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Characterizations and properties of the matrices A such that
AAEZ)l ) — Agi)l 'A are nonsingular
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Abstract. In this paper, we consider the co-BD matrices, a class of matrices characterized by the invertibility
of AA:;D - AEZ)DA, where AEZ)D is the Bott-Duffin inverse of A with respect to a subspace L. Different

characterizations and properties of this class of matrices are given. Also, we consider some characterizations

. . -1 -1 -1
of the nonsingularity of AAEL) ) 4+ AEL) JAand I, — A(AEL) N2A.

1. Introduction

The symbol C"™" will denote the set of all complex m X n matrices. The symbols R(A), N(A), A* and
rank(A) represent the range space, null space, conjugate transpose and rank of A € C"™" respectively. The
symbol I, means the identity matrix in C"". The symbol O means the null matrix. If L is a subspace of C",
we use the notation L < C" while L* means the orthogonal complement subspace of L. The dimension of L
we denote by dim(L). Py, stands for the oblique projector onto L along M, where L, M < C" and LéM = C".
Py is the orthogonal projector onto L. Additionally, the Moore—Penrose inverse AT € C™™" of A € C"™" is
the unique matrix verifying AATA = A, ATAAT = AT, (AAT)" = AAT, (ATA)* = ATA (see [3, 9, 20, 23)).

A matrix X € C™" that satisfies XAX = X is called an outer inverse of A and is denoted by A®. Let
L<C" dimL =1 < rank(A) and S < C", dim S = m — [. There exists an unique outer inverse X of A such
that R(X) = T and N(X) = S if and only if AT ® S = C™. In case that exists such X we call an outer inverse

. . @)
with prescribed range and null space and denote by A5 (see [3, 23]).

Bott and Duffin, in their famous paper [6], introduced ”constrained inverse” of a square matrix as an
important tool in the electrical network theory. In [3], this inverse is called in their honour as the Bott-Duffin
inverse (in short, BD-inverse [8]). Let A € C"™" and L < C". If APy + P;: is nonsingular, then the BD-inverse

of A with respect to L, denoted by AEZ; ), is defined by Agz)l) = P (APy + Pr.) !(see [6]). There are huge

literatures on the BD-inverse and here we will mention only the part. Some important applications of the
BD-inverse can be founded in Ben-Israel’s and Greville’s book [3]. Chen presented several properties and
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different representations of the BD-inverse in [8]. Also certain relationship between the nonsingularity of
bordered matrices and the BD-inverse are given in [7]. Wei in [24] studied the various normwise relative
condition numbers that measure the sensitivity of the BD-inverse and the solution of constrained linear
systems. The perturbation theory for the BD-inverse was discussed in [21].

The nonsingularity of the difference and the sum of two idempotent has been considered first in the
matrix and operatorseetings (see [1, 10-12, 14, 18, 22, 25-27]), and later in the ring case (see [15, 16]) and
C*-algebras (see [17]). Benitez and Rakocevi¢ characterized the class of co-EP matrices by the invertibility
of AAT — AT A (see [4]) which has been later further investigate in the papers [2] and [5]. Zuo, Baksalary and
Cvetkovié-Ili¢ [28] further characterized the co-EP matrices and investigated the problem of completion of
an upper triangular matrix to a co-EP matrix.

Motivated by the class of co-EP matrices, we introduce the following definition:

Definition 1.1. Let A € C™" and L < C" be such that AEZ)D exists. A matrix A is a co-BD matrix if AAEZ; ) —Ag; ‘A
is nonsingular.

The main contributions of this paper are the following:

(1) Different characterizations of the nonsingularity of AAgz)l ) Agi)l A, AAEZ; )+ Azz)l 'Aand I, - A(Azz)l VA
will be given;

(2) Using appropriate matrix decomposition and certain properties of oblique projectors, the explicit

: : (1) _ (=1 (-1) (-1 _ (=Dy2 (-1 =Dy _
representation of the inverses ofAA(L) A(L) A, AA(L) +A(L) Al A(A(L) )-A and aAA(L) +bA(L) A

cA(AEZ)1 'Y2A, where a,b # 0 and ¢ € C, will be presented.

