, H, G and L be defined as above. Then G is convex, increasing on [0, 1], L is convex on [0, 1]
and for all t € [0, 1], we have

S fE _fW)+f@
> < :

1-t (°
H(t)sc(t)sut)smfuf(x)dx+t 5 )

Tseng et al. [28, 29] provided a weighted generalizations of the inequalities (3) which is given in the
theorems below:

Theorem 1.3. [28] Let f, p, G, H, and L, be defined as above. Then L, is convex, increasing on [0,1], and for all
t € [0,1], we have

Hp(t)SG(t)j; p(x)dstp(t)s(l—t)fl:f(x)p(x)dx
+t-f(u);f(v)fup(x)dxsf(u);f(v)fup(x)dx. )

Theorem 1.4. [28] Let f, p, G, I and S, be defined as above. Then S, is convex, increasing on [0,1], and for all
t € [0, 1], we have

I(t)sc(t)fuvp(x)dxssp(t)sﬂzif[f(”;x)+f(x’;”)]p(x)dx
+t-wf:p(x)dxswf;p(x)dx. o)

Teseng et al. [27] used the following result to prove his results.

Lemma 1.5. [27] Let f : [u,v] — R be a convex function and let u < y; < x1 < xp < yp < vwWithx1 +x2 = Y1 + Y.
Then

fl)+f ) < f(y)+f(y2)-
The assumptions in Lemma 1.5 can be weakened as in the following lemma:

Lemma 1.6. [31] Let f : [u,v] = R be a convex function and let u < y1 <x1 < ypp<vandu <y <xp <y <0
with x1 + x, = y1 + 2. Then

f)+f ) < fy)+f(v2)-
Lemma 1.7. [31] Let f, G, Q be defined as above. Then Q is symmetric about 1, Q is decreasing on [0, %] and and
increasing on [%, 1],
1
cen=Qw, tefoy.

G2 =00, te[%%

GRA-1)20@), te|x 9],

and

3
CRA-£)<Q®), te_z,l].
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Tseng et al. [30], proved new Fejér-type inequalities related to the mappings G, Q, H,, Py, I, N, L, and S,,
defined above. These results generalize known results obtained in connection to the Hermite-Hadamard
inequality (1) and therefore are useful in obtaining various results of means for a given convex function f
and particular weight function p. Here we cite two important results form Tseng et al. [30].

Theorem 1.8. [30] Let f, p, H, P, L, and S, be defined as above. Then
(i) The inequalities

v

3utv
u+3v

f f(x)p(x)deZ[f4f(x)p(Zx—u)dx+ f(x)p(U—Zx)dx]

1 1 1 1]
sfop,,(t)dtsi[fu f(x)p(x)dx+wﬁp(x)dx] ©)

holds.
(ii) The inequalities

Lp(t)sP,,(t)s(l—t)f f)px)dx
+t'wﬁp(x)dxswfup(x)dx (7)
and
OSN(t)—G(t)j;p(x)dxswfu‘p(x)dx—N(t) (8)

hold for all t € [0, 1].
(iii) If f is differentiable on [u, v], then we have the inequalities

ost[ﬁ | f(x)dx—f(uTH))]-xei[nufv]p(x)st(t)— [ rwpwas, ©)
d @-u)(f () —f W) o

osp,,(t)—f(”T”)f p(x)dx < ( : )fp(x)dx, (10)

OSLP(t)—Hp(t)S(U_u)(f f)_f () s, (11)
@-u)(f @) —f W) o

0<P,(t)-L,(H) < ( 1 ) f p(x)dx, (12)
@-uw)(f @-f W) e

0<P,(t)-H,(t) < ( 1 )fp(x)dx, (13)

OSN(t)—I(t)S(v_u)(f iv)_f(u))fvp(x)dx, (14)

and
0<S,()—1I(t) < (v—u)(f iv)_f (u)) fvp(x)dx (15)

hold for all t € [0, 1].
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Theorem 1.9. [30] Let f, p, G, Q, Hy, P, and S, be defined as above. Then
(i) The inequalities

Hp(t)sQ(t)fp(x)dxswfp(x)dx,te[O,%], (16)

and

f(u;v)f p(x)dx<Q(t)fp(x)dxspp(t),te[%,1] (17)

hold for all t € [0, 1].
(ii) The inequality

0<S,(H)- t)f x)dxg%[f() f (@) Q(t)]fvp(x)dx—Sp(t) s

u

hold for all t € [0, 1].
One of the generalizations of the convex functions is harmonic functions:

Definition 1.10. [18] Define I C R\ {0} as an interval of real numbers. A function f from I to the real numbers is
considered to be harmonically convex, if

f(ﬁ) Stf(y)+ Q-1 f) (19)

forall x,y € Iand t € [0, 1]. Harmonically concave f is defined as the inequality in (19) reversed.
Iscan used harmonic-convexity to develop the Hermite-Hadamard type.

