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Abstract. In this paper, we establish two new different and general variants of g-Hermite-Hadamard-
Mercer inequalities by using the newly defined g-integrals. The main edge of these inequalities is that they
can be converted into some existing and new inequalities for different choices of 4 € (0,1) and A € (0,1].
Finally, we study some mathematical examples to assure the validity of newly established inequalities.

1. Introduction

The Hermite-Hadamard inequality, named after Charles Hermite and Jacques Hadamard and commonly

known as Hadamard’s inequality, says that if a function f : [2,b] — R is convex, the following double
inequality holds:

b b
f(“;b)sﬁfa fyax < LO2TO )

If f is a concave mapping, the above inequality holds in the opposite direction. The inequality (1) can
be proved using the Jensen inequality. There has been much research done in the direction of Hermite-
Hadamard for different kinds of convexities. For example, in [1,12], the authors established some inequalities
linked with midpoint and trapezoid formulas of numerical integration for convex functions.

In 2003, Mercer [3] proved another version of Jensen inequality, which is called Jensen-Mercer inequality
and stated as:

Theorem 1.1. For a convex mapping f : [a,b] — R, the following inequality holds for each x; € [a, b]:
flasb=Y wpxi|<f@+f®) =) wf(x),
j=i j=1

n
where u; € [0,1] and ), u; = 1.
j=1
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After that, in 2013, Kian et al. [4] used this new Jensen inequality and established the following new
versions of Hermite-Hadamard inequality:

Theorem 1.2. For a convex mapping f : [a,b] — R, the following inequalities hold for all x,y € [a, bl and x < y :

1 Y
flavo-3Y) < r@eso-= [ fwi )
x+y
< f@+fo- ()
and
x+y 1 +b—x
f(a+b— . ) e L 3)
fla+b-x)+f(a+b-y)
- 2
< f@+ - LW

Remark 1.3. It is easy to see that the inequality (3) becomes the traditional Hermite-Hadamard inequality (1) for
convex functions by settinga = x, b = y.

For more recent inequalities related to (2) and , one can consult [5H10].

On the other hand, quantum calculus is a very important branch of calculus and it has a wide range of
applications in the fields of mathematics and physics. Because of the numerous applications of quantum
calculus (shortly, g-calculus) without limit calculus, many researchers began working on it and applying its
concepts in areas such as differential equations, integral equalitions, mathematical modeling, and integral
equations.

In [11-14], the authors used the g-integrals (defined in Section 2) to prove four different versions of g-
Hermite-Hadamard inequalities and some estimates. The g-Hermite-Hadamard inequalities are described
as:

Theorem 1.4. [11}[12] For a convex mapping f : [a,b] — R, the following inequalities hold for q € (0,1):

qa+b 1 qf (@) + f (b)
f( 2], ) < mfZJrf(b) < T, (4)
a+qb 1 f@)+qf ()
f( 21, ) < mfz_f (a) < T, ®)
(50 < ot e < L0, ©
b b

Remark 1.5. It is very easy to observe that by adding (#) and (5), we have the following q-Hermite-Hadamard
inequality (see, [12]]):

PRAUEILC
<2

f(a;b)S 2(b1_u) |70, () + 1] fa (8)

Remark 1.6. We also observe that by adding (6) and (7), we get the following inequality:

b
f(”Zb) : z(bl_ SL T+ 11 @] < w )
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Recently, Ali et al. [15] and Sitthiwirattham et al. [16] used new techniques to prove the following two
different and new versions of Hermite-Hadamard type inequalities:

Theorem 1.7. [15|[16]] For a convex mapping f : [a,b] — R, the following inequalities hold:
a+b 1 [, ) f(@)+ f ()
f( 2 ) < G| TS @ T 0] s 5

5 = gt ol Loyt

a

(10)

Remark 1.8. By setting the limit as g — 17 in (@)-(T1), we recapture the traditional Hermite-Hadamard inequality
(.

There has been much research done in the direction of g-integral inequalities for different kinds of
convexities. For example, in [17], some new midpoint and trapezoidal type inequalities for g-integrals and
g-differentiable convex functions were established. The authors of [18-22] used g-integral and established
Simpson’s type inequalities for g-differentiable convex and general convex functions. For more recent
inequalities in g-calculus, one can consult [23H28].