The paper is organized as follow: In Section 2, we give some auxilliary lemmas. In Section 3, some

. s . : (1) _ 4D 1, 4D . :
equivalent conditions of the nonsingularity of AA ;)" —= A "Aand AA ;)” + A ;)"A are considered. In Section

4, we discuss the nonsingularity of I, — A(AEZ; ))ZA and aAAEZ)l )+ bAEZ)l A - cA(AEZ)l ))ZA, where a,b # 0

and c € C. In particular, we give an explicit formulae for the inverses of AAEZ; - AEZ; A, AAEZ; )+ Agz)l A,
I, - A(A)2A and aAA ) +bAT A - cAAT)?A, where a,b # 0 and c € C.

2. Preliminaries

For a given matrix A € C"™", we will consider a matrix decomposition with respect to a given subspace
L < C". Note that for the orthogonal projector Py, there exists a unitary matrix U € C"™" such that

_ L O | .
PL—LI[O O]u, (1)
where [ = dim(L) and
_ Ar Br |,.
A_U[ A DL]“' @

for some A, € CX!, B, e C*n=D C; e Cit=DxI D, e r-Dx(n=]),

Next lemma gives the necessary and sufficient condition for the existence of AES ) as well as the repre-

sentation of AEZ; ) using (1) and (2).
Lemma 2.1. Let Py and A be given by (1) and (2), respectively. AEZ)D exists if and only if Ay is invertible. In this
case,

“y_| A" O],
A _u[ a O]u. 3)
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Proof. By (1) and (2), we have that

AP, + Pj. =u[ Ao O ]u*.

CL In—l

Evidently, AP, + P;: is invertible if and only if Ay is invertible. In this case, since Agz)l ) = Pr(APy + Pru)71 it
follows that (3) is satisfied. [

Lemma 2.2. [8] Let A € C™" and L < C". If APy, + Py is invertible, then the followings hold:

P = AEZ)DAPL = PLAAEZ)D ; ()
®
AAGY = Pypis; 6)
ADA =Py (7)
Ay = AL ®)

The following lemmas will be useful throughout the paper.

Lemma 2.3. [19] Let G € C"™" and F € C"?. Then
rank(GF) = rank(F) — dim(R(F) N N(G)).
Lemma 2.4. [18] Let P, Q € C™" be idempotent matrices. Then the following conditions are equivalent:
(a) P - Q is nonsingular;

() I, — PQ and P + Q are nonsingular.

3. Nonsingularity of the difference and the sum of AA:Z)D and A:;)DA
The next theorem gives characterization of co-BD matrices. Using the decomposition of (1) and (2), the

representation of (AAEE)1 ) - AE; )A)~! will be given.

Theorem 3.1. Let A € C™", L < C" and dim(L) = I be such that AE; ) exists. Let A be given by (2). Then the
following statements are equivalent:

(@) Aisa co-BD matrix;
(b) rank(Br) + rank(Cr) = n;
(c) rank(Br) = 5 and rank(Cr) = 5,
(d) AP — PLA is nonsingular,
in which case,

(-1) _ A1) gy-1 _ @) AC
@A) a7 =ul 5,

(L) @0 . ©)
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Proof. (a) = (b). From (2) and (3), we have

_ I O
-1 _ I "
AAGD = u[ oA O]u, (10)
14 _ L A B |
ADA = u[o o |y 11)
Then,
_ _ O B
rank(AA()) — AT D A) :rank([ c oL D (12)

Therefore, it is clear by (12) that if (#) holds then rank(Br) + rank(Cy) = n.

(b) = (c). Since B; € C*") and C; € C"DX it follows that rank(B;) + rank(C;) < 2! and rank(B;) +
rank(Cp) < 2(n — I). If (b) holds, then n = 2I. Therefore, rank(B.) = 5 and rank(Cy) = 3.

(¢) = (d). From (1) and (2), we have rank(AP; — PLA) = rank(Br) + rank(C;). Thus, if rank(B;) =
rank(Cr) = 4, then (d) holds.

(d) = (a). In term of (1) and (2), it is clear that rank(AP, — P;A) = rank(AAEZ)l) - Ag”A). Thus, if (d)

)
holds, then rank(AAEZ)l) - AEZ)l )A) = n, which implies A is a co-BD matrix.

