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Abstract. The proposed work is presented in two folds. The first aim is to deals with the new notion called
generalized αiβ j-Hp(., ., ...)-accretive mappings that are the sum of two symmetric accretive mappings. It is
an extension of αβ-H(., .)-accretive mapping, studied and analyzed by Kazmi [18]. We define the proximal-
point mapping associated with generalized αiβ j-Hp(., ., ...)-accretive mapping and demonstrate aspects on
single-valued property and Lipschitz continuity. The graph convergence of generalized αiβ j-Hp(., ., ...)-
accretive mapping is discussed.

Second aim is to introduce and study the generalized Yosida approximation mapping and Yosida inclu-
sion problem. Next, we obtain the convergence on generalized Yosida approximation mappings by using
the graph convergence of generalized αiβ j-Hp(., ., ...)-accretive mappings without using the convergence of
its proximal-point mapping. As an application, we consider the Yosida inclusion problem in q-uniformly
smooth Banach spaces and propose an iterative scheme connected with generalized Yosida approximation
mapping of generalized αiβ j-Hp(., ., ...)-accretive mapping to find a solution of Yosida inclusion problem
and discuss its convergence criteria under appropriate assumptions. Some examples are constructed and
demonstrate few graphics for the convergence of proximal-point mapping as well as generalized Yosida
approximation mapping linked with generalized αiβ j-Hp(., ., ...)-accretive mappings.

1. Introduction and preliminaries

Variational inequalities are very powerful tool to study a large variety of problems that appear in
electricity, mechanics, operations research, optimal control, etc. Due to its extensive applications, variational
inequality has been well researched and generalized in various directions. A wide range of issues we face
in electricity, mechanics, operation research and optimal control can be organize as an inclusion problem

Θ ∈ N(x), (1)

where N : H ⊸ H is a multi-valued mapping on Hilbert spaces H . Therefore the problem of finding a
zero Θ ∈ N(x), that is a point x ∈ H such that Θ ∈ N(x) is a elementary problem in many fields of applied
sciences.
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Many mathematicians have worked on the well-known fact that regularization of monotone operators
on Hilbert spaces into single-valued Lipschitzian monotone operators through the procedure known as
the Yosida approximation. These Yosida approximation are significant in approaching solutions to general
variational inclusion problems utilizing non-expansive proximal-point mapping. Many heuristics [2, 6, 7,
19–21, 27] have utilized the Yosida approximation mappings and their generalized versions to find out the
solutions of variational inclusion problems.

In this connection, the accretive (monotone) property of the underlying proximal-point mappings (re-
solvent operators) have a significant role in the field of variational inequalities and their generalizations.
Huang and Fang [15] were the first who considered and studied m-accretive mappings and its proximal-
point mapping in Banach spaces. After that many mathematicians studied different kinds of generalized
m-accretive mappings, we refer to [8, 22]. Sun et al. [31] proposed and analyzed M-monotone mappings in
Hilbert spaces. A few research works linked with M-monotone (accretive) and their extension are given in
[3, 10–14, 16–18, 25, 26, 28–30, 32, 34, 35].

In Recent years, H(., .)-accretive mappings and generalized αβ-H(., .)-accretive mappings were investi-
gated and studied in Banach spaces, an natural extension of M-monotone mapping, see [18, 34, 35]. They
studied the variational inclusions involving these underlying mappings.

Demonstration of graphical convergence related to H(., .)-accretive mappings and equivalence between
proximal-point mappings and graphical convergence of a sequence of H(., .)-accretive mappings studied
and analyzed by Li and Huang [23]. Recently, graphical convergence on A-maximal relaxed monotone,
Â-maximal m-relaxed η-accretive studied and analyzed by Verma [32] and Balooee et al. [4]. For detailed
study in this direction, see [1, 2, 5, 16, 23].

Motivated and inspired by the research work discussed above. Our research work is presented in two
folds. Firstly, we consider αiβ j-Hp(., ., ...)-accretive mappings defined on a product set which are the sum
of two symmetric accretive mappings. This notion is the generalized form of αβ-H(., .)-accretive mappings
studied and analyzed by Kazmi et. al [18]. We define the proximal-point mapping and discuss its some
properties. Further, we focus on graph convergence connected with generalized αiβ j-Hp(., ., ...)-accretive
mappings.

In the second phase, we consider and study generalized Yosida approximation mapping with few nice
properties. Next, We establish the equivalence between convergence of the proximal point mappings,
Yosida approximation mappings, and graph convergence of a sequence of generalized αiβ j-Hp(., ., ...)-
accretive mappings. Further, an iterative algorithm involving generalized Yosida approximation mappings
linked with generalized αiβ j-Hp(., ., ...)-accretive mappings is constructed and then, convergence analysis for
this algorithm in the context to find uniqueness and existence of a solution to class of Yosida inclusion along
some suitable assumptions is examined in the setting of q-uniformly smooth Banach space. A few examples
are constructed and shown some graphics for the convergence of proximal-point mappings and generalized
Yosida approximation mappings linked with the generalized αiβ j-Hp(., ., ...)-accretive mappings. Our work
is the extension and refinement of some results available in the literature, see [2, 9, 18, 34].

Let Y be a real Banach space endowed with a norm ∥.∥ and inner product ⟨., .⟩which presents the duality
pairing between Y and Y∗. Let CB(Y) be the family of all nonempty closed and bounded subsets of Y and
2Y be the power set of of Y. Set Yp = Y × Y × ... × Y︸           ︷︷           ︸

p times

.

Definition 1.1. “A multi-valued mapping Jq : Y⊸ Y∗, q > 1 is said to be the generalized duality mapping, if

Jq(t) = {t̃ ∈ Y∗ : ⟨t, t̃⟩ = ∥t∥q, ∥t̃∥ = ∥t∥q−1
}, ∀ t ∈ Y.

It is well known that Jq(t) = ∥t∥q−1 J2(t) ∀ t(, 0) ∈ Y, where J2 is usual normalized duality mapping on Y. If Y is
equivalent to real Hilbert space X, then, J2 become identity mapping on X”, [33].

Definition 1.2. “A Banach space Y is smooth if for every t ∈ Y with ∥t∥ = 1, there exists a unique l ∈ Y∗ such that
∥l∥ = l(t) = 1”, [33].
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Definition 1.3. “Let ΩY : [0,∞)→ [0,∞), then, modulus of smoothness of Y is given as

ΩY(µ) = sup
{
∥t + t̃∥ + ∥t − t̃∥

2
− 1 : ∥t∥ ≤ 1, ∥t̃∥ ≤ µ

}′′
, [33]. (2)

Definition 1.4. “A Banach space Y is said to be
(i): uniformly smooth if limµ→0 ΩY(µ)/µ = 0;
(ii): q-uniformly smooth (q > 1), if there exists k > 0 with ΩY(µ) ≤ k µq, µ ∈ [0,∞).

It is observe that J become single-valued if Y is uniformly smooth”, [33].

Lemma 1.5. “A real uniformly smooth Banach space Y is q-uniformly smooth iff there exists a constant cq > 0 such
that, for every t, t′ ∈ Y,

∥t + t̃∥q ≤ ∥t∥q + q⟨t̃, Jq(t)⟩ + cq∥t̃∥q
′′, [33].

Lemma 1.6. “Let {bn} and {cn} be the two non-negative real sequences, which are satisfying the inequality bn+1 ≤ lbn+
cn with cn → 0 and 0 < l < 1. Then, limn→∞ bn = 0”, [24].

Definition 1.7. Let T : Y→ Y be a single-valued mapping, then, T is said to be
(i) accretive if

⟨T (w∗) − T (u∗), Jq(w∗ − u∗)⟩ ≥ 0 ∀w∗, u∗ ∈ Y;

(ii) ξ-strongly accretive if there exists ξ > 0 with

⟨T (w∗) − T (u∗), Jq(w∗ − u∗)⟩ ≥ ξ ∥w∗ − u∗∥q ∀w∗, v∗ ∈ Y;

(iii) λT-Lipschitz continuous if there exists λT > 0 with

∥T (w∗) − T (u∗)∥ ≤ λT ∥w∗ − u∗∥, ∀w∗, u∗ ∈ Y;

(iv) λ-expansive if there exists λ > 0 with

∥T (w∗) − T (u∗)∥ ≥ λ ∥w∗ − u∗∥, ∀w∗, u∗ ∈ Y;

(v) T becomes expansive if λ = 1.

Following new notions are needed to continue subsequent sections.

Definition 1.8. Let i ∈ {1, 2, ..., p}, p ≥ 3 and Hp : Yp
→ Y and Ai : Y → Y be the single-valued mappings. Then,

Hp is said to be
(i) αi-strongly accretive with Ai if there exists αi > 0 such that〈

Hp(v1, ..., vi−1,Aiw̃, vi+1, ..., vn) −Hp(v1, ..., vi−1,Aiṽ, vi+1, ..., vn), Jq(w̃ − ṽ)
〉
≥ αi ∥w̃ − ṽ∥q,

∀w̃, ṽ, v1, ..., vi−1, vi+1, ..., vn ∈ Y;

(ii) βi-relaxed accretive with Ai if there exists βi > 0 such that〈
Hp(v1, ..., vi−1,Aiw̃, vi+1, ..., vn) −Hp(v1, ..., vi−1,Aiṽ, vi+1, ..., vn), Jq(w̃ − ṽ)

〉
≥ −βi ∥w̃ − ṽ∥q,

∀w̃, ṽ, v1, ..., vi−1, vi+1, ..., vn ∈ Y;

(iii) si-Lipschitz continuous with Ai if there exists si > 0 such that∥∥∥∥Hp(v1, ..., vi−1,Aiw̃, vi+1, ..., vn) −Hp(v1, ..., vi−1,Aiṽ, vi+1, ..., vn)
∥∥∥∥ ≤ si ∥w̃ − ṽ∥,

∀w̃, ṽ, v1, ..., vi−1, vi+1, ..., vn ∈ Y;
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(iv) α1β2α3β4...αp−1βp-symmetric accretive with A1,A2, ...,Ap iff for i ∈ {1, 3, ..., p − 1}, Hp(...,Ai, ...) is αi-strongly
accretive with Ai and for j ∈ {2, 4, ..., p}, Hp(...,A j, ...) is β j-relaxed accretive with A j, where p is even, satisfying

β2 + β4 + ... + βp ≤ α1 + α3 + ... + αp−1

and β2 + β4 + ... + βp = α1 + α3 + ... + αp−1 iff w̃ = ṽ;
(v) α1β2α3β4, ...βp−1, αp-symmetric accretive with A1,A2, ...,Ap iff for i ∈ {1, 3, ..., p}, Hp(...,Ai, ...) is αi-strongly
accretive with Ai and for j ∈ {2, 4, ..., p − 1}, Hp(...,A j, ...) is β j-relaxed accretive A j where p is odd, satisfying

β2 + β4 + ... + βp−1 ≤ α1 + α3 + ... + αp

and β2 + β4 + ... + βp−1 = α1 + α3 + ... + αp iff w̃ = ṽ.