Inspired by these ongoing studies, we consider Jensen-Mercer inequality and establish g-Hermite-
Hadamard inequalities using ,T, and ’T, integrals. The main edge of these inequalities is that they can be
converted into some existing and new inequalities for different choices of g € (0,1) and A € (0,1].

2. Preliminaries of g-Calculus and Some Inequalities

We shall recall some basics of quantum calculus in this section. For the sake of brevity, let 4 € (0,1) and we
use the following notation (see, [29]):

n

N 2 n-1
[n]q_m_1+q+q +..+q"
Definition 2.1. [28] The left or g,-derivative of f : [a,b] — R at x € [a, b] is expressed as:

Dyf (x) = f &) (_1f_ (Z;C (Z (_; DD sa (12)

Definition 2.2. [12] The right or q-derivative of f : [a,b] — R at x € [a, b] is expressed as:

_flgx+(1-9)b) - fx)
quf(x) = A== , x#D.

Definition 2.3. [28] The left or g,-integral of f : [a,b] — R at x € [a, b] is defined as:

170 = [F0) it =0-pG-0) '@+ 0=
p n=0

1
(b—a)fo Fltx+(1—t)a) odyt.

Definition 2.4. [11]] The right or q"-integral of f : [a,b] — Rat x € [a, b] is defined as:

I f ()

b (o]
[r0 g —a-pe-0Y ¢ r@rea-mo
pe n=0

1
® —a)fo Fltx+(1—£)b) odgt.
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Definition 2.5. [13] The ,T;-integral of f : [a,b] — Rat x € [a, b] is defined as:
X

f f(t) adit

a

oo [(1 L)Y (- ) a) - @
n=0

TIq+f (JC)

1
- a)jo‘ fix+(1-t)a) Odgt.

Definition 2.6. [14] The "T,-integral of f : [a,b] — Rat x € [a,b] is defined as:

b
f £ Tt

(1-¢g)b-2x)
2q

I f @)

(1+q)):q”f(qx+(1 7)) - f ()

(b—a)f0 ftx+ (1 =1b) odjt.

3. g-Hermite-Hadamard-Mercer Inequalities

4534

In this section, we prove two new and different versions of general g-Hermite-Hadamard-Mercer type

inequalities.

Theorem 3.1. For a convex function f : [a,b] — R, the following inequalities hold:

w15
< f@+fo)- ZA( )thfuy+(1 MNx)+ T f(Ax+ (1= A y)]
< f(a)+f(b)—f(T)
and
f@+b—x;y)
) . sza+b7y)+f(/\(a+b—x)+(l—/\)(a+b—y))
2A(y =) + Tl pgfA@+b—1) + (1= A)(@+b-x))
< fla+b-x)+f(a+b-y)

2
< f@+fb)-
forallx,y € [a,b]and x < y.

f@)+f(y)
2

Proof. From the Jensen-Mercer inequality, we have

f(a+

+v)sfm)+fwy-%gan+f@n.

(13)

(14)

(15)
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By settingu =t(Ax+(1-A)y)+(1-tH)yandv =t(Ay+ (1 - A)x) + (1 — ) x, we have
f(a +h- “Ty) (16)
< f@+FO) -3 [FEG+0-Dy)+A=-Dy)+ FEAy+A =D+ -],
T,-Integrating with respect to t over [0, 1], also from Definitions 2.5|and 2.6] we have
-5
fa)+fb)- %[fol fEQAx+A-Dy)+A-Hy +fEAy+ A -A)x)+ (1 - t)x))quf}

1
G "I f Ay + A= Nx)+ T f(Ax+ (1= ) y)|.

IA

f@)+f ) -

Thus, the first inequality in (13) is proved. To prove the second inequality, we use the inequalities @ and

(), we have
1 T 74 xX+y
D) [TZLf(Ay+@-x)+ 7T f(Ax+ 1= A)y)] 2 f(T)

which implies that

f@)+f®) - ! x)[TIZ+f(/\y+(1—)\)x)+TI‘;_f(/\x+(1—)\)y)]

20 (y -
< f@+ro- ().

Thus, the proof of inequality is completed.
Now we prove the inequality (14), from the convexity, we have

u+0)
2

f(a+b— ' f(a+b—u+a+b—v)

IA

%[f(a+b—u)+f(a+b—v)].