Theorem 1.11. [18] Let f : I € R\ {0} — R be a harmonically convex function and u,v € I with u < v. If
f € L([u,v]) then the following inequalities hold:

f( 2uv f f(x) f @) +f(v)

Ll+”0

(20)
Harmonic symmetricity of a function is given in the definition below.

Definition 1.12. [25] A function p : [u,v] € R\ {0} — R is harmonically symmetric with respect to 22 if

u+ov
1
=11
holds for all x € [u,v].

Fejér type inequalities using harmonic convexity and the notion of harmonic symmetricity were pre-
sented in Chan and Wu [1].

Theorem 1.13. [1] Let f : R\ {0} — R be a harmonically convex function and u,v € I with u < v. If

I c
feL(uv])and p : [u,v] € R\ {0} — R is nonnegative, integrable and harmonically symmetric with respect to

2uv
o, then

2 “p(x) ”()() w+f@ (Mpk)
f( uv)f PO o [ fWPE fuzfvf”fdx 1)

u+v x2 v x?
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Some important facts which relate harmonic convex and convex functions are given in the results below.

Theorem 1.14. [8, 9] If [u,v] C I C (0, c0) and if we consider the function g : [— —] — R defined by g (t) = f(%),

then f is harmonically convex on [u, v] if and only if g is convex in the usual sense on [U u]

Theorem 1.15. [8, 9] If I C (0, o) and f is convex and nondecreasing function then f is HA-convex and if f is
HA-convex and nonincreasing function then f is convex.

The interested readers are referred to [27] for the results that can be deduced from Theorems 1.8 and 1.9.
The main objective is to define some mappings on [0, 1] for harmonic convex function f : [u,v] C I C
(0,0) — R and a non-negative integrable function p : [1,v] — R symmetric about x = % related to the
inequalities (20), (21) and to prove some new Hermite-Hadamard type inequalities which refine and extend
(20) and (21). We also discuss some properties of these mappings in the next section and establish variants
of the Lemmas 1.5-1.7 for harmonic convex functions.
2. Main Results

Let f : [u,v] C (0,00) = R be a harmonic convex mapping and let G, Q, U, U,,K,V,V,, L, L,, S,
[0,1] = R be defined by

1 2uv 2uv
i) = E[f(zw+(1—t)(u+v))+f(2ut+(1—t)(u+v)) '
1 uo uo
Q(t)zE[f(tv+(1—t)u)+f(f”+(1—f)”)]'
uo v 2uvx
U(t)— uj; xzf(2u0t+(1—t)x(u+v)) .

B ( 2uox p (x)
up(t)_ff(2u0t+(1—t)x(u+v)) x2 4%,

K = 1fv[f(t(u+x)v+2(u1vf t)(u+v)x)+f(t(u+x)v+2(ulvf t)(u+v)x)] pg)dx’ @3)
Vi = u)f[ (1+t)x+(1—t)v)+f((1+t)x2:l-x(1—t)u)][jc_f' @4)
o -3 f o) o ) o
w0 =4[ s laraes|e

A ux vx dx
L) = 2(v— u)f[f(tx+(1—t)u)+f(tx+(l—t)v)];'

u

B v ux vx p ()
-3 st s 22
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and

1 ’ 2ux 2uvx

+f( auoy )+—f( 2 )]p(x)dx. (26)

2Quxt+ (1 —-t)(u+x)v 2xt+(1 -8 (x+0v))| x?

Remark 2.1. It should be noted that U = U, = K,V =V, = Nand L= L, = S, on [0,1]asp (x) = -, x € [u,v].

v—u’
The author obtained the refinement inequalities for (20) related to the above mappings:
Theorem 2.2. [21] Let f : [u,v] C (0, 00) — R be a harmonic convex function on [u,v]. Then

(i) S is harmonic convex (0,1] and increases monotonically on [0, 1].
(ii) The following inequalities hold:

il ’ ]lj)dx.

v—uJ,

u+v @7

f( 210 ): UO) <U®<u)=
Theorem 2.3. [21] Let f : [u,v] C (0, 00) — R be a harmonic convex function on [u,v]. Then

(i) V is harmonic convex (0, 1] and increases monotonically on [0, 1].
(ii) The following inequalities hold:

v +
ﬂf jlf)dx:V(O)SV(t)sV(l):JM. (28)
v-ug, x 2

Lemma 2.4. [22] Let f : [u,v] € (0, 00) — R be a harmonic convex function and let u < y3 < x1 <xp <y <0

H XX _ iy
with T T i Then

fOa)+ f@xa) < fy)+ f(y2)

The assumptions in Lemma 2.4 can be weakened as in the following lemma:

Lemma 2.5. Let f : [u,v] C (0,00) = R be a harmonic convex function and let u < y; < x1 < yp < v and

. X1X2 . Yiy2
U<y <x <y <vwith e Ty Then

f)+f ) < fy)+f(y2)-

We also need the following lemma to prove our results.