Definition 1.9. For i ∈ {1, 2, ..., p}, p ≥ 3, let N : Yp ⊸ Ybe a multi-valued mapping and fi : Y → Y be a
single-valued mapping . Then,N is said to be
(i) µ̄i-strongly accretive with fi if there exists µ̄i > 0 such that

⟨w̃i − ṽi, Jq(w̃ − ṽ)⟩ ≥ µ̄i ∥w̃ − ṽ∥q, ∀w̃, ṽ, v1, ..., vi−1, vi+1, ..., vp ∈ Y,
w̃i ∈ N(v1, ..., vi−1, fi(w̃), vi+1, ..., vn), ṽi ∈ N(v1, ..., vi−1, fi(ṽ), vi+1, ..., vn);

(ii) γ̄i-relaxed accretive with fi if there exists γ̄i > 0 such that

⟨w̃i − ṽi, Jq(w̃ − ṽ)⟩ ≥ − γ̄i ∥w̃ − ṽ∥q, ∀w̃, ṽ, v1, ..., vi−1, vi+1, ..., vp ∈ Y,
w̃i ∈ N(v1, ..., vi−1, fi(w̃), vi+1, ..., vn), ṽi ∈ N(v1, ..., vi−1, fi(ṽ), vi+1, ...vn);

(iii) µ̄1γ̄2µ̄3γ̄4...µ̄p−1γ̄p-symmetric accretive with f1, f2, ..., fp iff for i ∈ {1, 3, ..., p − 1}, N(..., fi, ...) is µ̄i-strongly
accretive with fi and for j ∈ {2, 4, ..., p},N(..., f j, ...) is γ̄ j-relaxed accretive with f j, where p is even, satisfying

γ̄2 + γ̄4 + ... + γ̄p ≤ µ̄1 + µ̄3 + ... + µ̄p−1

and γ̄2 + γ̄4 + ... + γ̄p = µ̄1 + µ̄3 + ... + µ̄p−1 iff w̃ = ṽ;
(iv) µ̄1γ̄2µ̄3γ̄4, ...µ̄p, γ̄p−1-symmetric accretive with f1, f2, ..., fp iff for i ∈ {1, 3, ..., p}, N(..., fi, ...) is µ̄i-strongly
accretive with fi and for j ∈ {2, 4, ..., p − 1},N(..., f j, ...) is γ̄ j-relaxed accretive with f j, where p is odd, satisfying

γ̄2 + γ̄4 + ... + γ̄p−1 ≤ µ̄1 + µ̄3 + ... + µ̄p

and γ̄2 + γ̄4 + ... + γ̄p−1 = µ̄1 + µ̄3 + ... + µ̄p iff w̃ = ṽ.

2. Generalized αiβ j-Hp(., ., ..., .)-accretive mappings

At first, we consider some assumptions (M1-M4) to introduce and study the new notion αiβ j-generalized
Hp(., ., ....)-accretive.

Let for each i ∈ {1, 2, ..., p}, p ≥ 3 andN : Yp ⊸ Y be multi-valued mapping and Hp : Yp
→ Y, Ai : Y→ Y

and fi : Y→ Y be the single-valued mappings.
M1: If p is even, Hp is α1β2α3β4...αp−1βp-symmetric accretive with A1,A2, ...,Ap.
M2: If p is odd, Hp is α1β2α3β4...βp−1αp-symmetric accretive with A1,A2, ...,Ap.
M3: If p is even, N is µ̄1γ̄2µ̄3γ̄4...µ̄p−1γ̄p-symmetric accretive with f1, f2, ..., fp.
M4: If p is odd, N is µ̄1γ̄2µ̄3γ̄4...γ̄p−1µ̄p-symmetric accretive with f1, f2, ..., fp.

Definition 2.1. Let p ≥ 3, then, N is said to be a generalized αiβ j-Hp(., ., ..., .)-accretive mapping with mappings
(A1,A2, ...,Ap) and ( f1, f2, ..., fp)

(i) iffN is µ̄1γ̄2µ̄3γ̄4...µ̄p−1γ̄p-symmetric accretive with f1, f2, ..., fp and
(
Hp(A1,A2, ...,Ap)+ρN( f1, f2, ..., fp)

)
(Y) =

Y, for all ρ > 0 if p is an even number;

(ii) iffN is µ̄1γ̄2µ̄3γ̄4...γ̄p−1µ̄p-symmetric accretive with f1, f2, ..., fn and
(
Hp(A1,A2, ...,Ap)+ρN( f1, f2, ..., fp)

)
(Y) =

Y, for all ρ > 0 if p is an odd number.
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Proposition 2.2. Let assumptions M1 and M2 hold for every i ∈ {1, 2, ...p}, p ≥ 3 andN : Yp ⊸ Y be a generalized
αiβ j-Hp(A1,A2, ...,Ap)-accretive mapping with mappings (A1,A2, ...,Ap) and ( f1, f2, ..., fp) and

∑
µ̄i >

∑
γ̄ j,

∑
αi >∑

β j, if ⟨x̃ − ỹ, Jq(u′ − v′)⟩ ≥ 0 is satisfied for each (v′, ỹ) ∈ Gr
(
N( f1, f2, ..., fp)

)
, x̃ ∈ N

(
f1, f2, ..., fp

)
(u′), where

Gr(N
(

f1, f2, ..., fp)
)
=

{
(u′, x̃) : x̃ ∈ N

(
f1, f2, ..., fp

)
(u′)

}
.

Proof. Assume that there exists (w0, z0) < Gr
(
N( f1, f2, ..., fp)

)
such that〈

z0 − x, Jq(w0 − u)
〉
≥ 0, ∀ (u, x) ∈ Gr

(
N( f1, f2, ..., fp)

)
. (3)

If p is even: Since,N is a generalizedαiβ j-Hp
(
A1,A2, ...,Ap

)
-accretive mapping with mappings (A1,A2, ...,Ap)

and ( f1, f2, ..., fp), then,N is barµ1γ̄2µ̄3γ̄4...µ̄p−1γ̄p-symmetric accretive with mappings f1, f2, ..., fp and(
Hp(A1,A2, ...,Ap)+ρN( f1, f2, ..., fp)

)
(Y) = Y holds for eachρ > 0, then, there exists (w1, z1) ∈ Gr

(
N( f1, f2, ..., fp)

)
such that

Hp
(
A1w0,A2w0, ...,Apw0

)
+ ρz0 = Hp

(
A1w1,A2w1, ...,Apw1

)
+ ρz1 ∈ Y. (4)

From (3) and (4), we have

ρz0 − ρz1 = Hp
(
A1w1,A2w1, ...,Apw1

)
−Hp

(
A1w0,A2w0, ...,Apw0

)
∈ Y,

⟨ρz0 − ρz1, Jq(u0 − w1)⟩ =
〈
Hp(A1w1,A2w1, ...,Apw1) −Hp(A1w0,A2w0, ...,Apw0), Jq(u0 − w1)

〉
.

Setting (u, x) = (w1, z1) in (3) and using M3 in (4), we obtain

[(µ̄1 + µ̄3 + ... + µ̄p−1) − (γ̄2 + γ̄4 − ... + γ̄p)]∥w0 − w1∥
q
≤ ρ⟨z0 − z1, Jq(w0 − w1)⟩

≤ −

〈
Hp(A1w0,A2w0, ...,Apw0) −Hp(A1w1,A2w1, ...,Apw1), Jq(w0 − w1)

〉
= −

〈
Hp(A1w0,A2w0, ...,Apw0) −Hp(A1w1,A2w0, ...,Apw0), Jq(w0 − w1)

〉
−

〈
Hp(A1w0,A2w0, ...,Apw0) −Hp(A1w0,A2w1, ...,Apw0), Jq(w0 − w1)

〉
:
:
−

〈
Hp(A1w0,A2w0, ...,Apw0) −Hp(A1w0,A2w0, ...,Apw1), Jq(w0 − w1)

〉
≤ −

[
(α1 + α3 + ... + αp−1) − (β2 + β4 + ... + βp)

]
∥w0 − w1∥

q

Let ∑
αi = α1 + α3 + ... + αp−1,

∑
β j = β2 + β4 − ... + βp,∑

µ̄i = µ̄1 + µ̄3 + ... + µ̄p−1,
∑
γ̄ j = γ̄2 + γ̄4 − ... + γ̄p.

Then, we have[∑
αi −

∑
β j + ρ

(∑
µ̄i −

∑
γ̄ j

)]
∥w0 − w1∥

q
≤ 0. (5)

Since,
∑
µ̄i >

∑
γ̄ j,

∑
αi >

∑
β j and ρ > 0, it implies that w0 = w1. By (3), we have z0 = z1. Thus

(w1, z1) = (wo, zo) ∈ Gr
(
N(f1, f2, ..., fp)

)
. By the same procedure, we can obtain the result when p is odd.

Theorem 2.3. Let assumptions M1 and M2 hold for every i ∈ {1, 2, ...p}, p ≥ 3 andN : Yp ⊸ Y be a generalized αiβ j-
Hp(A1,A2, ...,Ap)-accretive mapping with mappings (A1,A2, ...,Ap) and ( f1, f2, ..., fp) and

∑
µ̄i >

∑
γ̄ j,

∑
αi >

∑
β j,

then
(
Hp(A1,A2, ...,Ap) + ρN( f1, f2, ..., fp)

)−1
is single-valued.



S. Gupta, F. A. Khan / Filomat 37:15 (2023), 4881–4902 4886

Proof. For any given u ∈ Y, let x, y ∈
(
Hp(A1,A2, ...,Ap) + ρN( f1, f2, ..., fp)

)−1
(u). It follows that

−Hp
(
A1x,A2x, ...,Apx

)
+ u ∈ ρN

(
f1, f2, ..., fp

)
x,

−Hp
(
A1y,A2y, ...,Apy

)
+ u ∈ ρN

(
f1, f2, ..., fp

)
y.