From (10) and (11), we know

AA(—U _ A(—l)A U ) _AL_lBL

o " aat o Y (13)

Then (9) can be easily verified by (13). O

Example 3.2. Let

101 2 10
110 1 01
A=l 1 0 o|@dLl=R]|y o
2110 00

From Lemma 2.1, we can verify Azz)l ) exists. By simple calculation, we have

0o 0 -1 -2

) _a-Dy_| 0O 0 1 1

AAy —An'A=1211 0 o

1 1 O 0

Using (9), we have

0 0 -}
D _ g1 _| O 0 3 3
(AA(L) A(L) A) - 1 2 0 0
-1 -1 0 0

Motivated by [14, 18, 27], which show some necessary and sufficient conditions for the nonsingularity
of the difference of two idempotent matrices, we present characterizations of co-BD matrices in terms of
subspace operations.

Remark 3.3. Note (6) and (7), we have R(AAEZ)D) = AL N(AAD)) = L+, R(AT D A) = Land N(AE;)”A) = (A'L)*.

From [14, Corollary 1], then the following statements are equivalent:
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(@) Aisa co-BD matrix;
(b) ALNL = {0} and (A*L)* n L+ = {0};
(c) ALeL=C'and A’\L®L = C".

Remark 3.4. From the equivalence of (a) and (c) in Theorem 3.1, it is easy to verify that A is a co-BD matrix is
equivalent to A" is a co-BD matrix. This means that replacing A with A*, the conclusions in Theorem 3.1 and Theorem
3.3 are still valid. Under the hypotheses of Theorem 3.1, then the following statements are equivalent:

(a) Aisa co-BD matrix;

(b) A*isa co-BD matrix;

(c) A*Pp — PLA" is nonsingular;

(d) A (A*EL)D)ZA" — Py, is nonsingular;
(e) PLA*Pr. + Pro APy is nonsingular;

(f) PiA* Lt @ P AL = C";
(9) A 1>A L* &P AL =C".

The following theorem provides characterizations of A € C"™" being a co-BD matrix in terms of ranges,

null spaces and ranks of selected functions of AAEL)1 and AEL; A,

Theorem 3.5. Let A € C"™", L < C" and dim(L) = [ be such that AEL;) exists. Let P = AAEL)D, Q= AEL)DA

P=1I,- AAEL)D and Q =1, — AEL;)A Then the following statements are equivalent:

(a) Aisa co-BD matrix;

(b) N(PQ-QP)=N(I,-P-Q);

(c) R(PQ-QP) =R(I, - P -Q);

(d) rank(PQ — QP) = rank(PQ) + rank(PQ) = n;
(e) rank(PQ — QP) = rank(Il, - P - Q) =n.

Proof. (a) = (b). From Remark 3.3, (6) and (7), if A is a co-BD matrix, we have R(P) N R(Q) = {0} and
N(P)NN(Q) = {0}. Forany a € N(PQ - QP), we have PQa = QPa € R(P)NR(Q) = {0}. Thus, PQa = QPa = 0.
Then, note the fact that I,a — Pa — Qa € N(P) N N(Q) = {0}. Therefore, N(PQ —QP) c N(I, —P—Q). Itis easy
to prove N(I, — P - Q) Cc N(PQ — QP). Hence N(I, - P - Q) = N(PQ - QP).

(b) = (a). If a € R(P) N R(Q), then a = Pa = Qa, which implies (PQ — QP)a = 0. Since N(PQ — QP) =
N(1, — P - Q), it follows that I,a — Pa — Qa = 0, which implies 4 = 0. Thus R(P) N R(Q) = {0}. Similarly, we
can also prove N(P) N N(Q) = {0}. From Remark 3.3, we have A is a co-BD matrix.

(b) © (c). Since the equivalence between (a) and (b) in Remark 3.4, we have N(PQ—-QP) = N(I,-P-Q) &
NPQ —QP)=N(I, - P - Q) & R(PQ—-QP) =R(I, -P-Q).

(a) © (d). Using (10) and (11), by calculating we can obtain (d) holds if and only if rank(I,_;+C A, By) =
n—Iand rank(B; ) +rank(C;A; " (I,—;+CrA; "*Br)) = n, which implies rank(B;)+rank(Cy) = n. From Theorem
3.1, we can complete the proof.