Lemma 2.6. Let f, G, Q be defined as above. Then Q is symmetric about %, Q is decreasing on [O, %] and increasing
on [%, 1],

CRH<QW), te [o, }1] (29)
G20, te|g3]. (30)
GQRI-1)2Q), te %Z] (31)

and

G- <0, te %,1]. (32)
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Proof. The harmonic convexity of Q(f) on (0, 1] follows from the harmonic convexity of f on [u,v]. Itis clear
that Q(t) is symmetric about 5 L LetO<t <t < 2 < t3 < ty <1, then according to Lemma 2.4, the following
inequalities hold:

The inequality

uv uov uov uov
f(t2’0+ (1 —tz)u)+f(t2u+(1 —fz)v) Sf(ﬁ’(’)-i— (1 —tl)u)+f(t1u+(1 —tl)v)

— ___uv _ uv _ uv _ uvy
holds for X1 = to+(1-t)u’ X2 = tou+(1—tp)o’ 1= to+(1-t)u’ Y2 = tu+(1—t))o"

The inequality

uo uo uo uo
f(t3?]+ (1 —t3)u)+f(t3u+(1 - t3)0) Sf(f;ﬂ)-i—(l —t4)u)+f(t4u+ (1 —t4)0).

Now, we consider the two cases:
Casel. t ¢ [O, }1]

By choosing x; = e

— uv _ uv
4ut+(1-2t)(u+v)”’ n= to+(1-tyu’ y2 = tu+(1-t)o

Xy = in Lemma 2.4, we get

2uv
4ot+(1-2t)(u+v)”

2uv

2uv uv uv
f(4vt+(1—2t)(u+v))+f(4ut+(1—2t)(u+v))Sf(tv+(1—t)u)+f(tu+(1—t)v)

forallt e [0 1]
Case 2.t € [}1 %]

— uy _ uo _ 2uv _ 2uv :
By choosing x1 = g, X2 = mxiicmos Y1 = Tnd-anars) Y2 = Trd-anaso) N Lemma 2.4, we get

uv uv 2uv 2uv
f(tv+(1—t)u)+f(tu+(1—t)v) Sf(4wf+(1—2t)(u+v))+f(4ut+(1—2t)(u+v))

forallt e [4,2
Thus (29) and (30) are established. Using the symmetricity of Q, (31) and (32) follow from (29) and (30),
respectively. [

Chan and Wu [1] also defined some mappings related to (21) and discussed important properties of
these mappings.

The author proved Fejér type inequalities which extend the inequalities given in Theorem 2.2 and
Theorem 2.3 for the mappings related to (21) which in turn provide refinements of the inequalities (21). The
author used the Lemma 2.4 to obtain those refinements for (21).

Theorem 2.7. [24] Let f, U}, V), and p be as defined above, then

2uv p (x) B
22 [ <0
sup(1)=ff(if()d =V, 0) <V, () <V, (1) = f(”)+f(v)fp(x)dx. (33)

Theorem 2.8. [22]Let f, K, N and p be as defined above, then

2uv
u+v

:lfu [f(zux)Jrf(zﬂ)]P(x)d =NOSNH N = f(”);f(”)fpg)dx. -

fp( ) ix < K(0) < K(t) < K(1)

2 u+x xX+0
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Corollary 2.9. [22] Let f, p be defined as above. Then we have

f( 2uv) u ? p (%) x<f(u4+uavv)+f(§ffv) P, 1 f”[f( 2ux)+f( 20x )]P(X)

u+v x? - 2 " x2 ) u+x x+v/l x?

-2 u+o 2 x2

<1[f(2uv)+f(u)+f(0)}f p(x) f(”)"‘f(v)f P(x)

Theorem 2.10. [23] Let f, p, G1, Sp, L, be defined as above. Then we have the following results:

(i) L, is harmonic convex on (0, 1].
(ii) The following inequalities hold for all t € [0, 1]:

u,,(t)scl(t)f de<£p(t)S(l_t)f”f(x);?(x)dx

f(u)+f(v) p(X) f(u)+f(v) “p(x)
> f de,

2 u x2 -
S,(1-t)< L, (1)
and
S, (t)+S,(1-1)
2

(iii) The following bound is true:

fW+f@ (Fpk)
> fu‘xz dx.

sup L, (t) =

te[0,1]
Theorem 2.11. [23] Let f, p, G1, K, S,, be defined as above. Then we have the following results:

(i) Sy is harmonically convex on [0,1].
(ii) The following inequalities hold for all t € [0, 1]:

K(t><cl<t>f PO e < 5,0

<1-=0-3 f [f xzivv (uzixx )] pg) ax

f(u)+f(v)f P, f(u)+f(v)f PO

K1-tH<S8,()
and

K#®+K1-¢)
2

(iii) The following identity holds:
fW+f@ (Fpk)
sup S, (t) = 5 2 dx.

te[0,1]

<S, (0.

We can now prove a variant of Theorem 1.8 for harmonic convex functions.