Let p is even. Since,N is µ̄1γ̄2µ̄3γ̄4...µ̄p−1γ̄p-symmetric accretive with f1, f2, ..., fp, we have

(µ̄1 + µ̄3 + ... + µ̄p−1 − γ̄2 − γ̄4 − ... − γ̄p)∥x − y∥q

≤
1
ρ

〈
−Hp(A1x,A2x, ...,Apx) + u − (−Hp(A1y,A2y, ...,Apy) + u), Jq(x − y)

〉
⇒ ρ(µ̄1 + µ̄3 + ... + µ̄p−1 − γ̄2 − γ̄4 − ... − γ̄p)∥x − y∥q

≤ −

〈
Hp(A1x,A2x, ...,Apx) −Hp(A1y,A2y, ...,Apy), Jq(x − y)

〉
= −

〈
Hp(A1x,A2x, ...,Apx) −Hp(A1y,A2x, ...,Apx), Jq(x − y)

〉
−

〈
Hp(A1y,A2x, ...,Apx) −Hp(A1y,A2y, ...,Apx), Jq(x − y)

〉
:
:
−

〈
Hp(A1y,A2y, ...,Apx) −Hp(A1y,A2y, ...,Apy), Jq(x − y)

〉
.

Proceed the same as to obtain (5), we have[∑
αi −

∑
β j + ρ

(∑
µ̄i −

∑
γ̄ j

)]
∥x − y∥q ≤ 0. (6)

Since,
∑
µ̄i >

∑
γ̄ j,

∑
αi >

∑
β j and ρ > 0, we have ∥x− y∥ ≤ 0. It implies that x = y. Thus (Hp(A1,A2, ...,Ap)+

ρN( f1, f2, ..., fp))−1 is single-valued. By the same procedure, we can obtain the result when p is odd.

Definition 2.4. Let assumptions M1 and M2 holds for p ≥ 3 and N : Yp ⊸ Y be a generalized αiβ j-Hp(., ., ...)-
accretive mapping with mappings (A1,A2, ...,Ap) and ( f1, f2, ..., fp) and

∑
µ̄i >

∑
γ̄ j,

∑
αi >

∑
β j. A proximal-point

mapping RHp(.,.,..,.)
ρ,N(.,.,..,.) : Y→ Y is define as

RHp(.,.,...)
ρ, N(.,.,...)(x) =

[
Hp(A1,A2, ...,Ap) + ρN( f1, f2, ..., fp)

]−1
(x), ∀ x ∈ Y, (7)

where ρ is non-negative constant.

Now, we prove the Lipschitz continuity of proximal-point mapping.

Theorem 2.5. Let assumptions M1 and M2 holds for p ≥ 3 andN : Yp ⊸ Y be a generalizedαiβ j-Hp(., ., ...)-accretive
mapping with mappings (A1,A2, ...,Ap) and ( f1, f2, ..., fp) and

∑
µ̄i >

∑
γ̄ j,

∑
αi >

∑
β j. Then, the proximal-point

mapping RHp(.,.,..,.)
ρ,N(.,.,..,.) : Y→ Y is ∆-Lipschitz continuous, where

∆ =
[∑
αi −

∑
β j + ρ

(∑
µ̄i −

∑
γ̄ j

)]−1
.

Proof. Let x, y ∈ Y, and from (7), we have RHp(.,.,...)
ρ, N(.,.,...)(x) =

(
Hp(A1,A2, ...,Ap) + ρN( f1, f2, ..., fp)

)−1
(x),

RHp(.,.,...)
ρ, N(.,.,...)(y) =

(
Hp(A1,A2, ...,Ap) + ρN( f1, f2, ..., fp)

)−1
(y).
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It follows that

1
ρ

(
x −Hp

(
A1(RHp(.,.,...)

ρ,N(.,.,...)(x)),A2(RHp(.,.,...)
ρ,N(.,.,...)(x)), ...,Ap(RHp(.,.,...)

ρ,N(.,.,...)(x))
))
∈ N

(
RHp(.,.,...)
ρ,N(.,.,...)(x)

)
,

1
ρ

(
y −Hp(A1(RHp(.,.,...)

ρ,N(.,.,...)(y)),A2(RHp(.,.,...)
ρ,N(.,.,...)(y)), ...,Ap(RHp(.,.,...)

ρ,N(.,.,...)(y))
))
∈ N

(
RHp(.,.,...)
ρ,N(.,.,...)(y)

)
.

Let x1 = RHp(.,.,...)
ρ, N(.,.,...)(x) and y1 = RHp(.,.,...)

ρ, N(.,.,...)(y).
If p is even: Since,N is µ̄1γ̄2...µ̄p−1γp-symmetric accretive with f1, f2, ..., fp, we have〈(

x −Hp(A1(x1),A2(x1), ...,Ap(x1))
)
−

(
y −Hp(A1(y1),A2(y1), ...,Ap(y1))

)
, Jq

(
x1
− y1

)〉
≥ ρ(µ̄1 − γ̄2 + µ̄3 − γ̄4 + ... + µ̄p−1 − γ̄p)

∥∥∥∥x1
− y1

∥∥∥∥q
,〈

x − y −
(
Hp(A1(x1),A2(x1), ...,Ap(x1)

)
−Hp

(
A1(y1),A2(y1), ...,Ap(y1)

))
, Jq

(
x1
− y1

)〉
≥ ρ((µ̄1 + µ̄3 + ... + µ̄p−1 − (γ̄2 + γ̄4 − ... + γ̄p))

∥∥∥∥x1
− y1

∥∥∥∥q
.

Let ∑
αi = α1 + α3 + ... + αp−1,

∑
β j = β2 + β4 − ... + βp,∑

µ̄i = µ̄1 + µ̄3 + ... + µ̄p−1,
∑
γ̄ j = γ̄2 + γ̄4 − ... + γ̄p.

We have∥∥∥∥x − y
∥∥∥∥ ∥∥∥∥x1

− y1
∥∥∥∥q−1

≥

〈
x − y, Jq

(
x1
− y1

)〉
≥

〈
Hp

(
A1(x1),A2(x1), ...,Ap(x1)

)
−Hp

(
A1(y1),A2(y1), ...,Ap(y1)

)
,

Jq

(
x1
− y1

)〉
+ ρ

(∑
µ̄i −

∑
γ̄ j

) ∥∥∥∥x1
− y1

∥∥∥∥q

≥ α1

∥∥∥∥x1
− y1

∥∥∥∥q
− β2

∥∥∥∥x1
− y1

∥∥∥∥q
+ α3

∥∥∥∥x1
− y1

∥∥∥∥q
− ...βp∥x1

− y1
∥

q

+ρ
(∑
µ̄i −

∑
γ̄ j

) ∥∥∥∥x1
− y1

∥∥∥∥q

=
[∑
αi −

∑
β j + ρ

(∑
µ̄i −

∑
γ̄ j

)] ∥∥∥∥x1
− y1

∥∥∥∥q
.

Hence ∥∥∥∥x − y
∥∥∥∥ ∥∥∥∥x1

− y1
∥∥∥∥q−1

≥

[∑
αi −

∑
β j + ρ

(∑
µ̄i −

∑
γ̄ j

)] ∥∥∥∥x1
− y1

∥∥∥∥q
,

that is,∥∥∥∥RHp(.,.,...)
ρ, N(.,.,...)(x) − RHp(.,.,...)

ρ, N(.,.,...)(y)
∥∥∥∥ ≤ ∆∥∥∥∥x − y

∥∥∥∥,∀ x, y ∈ Y,

where∆ =
[∑
αi −

∑
β j + ρ

(∑
µ̄i −

∑
γ̄ j

)]−1
. By the same procedure, we can obtain the result when p is odd.

3. Generalized Yosida Approximation Mappings

We define the generalized Yosida approximation mapping in terms of proximal-point mapping given
by (7)
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Definition 3.1. The generalized Yosida approximation mapping JHp(.,.,...)
ρ, N(.,.,...) is defined as

JHp(.,.,...)
ρ, N(.,.,...)(x) =

1
ρ

[
I − RHp(.,.,...)

ρ, N(.,.,...)

]
(x), ∀x ∈ Y, (8)

where I is identity mapping and ρ is non-negative constant.

Lemma 3.2. The generalized Yosida approximation mapping JHp(.,.,...)
ρ, N(.,.,...) defined by (8), is

(i) Φ1-Lipschitz continuous, where

Φ1 =
1 + ∆
ρ
, ∆ =

[∑
αi −

∑
β j + ρ(

∑
µ̄i −

∑
γ̄ j)

]−1

and
∑
αi >

∑
β j,

∑
µ̄i >

∑
γ̄ j;

(i) Φ2-strongly accretive, where

Φ2 =
1 − ∆
ρ
, ∆ =

[∑
αi −

∑
β j + ρ(

∑
µ̄i −

∑
γ̄ j)

]−1

and
∑
αi >

∑
β j,

∑
µ̄i >

∑
γ̄ j.

Proof. (i) Let x, y ∈ Y and ρ > 0. Using Proposition 2.3, we have∥∥∥∥JHp(.,.,...)
ρ, N(.,.,...)(x) − JHp(.,.,...)

ρ, N(.,.,...)(y)
∥∥∥∥ = 1

ρ

∥∥∥∥I(x) − RHp(.,.,...)
ρ, N(.,.,...)(x) −

[
I(y) − RHp(.,.,...)

ρ, N(.,.,...)(y)
]∥∥∥∥,

≤
1
ρ

[∥∥∥∥x − y
∥∥∥∥ + ∥RHp(.,.,...)

ρ, N(.,.,...)(x) − RHp(.,.,...)
ρ, N(.,.,...)(y)

∥∥∥∥] ,
≤

1
ρ

[∥∥∥∥x − y
∥∥∥∥ + ∆∥∥∥∥x − y

∥∥∥∥] ,
≤
∆ + 1
ρ

∥∥∥∥x − y
∥∥∥∥.

that is,∥∥∥∥JHp(.,.,...)
ρ, N(.,.,...)(x) − JHp(.,.,...)

ρ, N(.,.,...)(y)
∥∥∥∥ = Φ1

∥∥∥∥x − y
∥∥∥∥,

where Φ1 =
1+∆
ρ , ∆ =

(∑
αi −

∑
β j + ρ(

∑
µ̄i −

∑
γ̄ j)

)−1
and

∑
αi >

∑
β j,

∑
µ̄i >

∑
γ̄ j.

(ii) Let x, y ∈ Y and ρ > 0. Using Proposition 2.3, we have〈
JHp(.,.,...)
ρ,N(.,.,...)(x) − JHp(.,.,...)

ρ,N(.,.,...)(y), Jq

(
x − y

)〉
=

1
ρ

〈
I(x) − RHp(.,.,...)

ρ,N(.,.,...)(x) −
[
I(y) − RHp(.,.,...)

ρ,N(.,.,...)(y)
]
, Jq

(
x − y

)〉
,

=
1
ρ

〈
x − y, Jq

(
x − y

)〉
−

1
ρ

〈
RHp(.,.,...)
ρ,N(.,.,...)(x) − RHp(.,.,...)

