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Computation of the iterated Aluthge, Duggal, and Mean transforms
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Abstract. In this paper, we consider the computation of the Aluthge, Duggal, and Mean transforms of
n X n matrices using the singular valued decomposition. We provide examples to illustrate the superiority
of our technique in finding iterated Aluthge transform of a matrix over the more traditional methods. From
the observations using Python, we know that the iterated Aluthge and Mean transforms of the matrices
become normal. However, the iterated Duggal transform of the matrices may not be normal.

1. Introduction

Let H be a separable complex Hilbert space and let £(H) denote the algebra of all bounded linear
operators on H. Anoperator T € L(H) has the unique polar decomposition T = U|T| where |T| = (T*T)% and
U is the appropriate partial isometry satisfying ker(U) = ker(|T|) = ker(T). Here, ker(T) = {x € H | Tx = 0}.
In 1990, A. Aluthge([2]) introduced the Aluthge transform Tof T € L(H) given by

T = [T|2U|T|=.

For an operator T € £L(H), the sequence {T®} of the Aluthge iterates of T is defined by T® = T and
T = T0=1 for n € N where N denotes the set of positive integers.

The main advantages of the Aluthge transformation of operators are as follows.
(i) If T is p-hyponormal with 0 < p < %, then (T) is hyponormal ( see [2]).
(ii) If T is a quasiaffinity, i.e., it has trivial kernel and dense range, then Lat(T) is nontrivial if and only if
Lat(T) is nontrivial (see [6]).

The Duggal transform TP of T € L(H) is given by TP := |T|U (see [7]). The mean transform T of T is defined
by TM := 1(T + TP) (see [8]). Now, we state important concepts, that is, “pseudo inverse” and “singular
valued decomposition” in linear algebra for our study.
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Definition 1.1. Let m,n € IN. For a matrix T € C"™*", a pseudo inverse of T is defined as matrix Tt e C™>m
satisfying all of the following four criteria, known as the Moore-Penrose conditions:

TT'T=T,T'TT' = T',(TT")" = TT", and (T'T)* = T'T. (1)
Since the pseudo inverse exists and is unique for any matrix T, there is precisely one matrix T".

Theorem 1.2. The singular value decomposition (SVD) of an m X n complex matrix T is the factorization of the
form
T =WLv”

where X is an m X n rectangular diagonal matrix with non-negative real numbers on the diagonal, W is an
m X m complex unitary matrix, and V is an n X n complex unitary matrix.

In 2017-2018, D. Pappas, W. N. Kataikis, and I. P. Stanimirovic ([9] and [10]) developed algorithms for
symbolic computation of the Aluthge and Duggal transforms of a polynomial matrix, respectively. Like this
study, we study the Aluthge, Duggal and Mean transforms with a newly developed algorithm(see Section
3) and determine whether the iterated transformations become normal.

In this paper, we study the computation of the iterated Aluthge, Duggal, and Mean transforms of n X n
matrices using the singular value decomposition. ~We provide examples to illustrate the superiority of
our technique in finding iterated Aluthge transform of a matrix over the more traditional methods. From
the observations using Python, we know that the iterated Aluthge and Mean transforms of n X n matrices
become normal. But, the iterated Duggal transform of n X n matrices may not be normal.

2. Main results

In this section, we focus on the computation of the (iterated) Aluthge transform of n X n matrices. In
general, it is not easy to directly calculate the Aluthge transform after finding the polar decomposition of
a matrix. So we use the singular value decomposition to find the Aluthge transform of a matrix. We start
with the following lemma.

Lemma 2.1. With the same matrices W, V, 2 as in Theorem 1.2, let WLV™ be the singular value decomposition of
T € C™". Then T* = VE'W* is the pseudo inverse of T, where

oY, if 0;#0
rh={"" ' e {1,2,---, 2
{O, otherwise foried ) @)

and o; is the entries of the diagonal matrix ¥.
The following theorem provides the form of the Aluthge transform of matrices T using the singular
value decomposition.

Theorem 2.2. Let T be an n X n matrix. If WEZV* is the singular value decomposition of T, then the Aluthge
transform of T has the following form

T=SWV'E
where 5. = VL3 V™.