Bysettingu =t(A(@a+b-y)+ (1 -A)@+b-x)+1-H@+b—-x)andv=t(A@+b-x)+(1-A)(@a+b—-y)+
(1-8(@a+b-y), wehave

f(a+b—x+Ty) (17)

< %[f(t(/\(a+b—y)+(l—)\)(a+b—x))+(1—t)(a+b—x))
+f(tA@+b-0)+A-AN)@+b-y)+A-H(a+b-y))].
T,-Integrating (I7) with respect to t over [0, 1], also from Definitions[2.5/and 2.6] we have

oo 3

T Z y)+f(/\(a+b—x)+(1—/\)(a+b—y))

a+b—

1

2A(y - %) + T Tipg-f(A@+b—y)+ (1= A)(@+b-x))
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Thus, the first inequality in is proved. We again use convexity to prove the second inequality in as
follows:

fA@+b-y)+A-A)@+b-x)+A-H(@+b-x) (18)
< tAf(a+b-y)+Q-A)fla+b-x)]+A-t)fla+b—-x)
and
fA@+b-x0)+1A-AN)@+b-y)+A-H(@+b-y)) (19)
< HAfa+b-x)+A-A)fla+b-y]+A -0 f(@@a+b-y).

By applying convexity after adding (I8) and (19), we have

fA@+b-y)+A-AN)@+b-x)+(Q-t@+b-x)) (20)
+f(EA@+b-x)+1-AN)@+b-y)+1A-H@a+b-y))

fla+b-x)+f(a+b-y)

2[f@+fO]-[f )+ fW]-

Thus, we obtain the required inequality by T;-Integrating with respect to t over [0, 1] and from Defini-
tions 2.5]and O

INIA

Remark 3.2. In Theorem if we set A = 1, then we recapture the following inequalities

IA

o) = s o)

< f(a)+f(b)_f(x'£y)
and
o038
1

= 2(y—x) [TIZa+b—y)+f(a+b_x)+ TI(ﬂ’fb—x)—f(“’Lb_y)]
< fla+b-x)+f(a+b-y)

B 2

< f(a)+f(b)—w‘

These inequalities are established by Gulshan et al. in [30]].
Remark 3.3. In Theorem[B.1} if we set A =1, x = a and y = b, then we recapture the inequality (9).
Remark 3.4. In Theorem[3.1} if we set A = 1 and the limit as q — 17, then we recapture the inequalities (2) and (3).

Corollary 3.5. In Theorem if we set A = 1, then we obtain the following new Hermite-Hadamard-Mercer type
inequalities:

flere=) = s (5 ()

fa+fo-5(5Y)

IA

IA
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and
f(a+b—x+Ty)
< (yix) [T F a0 =57 )+ T oo =57
. flatb-0)+f@+b-y)
< 2

< f@+ -T2

Corollary 3.6. In Theorem if we set A = 1, then we obtain the following new Hermite-Hadamard-Mercer type
inequalities:

2 2
e I O N e PR |
< f@+fo-f(5Y)

and
x+]/
ﬂmw—jr)

3 T _x+2y T _2x+y
Z(y—x)[j(a+h—y)+f(u+b 3 )+ T gsp-x-fla+b 3

f@+b-x)+f@@a+b-y)
2

< f@+fb)-

IA

<

f)+ f(y)
—

Corollary 3.7. In Theorem if we set A = 1, then we obtain the following new Hermite-Hadamard-Mercer type
inequalities:

e I e R e PR |

fa+fo-5(5Y)

IA

IA

and

flare-57)

2 3 3
s s 22
fla+b-x)+f(a+b-y)

2

< f@+fb)-

IA

<

f)+ f(y)
——

Remark 3.8. Itisworth mentioning here that we can obtain infinite new Hermite-Hadamard-Mercer type inequalities
from Theorem 3.1]for different choices of A € (0,1].
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Theorem 3.9. For a convex function f : [a,b] — R, the following inequalities hold:

f(a +bh- “Ty) (21)
1 T T

f@+f0-23 (y—x)[ IléAw(l—A)x)—f @+ f?mu-wf v )]

f@+fo-f(52)

IA

IA

and

f(a+b—x;y) (22)

T 74 ~
1 I(A(u+b7x)+(17/\)(a+b,y)),f (a+b-y)

IN

20(y-x)| L1 ]
+ I(/\(ﬂ+b_y)+(1—/\)(u+b—x))+f (ﬂ +b x)

f@+b-x)+f@+b-y)

2
< f@e - LI

forallx,y € [a,bland x < y.