4515

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)
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Theorem 2.12. Let f,p, U, V), L, and S, be defined as above. Then

(i) The inequalities

f FOpe [

Zu ‘c

f4f()

4516

‘

! 1 fOpr® f(u)+f (v)
< fo Vp(Bdt < 5 [ f = f dx] (44)
hold.
(ii) The inequalities
L)<V, (< (1—t)fv %dx
f(u)+f(v) PO, f(u)+f(v) “p )
f{ 5 f; =z dx (45)
and
0<N(®) -G (t)f LACIPN (”)+f U)f dx - N () (46)
hold for all t € [0, 1].
(iii) If f is differentiable on [u,v], then we have the inequalities
uv 1 Y f(x) 2uv uv f
OStv—u[v—ufu Tdx—f ] V() - f (47)
2 @, (0 —u) (O (0) = uf (u) @
0=V, - f(u T]U),[H pr = ( 4uv ) ]u‘ Pxf 48
@-uw)(*f @) —1f (u)
0<L,(H)- U, < ( f4uv f ) P;f) (49)
©—u)(f (0) —uf (w) v
0<V, (- L)< ( — ) f pg)dx (50)
(0= u)(O2f () =12 (W) o
0<V, (- U, ()< (1 T . g)dx, (51)
@=u)(*f @ -1 f W) *p(x)
0<N(@#)-K(t)< e f —dx (52)
and
2 2
028 K() < (0 - u)(*f (@ —12f () ) )

4uv " x2

hold for all t € [0, 1].
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Proof. (i) By using integration techniques and the assumptions on p, we get the following identities:

f(x)p(x)d _f f[f(x)+f[ 1_1]}@&51
[fwfm %”x+ﬁ ﬂ)(ﬁﬁl

3u+v

4uv

-2 [ o

_szf[ v+x ((u+2;4)vx_uv)]p§)dtdx,
fv Bt = fﬂf (tx+fix_t>v)p,f )dtd“ﬁwf (tHgX_t) )p()

2uv 2uv

_ [ o \p® = wox pe
B " fof(tx+(1—t) ) dtdx +f f (tvx+(1—t)((u+v)x uv)) dtdx

2uv 1

3 uto 2 X ux P()
_f; f(; [f(tx+(1—t)v)+f(tx+(1—t)u)] dtdx

ol Uox uox p (x)
* " 0 [f((l—t)vx+t((u+v)x—uv))+f(tvx+(1—t)((u+v)x—uv))] dtdx

EICTION M+f@ pe)
o[ [

fﬂ?f [f () + f(x p()dtd +f§”?f[ v)+f(1+1_ )]p(x)dtd

1

X
According to Lemma 2.4, the following inequalities hold for all t € [O, l] and x € [u ]
The inequality

f(x)+f(1 i_%)<f(vzfx)+f((u+2;l)vx—uv)

u

and

i i = -1 ___uv
holds with the choices x1 = x, x, = I y1==and y, = ErSmr=TE

The inequality
vX 1 vx vX
< = - - - -
f(v+x)_ 2 [f(tv+(1—t)x)+f(tx+(1—t)v)]
holds with the choices x; = x2 = =, y1 = & ) 1 gy and y; = m

The inequality

uov < 1 uox uox
f((u+20)x—uv)_ 2 f((l—t)vx+t((u+v)x—uv))+f(tvx+(1—t)((u+v)x—uv))

4517

(54)

(55)

(56)

(57)

(58)

(59)

(60)
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holds with the choices 1 = x2 = G =5, V1 = mertmomm aNd Y2 = et
The inequality
1 X X fu)+fx)
s\ mra-nel T < 61
2[f(tv+(1—t)x) f(tx+(1—t)v)]_ 2 (61)
holds with the choices x1 = 75, %2 = iz, V1 =#and y2 = x.
The inequality
1 uovx uovx f () "’f(ﬁ)
- + < u v X 62
2[f((l—t)vx+t((u+v)x—uv)) f(tvx+(1—t)((u+v)x—uv))]_ 2 (62)
. : B 3 o B
holds with the choices X1 = 75 T=m 2 = TG V1 = 7T and 2 = 0.

u' v X

2uv

Multiplying the inequalities (58)-(62) by r%() and integrating them over ¢ on [O, %] over x on [u, m] and
using identities (54)-(57), we derive (44).
(ii) Using substitution rules for integration and the assumptions on p, we have the following identities:

_ e VX p(x) ’ ux p)
Vp(t)—ju‘ f(tx+(1—t)v) X2 dx+ﬁm,f(tx+(1—t)u) 2

u+ov

2uv

= [ ox uvx p (%)
_]; [f(tx+(1—f)v)+f(tvx+(1—f)((u+v)x_m]))] 2 dx (63)

and

1 i X p (x)
Lp(t)_i[ﬁ f(tx+(1—t)v) R

v ux p(x) 1] ux p(x)
+fzuv (tx+(1—t)u) x2 dx]+§[ﬁ f(tx+(1—t)u) x? ax

u+ov

v ox px) .| 1 1 [ ux
+f2uvf(tx+(1—t)v) X2 dx]—zvp(t)+§fu‘ [f(tx+(1—t)u)

UX p (x)
+f(tux +(1-)((u+v)x-— uv))] x2 dx (64)

~

forallt € [0,1].