Proof. Let T = U|T| be a polar decomposition of T and let T = WX V" be the singular value decomposition
of T. Since |T|? = T*T = VX2V* = (VZV*)?, it follows that

IT| = VZV* and |T|' = (VZVH)' = VEIV* (3)
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where V is unitary and it holds that V* = V. Consider U = WZX'V*, we obtain from Definitionand
that

UlT| = (WZZthv(vzv)
=wrrtvvzve
=wIxtrv: 4)
= WZV*
=T
Since (ZX')* = LT, we get that
uuru = (Wetvywzztvy (wzzt v
= wzztvyvzstwymwzztv)
=wrfvviztwwzrtv
=wernctzehv
=wzztv
=U
Therefore, £2(£2)" = (£2)'L2 implies that
T = T|2UIT|? = VE:V*WES V VLV (= SWEETVE)
= VEIVWESTI v
= VZ:vwriri(ghi(ghiz v
= VE:V'WIir:(z2)h(z2) e v
= VZIVWEI ()R (R R v
= VZIV'WEI(Z2) R V*
= VEIV'WEV*
= (VZI VYWV (VZ2VY)
= SWV'E.

Hence the Aluthge transform of T is T = SWV*S where £ = V3 V(= [T]z). O

Remark 2.3. From the proof of Theorem [2.2] we know that
T=SWIz've=Swve.
So, there is no need to find U or check the existence of an inverse of T to find the Aluthge transform.

Corollary 2.4. Let T bean nxnmatrix. If WEV* is the singular value decomposition of T, then T = (WZZTV*)(VEV™)
is the unique polar decomposition of T.

Proof. Let U = WEZL'V*. We now want to show that

ker(WEZL'V*) = ker(VZV*) = ker(WZV").
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If x € ker(WZXFV*), then WELV*x = 0 and so 2 V*x = Z'ZEV*x = 0 and ker(Z) = ker(ZF). Thus ZV*x = 0
and so VZV*x = 0. Therefore x € ker(VLV"). The converse implication hold by a similar method. Moreover,
ker(VLV") = ker(WLV") holds clearly. Thus U is a partial isometry by(®) and |T| = VEV* holds by (3) the
proof of Theorem [2.2] Hence

T = (WZZ'V)(VEVv?)

is the unique polar decomposition of T. [

We now give the form of the iterated Aluthge transform of an matrix T using the singular value
decomposition.

Theorem 2.5. Let T be an n X n matrix in C™". If T = WLV" is the singular value decomposition of T, then the
n-th iterated Aluthge transform of T is

T(n) = i:n—l Wn—lv;;_lin—l
N 1 A ~
where Xy = VX2 |V foreachn >1, Xy =YX, Wo =W, and Vi = V*.
Proof. If n = 1, then it is clear by Theorem 2.2} Assume that the n-th iterated Aluthge transform of T is

’i:(n) = 2n—l Wi V;_l 2n—l

. 1 —
where 2,1 = V,,1 X7 |V, | for each n > 1. Then we can find the singular value decomposition of T as
follows; _

T = W, 2, V.

By the similar way of Theorem 2.2} we obtain that the (1 + 1)-th iterated Aluthge transform of T is
T 5w,V
. 1
where 2, = V,,Z2V;. So, we complete the proof. [

We say that a matrix N in C™" is normal if NN* = N*N where N* is an adjoint matrix of N.

Corollary 2.6. If T is an n X n matrix, then the limit points of the sequence {T™)},cn are normal where T® =
2 W, V;_lf,n_l foreachn > 1.

Proof. The proof follows from Theoremand [5] (or[1}, Proposition 1]). O

Next, we give several examples of the iterated Aluthge transform of a matrix T by Theorems[2.2]and

Example 2.7. Let T € C¥3 be defined as

0 0 1
T=[1 1 0}.
1 -1 0

Then |T| is clearly invertible and the singular value decomposition (SVD) of T is as follows.

0 0 -1)(2: 0 -1 0
-1 0 0]
0 0 -1

T=WxV:=|-22 -273 0
1 1

0
272 =272 0 J{0 O
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Therefore we have

£ =V
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Hence the 2-th iterated Aluthge transform of T is
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Hence the Aluthge transform of T is
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+

200 0)(22 0 0
Remark 2.9. In Example 2. r¥f =0 2: ollo 27 o] isthe identity matrix. But, in Example 2.8
0O 0 1Jto 0 1
200 02 0 0 0
Iyt = 8 é (1) 8 8 (1) (1) 8 is not the identity matrix.
0 00 0Jl0 OO0 O

Remark 2.10. For a given matrix T in C"™", it is not always easy to find the polar decomposition of T.
However, from the method in Theorem 2.2, we can obtain the polar decomposition of the given matrix T
as follows.