(a) © (e). Similar to () © (d). O

In the following theorem, we consider the nonsingularity of the sum of AACY and A( 1)A Moreover,

@
we give the representation of (AA o A( 1)A) !, when AA( 1) + AEL)l )A is nonsingular.
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Theorem 3.6. Let A € C™" be given in (2), L < C" and dim(L) = [ be such that Azz)l ) exists. Then the following

statements are equivalent:

(a) AAEZ)l )+ Azi)l VA is nonsingular;

(b) rank(C AL ?Br) =n—1;
(©) rank(A(AEZ)l))zA +P))=n,

in which case,

(AATY + ATV AT = u[ (14)

I -ALTBINTICLAL™Y)  ALT'BINT! ]u*
(¢5) (L) 4

N1C AL ™ —2N-!
where N = CLA; 2By

Proof. (a) & (b). By (10) and (11), we have

2, A.'Bg
e 5%

W[ 20 o)
A o -1cA?B,

I + rank(CrA; *By).

rank(AAEZ)l) + AE;)DA)

Thus, rank(AAEZ)l ) 4+ Agz)l )A) = n is equivalent to rank(C A, B) =n — L.
(b) © (c). Using (1), (10) and (11),
rank el AL'By
ClAL™ CLAL B,
I + rank(CLA; "*By).

rank(A(Ag;))ZA +P)

Thus, rank(C A; 2By) = n — 1 is equivalent to rank(A(AEZ)1 ))ZA +Pp) =n.
From (10) and (11), we know

AN +APA=U

21 A'BL |,
ac] B “

ClAL™Y O
Then (14) can be verified by (15). O
Item (c) can be recaptured in a more general form.

Remark 3.7. Let a,b € C and ab(a + b) # 0. Then the following statements are equivalent:

(a) AAEZ; ) + Azg)l VA is nonsingular;

(b) aA(AEZ)l))ZA + bPy, is nonsingular.

Example 3.8. Let

100 2 10 0
0110 010
A=lq1 o0 1 1 |™L=Rll 5 o 1
1200 00 0
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(=1

O exists. By calculation, we have

From Lemma 2.1, we can verify A

10 0 0
o |1 1 -1 0
A =110 1 o0

00 0 0

and
1 0 0 2
N=CLAL’2BL=[1 2 0] 1 1 -1 0 |=10.
0 1

Using (14), we can obtain

1 _1 1 1

TSNP I S S
AAy +A AT =12 % 1%
» W5 10

s 1 _1 _1

10 5 5 75

Theorem 3.9. Let A € C™", L < C" and dim(L) = I be such that AEZ; ) exists. Then the following statements are

equivalent:

(a) AAEZ)D + AEZ)DA is nonsingular;

(b) A(Ag;))%q[f N L= {0} and (A*L)* N L+ = {0};

(©) A(AEZ;))ZALL +L=C"

) A(AE;;))ZALl oL =C"
Proof. (a) = (b). Since (a) is equivalent to (b), we only need to prove A(Agg)l ))2ALl N L = {0}. From

the equivalence between (4) and (b) in Theorem 3.6, we can get rank(C;A; B;) = n — I, which means
rank(By) = n —I. Using (1), (2), (3) and Lemma 2.3, we have
rank(CLA; 2By) = rank(PLLA(AEZ)DfAPLL) (G=P..,F= A(AEZ)D)zAPLL)

rank(A(Ag)”fAPu) - dim(A(AE;)”)2ALi NL)

rank(By) — dim(A(Ag)”)zALL NL). (16)

It follows from (16) that (d) holds.
(b) = (c). Using (7) and Lemma 2.3, we have

rank(B)) = rank(AEZ)l)APLi) (G = AEZ)DA,F = P..)

rank(Pp.) — dim(L* N N(AEZ;)A))
= n—I-dim(L" N (A'L)Y). (17)

By Lemma 2.3, we have
rank(PLLA*((AEZ)D)*)ZA*PLL) G = PLLA*((AEZ)D)*)ZA*, F=Pu)

= rank(P.:) — dim(L* N N(PLLA*((AEZ)D)*)ZA*))

n—1-dim(L* N N(PLLA*((AEE;))*)ZA*)). (18)
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If (d) holds, from (16) and (17), we have rank(PLlA(AEZ)l ))ZAPLL) = n — I. Therefore, by (18), we can obtain