By ChOOSing X1 = tux+(1-t)((u+v)x—uv)”’ X2 = tx+(ulx—t)u’ = tx+€1x—t)v’ Y2 = tox+(1-t)((u+v)x—uv)
observe that the inequality

in Lemma 2.5, we

ux Uovx
f(tx+(1—t)u)+f(tux+(1—t)((u+v)x—uv))

vX uvx
<
- f(tx+(1 —t)v) +f(tvx+(1 — 1) ((u +v)x —uv) (65)
holds for all t € [0,1] and x € [u, %]
Multiplying the inequality (65) by Fg, integrating both sides over x on [u, %] and using identities (63)

and (64), we derive the first inequality of (45). The second and third inequalities of (45) can be obtained by
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the convexity of f and (21). Using substitution rules for integration and the hypothesis of p, we have the
following identity:

1 20x 2uvx p(x)
N(t)_ifu [f(th+(1—t)(v+x))+f(2uvxf+(1—f)((u+20)x—uv))] e

2uv ox

o (%38 uovx p (2v_x)
:fu [f(tx+(1—t)v)+f(tvx+(1—t)((u+v)x—uv))] x2 ax

4uv

[ VX 2uux
_fu f tx+(1-to +f 2tux + (1 — £) (Bu + v) x — 2uv)

2uvx uox P(%)
+f(2tvx+(1—t)((v—u)x—Zuv))+f(tvx+(1—t)((u+v)x—uz;))] 22 dx  (66)

forallt € [0, 1].

By Lemma 2.4, the following inequalities hold for all t € [0,1] and x € [u, %]:
The inequality
vxX 2uvx 2uv
7
f(tx+ 1- t)v) +f(2tux+ 1-18((Bu +v)x—2uv)) f@ +f(2tu +(1-t)(u +v)) (67)
holds for X1 = tx+z]1x—t)v’ X2 = 2tux+(1- t)2b(t§;c+v)x —2uv)’ nh=v and Y2 = 2tu+(12i[:])(u+v)'
The inequality

2uvx uox
f 2tox + (1 —t) (v — u) x — 2uv) +f tox + (1 —t) (u + v) x — uv)

2uv
gf(u)+f(2tv+(1_t)(u+v)) (68)

— 2 — — —
holds for X1 = 2tvx+(1ft)fl(zz;1{u)x—2uv)’ X2 = tox+(1— f)lézilf+v)x—uv)’ hi=1u and Y2 =

2uv
2to+(1-t)(u+v) *

4uv
7 u+3v

Multiplying the inequalities (67)-(68) by p(z“ :) and integrating them over x on [u ] and using (66), we

have
N® <= [f() 1) Gl(t)]fv%dx (69)

for all t € [0,1]. The second inequality in (46) is a consequence of (69).
Applying Lemma 2.4, we observe that the inequality

2uv 2uv
Namva-pau+o) ™/ 2tv+(1—t)(u+v))

X uox
< + 70
_f(tx+(1—t)v) f(tvx+(1—t)((u+v)x—uv) (70)
2 _ 2 _ 2 — —
holds for all t € [0,1] and x € [u, 22] when x; = 528 1) = g2 4y = ¥ and y; =

uox
tox+(1-t)((u+v)x—uv) *

2uv
7 u+v

Multiplying the inequalities (70) by "2’ (2” ) and integrating them over x on [u
of the identity (66), we get (46).

and using the first part
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(iii) Integrating by parts, we have

uv fﬂ? 1 /1 ) f(#) _(v—u\ (T f() 2uv
: ( ) 2 () - _—dx—(—) u 7azx—f( ) (71)

v—u 2 \v U+v

2 e o

Since f : [u,v] — R is harmonic convex on [u, v], hence g : [ ] defined by g (x) = f ( ) is convex on [ ]
Using the convexity of p and p (x) > 0 on [u, 7], the inequality

o) aoop ool 1) aft 2o}
o)y L) o (D)= 1)l 09

holds for all f € [0,1] and x € [1 u+v]

7 2uv
The inequality (73) can be re-written as

vx p(x) uvx 1 p(x)
[f(tx+(1—t)v) flx )] {f(uxt+(1—t)((u+v)x—uv))_f(% +%_}_(]]7

p® 11 ==
> 2t(-2)f 0B (5 - 2) -

> X

X (%

2| x2 xelu,v]

- tfero- e e )

forallt€[0,1] and x € [u 2uo

Integrating the above 1nequa11ty over x on [u, 5”77;;] multiplying both sides by - and using (20), (63), (72)
and (74), we derive (47).
We also observe that

P25 [ (e

—
Q| =
|
|3
Sl
SN—
Q\
—
Q| =
N —
-

oo 0 oo

and

(=520 ) =552 ) oo o
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The inequality (77) is equivalent to