0 0 1 0 0 1 22 0 0
@I T=|1 1 0} thenbyCorollaryR.4 U=WrZ'Vf=|2"2 272 O0fand|T|=|0 2: 0} Hence
1 -1 0 271 272 0 0 0 1
we get that
0 0 122 0 0y (0 0 1
uri=|2z: 22 of|lo 2t o|l=l1 1 o|=T
272 =272 oflo o0 1/ 1 -1 0
is the polar decomposition of T.
01 00 0100 0 00O
) oo 20 ~ e |00 10 o100
(ii) Let T = 00 0 1 .Then U = WXL'V" = 00 0 1 and |T| = 00 2 0 from Corollary
0 0 0 O 00 0 O 0 0 0 1
Therefore we obtain that
01 0 0y 0 0 O 01 0 0
0 01 o0 1 0 O 0 0 2 0
UTI=1o 0 0 1]{o 0 2 o[7|o 0 0 1
0 00 0o 001 0 00O

is the polar decomposition of T.

Recall that the Duggal transform TP of Tis given by TP := |T|U. The mean transform TM of T is defined by
™ = L(T + TP).

Proposition 2.11. Let T be an n X n matrix. If WEV* is the singular value decomposition of T, then the following
statements hold.

(i) TP = VEV*WXIL'V* is the Duggal transform of T.

(i) ™ = %(WZV* + VZV*WZZ*V*) is the mean transform of T.

Proof. Since U = WEXV* is a partial isometry and |T| = VEV*, the proof follows from the proof of Theorem
and the definitions of Duggal and Mean transforms of T, respectively. [

0 0 1
Example 2.12. (i)If T=|1 1 0}, then Remark[2.10|gives that
1 -1 0
_ (Y2 0 o9 0 1)y (0o 0 V2
e | A ot B
00 e v 9 % w0
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N 0 0 1y (0 0 V2 0o o @
and TM:%([l 1 0|+|1 1 0 ): 1 1 0 |.Moreover, we have
1 -10) | - O 2 22
1+2\/i —1;\5 0 )(0 0 1 2-V2 222 1+V2
(TD)(Z): “14V2 1+V2 2 2 )= 2+4\6 2+4\E —13\5
2 2 \2/5 2\& 1 1 2
0 0o V2J{F -F 0 1 -1 0
and
e _ Lam, mand
(T = ST +(T) )
0 0 1432 2-\V2  2-vV2  1+3V2
1 2 8 8 4
— _( 1 1 0 |+ 6+8\ﬁ 6+8\ﬁ —12\5 )
2 2+42 _2+\5 0 2+V2 _2+‘/§ 0
3 1 1 1
2-V2  2-V2  3+5V2
16 16 8
—|14+V2 1442 -1+V2
16 16 8 |
2+\r2 _2+\/§ O
1 1
0100
.. 0 0 20 . .
(ii) Let T = 000 1 . Then Remark [2.10/implies that
0 00O
000 Oyo 1 0O 0 00O
TD_OlOOOOlO_OOlO
10 0 2 0fJ0O O O 1[{7Jj0 O 0 2
0 00 1J)IOOOO 0 00O
0100 (0000 0 3 00
~ 0020/ (0010 00 2 0 - =D
M 1 = 2 M =
and T —2( 000 1170 o o 2) 00 0 %.Moreover,bya51m11arway,wehave(T)
0 0 0 O 0 00O 0 0 0O
00 0 O
0041 0
00 0 %and
00 0 O
0100
— 1=, =P fo0 10
@ — Z(TM L (TM) =
0 00O

Theorem 2.13. Let T be an n X n matrix. If T = WLV" is the singular value decomposition of T, then the following
statements hold.
(i) The n-th iterated Duggal transform of T is

—~(n)

TP = Vi1 Zpa Vi Wyt Zaa Eaa 'V

n-1
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for n > 1 where So=2%,Wo=W,and Ve =V
(ii) The n-th iterated mean transform of T is