N(PLLA*((AEZ)D)*)ZA*) N L+ = 0, which implies A(AEZ)l))zALl +L=C"

(©) = (a). If (¢) holds, using (1), (2), (3) and (18), we can obtain rank(PLLA*((AEZ)D)*)zA*PLL) =
rank(CLAL_ZBL) =n-1

(c) © (d). From (e) = (a), we have rank(C A; "*B;) = n —I, which implies rank(Br) = n—I. From (16), we

have A(AEZ; ))2ALL N L = 0. Thus, (f) holds. On the other hand, if (f) holds, it is obvious that (e) holds. [

Remark 3.10. By (6) and (7), apply R(AAEZ)D) = AL, N(AABD) =Lt R(AEZ)DA) = Land N(AEZ)DA) = (A'L)* to

[14, Corollary 4] and [27, Theorem 2.5], respectively. Then the following statements are equivalent:

(a) AAEZ; )+ Azg)l A is nonsingular;

(b) AS’AU N AL = {0} and (A'L)* N L* = {0};

©) AE;)”ALl & (ALNL) & (A'L)* = C" and (A*L)* N L* = {0}.

4. Nonsingularity of the combination of I,,, AA:Z)D and A:Z)DA

In this section, we will consider the nonsingularity of the combinations of I,,, AAEZ)D and Azz)l A. First,

we consider the nonsingularity of I, — A(AEZ; ))2A in terms of rank equalities. Furthermore, we give the

representation of the inverse of I,, — A(Aéz)l ))2A.

Theorem 4.1. Let A € C™" be given in (2), L < C" and dim(L) = [ be such that Azz)l ) exists. Then the following

statements are equivalent:
(a) I, — A(Agz)l))zA is nonsingular;
(b) rank(B.Cr) =1

_ (1) _ ACD gy =
(c) rank(2I, AA(L) A(L) A)=n,

in which case,

(I, — AGATD)2A) ™ = u[ (19)

I - ALM_lAL —ALM_lBL .
(L) tr,

—CLM_lAL I, — CLM_lBL
where M = B Cr.

Proof. (a) & (b). By (10) and (11), we have

3 1\2 _ O -A."'BL
rank(l A(A(L) yA) = rank ([ -CLAL™" L —-CLAL By

B -A'BiCIALTY O
= rank ([ 0 I
= n—I1+rank(B.Cy).

Thus, rank(l,, — A(AEZ;))ZA) = n is equivalent to rank(B;Cy) = I.

(@) © (c). Apply P = AAEZ)D and Q = AE;;)A to [14, Theorem 3].
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From (10) and (11), we have

O -AL"'BL

: D24 —
Ii-AA)YA=U —CLAL™" L - CLAL?BL

u. (20)

Then (19) can be verified by (20). O
Item (c) can be recaptured in a more general form.

Remark 4.2. Let a,b € C and ab(a + b) # 0. Then the following statements are equivalent:

(@) I, - A(AEZ)D)ZA is nonsingular;

b) (a+Db), — aAAEE)l ) bAEZ)DA is nonsingular.

Example 4.3. Let

1 02 10 1 0
01101 01
A=(0 3 2 0 3 |andL=R|| 0 O
1 001 4 00
0131 2 00

(=1
(L)

0 3
|1 6 g |1 —%
1 0]—[0 4],andM —[0 ]

Using Lemma 2.1, we can verify A

2 1 0
MzBLCL:[l 0 1]

exists. By calculation, we have

01

From (19), we can obtain

0 3 b -1 3
o 3 -1 o -1

1 1 1

D2 2y-1 — 3 1 3
(I—A(A(L))A) =1 0 Ao 0 2
PR A

0 -3 -3 0 7§

Theorem 4.4. Let A € C™", L < C" and dim(L) = [ be such that Agz)l ) exists. Then the following statements are
equivalent:

() I, - A(Azz)l))zA is nonsingular;

() PrAL N (A'L)* = {0} and ALN L = {0};
(c) PioAL + (A'L)* = C%
(d) P AL® (A'L)* = C".