<

Proof. By the Jensen-Mercer inequality, we have

u+o

flart-"22) < f@+ 0 - 3@+ F @I

By settingu =tx+ (1 -t)(Ay+ (1 -A)x)and v = ty + (1 — £) (Ax + (1 — A) y), we have
x+y
f(a +h- T) 23)
1
< f@+fO-S[fx+Q-HAy+A-Dx)+ fly+A-HAx+ A - y)].
By applying Definitions[2.5 and [2.6|after T;-integrating (23) over [0, 1] with respect to t, we have

foes- 3

IN

1
f@)+ f(b) - %UO (f (bx + (1= ) (Ay + (1= D)) + £ (ty + (1 = ) (Ax + (1 = A) y))) dTt

1
= f@+f0)- 20 (y-x) [T%m—m)-f @+ T%Ha-wf (y)]'

Hence, we get the first inequality in (I3). We use inequality (7) to prove the second inequality of as
follows:

: X+y
m [sz/\w(l—/\)x)_f () + TIZAX+(1—A)y)+f (]/)] > f (T)/

which implies that

1
F@+ O~ 57075 T @ Thangf )]

< f@+s0-f(5Y)



M. A. Ali et al. / Filomat 37:14 (2023), 4531-4548 4539

Hence, the inequality (1) proof is now completed.
We apply convexity to prove and we have

u+v) f(a+b—u+a+b—v

f(a+b— .

< %[f(u+b—u)+f(a+b—v)].

Bysettingu=t(a+b-y)+(1-H)(A(a+b-x)+(1-A)(@a+b-y))and
v=t@a+b-x)+(1-H)(A(@+b—-y)+ (1 - A)(@a+b-x)), wehave

Floo-=5) @)
< %[f(t(a+b—y)+(1—t)()\(a+b—x)+(1—A)(a+b—y)))
+ft@+b-x)+A-H(A(a+b-y)+Q-A)(@a+b-x)))].

By applying Definitions[2.5 and [2.6|after T;-integrating (24) over [0, 1] with respect to t, we have

foos- 3

T749 _
1 L s aonosmyy)S @TE=Y)

220-2)| L1 ]
+ I(/\(g+h—y)+(]_/\)(u+h_x))+f (ﬂ +b x)

Hence, we get the first inequality in (2I). We again use convexity to prove the second inequality in (21) as
follows:

f@+b-y+QA-HA@+b-x)+1-A)(@@a+b-1y))) (25)
< tfla+b-yY+A-D[Af@+b-x)+1A-A)f(a+b-y)]
and
f@a+b-x)+1-HA@+b-y)+1-A)@+b-x)) (26)
< tHfla+b-x)+A-HAf@@a+b-y)+1-A)f@a+b-x)].
By applying Jensen-Mercer inequality after adding (25) and (26), we have
f@a+b-y+1A-HA@+b-x)+1A-A)(@+b-y)))
+f(t@a+b-x)+1-H(A@+b-y)+(1-A)(@a+b-x)))

fla+b-x)+f(a+b-y)
2[f@+ fO]-[f )+ fW]-

Thus, we obtain the required inequality by applying Definitions 2.5 and 2.6] after T,-integrating over
[0,1] with respect to t. [

INIA

Corollary 3.10. In Theorem[3.9} if we set A = 1, then we recapture the following inequalities

xX+y 1
f(a+b— T) f@+fO)- 50— ["10_f @)+ "1 £ (v)]

fa+fo-5(5Y)

IA

IA
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and

foos-=5)

1
) m [TILZHb_X)_f (a th- y) * TI[Eaerfy)Jrf (a +b- x)
. fa+b-0)+f@+b-y)
- 2

(x) +
< f@+ - LW
Remark 3.11. In Theorem[3.9} if we set A =1, x = a and y = b, then we recapture the inequality (9).

Remark 3.12. In Theorem if we set A = 1 and the limit as g — 17, then we recapture the inequalities (2)) and
3.