A]\';I(n) 1 * * + *
T = (Wit Zaa Vg + Vied Zaaa Vi Wona B 5, V)

n—-1

where £ = %, Wy = W, and Vi =V
Proof. (i) If n =1, then it is clear by Proposition Assume that the n-th iterated Duggal transform of T is
Vn—l Zn—l v Wn—] Zn—l Z'n—l f v

n—-1 n-1

)]
for each n > 1. Then we can find the singular value decomposition of TP 7 as follows;
~(n) .
TP =W,L,V,.
By the similar way of Proposition we get that the (n + 1)-th iterated Duggal transform of T is

~(n+1) . Froe
D = VT, VW, 5, TV

(i) If n = 1, then it is clear by Proposition Assume that the n-th iterated mean transform of T is

~M(n) 1 * * + *
T = 2 (War T Vi + Vi Zaat Vi Wat T 2, V)

—~ (1)
for each n > 1. Then we can find the singular value decomposition of ™ ! as follows;

A .
T =W,L,V,.

By the similar way of Proposition we obtain that the (n + 1)-th iterated mean transform of T is
1 * * *
z(wnznvn + Va LV W, I, ZA V).

So, we complete the proof. [

Remark 2.14. Let T € C"™" be a polar decomposition of T. If T is normal, then U|T| = |T|U holds from [4].
Hence we have .

T=T°=TM
For the matrix T in Examples 2.7 and 2.8, we know that T is not normal. There exists a k € IN such that
T®,(TP)®, and (TM)® are not normal. But, the limit points of the sequences {T®} and {(T)®} become
normal.

3. Algorithm: Python code implement

3.1. Directionality

We aim to create a module that can perform a lot of iterations with a small amount of computation. We
want to check when each iterated transforms of a matrix becomes a normal matrix. We iterate transforma-
tions of each matrix defined in Examples[2.7]and 2.8 via Python and observe the results.

3.2. Process

We decompose the input matrix into three matrices through the singular value decomposition to make
the necessary materials for transformation. Then we reconstruct them to perform the transformation we
want. After repeating this process several times and saving the series of processes, we visually show that
the result of the transformation gradually satisfies the normality through the Frobenius norm. The table
below briefly shows what each method does.
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Table 1: Methods

Class : Transformation
Method Name description

Transform The three transformations (Aluthge, Duggal and Mean) are
executed as many times as the number of iterations re-
ceived and the outputs are saved in the form of list
(Transformation.total_info).

Transformation.total_info=
[ Transformation.Aluthge_info,
Transformation.Duggal_info,
Transformation.Mean_info |

Normal_calculator Computing the Frobenius norm and normal characteristic - ||T]|
and ||ﬁ* —T"*TH - of matrices in the Transformation.total_info.
Then each result values are stored in Transformation.norm_info
and Transformation.normal_info in the form of 1list,
respectively.

Computing Aluthge transformation does not use the pseudo-inverse as the result is the same whether
L' is invertible or not. However, since our purpose is to look at the flow within the same number of
iterations for not only Aluthge transformation but also Duggal transformation and Mean transformation,
we compute it by applying U = WELTV* uniformly.

Algorithm 1 Algorithm of only one ciycle
Input: T € C™"
Output: T,T°, T

W, L, V* « singular value decomposition of T
|T| « VEV*

L2 « element-wise square root of X

U« WZztve

Leveiv

T SUE;, TP « |TIU; T « Y(T+TP)

3.3. Example

Example 3.1. Let T define the same as in the Example Then the graph of the 10-th iterated Aluthge,
Duggal, and Mean transform of T are as follows. Each of the three transformations is iterated 10 times
using the Python code, and the results of the two iterations are summarized in the table below (display up
to 4 decimal places).
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Table 2: Example 3.1

Matrix=[[0,0,1],[1,1,0],[1,-1,0]]

Transformation

Output

Aluthge Transform

[[0,0,1.1892],[1,1,0],[0.8409,-0.8409,0]]

[[0.0415,0.0415,1.243],[ 0.9585,0.9585, 0.0538 | , [ 0.8409 , -0.8409 , 0] |

Duggal Transform

[[0,0,1.4142],[1,1,0],[0.7071,-0.7071,01]]

[[0.1464,0.1464,1.2071],[ 0.8536,0.8536,0.2071] ,[1,-1,0]]

Mean Transform

[[0,0,1.2071] ,[1,1,0],[0.8536,-0.8536,0]]

[[0.0366,0.0366,1.2589 ], [ 0.9634 ,0.9634 ,0.0518 |, [ 0.8536 , -0.8536 , 0] ]

The following is a plot of the normal characteristic of each transformation.