Proof. (a) = (b). From the equivalence between (2) and (b), we only need to prove P;. AL N (A*L)* = {0}. In
Theorem 4.1, since (a) is equivalent to (b) , we get rank(B.Cy) = I, which implies rank(C.) = I. Using (1), (2),
(7) and Lemma 2.3, we have

rank(AEZ)l)APLLAPL) G = Ag)”A,F = P1.AP;)

= rank(P..APp) — dim(Pr AL N N(AEZ;)A))

rank(Cr) — dim(Pp. AL N (A'L)%). (1)

rank(B;Cr)
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Thus, (e) holds.
(b) = (c). From (1), (2) and Lemma 2.3, we have
rank(CL) = rank(PLiAPL) (G = PLL,F = APL)
= [—-dim(ALNL), (22)

rank(BLCL) = rank(PLA*PLLA*PL) (G = PLA*PLL,F = A*PL)

rank(A*Pr) — dim(A*L N N(PLA*Pr1))

I —dim(A*"L N N(PLA"P1)). (23)
If (e) holds, using (21) and (22), we can get rank(B.Cy) = I. Thus, from (23), dim(A*L N N(PLA*P1+)) = 0,
which implies P AL + (A*L)* = C".

(c) = (). Interms of (23), it easy to have rank(B.Cr) = I. From Theorem 4.1, we can obtain I,, —A(AEZ; ))ZA

is nonsingular.

(c) © (d). From (f) = (a), we have rank(B;Cr) = rank(Cp) = I. Clearly, using (21), we can conclude
P AL N (A*L)* = {0}. Thus, from P AL + (A*L)* = C" and P AL N (A’L)* = {0}, item (g) holds. On the
other hand, if () holds, it is obvious that (f) holds. O
Remark 4.5. From the equivalence between (a) and (c) in Theorem 4.1, rank(l,, — A(Agz)l))zA) = n is equivalent to
rank((l, — AAT) + (I — Al A)) = n. By (6) and (7), applying R(L, — AAT)) = L*, N(I, - AALY) = AL,

R(I, — AE;)”A) = (A'L)* and N(I,, — AEZ)DA) = L to [14, Corollary 4 (ii)] and [27, Theorem 2.5 (c),(d)] respectively.

Then the following statements are equivalent:

(a) I, — A(AEZ)D)ZA is nonsingular;
o) (I, - AEZ)”A)AL NL* = {0} and ALNL = {0};

© (I, - AEZ)DA)AL & ((I, — AEZ)DA)*L)i =C,

@) (I, - AL AAL® (A'D* NLY) @ L = C" and ALN L = (0}

From Lemma 2.4, it is well known that A is co-BD can be characterized by the nonsingularity of

AAEZ; ) 4+ AES )Aand I, — A(AEZ; ))ZA. In the following theorem, we consider whether we can use one of the

above conditions to characterize that A is co-BD.

Theorem 4.6. Let A € C"™" be given in (2), L < C" and dim(L) = [ be such that Azz)l ) exists. Then the following
statements are equivalent:

(@) Aisco-BD;

(b) AAEZ)D + AEZ;)A is nonsingular, and AL N L = {0};

() AAEZ; )+ Agi)l VA is nonsingular, and A'L N L = {0},

@) I, - A(Agg)l’)zA is nonsingular, and AL + L = C";

(e) I, - A(AEZ)D)ZA is nonsingular, and A*"L + L = C",

in which case, we have

(AAEZ)D - AEZ)l)A)_l = Parp—ParL); (24)
(AAEZ; )+ AEZ; ')A = (Parn)Prar + (Poat) Pari; (25)
(U= AAGPA™ = L= Pari(Par) 26)
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Proof. (a) & (b). From Lemma 2.4 and the equivalence between (4) and (b) in Remark 3.3, it follows that
item (b) holds. On the other hand, since (b) in Theorem 3.9 and Remark 3.3, it follows that (2) holds.

(@) = (c). Similar to (2) & (b). From the equivalence between (a) and (c) in Remark 3.3, it is clear that
A'LNL ={0}.

(c) = (a). From (1), (7), (11) and Lemma 2.3, we have

rank(B;) = rank(P;. (AEZ)DA)*) (G=P;., F= (AE;)DA)*)

rank((AEZ)l)A)*) —dim(A*'L N L)
= [-dim(A'LNL),

which implies rank(B;) = . If (c) holds, we know rank(CLA; 2B.) = rank(Cy) = n — I. By Theorem 3.1,
rank(By) + rank(C;) = n, that means (a) holds.