ρ,N(.,.,...)(y), Jq

(
x − y

)〉
,

≥
1
ρ

∥∥∥∥x − y
∥∥∥∥q
−

1
ρ

∥∥∥∥RHp(.,.,...)
ρ,N(.,.,...)(x) − RHp(.,.,...)

ρ,N(.,.,...)(y)
∥∥∥∥ ∥∥∥∥x − y

∥∥∥∥q−1
,

≥
1
ρ

∥∥∥∥x − y
∥∥∥∥q
−

1
ρ
∆
∥∥∥∥x − y

∥∥∥∥ ∥∥∥∥x − y
∥∥∥∥q−1
,

≥
1 − ∆
ρ

∥∥∥∥x − y
∥∥∥∥q
.
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that is,〈
JHp(.,.,...)
ρ, N(.,.,...)(x) − JHp(.,.,...)

ρ, N(.,.,...)(y), Jq

(
x − y

)〉
≥ Φ2

∥∥∥∥x − y
∥∥∥∥q
,

where Φ2 =
1−∆
ρ , ∆ =

(∑
αi −

∑
β j + ρ(

∑
µ̄i −

∑
γ̄ j)

)−1
and

∑
αi >

∑
β j,

∑
µ̄i >

∑
γ̄ j.

Note The proximal-point mapping defined by (7) and generalized Yosida approximation mapping defined
by (8) are associated by the following relation:

JHp(.,.,...)
ρ, N(.,.,...)(x) =

[
ρN

(
f1, f2, ..., fp

)
+Hp

(
A1,A2, ...,Ap

)
− I

]
RHp(.,.,...)
ρ,N(.,.,...)(x). (9)

4. Graph convergence of the generalized Yosida approximation mappings

Now, we discuss the graph convergence of the generalized Yosida approximation mappings.

Definition 4.1. LetN : Yp ⊸ Y be a multi-valued mapping, then, graph ofN is given as:

Gr
(
N(ũ1, ũ2, ..., ũp)

)
=

{(
(ũ1, ũ2, ..., ũp), x∗

)
: x∗ ∈ N

(
ũ1, ũ2, ..., ũp

)}
.

Definition 4.2. For n = 0, 1, 2, ...., let Nn, N : Y ⊸ Y be the multi-valued mappings such that N , Nn be the
generalized αiβ j-Hp(., ., ...)-accretive mappings with mappings

(
A1,A2, ...,Ap

)
and

(
f1, f2, ..., fp

)
. Graph convergence

of a sequence {Nn} to N expressed as Nn
G
−→ N , if for each

((
f1(x), f2(x), ..., fp(x)

)
, y

)
∈ Gr

(
N

(
f1, f2, ..., fp

))
, there

exists a sequence((
f1(xn), f2(xn), ..., fp(xn)

)
, yn

)
∈ Gr

(
Nn

(
f1, f2, ..., fp

))
such that

f1(xn)→ f1(x), f2(xn)→ f2(x), ..., fp(xn)→ fp(x), yn → y as n→ ∞.

Theorem 4.3. Let us consider the assumptions M1 and M2 hold good. For n = 0, 1, 2, ...., Nn,N : Yp ⊸ Y
be the generalized αiβ j-Hp(., ., ...)-accretive mappings with mappings

(
A1,A2, ...,Ap

)
and

(
f1, f2, ..., fp

)
and

∑
µ̄i >∑

γ̄ j,
∑
αi >

∑
β j. For each i ∈ {1, 2, ..., p}, p ≥ 3, assume that

(i) Hp(., ., ...) is si-Lipschitz continuous with respect to Ai;
(ii) fi is κi-expansive in the ith-argument;

ThenNn
G
−→ N if and only if

RHp(.,.,...)
ρ, Nn(.,.,...)(x)→ RHp(.,.,...)

ρ, N(.,.,...)(x), ∀x ∈ Y, ρ > 0,

where RHp(.,.,...)
ρ, Nn(.,.,...) =

(
Hp

(
A1,A2, ...,Ap

)
+ ρNn

(
f1, f2, ..., fp

))−1
,

RHp(.,.,...)
ρ, N(.,.,...) =

(
Hp

(
A1,A2, ...,Ap

)
+ ρN

(
f1, f2, ..., fp

))−1
.

Proof. Since, the proximal-point mappings connected with αiβ j-Hp(., ., ...)-accretive mappings are Lipschitz
continuous. That is, RHp(.,.,...)

ρ, N(.,.,...) and RHp(.,.,...)
ρ, Nn(.,.,...) are ∆-Lipschitz continuous.

If part: Assume thatNn
G
−→ N .

Given for any x ∈ Y, let zn = RHp(.,.,...)
ρ, Nn(.,.,...)(x), z = RHp(.,.,...)

ρ, N(.,.,...)(x).

Then, 1
ρ

[
x −Hp

(
A1z,A2z, ...,Apz

)]
∈ N

(
f1, f2, ..., fp

)
(z),

or
[
z, 1
ρ

(
x −Hp(A1z,A2z, ...,Apz)

)]
∈ Gr

(
N

(
f1, f2, ..., fp

))
.

By definition of Gr
(
N

(
f1, f2, ..., fp

))
, there exists a sequence

{
f1(z̃n), f2(z̃n), ..., fp(z̃n), ỹn

}
such that

f1(z̃n)→ f1(z), f2(z̃n)→ f2(z), ..., fp(z̃n)→ fp(z), ỹn →
1
ρ

[
x −Hp

(
A1z,A2z, ...,Apz

)]
(10)
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as n→∞. Since, ỹn ∈ Nn

(
f1(z̃n), f2(z̃n), ..., fp(z̃n)

)
, we have

Hp
(
A1z̃n,A2z̃n, ...,Apz̃n

)
+ ρỹn ∈

[
Hp

(
A1,A2, ...,Ap

)
+ ρNn

(
f1, f2, ..., fp

)]
(z̃n).

Therefore,

z̃n = RHp(.,.,...)
ρ, Nn(.,.,...)

[
Hp

(
A1z̃n,A2z̃n, ...,Apz̃n

)
+ ρỹn

]
.

Using the ∆-Lipschitz continuity of RHp(.,.,...)
ρ, Nn(.,.,...), we have

∥zn − z∥ ≤ ∥zn − z̃n∥ + ∥z̃n − z∥

=
∥∥∥∥RHp(.,.,...)
ρ, Nn(.,.,...)(x) − RHp(.,.,...)

ρ, Nn(.,.,...)

[
Hp

(
A1z̃n,A2z̃n, ...,Apz̃n

)
+ ρỹn

]∥∥∥∥ + ∥∥∥∥z′n − z
∥∥∥∥

≤ ∆
∥∥∥∥x −Hp

(
A1z̃n,A2z̃n, ...,Apz̃n

)
− ρỹn

∥∥∥∥ + ∥∥∥∥z′n − z
∥∥∥∥

≤ ∆
[∥∥∥∥x −Hp

(
A1z,A2z, ...,Apz

)
− ρỹn

∥∥∥∥
+
∥∥∥∥Hp

(
A1z,A2z, ...,Apz

)
−Hp

(
A1z̃n,A2z̃n, ...,Apz̃n

)∥∥∥∥] + ∥∥∥∥z̃n − z
∥∥∥∥. (11)

Using the si-Lipschitz continuity of Hp
(
., .,Ai, ...

)
, we have∥∥∥∥Hp

(
A1z,A2z, ...,Apz

)
−Hp

(
A1z̃n,A2z̃n, ...,Apz̃n

)∥∥∥∥ ≤ (
s1 + s2 + ... + sp

) ∥∥∥∥z − z̃n

∥∥∥∥. (12)

Using (11) and (12), we have∥∥∥∥zn − z
∥∥∥∥ ≤ ∆∥∥∥∥x −Hp

(
A1z,A2z, ...,Apz

)
− ρỹn

∥∥∥∥ + [
1 + ∆

(
s1 + s2 + ... + sp

)] ∥∥∥∥z − z̃n

∥∥∥∥. (13)

As fi is κi-expansive, then we have∥∥∥∥ fi(z̃n) − fi(z)
∥∥∥∥ ≥ κi

∥∥∥∥z̃n − z
∥∥∥∥ ≥ 0. (14)

Let n→∞, we have fi(z̃n)→ fi(z). Using (11), (14) and let n→∞we get z̃n → z and∥∥∥∥∥ 1
ρ

[
x −Hp(A1z,A2z, ...,Apz) − ρỹn

]∥∥∥∥∥→ 0.

Let n→∞ and Using (13), we have ∥zn − z∥ → 0 i.e.

RHp(.,.,...)
ρ, Nn(.,.,...)(u)→ RHp(.,.,...)

ρ, N(.,.,...)(u).

Only if part:
Suppose that RHp(.,.,...)

ρ, Nn(.,.,...) → RHp(.,.,...)
ρ, N(.,.,...), ∀u ∈ Y, ρ > 0.For any given

(
f1(x), f2(x), ..., fp(x), y

)
∈ Gr

(
N

(
f1, f2, ..., fp

))
,

we have y ∈ N
(

f1, f2, ..., fp
)

and

Hp
(
A1x,A2x, ...,Apx

)
+ ρy ∈

[
Hp

(
A1,A2, ...,Ap

)
+ ρN

(
f1, f2, ..., fp

)]
(x).

Therefore x = RHp(.,.,...)
ρ, N(.,.,...)

[
Hp

(
A1x,A2x, ...,Apx

)
+ ρy

]
. Let xn = RHp(.,.,...)

ρ, Nn(.,.,...)

[
Hp

(
A1x,A2x, ...,Apx

)
+ ρy

]
. Then,

we have

1
ρ

[
Hp

(
A1x,A2x, ...,Apx

)
−Hp

(
A1xn,A2xn, ...,Apxn

)
+ ρy

]
∈ Nn

(
f1(xn), f2(xn), ..., fp(xn)

)
.
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Let yn =
1
ρ

[
Hp

(
A1x,A2x, ...,Apx

)
−Hp

(
A1xn,A2xn, ...,Apxn

)
+ ρy

]
, now we evaluate∥∥∥∥yn − y

∥∥∥∥ = ∥∥∥∥∥ 1
ρ

[
Hp

(
A1x,A2x, ...,Apx

)
−Hp

(
A1xn,A2xn, ...,Apxn

)
+ ρy

]
− y

∥∥∥∥∥
=

1
ρ

∥∥∥∥Hp
(
A1x,A2x, ...,Apx

)
−Hp

(
A1xn,A2xn, ...,Apxn

)∥∥∥∥
≤

1
ρ

(
s1 + s2 + ... + sp

) ∥∥∥∥xn − x
∥∥∥∥. (15)

As RHp(.,.,...)
ρ, Nn(.,.,...) → RHp(.,.,...)