W)+ f) (*p© 2 @, @-uw)(0*f @ —u’f W) p)
fu;—fv]u‘px;cdx_f( uv)fupx ( >fuprdx' (78)

U+v x2 = 4
Finally, (48)-(53) follow from (33), (34), (36), (40), (45) and (78). O

Corollary 2.13. If p(x) = =, x € [u,v], then Hermite-Hadamard-type inequalities that are obvious consequences
of Theorem 2.12 are given as follows:

(i) The inequalities

f(x) 2uv[ H%Jlf)dx+ f(x }
x

u x2 T v—-u 41w x2
3u+v

1 uy f(x) f(u) +f(v)
fo V)dt < = [ f - (79)

o—u

hold.
(ii) The inequalities

L(t)sV(t)s(l—t)%j‘U%d +t-f(”);’f(v) sf(”);f(v) (80)
and
0<VH-Gih)< f(”)+f 0 (81)
hold for all t € [0, 1].
(iii) If f is differentiable on [u, v], then we have the inequalities
f&) 2 ' f()
ostv” u[v_ f dx —f( 1o )]<V(t) ”vu ! (82)
(0 —u) (V*f @) —1f (u)
0=V - f(uzz-wv) = ( 4uv )' (83)
_ 26 () 2 F
0<L(H-U(@) < © u)(v f41(;2 i (u)), (84)
_ 26 () _ 2 F
0<V()-L()< ey (U f4§:;) s (u)), (85)
and
— 2 —
0<V(H-U® < -0 © uf()), (86)

4uv

hold for all t € [0, 1].
Remark 2.14. The inequalities (44) give a new refinement of the Fejér type inequalities (21).

Remark 2.15. The inequalities (45) refine the Fejér-type inequalities (36).
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In the next theorem, we point out some inequalities for the functions G1, Q, U,, V,,, S, considered above.

Theorem 2.16. Let f, p, G1, Q, Uy, V), S, be defined as above. Then the following Fejér type inequalities hold:
(i) The inequalities

u,,(t)sa(t)fv pg)dxs f(”);f(v) f pg)dx, (87)
hold forte[O,%]and
f(uzjvv)f " e n <Q(t)f Md =@, %)

inequalities hold for t € [5, 1].
(ii) The inequalities

OSSp(t)sGl(t)fvr% 2[f(u);rf(v) Q(t)]fv%dx+8p(t), (89)

hold for all t € [0, 1].

Proof. (i) Here we consider the two cases.
Casel. € [O, %]
Using substitution rules for integration and the hypothesis of p, we have the following identity:

2uv

3 u+o 2UVX 2uvx p (X)
Uy () = j; [f(2u0t+(1 —t)(u+U)x)+f(2((u+v)x—uv)t+(1 —t)(u+v)x)] x2 ax. (90)

We observe that the following inequality is a result of usage of Lemma 2.4:
The inequality

2uvx 2uvx
f uvt+ (1 —t)(u+0)x +f 2(uw+v)x—uo)t+ (1 -t)(u+v)x

uv uv
Sf((l—t)vﬂfu)+f((1—t)u+tv) O

- 2 - 2 - - :
holds for x; = m, = T +v)x_uv’)‘ff(1_t)(u o 1 = %, Yo = (1_;% in Lemma 2.4, where
2
te [O, 3] and x € [ u, uﬁ’j;}]
Multiplying the inequality (91) by 23 0 , integrating both sides over x on [ u, ifé] and using identity (90), we

derive the first inequality of (87). From Lemma 2.6, we get that

f)+f©)

sup Q(t) = 5

refo1]
Thus the second inequality in (87) is established.
Case 2.t € [%, 1]

By choosing x; = in Lemma 2.6, where t € [%, 1]

X

uo _ Uy _ vxX _ 2uvx
A=Ho+tu’ ™2 ~ [A-Hu+to’ = tx+(1-t)v” Y2 = ((u+v)x—uv)(1-t)+tv

and x € [ u, ﬁg] we get

uv uv
f((l—t)v+tu)+f((1—t)u+tv)
2uvx 2uvx

Sf(u(x+v)(1—t)+x(u+v)t)+f(u(x+v)(1—t)+x(u+v)t)’ ©2)
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px)

2uv
7 u+v

Multiplying the inequality (92) by =7, integrating both sides over x on [u ] and using identity (63), we

derive the second inequality of (88) From Lemma 2.6, we get that

20 =11

Thus the first inequality in (88) is also achieved.
(i) Using substitution rules for integration and the hypothesis of p, we have the following identity

ZMU)
u+o)

2uv

u+o X ux p(%)
2=, [f(tx+<1—t>v)+f(tx+<1—t>u)] e

ux

v vx ux P(m)
+fzw[f(tx+(1—t)v)+f(tx+(1—t)u)] X2 ax

o uvx
tx + ( t)v +f tux + (1 —t) (u + v) x — uv)