Corollary 3.13. In Theorem if we set A = 1, then we obtain the following new Hermite-Hadamard-Mercer type
inequalities:

IA

floro-53E) < s@ s 0= [Ty S0+ T S0

fa+fo-5(5Y)

IA

and

xX+y
f(u +b-— T)
Y i X [TIza+h7HTy)7f (a th- y) * TIZ[HZF%)yf (a +b - x)]

fla+b—-x)+f(a+b-y)
2

< fla)+fb)-

IN

<

f)+f(y)
—

Corollary 3.14. In Theorem if we set A = %, then we obtain the following new Hermite-Hadamard-Mercer type
inequalities:

IA

x+y 3
flore=23Y) < s@rs0- 35t T 100+ T S0

fa+fo-f(5Y)

IA

and
x+y
d“”‘?f)

3
YOS [Tj’gﬁb_ﬁazy)_f(a +b—-y)+ TI‘(iaer—%)j(a +b- x)]

f@+b-x)+f@+b-y)
2

f@+f) -

IN

f)+ f(y)
—a
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Corollary 3.15. In Theorem if we set A = 1, then we obtain the following new Hermite-Hadamard-Mercer type
inequalities:

s

IA

F@+fO- 2 T @ T f)
f@+f® —f(T)

IA

and

foos-=)

2
< - [T[Zﬁbrfy)f(a+b—]/)+ sza+b“ﬂ)+f(a+b_x)]
. fl+b-0+fla+b-y)
B 2
< f@ -0

Remark 3.16. It is worth to mention here that we can obtain infinite new Hermite—Hadamard-Mercer type inequal-
ities from Theorem 3.9|for different choices of A € (0,1].

4. Examples

In this section, we give some mathematical examples to show the validation of established inequalities
in last section for different values of A.

Example 4.1. Let us consider the convex function f : [1,2] — R defined by f(t) = t* and let x = % and y = 3.
Under these assumptions, we have

foes-5)3

and
f@+fo-f(5Y) =1

By Definition 2.5} we get

ol

241
2 T
j; t %dqt

3

- O an Tl (e g)ra-m (3 3)]

T f(Ay+ (1= 1)x)

.« 5_42) A (1+4q) Z:'O‘ g" (A2 +8Aq" +16) — (A2 + 81 + 16)}
A-pA[ A2 8A

— 2
= 510 h(1+q)(1_q3+1_q2+1 )()\ +8/\+16)

q
A2(1+9) )
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and similarly by Definition 2.6} we have

T _ 3 8T
I f(Ax+(1-Ny) = ﬁ_/‘tz dyt
! A2(1+9q) )
= —54q(—1+q+q2—10)tq+50q—)t 1-9].

Thus, the middle term of the inequality (13) reduces to

1
f@+f® - o [Tef Gy + A=10)+ 7T fQx+ 1= N y)]
A (A2(1+9q)
- @(m +(41—/\)q—/\2(1—q))

By the inequality (T3), we have

(e

9
Z<5-
4 18g\1+q+ 4%

+(41—A)q—A2(1—q))sZ. (27)

One can see the validity of the inequality (27) for some values of A in Figure[l}

2.8 2.8
26 The left term 26 The left term
The midle term — The midle term
24 The right term 24 The right term
2.2 2.2
0 0.5 1 0 0.5 1
For A=1 For A=1/2
2.8
26 The left term 2.6 The left term
—— The midle term The midle term
24 The right term 24 The right term
2.2 2.2
0 0.5 1 0 0.5 1

For A=1/3 For A=1/4

Figure 1: An example to the inequality

Example 4.2. Let us consider the convex function f : [0,1] — R defined by f(t) = t* and let x = } and y = 3.
Under these assumptions, we have

x+y _1
Flarr-"57)=3
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and
f@+b-x)+f@a+b-y) 5
2 T 18
By Deﬁnition we get

(m S A@rb=0+A=D)@+b-y)

Il
I— D)
i
+
W=
—
]
Wi
[
=4
—

- oo Erfrlhe3)ro-n -]
- (15_42))\ (1+q)nqu (A2 + 21" +1) = (12 + 21 +1)

- (15_4?7”_(1”)(1&73+12—Aq2+11Q)_(A2+2A+1)]
= %(%nmuq—ﬁa—q)).

Similarly, by Definition[2.6] we have
TI(u+b_x)_f(/\(a+b—y)+ 1-A)@+b-x)

2
3 5 2 T
[ ea
3 3
A (A2(1+q)
54(] 1+ q-+ q2
Thus the middle term of the inequality (@) reduces to
sza+b—y)+f Aa+b-x)+1A-AN)@+b-y))

—4/\q+8q—A2(1—q)).