ρ, N
for given any u ∈ Y, we have ∥xn − x∥ → 0. Let n → ∞, equation (15) gives

yn → y. Therefore,Nn
G
−→ N .

Now, we prove the convergence of the generalized Yosida approximation mapping with the help of
graph convergence of generalized αiβ j-Hp(., ., ..., .)-accretive mapping without using the convergence of the
proximal-point mapping defined by (7).

Theorem 4.4. Let us consider the assumptions M1 and M2 hold good. For n = 0, 1, 2, ...., Nn,N : Yp ⊸ Y be
the generalized αiβ j-Hp(., ., ...)-accretive mappings with mappings (A1,A2, ...,Ap) and ( f1, f2, ..., fp) with

∑
αi >∑

β j,
∑
µ̄i >

∑
γ̄ j. For each i ∈ {1, 2, ..., p}, p ≥ 3, assume that

(i) Hp(., ., ...) is si-Lipschitz continuous with respect to Ai;
(ii) fi is κi-expansive in the ith-argument.

Then,Nn
G
−→ N if and only if

JHp(.,.,...)
ρ, Nn(.,.,...)(x)→ JHp(.,.,...)

ρ, N(.,.,...)(x), ∀x ∈ Y, ρ > 0,

where JHp(.,.,...)
ρ, Nn(.,.,...)(x) = 1

ρ

[
I − RHp(.,.,...)

ρ, Nn(.,.,...)

]
(x), JHp(.,.,...)

ρ, N(.,.,...)(x)= 1
ρ

[
I − RHp(.,.,...)

ρ, N(.,.,...)

]
(x).

Proof. If part: Suppose thatNn
G
−→ N . For any given x ∈ Y, let

zn = JHp(.,.,...)
ρ, Nn(.,.,...)(x), z = JHp(.,.,...)

ρ, N(.,.,...)(x).

Then

z = JHp(.,.,...)
ρ, N(.,.,...)(x) =

1
ρ

[
I − RHp(.,.,...)

ρ, N(.,.,...)

]
(x),

implies that(
x − ρz

)
= RHp(.,.,...)

ρ, N(.,.,...)(x) =
(
Hp(A1,A2, ...,Ap) + ρN( f1, f2, ..., fp)

)−1
(x)

that is,

Hp
(
A1,A2, ...,Ap

)(
x − ρz

)
+ ρN

(
f1, f2, ..., fp

)(
x − ρz

)
= x.

Thus, we have

1
ρ

[
x −Hp

(
A1,A2, ...,Ap

)(
x − ρz

)]
∈ N

(
f1, f2, ..., fp

)(
x − ρz

)
.

[
f1(x − ρz), f2(x − ρz), ..., fp(x − ρz),

1
ρ

[
x −Hp(A1,A2, ...,Ap)(x − ρz)

]]
∈ Gr

(
N(f1, f2, ..., fp)

)
.
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By definition of Gr
(
N(f1, f2, ..., fp)

)
, there exists a sequence { f1(ũn), f2(ũn), ..., fp(ũn), ỹn} such that

f1(ũn)→ f1(x − ρz), f2(ũn)→ f2(x − ρz), ..., fp(ũn)→ fp(x − ρz),

ỹn →
1
ρ

[
x −Hp

(
A1,A2, ...,Ap

)(
x − ρz

)]
(16)

as n→∞. Since, ỹn ∈ Nn( f1(ũn), f2(ũn), ..., fp(ũn)), we have

Hp
(
A1,A2, ...,Ap

)
(ũn) + ρỹn ∈

[
Hp

(
A1,A2, ...,Ap

)
+ ρNn

(
f1, f2, ..., fp

)]
(ũn)

and so

ũn =
[
Hp

(
A1,A2, ...,Ap

)
+ ρNn

(
f1, f2, ..., fp

)]−1[
Hp

(
A1,A2, ...,Ap

)
ũn + ρỹn

]
ũn = RHp(.,.,...)

ρ, Nn(.,.,...)

[
Hp

(
A1,A2, ...,Ap

)
ũn + ρỹn

]
ũn =

[
I − ρJHp(.,.,...)

ρ, Nn(.,.,...)

][
Hp

(
A1,A2, ...,Ap

)
ũn + ρỹn

]
.

which shows that

1
ρ

ũn =
1
ρ

Hp(A1,A2, ...,Ap)ũn + ỹn − JHp(.,.,...)
ρ,Nn(.,.,...)

[
Hp

(
A1,A2, ...,Ap

)
ũn + ρỹn

]
. (17)

We get∥∥∥∥zn − z
∥∥∥∥ = ∥∥∥∥JHp(.,.,...)

ρ, Nn(.,.,...)(x) − z
∥∥∥∥

=
∥∥∥∥JHp(.,.,...)
ρ, Nn(.,.,...)(x) +

1
ρ

ũn −
1
ρ

ũn − z
∥∥∥∥

=
∥∥∥∥JHp(.,.,...)
ρ, Nn(.,.,...)(x) +

1
ρ

Hp
(
A1,A2, ...,Ap

)
ũn + ỹn − JHp(.,.,...)

ρ,Nn(.,.,...)

[
Hp

(
A1,A2, ...,Ap

)
ũn + ρỹn

]
−

1
ρ

ũn − z
∥∥∥∥

≤

∥∥∥∥JHp(.,.,...)
ρ, Nn(.,.,...)(x) − JHp(.,.,...)

ρ, Nn(.,.,...)

[
Hp

(
A1z̃n,A2ũn, ...,Apũn

)
+ ρỹn

]∥∥∥∥ + ∥∥∥∥ 1
ρ

Hp
(
A1,A2, ...,Ap

)
ũn + ỹn −

1
ρ

ũn − z
∥∥∥∥

≤ Φ1

∥∥∥∥x −Hp
(
A1z̃n,A2ũn, ...,Apũn

)
− ρỹn

∥∥∥∥ + ∥∥∥∥ 1
ρ

Hp
(
A1,A2, ...,Ap

)
ũn + ỹn −

1
ρ

x
∥∥∥∥ + ∥∥∥∥ 1

ρ
ũn −

1
ρ

(x − ρz)
∥∥∥∥

≤

(
Φ1 −

1
ρ

) ∥∥∥∥x −Hp
(
A1,A2, ...,Ap

)
(ũn) − ρỹn

∥∥∥∥ + 1
ρ

∥∥∥∥ũn − (x − ρz)
∥∥∥∥

≤

(
Φ1 −

1
ρ

) ∥∥∥∥x −Hp
(
A1,A2, ...,Ap

)
(ũn) +Hp

(
A1,A2, ...,Ap

)(
x − ρz

)
−Hp

(
A1,A2, ...,Ap

)
(x − ρz) − ρỹn

∥∥∥∥ + 1
ρ

∥∥∥∥ũn − (x − ρz)
∥∥∥∥

≤

(
Φ1 −

1
ρ

) ∥∥∥∥x −Hp
(
A1,A2, ...,Ap

)
(x − ρz) − ρỹn

∥∥∥∥ + 1
ρ

∥∥∥∥ũn − (x − ρz)
∥∥∥∥

+

(
Φ1 −

1
ρ

) ∥∥∥∥Hp
(
A1,A2, ...,Ap

)
(x − ρz) −Hp

(
A1,A2, ...,Ap

)
(ũn)

∥∥∥∥. (18)

Using the Lipschitz continuity of Hp
(
A1,A2, ...,Ap

)
, we have∥∥∥∥Hp

(
A1,A2, ...,Ap

)
(x − ρz) −Hp

(
A1,A2, ...,Ap

)
(ũn))

∥∥∥∥ ≤ s
∥∥∥∥x − ρz − z̃n

∥∥∥∥, (19)
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where s1 + s2 + ... + sp = s. It follows from (17) and (18) that∥∥∥∥zn − z
∥∥∥∥ ≤ (

Φ1 −
1
ρ

) ∥∥∥∥x −Hp
(
A1,A2, ...,Ap

)(
x − ρz

)
− ρỹn

∥∥∥∥ + [
1
ρ
+ s

(
Φ1 −

1
ρ

)] ∥∥∥∥ũn − x + ρz
∥∥∥∥. (20)

Since, fi is κi-expansive mapping, we have∥∥∥∥ fi(z̃n) − fi(z)
∥∥∥∥ ≥ κi

∥∥∥∥z̃n − z
∥∥∥∥ ≥ 0. (21)

Since, fi(z̃n)→ fi(z) as n→∞. By (17), (21), we have ũn → (x−ρz) and ỹn →
1
ρ

[
x−Hp

(
A1,A2, ...,Ap

)(
x−ρz

)]
i.e. ∥∥∥∥ũn − x + ρz

∥∥∥∥→ 0,
1
ρ

∥∥∥∥x −Hp
(
A1,A2, ...,Ap

)(
x − ρz

)
− ρỹn

∥∥∥∥→ 0

as n→∞. From (21), we have ∥zn − z∥ → 0 as n→∞. Hence

JHp(.,.,...)
ρ, Nn(.,.,...)(x)→ JHp(.,.,...)

ρ, N(.,.,...)(x).

Only if part: Suppose that

JHp(.,.,...)
ρ, Nn(.,.,...)(x)→ JHp(.,.,...)

ρ, N(.,.,...)(x), ∀ x ∈ Y, ρ > 0.

For any given
(

f1(x), f2(x), ..., fp(x), y
)
∈ Gr

(
N

(
f1, f2, ..., fp

))
, we have y ∈ N

(
f1, f2, ..., fp

)
(x)

Hp
(
A1x,A2x, ...,Apx

)
+ ρy ∈

[
Hp

(
A1,A2, ...,Ap

)
+ ρN

(
f1, f2, ..., fp

)]
(x)

and so x =
[
I − JHp(.,.,...)

ρ, N(.,.,...)

] [
Hp

(
A1x,A2x, ...,Apx

)
+ ρy

]
.

Let

xn =
[
I − JHp(.,.,...)

ρ, Nn(.,.,...)

] [
Hp

(
A1xn,A2xn, ...,Apxn

)
+ ρy

]
.

Then,

1
ρ

[
Hp

(
A1x,A2x, ...,Apx

)
−Hp

(
A1xn,A2xn, ...,Apxn

)
+ ρy

]
∈ Nn

(
f1(xn), f2(xn), ..., fp(xn)

)
.

Let

yn =
1
ρ

[
Hp

(
A1x,A2x, ...,Apx

)
−Hp

(
A1xn,A2xn, ...,Apxn

)
+ ρy

]
.