(a) = (d). From Lemma 2.4, if (a) holds, we can obtain I,, — A(Agi)l))zA is nonsingular. By (c) in Remark
3.3, we can obtain AL + L = C".

(d) = (a). From (1), (7), (10) and Lemma 2.3, we have
rank(Cr) rank((AAEZ)l))*PLL) (G = (AAEZ)D)",F =P;.)
n—1—dim(L* N (AL)"Y).

Note the fact that AL + L = C" means that (AL)* N L+ = {0}. Hence, rank(C;) = n — L. If (d) holds, we have
rank(B;Cp) = rank(B.) = I. Using Theorem 3.1, since rank(B;) + rank(C;) = n, it follows that (a) holds.

(a) = (e). Similar to (a) = (d). By (c) in Remark 3.3, we can obtain A*"L + L = C".

() = (a). From Theorem 4.4, if (¢) holds, we have AL N L = {0}. It is well known A*L + L = C" means
(A*L)*t N L+ = {0}. Similar to (b) = (a), item (a) holds.

Since A is co-BD, it follows from (a) = (b), (d) and (a) = (c), (¢) that AL® L = C"™" and A*L & L = C"™",
respectively. This means P4y, 1 and Px.r 1 exist. If A is co-BD, we have By and C; are nonsingular. Partitioning
P11 in conformation with partition A, say

_ X1 X2 |
PAL,L_U[X3 X4:|u’

where U is the same as U in (1). Since N(Par,1) = N(Pr:) and R(APL) = R(Par,1), then Pap 1 Prr = Papp and
ParAPp = AP;. From (1) and (2), we have

-1
0 AC ] u. (27)

Paryr = U[ o Iy

Similarly, since N(PA*L,L) = N(PLL) and R(A*PL) = R(PA"L,L)/ then PA*L,LPLL = PA*L,L and PA*L,LA*PL = A*PL.
From (1) and (2), we can obtain

O (B 'A) |, .
PA*L,L = U[ O In U . (28)
2

The proof of the formulae (24), (25) and (26) are similar, therefore, we will only prove (25). Since A is co-BD,
it follows from (14), (27), (28) and the invertibility of By and Cj, that

-1
(1), 4D g1 _ @) ArCr .
AAL +AL AT = u[ B4, —2B-1A2C, ]u

U O O In —ALCL_l U +U I% O O ALCL_1 u
BLilAL I% 02 1) + _BL—lAL e O I%

(Pa-L)Prar + (Ppa-L) Papr-

Hence, we can obtain (25). O



J. Wu et al. / Filomat 37:16 (2023), 5333-5346 5344

Example 4.7. Let matrix A and subspace L are given by Example 3.2. From (27) and (28), we can obtain

00 -3 2 00 -1 1
o0 3 3 oo 21
Par=\g o 1 §|adPar=]9 o 1 ¢
00 0 1 00 0 1
Using (24), (25) and (26), we have
o 0 1 09}
1) 4D a1 3 3 1) , 4D av-1 _ 3 3
@AY =A™ A = 1 2 § 5| WA *+4pA =| 4 L, 1 3 |and
1 -1 0 0 1 1 0 =2
0 3
CAACDR2 1 2 T2 T2
(I A(A(L))A) 1 2 0 0
| -1 -1 0 0

In [27],let P, Q € C™" are idempotent and leta,b # 0 and c € C. Then

rank(P - Q),ifa+b=c

rank(aP + bQ — cPQ) = { rank(P+ Q),ifa+b#c °

Motivated by this result, we can get some similar results when P = AAEZ)l Jand Q = Agz)l A.