1
A =D g FA@+b—y)+ (1= ) (@+b-)
A2 (1+9)
= @(m+(5—/\)q—/\2(1—q))

By the inequality (T4), we have the inequality

A2 (1+q)

9 . 9

< _ — — — < -,

155- 18q(1+q+q2 “41-N)g-A°(1 Q))— 1 (28)
One can see the validity of the inequality 28) for some values of A in Figure[2}

Example 4.3. Let us consider the convex function f defined in Examplewith x =1 and y = 3. Then, we have

fooa-52)-2

and

f@+ o) -f(2
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0.28 0.28 |

The left term The left term
0.27 The midle term 0.27 — The midle term
The right term The right term

""--\.,_‘_‘_‘._‘--_‘
0.26 026 ————— i
0.25 0.25
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Figure 2: An example to the inequality

By Definition 2.6} we get
By f®)

(Ay+1-2)x)

144
f £2 5+ th
1

4

- % 1+ q)iq" (q”}l +(1 —’1")(411 " %))2 - (411)2}

a-pif ,
= I (1+q)n26q (227" =241+ )" +(1+)\))—1l

(A=A A2 20 1+A)  (1+A)7 )
B 7o A =R wv s we —(A2+21+1)
A (s A +q)
1284 1+q+q2

2/\(1+/\)+(1+/\)2(1+q)—1+q).

Similarly, by Definition [2.5] we have

TI‘ZAX+(1—/\)y)+f )

I D)
| Nl=
1=
—
N
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|
E
[
=~
~

A (/\2(1 q)

12871+ g+ 42 202 =N +@-A) 1+ -4(1-7q)|.
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Thus the middle term of the inequality (21) reduces to

1
f@+ -3 (y—x) [TIZAy+(1—A>x)—f @+ Tf?'mufm»f t )]
A (2A2(1+¢q)
_ 6Tq(m +20(1 -2+ (@ =)+ A+ 1)) (1 +9) =501 —q)).

By the inequality (21)), we have the inequality

+2)\(1—2A)+((2—/\)2+(1+/\)2)(1+q)—5(1—q))s > (29)

2
5 _, i(zA (1+9) ‘
64

64~ 64g\1+g+q?

One can see the validity of the inequality (29) for some values of A in Figure[3]
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Figure 3: An example to the inequality

Example 4.4. Consider the convex function f defined in Example[t.1|with x = 1 and y = 1. Then, we have

xey)_ 169
f(“b_ 2 ) 64

and

fla+b-x)+f@a+b-y) 85
2 T 32
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By Definition [2.6] we get

T 7q )
I(/\(a+b—x)+(1—/\)(a+b—y))_f (@a+b-y)

A

3
atg
23437
3 q

2

_a ;:)A _(1 +q);qn (qng +(1 _qn)(; + %))2 - (;)z}

1-g)A] = n
= Ty [THOL T (V2064 g +(6+A)2)—36l
(1-g9)A

~ [ A2 20(6+A4)  (6+A)
T 12 _(1+q)(1—q3_ -¢ 1—q)_36]
A (/\2(1+q)

80\ 170+ ¢ —2/\(6+A)+(6+/\)2(1+q)—36(1—q)).

Similarly, by Definition 2.5 we have

T 74 )
I(A(‘”h_y)*'(l—A)(a+b—x))+f (@+b-x)

% 2 T
ﬁ_At _%dqf
i

4)\ (/\2(1 +q)

128g \1+ g+ ¢?

HIN

F2A (7 -+ T -A A+ -79(1-79)].

Thus the middle term of the inequality (21) reduces to

T 74 _
1 I(/\(ﬂ+b—x)+(1—/\)(a+b—y))—f @+b-y)
2A(y —x) + 77 Fla+b-x

(A(a+b-y)+(1-A)(@a+b—x))+
A (2/\2 (1+¢q)

e +2A(1_2A)+((7—A)2+(6+A)2)(1+q)—85(1_q)).

By the inequality (21)), we have the inequality

85

2
169 _ L(M+2A(1—2A)+((7—A)2+(6+A)2)(1+q)—85(1—q))s = (30)

64 T 64q\ 1+ q+¢?

One can see the validity of the inequality (30) for some values of A in Figure[d
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Figure 4: An example to the inequality

5. Conclusion

In this paper, we established several new variants of g-Hermite-Hadamard-Mercer inequalities in the
framework of g-calculus. We proved that the inequalities established here are the generalizations of existing
inequalities inside the literature. We also studied some mathematical examples to assure that the newly
established inequalities are true. Itis interesting and new problem that the upcoming researchers can obtain
similar inequalities for different kinds of convexity using the different g-integrals.
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