It follows from (18) that∥∥∥∥yn − y
∥∥∥∥ ≤ ∥∥∥∥∥ 1

ρ

[
Hp

(
A1x,A2x, ...,Apx

)
−Hp

(
A1xn,A2xn, ...,Apxn

)
+ ρy

]
− y

∥∥∥∥∥
=

1
ρ

∥∥∥∥Hp
(
A1x,A2x, ...,Apx

)
−Hp

(
A1xn,A2xn, ...,Apxn

)∥∥∥∥
≤

s
ρ

∥∥∥∥xn − x
∥∥∥∥, where s1 + s2 + ... + sp = s. (22)

∥∥∥∥xn − x
∥∥∥∥ ≤ ∥∥∥∥∥(I − JHp(.,.,...)

ρ, Nn(.,.,...)

) (
Hp

(
A1x,A2x, ...,Apx

)
+ ρy

)
−

(
I − JHp(.,,...)

ρ, N(.,.,...)

) (
Hp

(
A1x,A2x, ...,Apx

)
+ ρy

)∥∥∥∥∥(23)∥∥∥∥xn − x
∥∥∥∥ ≤ ∥∥∥∥∥[(I − JHp(.,.,...)

ρ, Nn(.,.,...)

)
−

(
I − JHp(.,,...)

ρ, N(.,.,...)

)] [
Hp

(
A1x,A2x, ...,Apx

)
+ ρy

]∥∥∥∥∥ (24)

Since, JHp(.,.,...)
ρ, Nn(.,.,...) → JHp(.,.,...)

ρ, N(.,.,...) for any u ∈ Y, we know that ∥xn − x∥ → 0. Now (22) implies that

yn → y as n→ ∞, and soNn
G
−→ N .
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Theorem 4.5. The convergence of the proximal-point mapping

RHp(.,.,...)
ρ, Nn(.,.,...)(x)→ RHp(.,.,...)

ρ, N(.,.,...)(x), ∀x ∈ Y, ρ > 0,

and the convergence of the generalized Yosida approximation operator

JHp(.,.,...)
ρ, Nn(.,.,...)(x)→ JHp(.,.,...)

ρ, N(.,.,...)(x), ∀x ∈ Y, ρ > 0,

are equivalent if and only if the operatorNn
G
−→ N .

Proof: Assume that
RHp(.,.,...)
ρ, Nn(.,.,...)(x)→ RHp(.,.,...)

ρ, N(.,.,...)(x), ∀x ∈ Y, ρ > 0,

We have

RHp(.,.,...)
ρ, Nn(.,.,...)(x)→ RHp(.,.,...)

ρ, N(.,.,...)(x), ∀x ∈ Y, ρ > 0,

⇒

(
I − JHp(.,.,...)

ρ, Nn(.,.,...)

)
(x)→

(
I − JHp(.,.,...)

ρ, N(.,.,...)

)
(x),

⇒
1
ρ

(
I − RHp(.,.,...)

ρ, Nn(.,.,...)

)
(x)→

1
ρ

(
I − RHp(.,.,...)

ρ, N(.,.,...)

)
(x),

⇒ JHp(.,.,...)
ρ, Nn(.,.,...)(x)→ JHp(.,.,...)

ρ, N(.,.,...)(x), ∀x ∈ Y, ρ > 0.

On similar way, we can show that

JHp(.,.,...)
ρ, Nn(.,.,...)(x)→ JHp(.,.,...)

ρ, N(.,.,...)(x), ∀x ∈ Y, ρ > 0,

implies that
RHp(.,.,...)
ρ, Nn(.,.,...)(x)→ JHp(.,.,...)

ρ, N(.,.,...)(x), ∀x ∈ Y, ρ > 0.

Now we construct the following consolidated illustration which shows that the mapping N is αiβ j-

Hp(., ., ., ..)-accretive with mappings (A1,A2, ...,Ap) and ( f1, f2, ..., fp), Nn
G
−→ N and JHp(.,.,...)

ρ, Nn(.,.,...) → JHp(.,.,...)
ρ, N(.,.,...).

By using MATLAB programming, we presents some graphics for the convergence of generalized Yosida
approximation mapping.

Example 4.6. Let Y be 2-uniformly smooth Banach space Y = R with the usual inner product. Let p is
even number and Ai : R→ R for each i ∈ {1, 2, ..., p}, is given by

A1(x) = A3(x) = .... = Ap−1(x) =
x3

8
+

2x
3
,

A2(x) = A4(x) = .... = Ap(x) =
x
2
,

such that the inequality xy + x2 + y2 > 0 is satisfied for all x ∈ R2.
Let fi : R→ R for each i ∈ {1, 2, ..., p}, is given by

f1(x) = f3(x) = ..... = fp−1(x) =
x
4
,

f2(x) = f4(x) = ..... = fp(x) =
5x
12
.

Assume that Hp : R ×R × ... ×R︸             ︷︷             ︸
p times

→ R are defined by

H
(
A1(x),A2(x), ...,Ap−1(x),Ap(x)

)
= A1(x) − A2(x) + ... + Ap−1(x) − Ap(x),
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It can be easily shown that Hp is 2
3 -strongly accretive with Ai for each i ∈ {1, 3, ..., p − 1} and Hp is 3

2 -relaxed
accretive with Ai for all i ∈ {2, 4, ..., p}.

Assume thatNn,N : R ×R × ... ×R︸             ︷︷             ︸
p times

⊸ R be the multi-valued mappings and defined by

Nn

(
f1(x), f2(x), ..., fp−1(x), fp(x)

)
=

(
f1(x) − f2(x) + ... + fp−1(x) − fp(x)

)
+

1
n2 ,

N

(
f1(x), f2(x), ..., fp−1(x), fp(x)

)
= f1(x) − f2(x) + ... + fp−1(x) − fp(x).

It can be easily shown thatN is 1
4 -strongly accretive with fi for each i ∈ {1, 3, ..., p − 1} and Hp is 17

12 -relaxed
accretive with fi for all i ∈ {2, 4, ..., p}.

One can easily verify the following for ρ = 1:[
Hp(A1,A2, ...,Ap) + ρN( f1, f2, ..., fp)

]
R = R.

Now we will show that Nn
G
−→ N , if for each

(
f1(x), f2(x), ..., fp(x)), y

)
∈ Gr

(
N( f1, f2, ..., fp)

)
, there exists a

sequence(
( f1(xn), f2(xn), ..., fp(xn)), yn

)
∈ Gr

(
Nn( f1, f2, ..., fp)

)
such that f1(xn) → f1(x), f2(xn) → f2(x), ..., fp(xn) →

fp(x), yn → y as n→ ∞. For this, we consider

xn =
(
1 +

1
n

)
x,

f1(xn) = f3(xn) = .... = fp−1(xn) =
xn

4
,

f2(xn) = f4(xn) = .... = fp(xn) =
5

12
xn, n ∈N.

Since, limn xn = limn

(
1 + 1

n

)
x = x Thus, we have xn → x as n→∞. Now

lim
n

f1(xn)→ f1(x), lim
n

f3(xn)→ f3(x), ...., lim
n

fp−1(xn)→ fp−1(x),

lim
n

f2(xn)→ f2(x), lim
n

f4(xn)→ f4(x), ...., lim
n

fp(xn)→ fp(x).

Since,

yn = N
(

f1(xn), f2(xn), ..., fp(xn)
)

=
(

f1(xn) − f2(xn) + ... + fp−1(xn) − fp(xn)
)
+

1
n2 =

p
2

[xn

4
−

5xn

4

]
+

1
n2 .

Now we compute

lim
n

yn = lim
n

p
2

[xn

4
−

5xn

12

]
+

1
n2

2

=
p
2

[x
4
−

5x
12

]
.

=
(x

4
−

5x
12

)
+

(x
4
−

5x
12

)
+ ... +

(x
4
−

5x
12

)
︸                                          ︷︷                                          ︸

p terms

.

= f1(x) − f2(x) + ... + fp−1(x) − fp(x).
= N(x) = y.
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Therefore, yn → y as n → ∞ and hence, Nn
G
−→ N . Next, we will show that JHp(.,.,...)

ρ, Nn(.,.,...) → JHp(.,.,...)
ρ, N(.,.,...) as

Nn
G
−→ N . For ρ = 1, the proximal-point mappings are given by

RHp(.,.,...)
ρ, Nn(.,.,...)(x) =

[
Hp(A1,A2, ...,Ap) + ρNn( f1, f2, ..., fp)

]
(xn) = 2

(
x −

1
n2

) 1
3

,

RHp(.,.,...)
ρ, N(.,.,...)(x) =

[
Hp(A1,A2, ...,Ap) + ρN( f1, f2, ..., fp)

]
(x) = 2x

1
3

and the generalized Yosida approximation are given by

JHp(.,.,...)
ρ, Nn(.,.,...)(x) =

1
ρ

[
I − RHp(.,.,...)

ρ, Nn(.,.,...)

]
(x) =

x − 2
(
x −

1
n2

) 1
3
 ,

JHp(.,.,...)
ρ, N(.,.,...)(x) =

1
ρ

[
I − RHp(.,.,...)

ρ, N(.,.,...)

]
(x) =

[
x − 2x

1
3

]
.

We evaluate
∥∥∥∥JHp(.,.,...)
ρ, Nn(.,.,...) − JHp(.,.,...)

ρ, N(.,.,...)

∥∥∥∥ = ∥∥∥∥ [
x − 2

(
x − 1

n2

) 1
3
]
−

[
x − 2x

1
3

] ∥∥∥∥, which shows that∥∥∥∥JHp(.,.,...)
ρ, Nn(.,.,...) − JHp(.,.,...)

ρ, N(.,.,...)

∥∥∥∥→ 0 as n→∞. i.e. JHp(.,.,...)
ρ, Nn(.,.,...) → JHp(.,.,...)

ρ, N(.,.,...) asNn
G
−→ N .

5. Uniqueness and existence of solutions of Yosida inclusion problem:

Let Y be a q-uniformly smooth Banach space. For each i ∈ {1, 2, ..., p}, p ≥ 3, Hp : Yp
→ Y, Ai, fi : Y → Y

be single-valued mappings. Let N : Yp ⊸ Y be a multi-valued mapping such that N be a generalized
αiβ j-Hp(., ., ..., .)-accretive mapping. Then, Yosida inclusion problem is to find x ∈ Y such that

Θ ∈ JHp(.,.,...)
ρ, N(.,.,...)(x) +N

(
f1(x), f2(x), ..., fp(x)

)
,∀x ∈ Y, ρ > 0, (25)

where JHp(.,.,...)
ρ, N(.,.,...) is a generalized Yosida approximation mapping given by (8).