Normal Characteristic

14
12
10
08
06
0.4 Tpe

Aluthge

0.2 Duggal
Mean

Figure 1: Example 3.1

It is confirmed that the Mean transformation converges to the normal matrix slightly faster than the
Aluthge transformation, but Duggal Transformation does not converge to the normal matrix.

Example 3.2. Let T define the same as in the Example[2.8] All the steps are same as the previous example.
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Table 3: Example 3.2

MatriX:[[0,1’0,0],[0,0,2,0],[0,0,0,1],[0,0,0’0]]
Transformation Output

Aluthge Transform || [[0,0,0,0],[0,0,1.4142,0],[0,0,0,1.4142],[0,0,0,0]]

[fo,o0,0,0],10,0,0,0],[0,0,0,1.4142],[0,0,0,0]]

Duggal Transform [[o,0,0,0],[0,0,1,0],[0,0,0,2],[0,0,0,0]]

(to,o,0,01,10,0,0,01,[0,0,0,1],[0,0,0,0]]

Mean Transform [[0,05,0,0],[0,0,15,0],[0,0,0,15],[0,0,0,0]]

[(0,025,0,0],[0,0,1,0],[0,0,0,15],[0,0,0,0]]

The following is a plot of the normal characteristic of each transformation.

Normal Characteristic

5 A Type
@ Authge
@~ Duggal

4 Mean

3

2

1

0 v 4 4 L & 4

0 2 4 & 10

Figure 2: Example 3.2

Unlike the previous Example 3.1, it is confirmed that Aluthge transformation and Duggal transformation
converge to the normal matrix after the third iteration, and the Mean transformation converges relatively
slowly.

If you would like to use our open source code and additional examples, please follow the address.
https://github.com/MinwooPark96/Aluthge-Duggal-and-Mean-Transformation.git
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4. Conclusion

In general, it is not easy to find the Aluthge transform, the Duggal transform, and the Mean transform
using the polar decomposition of an 7 X n matrix. By applying SVD, we can more easily obtain Aluthge
transform, Duggal transform, and Mean transform of an #xn matrix (see Theorem[2.2Jand Proposition2.1T).
Through an algorithm with Python, we verify that the n-th iterated Aluthge transform and n-th iterated
Mean transform of a matrix converge to a normal matrix. However, in the case of the Duggal transform, it
is confirmed through several examples that the matrix obtained by the n-th iterated Duggal transform does
not necessarily become a normal operator (see Figures 1 and 2).

Acknowledgments
The authors would like to thank the reviewers for their suggestions that helped improve the original
manuscript in its present form.

References

[1] J. Antezana, E. R. Pujals, D. Stojanoff, The iterated Aluthge transforms of a matrix converge, Advances in Mathematics, 226(2011)
1591-1620.

[2] A. Aluthge, On p-hyponormal operators for 0 < p < 1, Inter. Equ. Oper. Theory 13(1990), 307-315.

[3] S.R. Garcia, Aluthge transforms of complex symmetric operators, Integr. Equ. Oper. Theory 60 (2008), 357-367.

[4] I B.Jung, E. Ko and C. Pearcy, Aluthge transform of operators, Int. Eq. Op. Th., 37(2000), 437-448.

[5] I B.Jung, E. Ko and C. Pearcy, The iterated Aluthge transform of an operator, Int. Eq. Op. Th., 45(2003), 375-387.

[6] I B.Jung, E. Ko and C. Pearcy, Some nonhypertransitive operators, Pacific J. Math., 220(2005), 329-340.

[7] L B. Jung, E. Ko and C. Pearcy, Completely contractivity of maps associated with Aluthge and Duggal transforms, Pacific J. Math.,
209(2)(2003), 249-259.

[8] S.Lee, W. Lee and J. Yoon, The mean transform of bounded linear operators, ]. Math. Anal. Appl. 410(2014), 70-81.

[9] D. Pappas, W. N. Kataikis, and I. P. Stanimirovic, Symbolic computation of the Aluthge transform, Mediterr. J. Math, 14, Article
number; 45 (2017) DOI 10.1007/s00009-017-0862-5.

[10] , Symbolic computation of the Duggal transform, J. Linear. Topological. Algebra. 07(01)(2018), 53-62.



	Introduction
	Main results
	Algorithm: Python code implement
	Directionality
	Process
	Example

	Conclusion