-
( wox )] P(z5)

tx+(1 t)u) f(tvx+(1—t)((u+v)x uv) x2

2uv

dx

4uv.

w30 2uvx
f (tx+(1—t)v)+f(2tux+(l—t)((3u+v)x—2uv))

2uvx uox
(2tux+(1—t)((v u)x+2uv)) f(tux+(1—t)((u+v)x—uv))
2uvx 2uox
(2t0x +(1-H((v-—u)x+ 2uv)) - f(ZtUx +(1-)(@Bu+v)x— Zuv))

+f

uox ux P(Zfo)
+f(tvx+(1_t)((”+U)X—uv))+f(tx+(1—t)u)] 2 dx. (93)

4uv |.
7 u+3v |*

By using Lemma 2.4, we observe that the following inequality holds for all t € [0,1] and x € [u
The inequality

vX 2uvx 2uv
< 94
f(tx+(1—t)v)+f(2tux+(1—t)((3u+v)x—2uv)) _f(v)+f(2ut+(1 —t)(u+v)) (54)
holds for X1 = tx+z)1x—t)v’ X2 = 2tux+(1— t)21(¢§3+v)x —2uv)’ nh=vo and Y2 = 2ut+(12il:/)(u+v)'
The inequality

2uvx

Uvx
f(2tux+ (1 —t)((v—u)x+2uv))+f(tux+ (1 —t)((u+v)x—uv))

2uv uo
= f(tu+(1—t)(u+v))+f(tu+(l —t)v) %)

2 2 _
holds for X1 =, 2tux+(1— t)?(zzjix u)x+2uv)’ tux+(1 f)bzz(:iv)x uv)’ n= tu+(lf£t;}(u+v) and Y2 = tu+zllv—t)v'

The inequality

ux 2uvx
f tx+(1-Hu +f 2tux + (1 — 1) (Bu + v) x — 2uv)

uv 2uv

Sf(i‘v+(l—1?)Lt)+f(2vif+(1—If)(u"‘v)) 0
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— ux _ 2uvx _ __uv 2uy
holds for X1 = tx+(1-t)u”’ X2 = 2tux+(1—t)((3u+v)x—2uv)’ = for(1—bu and Y2 = 20t+(1-t)(u+v)

The inequality

2uox uox
f 2tox + (1 —t) (v — u) x + 2uv) +f tox + (1 —t) ((u + v) x — uv)

2uv

Sf(zvt+(1—t)(u+v)

)+f(u) ©7)

- 2 2 -
holds for X1 = 2tvx+(1-1)(( zn;{u)w—Zuv)’ X2 = tox+(1- t)bévtﬁv)x uv)”’ 1= 2 13;)) (u+v) and Y2 =u.
Multiplying the inequalities (94)-(97) by =22~ p(z,, 2) and integrating them over x on [u, 2w | and using identity

(93), we get

28, (1) < Gi (1 f AUPN z[f (”)erf © +Q(t)] U’%dx, (98)

for all t € [0,1]. Using (40) and (98), we derive (89).
|

Corollary 2.17. Let p(x) =
that

x € [u,v] in Theorem 2.16. Then I; (t) = V (t), t € [0, 1] and therefore we observe

(i) The inequalities
UM <Q) < f(”)+f (99)

hold for t € [O, %] and

f( 20 )S Q) <V (), (100)

u+7o

inequalities hold for t € [%, 1].
(ii) The inequalities

X) %[f(u)+f(v)+Q(t) L, (101)

OSL(t)SGl(t)fvl%dxs >

u

hold for all t € [0, 1].

The following Fejér-type inequalities can be deduced from Theorems 21, 34, 2.10, 2.11, 2.12, 2.16,
Corollary 2.9 and Lemma 2.6 and we omit their proofs.

Theorem 2.18. Let f, p, Uy, Vy,, G1, K, L, S, be defined as above. Then, the following inequalities hold for all
te[0,1]:

2”” f&d <ll(t)<G1(t)f —d

M+Z)

<S8 (t)<(1‘t)f uszx +f (xzivv)] (X)
(u)+ f(0) f P@, _f (u);f (©) f Pg)dx (102)
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and

f(%)f P, <K(t)<G1(t)f PO < £,0<v,02 0 t)f f@p@,,
v L0 [P0, f(u>+f(v)f P
2 22

x. (103)

Theorem 2.19. Let f, p, U, G1, K, Q be defined as above. Then, the following inequality holds for all t € [0, }1]:

f(uzf’v)f PO 4 <, <u, 20 <G, (2t)f P
sQ(t)f P;;f)dxsf(u);rf(v) f”}?;;f)dx (104)

and

f(%)f plx )d <K(t)<K(2t)<G1(2t)f PO 4y
SQ(t)f”P;:)def(u);rf(v)f”lﬂg)dx. (105)

Theorem 2.20. Let f, p, Uy, V), G1, Q, L, S, be defined as above. Then, the following inequalities hold for all

tE[}l,%]:
f(uZZvv)f P() u,m<Q t)f P()