Theorem 5.1. For any given x ∈ Y, x is a solution of (SGVI) (25) if and only if x satisfies

x = RHp(.,.,...)
ρ,N(.,.,...)

[
Hp(A1,A2, ...,Ap)(x) − ρJHp(.,.,...)

ρ,N(.,.,...)(x)
]
, where constant ρ > 0. (26)

Algorithm 5.2. For any given x1
0 ∈ Y and obtain {x1

n}, by iterative scheme

x1
n+1 = RHp(.,.,...)

ρ,Nn(.,.,...)

[
Hp(A1,A2, ...,Ap)(x1

n) − ρJHp(.,.,...)
ρ,Nn(.,.,...)(x

1
n)
]
, (27)

where n=0,1,2,... and constant ρ > 0.

Theorem 5.3. Let us consider the problem (25) with assumption M1-M4 hold good and Nn,N : Yp ⊸ Y be
the generalized αiβ j-Hp(., ., ...)-accretive mappings with mappings (A1,A2, ...,Ap) and ( f1, f2, ..., fp) and

∑
αi >∑

β j,
∑
µ̄i >

∑
γ̄ j. For each i ∈ {1, 2, ..., p}, let Hp(., ., ...) is si-Lipschitz continuous with Ai. Assume that there exists

non-negative constant ρ > 0 such that

[∑
αi −

∑
β j + ρ

(∑
µ̄i −

∑
γ̄ j

)]
≥

[
1 − q(

∑
αi −

∑
β j) + cqsq

]1/q
+

[
1 − qρΦ2 + cqρ

qΦ1

]1/q
; (28)[∑

αi −
∑
β j + ρ

(∑
µ̄i −

∑
γ̄ j

)]
≥

[
s1 + s2 + ... + sp + ρΦ1

]
. (29)

Then,
(1) the general nonlinear operator equation (25) based on generalized αiβ j-Hp(., ., ...)-accretivity framework has a
unique solution x1 in Y;

(2) iterative sequences {x1
n} developed through Algorithm 5.2 is converges strongly to the solution x1 of problem (25).
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Figure 1: (a) Graph of RHp(.,.,...)
ρ, N(.,.,...), whereN(x) = p

2

[
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5x
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]
(b) The convergence of RHp(.,.,...)

ρ, Nn(.,.,...) → RHp(.,.,...)
ρ, N(.,.,...) asNn

G
−→ N ,whereNn(x) = p

2

[
x
4 −

5x
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]
+ 1

n2 andN(x) = p
2

[
x
4 −

5x
12

]
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Figure 2: (c) Graph of JHp(.,.,...)
ρ, N(.,.,...), whereN(x) = p

2
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(d) The convergence of JHp(.,.,...)

ρ, Nn(.,.,...) → JHp(.,.,...)
ρ, N(.,.,...) asNn

G
−→ N ,whereNn(x) = p

2

[
x
4 −

5x
12

]
+ 1

n2 andN(x) = p
2

[
x
4 −

5x
12

]

Proof. Let P : Y→ Y be given as

P(x1) = RHp(.,.,...)
ρ, N(.,.,...)

(
Hp(A1x1,A2x1, ...,Apx1) − ρJHp(.,.,...)

ρ, N(.,.,...)(x
1)
)
,∀ x1

∈ Y.

P(y1) = RHp(.,.,...)
ρ, N(.,.,...)

(
Hp(A1y1,A2y1, ...,Apy1) − ρJHp(.,.,...)

ρ, N(.,.,...)(y1)
)
,∀ y1

∈ Y.



S. Gupta, F. A. Khan / Filomat 37:15 (2023), 4881–4902 4898

From Proposition 2.3 and using the Lipschitz continuity of proximal-point mapping, we have∥∥∥∥P(x1) − P(y1)
∥∥∥∥ = ∥∥∥∥RHp(.,.,...)

ρ, N(.,.,...)

(
Hp(A1x1,A2x1, ...,Apx1) − ρJHp(.,.,...)

ρ, N(.,.,...)(x
1)
)

−RHp(.,.,...)
ρ, N(.,.,...)

(
Hp(A1y1,A2y1, ...,Apy1) − ρJHp(.,.,...)

ρ, N(.,.,...)(y1)
) ∥∥∥∥

≤ ∆
∥∥∥∥ (

Hp(A1x1,A2x1, ...,Apx1) − ρJHp(.,.,...)
ρ, N(.,.,...)(x

1)
)

−

(
Hp(A1y1,A2y1, ...,Apy1) − ρJHp(.,.,...)

ρ, N(.,.,...)(y1)
) ∥∥∥∥

= ∆
∥∥∥∥Hp(A1,A2, ...,Ap)(x1) −Hp(A1,A2, ...,Ap)(y1) − ρ

(
JHp(.,.,...)
ρ, N(.,.,...)(x

1) − JHp(.,.,...)
ρ, N(.,.,...)(y1)

) ∥∥∥∥
≤ ∆

∥∥∥∥Hp(A1,A2, ...,Ap)(x1) −Hp(A1,A2, ...,Ap)(y1) −
(
x1
− y1

)∥∥∥∥
+∆

∥∥∥∥x1
− y1

− ρ
(
JHp(.,.,...)
ρ, N(.,.,...)(x

1) − JHp(.,.,...)
ρ, N(.,.,...)(y1)

) ∥∥∥∥. (30)

By using the si-Lipschitz continuity of HP(., ...,Ai, .., .), we have∥∥∥∥Hp(A1,A2, ...,Ap)(x1) −Hp(A1,A2, ...,Ap)(y1)
∥∥∥∥

≤

∥∥∥∥Hp(A1x1,A2x1, ...,Apx1)) −Hp(A1y1,A2x1, ...,Apx1)
∥∥∥∥

+
∥∥∥∥Hp(A1y1,A2x1, ...,Apx1) −Hp(A1y1,A2y1, ...,Apx1)

∥∥∥∥
:
:

+
∥∥∥∥Hp(A1y1,A2y1, ...,Apx1) −Hp(A1y1,A2y1, ...,Apy1)

∥∥∥∥
≤

(
s1 + s2 + ... + sp

)∥∥∥∥x1
− y1

∥∥∥∥.∥∥∥∥Hp(A1,A2, ...,Ap)(x1
n) −Hp(A1,A2, ...,Ap)(x1

n−1)
∥∥∥∥ ≤ s

∥∥∥∥x1
n−1 − x1

n

∥∥∥∥, where s = s1 + s2 + ... + sp. (31)

Since, Hp is symmetric accretive with mappings A1,A2, ...,Ap and si-Lipschitz continuous with Ai, using the
Lemma 1.5, we have∥∥∥∥x1

− y1
−

(
Hp(A1,A2, ...,Ap)(x1) −Hp(A1,A2, ...,Ap)(y1)

)∥∥∥∥q

≤

∥∥∥∥x1
− y1

∥∥∥∥q
− q

〈
Hp(A1,A2, ...,Ap)(x1) −Hp(A1,A2, ...,Ap)(y1), x1

− y1
〉

+cq
∥∥∥∥Hp(A1,A2, ...,Ap)(x1) −Hp(A1,A2, ...,Ap)(y1)

∥∥∥∥q

≤

∥∥∥∥x1
− y1

∥∥∥∥q
− q

[∑
αi −

∑
β j

] ∥∥∥∥x1
− y1

∥∥∥∥q

+
∥∥∥∥Hp(A1y1,A2x1, ...,Apx1) −Hp(A1y1,A2y1, ...,Apx1)

∥∥∥∥q

≤

∥∥∥∥x1
− y1

∥∥∥∥q
− q

[∑
αi −

∑
β j

] ∥∥∥∥x1
− y1

∥∥∥∥q

+
(
s1 + s2 + ... + sp

)q∥∥∥∥x1
− y1

∥∥∥∥q

≤

[
1 − q

(∑
αi −

∑
β j

)
+ cqsq

]∥∥∥∥x1
− y1

∥∥∥∥q
.

Thus, we can write∥∥∥∥x1
− y1

−

(
Hp(A1,A2, ...,Ap)(x1) −Hp(A1,A2, ...,Ap)

)
(y1)

∥∥∥∥q
≤

[
1 − q

(∑
αi −

∑
β j

)
+ cqsq

]∥∥∥∥x1
− y1

∥∥∥∥q
,
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which implies that∥∥∥∥x1
− y1

−

(
Hp(A1,A2, ...,Ap)(x1) −Hp(A1,A2, ...,Ap)

)
(y1)

∥∥∥∥ ≤ [
1 − q

(∑
αi −

∑
β j

)
+ cqsq

]1/q∥∥∥∥x1
− y1

∥∥∥∥. (32)

Since, JHp(.,.,...)
ρ, N(.,.,...) is ϕ1-Lipschitz continuous and Φ2-strong accretive, and using the Lemma 1.5, we have∥∥∥∥x1
− y1

− ρ
(
JHp(.,.,...)
ρ, N(.,.,...)(x

1) − JHp(.,.,...)
ρ, N(.,.,...)(y1)

) ∥∥∥∥q

≤

∥∥∥∥x1
− y1

∥∥∥∥q
− qρ

〈
JHp(.,.,...)
ρ, N(.,.,...)(x

1) − JHp(.,.,...)
ρ, N(.,.,...)(y1), x1

− y1
〉

+ρqcq
∥∥∥∥JHp(.,.,...)
ρ, N(.,.,...)(x

1) − JHp(.,.,...)
ρ, N(.,.,...)(y1)

∥∥∥∥q

≤

∥∥∥∥x1
− y1

∥∥∥∥q
− qρΦ2

∥∥∥∥x1
− y1

∥∥∥∥q
+ ρqcq

∥∥∥∥x1
− y1

∥∥∥∥q

≤

[
1 − qρΦ2 + ρ

qcqΦ1

]∥∥∥∥x1
− y1

∥∥∥∥q
.

Thus, we can write∥∥∥∥x1
− y1

− ρ
(
JHp(.,.,...)
ρ, N(.,.,...)(x

1) − JHp(.,.,...)
ρ, N(.,.,...)(y1)

) ∥∥∥∥q
≤

[
1 − qρΦ2 + cqρ

qΦ1

]∥∥∥∥x1
− y1

∥∥∥∥2
,

which implies that∥∥∥∥x1
− y1

− ρ
(
JHp(.,.,...)
ρ, N(.,.,...)(x

1) − JHp(.,.,...)
ρ, N(.,.,...)(y1)

) ∥∥∥∥ ≤ [
1 − qρΦ2 + cqρ

qΦ1

]1/q∥∥∥∥x1
− y1

∥∥∥∥. (33)

Using (30)-(33) in (31), we have

∥P(x1) − P(y1)∥ = Υ∥x1
− y1
∥, (34)

Υ = ∆
[[

1 − q
(∑
αi −

∑
β j

)
+ cqsq

]1/q
+

[
1 − qρΦ2 + cqρ

qΦ1

]1/q]
.