<G1(2t)f de<£p(2t <V, (2t)<(1—2t)f
o LSO (20, JOTO [0,

¢ f(X)f (X)dx
X

and

2uv p(x) “p(x) “p(x)
A )f Prax<u, (t)<Qt)f —dstl(Zt)fu Py <8, 20

u+v "

Zux 2xv p(x)

<(1_2t)f [f u+x x+v)] x2
f(u)+f(v)f P, f(u)+f(v)f”P(x)d
2 . X2

x. (107)

Theorem 2.21. Let f, p, Uy, V,, Gy, Q, L, S, be defined as above. Then, the following inequalities hold for all

te[%,%]:
Sy

=¢ (Zt)f P i< 1,00 < v, 0 < (1-20) f U f—(x)p(x)dx
A +f © (PP, _f@WfE (P
f > f 2 dx,

(108)
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2
f(%)f plx )d <Q(t)f dx<G1(2t)f —d <8,
Zux 2xU p(x)
<= 2t)f [f u+x x+v)] x2
fw+f@ (“pk) fw+f@ (Cp)
- f S < 527 f S (109)

and

2”” fp—d <Q(t)f —d
M+'U

<Gy (2) f p— dx <V, () < Vp(Zt)s(l—Zt)f
fw) +f(U) f (x) fw)+ f(v) fv P(x)dx
. (110)
2 . X2

¢ f(X)p (X)dx

Theorem 2.22. Let f, p, Uy, V,, G1, Q L, S, be defined as above. Then, the following inequalities hold for all
te [%,%

f(z’w)f P()d <Q(t)f —dx<G1(2(1—t))f wd x< L, 2(1-1)

u+o

SV,,(Z(l—t))s(Zt—l)f %dx

+2(1- f(u)+f(v)f P(x) f(M)Zf(U) fvpg)dx (111)
and
2 v ’
(2 @dxsamf P Giea-n) [ Eaxss,ea-n
Zux 2xU p(x)
<(2t_1)f [f u+x x+v)] x2
+2(1_t).f(u);rf(v)fpg) _f(u);rf(v)f”rlg)dx_ (112)

Theorem 2.23. Let f, p, Uy, V,, G1, Q L,, S, be defined as above. Then, the following inequalities hold for all

te [%, %]:

Mzzvv f PO, <Q(t)£ PO <G - t))f LAGPN <G1(t)f ;%dx

S.ﬁp(t)SVp(t)gﬂ_t)f dex

f(u)+f(v)f P& f(u)zf(v)f P;;C)dx (113)
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and

2uv f&d <Q(t)f —dx<G1(2(1—t))fv%dxﬁGl(f)fvl%dx

M+’0
f 4 fi’;)+f(fi2)]
f(u)+f(v) p(X) f(u)+f(v) “p(x)
> ) x2 < > f " dx. (114)

Theorem 2.24. Let f, p, Uy, V), G1, Q, L, S, be defined as above. Then, the following inequalities hold for all

€ [2,1]:

f(Zuv)f Md <u, (2(1—t))sG1(2(1—t))fv%dx

u+7o

<a<t)f Py <y (t)<(1_t)fvf(X)P(x)dx
b L0 (10 SO0 (2
2

dx (115)

and

f(zu—”)f AGPN <K(2(1—t))<G1(2(1—t))f

u+7o

<Q(t)f —dx<v (t)<(1_t)f f(x)P(x)dx

f(u) 0 f 20 g L0210 B0 g
Corollary 2.25. Let f, Q, Gy, U, V, L be defined as above and p (x) = =, then we have:
(i) The inequalities
f(uzf’ )< U <UD <G 2h<Q) < f(”);f(v) (117)
hold for all t € [0, 1],
(ii) The inequalities
f(uzf’ ) <UM<QE) <G 2 < L2 < V2
S 1 2t S fE) _fw+fE) (118)
2 2
hold for all t € |1, %
(iii) The inequalities
2uv
f(u+ )<Q(t) <GIH<LEH V2D
1-2t\ (7 f) f+f@  f+f()
S(U—u) . 7dx+2t 5 < 5 (119)
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and
fﬁiﬁ)<@0)<v&%<veﬂ< - % j‘ [, +%_ﬂm;faosfon;f@>(um
hold for all t € [4,1].
(iv) The inequalities
2uv 2t Cf®) (x)
f@+ﬁsamsgeu—msﬁau-msvau—ms(vu)u L
+20_ﬂ_fQOZfW)SfOO;fw) (121)
hold for all t € [1,3].
(v) The inequalities
2
f(22)<aw<ciea-nscn<Lo<vos (i) [ L
+bf10+f@)gf00+f@)(um
2 2
hold for all t € [3,3].
(vi) The inequalities
f&i?)<LH20—Q)<GM2@—D)<QU%<V@
U_u j‘f@ f@a;fw)squ;fW)(u$

hold for all t € [3,1].
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