From condition (28), we have 0 < Υ < 1, so (34) implies that

P = RHp(.,.,...)
ρ, N(.,.,...)

(
Hp(A1,A2, ...,Ap) − ρJHp(.,.,...)

ρ, N(.,.,...)

)
is a contraction mapping and has a unique fixed point x1 in Y. Hence x1 is a unique solution of (25).

Now we prove that x1
n convergence strongly to x1. In fact, it follows from Theorem 5.1 and Algorithm

5.2 that ∥∥∥∥x1
n+1 − x1

∥∥∥∥ = ∥∥∥∥RHp(.,.,...)
ρ,Nn(.,.,...)

[
Hp(A1,A2, ...,Ap)(x1

n) − ρJHp(.,.,...)
ρ, Nn(.,.,...)(x

1
n)
]

−RHp(.,.,...)
ρ,N(.,.,...)

[
Hp(A1,A2, ...,Ap)(x1) − ρJHp(.,.,...)

ρ, N(.,.,...)(x
1)
]∥∥∥∥

≤

∥∥∥∥RHp(.,.,...)
ρ,Nn(.,.,...)

[
Hp(A1,A2, ...,Ap)(x1

n) − ρJHp(.,.,...)
ρ, Nn(.,.,...)(x

1
n)
]

−RHp(.,.,...)
ρ,N(.,.,...)

[
Hp(A1,A2, ...,Ap)(x1

n) − ρJHp(.,.,...)
ρ, Nn(.,.,...)(x

1
n)
]∥∥∥∥

+
∥∥∥∥RHp(.,.,...)
ρ,N(.,.,...)

[
Hp(A1,A2, ...,Ap)(x1

n) − ρJHp(.,.,...)
ρ, Nn(.,.,...)(x

1
n)
]

−RHp(.,.,...)
ρ,N(.,.,...)

[
Hp(A1,A2, ...,Ap)(x1) − ρJHp(.,.,...)

ρ, N(.,.,...)(x
1)
]∥∥∥∥

≤

[
∆

∥∥∥∥Hp(A1,A2, ...,Ap)(x1
n) − ρJHp(.,.,...)

ρ, Nn(.,.,...)(x
1
n)
]

−

[
Hp(A1,A2, ...,Ap)(x1) − ρJHp(.,.,...)

ρ, N(.,.,...)(x
1)
]∥∥∥∥ + kn, (35)
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where

kn ≤

∥∥∥∥RHp(.,.,...)
ρ,Nn(.,.,...)

[
Hp(A1,A2, ...,Ap)(x1

n) − ρJHp(.,.,...)
ρ, Nn(.,.,...)(x

1
n)
]

−RHp(.,.,...)
ρ,N(.,.,...)

[
Hp(A1,A2, ...,Ap)(x1

n) − ρJHp(.,.,...)
ρ, Nn(.,.,...)(x

1
n)
]∥∥∥∥

Using the si-Lipschitz continuity of Hp(., ., ., ...) with Ai and the generalized Yosida approximation map-
ping, we get∥∥∥∥Hp(A1,A2, ...,Ap)(x1

n) −Hp(A1,A2, ...,Ap)(x1) − ρ
[
JHp(.,.,...)
ρ,Nn(.,.,...)(x

1
n) − JHp(.,.,...)

ρ,N(.,.,...)(x
1)
]∥∥∥∥

≤

∥∥∥∥Hp(A1,A2, ...,Ap)(x1
n) −Hp(A1,A2, ...,Ap)(x1)

∥∥∥∥ + ρ∥∥∥∥JHp(.,.,...)
ρ,Nn(.,.,...)(x

1
n) − JHp(.,.,...)

ρ,N(.,.,...)(x
1)
∥∥∥∥

≤

∥∥∥∥Hp(A1x1
n,A2x1

n, ...,Apx1
n) −Hp(A1x1,A2x1

n, ...,Apx1
n)
∥∥∥∥ + ρ∥∥∥∥JHp(.,.,...)

ρ,Nn(.,.,...)(x
1
n) − JHp(.,.,...)

ρ,N(.,.,...)(x
1)
∥∥∥∥

+
∥∥∥∥Hp(A1x1,A2x1

n, ...,Apx1
n) −Hp(A1x1,A2x1, ...,Apx1

n)
∥∥∥∥

: (36)

+
∥∥∥∥Hp(A1x1,A2x1, ...,Apx1

n) −Hp(A1x1,A2x1, ...,Apx1)
∥∥∥∥

≤ s1

∥∥∥∥x1
n − x1

∥∥∥∥ + s2

∥∥∥∥x1
n − x1

∥∥∥∥ + ... + sp

∥∥∥∥x1
n − x1

∥∥∥∥
+ ρ

∥∥∥∥JHp(.,.,...)
ρ,Nn(.,.,...)(x

1
n) − JHp(.,.,...)

ρ,N(.,.,...)(x
1
n)
∥∥∥∥ + ρ∥∥∥∥JHp(.,.,...)

ρ,N(.,.,...)(x
1
n) − JHp(.,.,...)

ρ,N(.,.,...)(x
1)
∥∥∥∥

≤ (s1 + s2 + ... + sp)
∥∥∥∥x1

n − x1
∥∥∥∥ + +ρ∥∥∥∥JHp(.,.,...)

ρ,Nn(.,.,...)(x
1
n) − JHp(.,.,...)

ρ,N(.,.,...)(x
1
n)
∥∥∥∥ + ρ∥∥∥∥JHp(.,.,...)

ρ,N(.,.,...)(x
1
n) − JHp(.,.,...)

ρ,N(.,.,...)(x
1)
∥∥∥∥

≤ s
∥∥∥∥x1

n − x1
∥∥∥∥ + ρ∥∥∥∥JHp(.,.,...)

ρ,Nn(.,.,...)(x
1
n) − JHp(.,.,...)

ρ,N(.,.,...)(x
1
n)
∥∥∥∥ + ρ∥∥∥∥JHp(.,.,...)

ρ,N(.,.,...)(x
1
n) − JHp(.,.,...)

ρ,N(.,.,...)(x
1)
∥∥∥∥

≤ s
∥∥∥∥x1

n − x1
∥∥∥∥ + ρln + ρΦ1

∥∥∥∥x1
n − x1

∥∥∥∥
(37)

where ln =
∥∥∥∥JHp(.,.,...)
ρ,Nn(.,.,...)(x

1
n) − JHp(.,.,...)

ρ,N(.,.,...)(x
1
n)
∥∥∥∥.

Using (36) in (35), we get∥∥∥∥x1
n+1 − x1

∥∥∥∥ = kn + ∆(s + ρΦ1)
∥∥∥∥x1

n − x1
∥∥∥∥ + ∆ρln,

where Φ1 =
1+∆
ρ . By Theorem 4.3, we have

RHp(.,.,...)
ρ,Nn(.,.,...)

[
Hp(A1,A2, ...,Ap)(x1

n) − ρJHp(.,.,...)
ρ, Nn(.,.,...)(x

1
n)
]
→ RHp(.,.,...)

ρ,N(.,.,...)

[
Hp(A1,A2, ...,Ap)(x1

n) − ρJHp(.,.,...)
ρ, Nn(.,.,...)(x

1
n)
]
.

Thus we have

JHp(.,.,...)
ρ, Nn(.,.,...)(x

1
n)→ JHp(.,.,...)

ρ, N(.,.,...)(x
1).

As n→∞, kn, ln →∞. Thus we have∥∥∥∥x1
n+1 − x1

∥∥∥∥ = Υn(Φ1)
∥∥∥∥x1

n − x1
∥∥∥∥ + Θn,

where Θn = kn + ∆ρln and Υ(Φ1) = ∆(s + ρΦ1). From (29), we have 0 < Υ(Φ1) < 1 and Θn → 0 as kn, ln → 0
(n→∞). From Lemma 1.6, we have ∥x1

n+1 − x1
∥ → 0.
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Remark 5.4. Let p be an even number. Let us consider the functional f : Y → R on Y, then, vector x̃ such
that

f (y) − f (z) ≥
〈
x̃, y − z

〉
, ∀y ∈ Y, (38)

where f (y) is finite for each y ∈ Y, is called the subgradient of f at y. The collections of all such subgradients
of f at y holding (38) is called the subdifferential ∂ f (y) of f at y. Let ∂

(
., ., fi, ..

)
: Yp ⊸ Y be a multi-valued

mapping. We consider the Yosida inclusion problem to find x ∈ Y such that

0 ∈ JHp(.,.,...)
ρ,δ(.,.,...)(x) + ∂

(
f1, f2, ..., fp

)
(x). (39)

Then, it turns out that
[
Hp(., ., ...)+∂

(
f1, f2, ..., fp

)]
isL-strongly accretive, whereL =

[∑
αi +

∑
µ̄i −

(∑
β j +

∑
γ̄ j

)]
> 0, if Hp is α1β2α3β4...αp−1βp-symmetric accretive with A1,A2, ...,Ap, f1, f2, ..., fp : Y → Y be the locally

Lipschitz functional on Y, and ∂
(

f1, f2, ..., fp
)

be µ̄1γ̄2µ̄3γ̄4...µ̄p−1γ̄p-symmetric accretive with f1, f2, ..., fp,

equivalently we can state that ∂
(
..., fi, ..

)
is αiβ j-Hp(., ., ...)-accretive. Now all the assumption of Theorem 5.3

hold, and one can easily find the solution of problem (39) by using Theorem 5.3.

6. Conclusion:

In this manuscript, we focussed on generalized Yosida approximation mappings and Yosida inclusions
in Banach spaces. To approximate the solutions to such kinds of inclusion problems, we considered a gen-
eralized αiβ j-Hp(., ., ...)-accretive mapping, which is the generalized form of generalized αβ-H(...)-accretive
mapping [18]. We proved the graph convergence of generalized αiβ j-Hp(., ., ...)-accretive mappings and
generalized Yosida approximation mappings. As an application part of generalized αiβ j-Hp(., ., ...)-accretive
mappings and generalized Yosida approximation mappings, we designed an iterative algorithm and proved
that the iterative sequences generated from the underline algorithm strongly converge to the solution of
Yosida inclusion problem in q-uniformly smooth Banach spaces. In future, the results of this manuscript
can be continued to the system of Yosida inclusions in the setting of Banach spaces.

Acknowledgment: The authors would like to thank the referees for their valuable comments and sugges-
tions, which improved the original version of the manuscript.
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