Theorem 4.8. Let A € C™" be given in (2), L < C" and dim(L) = I be such that AE; ) exists. Let a,b# 0andc € C.
Then the following statements are hold:

(@) Ifa+b=c, aAAEZ)l )+ bAEZ)l A - cA(AEZ)1 VA is nonsingular if and only if AAEZ)1 = AE; A is nonsingular, in
which case

c 1 -1
1) D4 _ -1Dy2 ay-1 — L —3ALCL .
@AAG +bAGYA - caaGIPA 2| s T (29)

®) Ifa+b+#c, aAAEZ)D + bAEZ)l A - cA(AEZ)1 VA is nonsingular if and only if AAEZ)l )+ Agg)l VA is nonsingular, in
which case
(aAAEZ)l) + bAEZ)l)A - cA(AEZ)D)2A)’1
_ y| G- EEEATBNTCAT) ATBNT L
aa;chfchALil %b_bl\]’l ’

(30)

where N = CLA;. By

: : : (=1) =D
Proof. (a). It is obvious by applying AA ;)" and Ay Ato [27, Theorem 2.1]. From (10) and (11), we have

(31)

-1
-1 1) -\2 4 _ O -aA;" B .
aAAG) +bA VA~ cAAG) A = u[ ] u.

—bCLAL_l —CCLAL_ZBL
Therefore, (29) can be verified by (31).

(b). By applying AAE;; ) and AEZ; JA to [27, Theorem 2.1], we can prove (b). From (10) and (11), we have

aAATY 1 bATVA — cAAT VYA = u[ (32)

(a+b-0I (b-c)A,'B. i
(L) (L) L) ’

(ﬂ - C)CLAL_l —CCLAL_ZBL
Therefore, (30) can be verified by (32). O
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Remark 4.9. By (29) and (30), if A is co-BD and a,b # 0 and c € C, whether a + b = cora + b # ¢, we have

@AATY +bAGVA - cAAS2AY = u| B %Agagl |
v (L) TEBLT AL S BLTALCLT

Similar to Theorem 4.6, we now give the explicit formulae for (aAA( Uy bA( 1)A — cA(ATD)2A) 1 by

using P41, and Pa-,1+ when A is co-BD.

(L)

Corollary 4.10. Let A € C™" be given in (2) and L < C" be such that AEL)D exists. Leta,b #0andce C. IfAis
co-BD, then

@AATY + AT DA = cAAT DAY = b7 Pyt + (ab) ™ (e = a)(Pracs)” + (@b) (@ + b — ¢)(Prar) Pari- (33)
Proof. Since A is co—BD, it follows from (30), (27) and (28) that
c b—c -1
) Dy D2 Ay-1 = i ZALCL .
(aAA(L) + bA(L) A cA(A(L) )°A) U[ %BL_lAL C_,fb_bBL_lALZCL_l u
oy I AT G, I, O],
=D U[ o 0 u +(ab) " (c—a)u _B,"'A, O u

_ In ollo Ac™],.
+(ab) 1(a+b—c)u[ B4, O H o LIWL ]u
2

= b7'Prac+(@ab) (¢ — a)(Ppar) + (ab) (@ + b — c)(PraL) Par -
Hence, we can obtain (33). O

Example 4.11. Let the matrix A and the subspace L be given as in the Example 3.2. Using simple calculation, we
have the following results:
Using (29), if a + b = ¢, we have

£ 0 1 _1
ab 2b 2b

c 1
(-1) (D4 _ (=12 ay-1 _ 0 ab 20 2
(aAA(L) +bA(L) A cA(A(L) AT = % % 0 0
-1 _1 9 0

Example 4.12. Let the matrix A and the subspace L be given as in the Example 3.8. Using simple calculation, we
have the following results:
Using (30), if a + b # ¢, we have

5ab—3(a—c)(b—c) —2(a—c)(b—c) 2(a—c)(b—c) b—c

5ab(a+b—c) 5ab(a+b—c) 5ab(a+b—c) 5ab

1) 4 pACD (~1)y2 4\-1 s ) saes e

- -1 _ 10ab(a+b—c 5ab(a+b—c Sab(a+b—c 10a

(@AA ;)" + DA A = cAA L)) A) = 3(u—(c)(b—c)) (a—c)(b— c)) 5ab—((u—c)(blc) b
10ab(a+b—c) 5ab(a+b—c) 5ab(a+b—c) 10ab
3(a=c) a—c c—a c—a=b

10ab 5ab 5ab 10ab

5. Conclusion

Throughout this paper, we discuss some different characterizations of the co-BD matrices and we con-

sider the sufficient and necessary conditions for the nonsingularity of AAEL)1 )y AEL; 'Aand I, - A(AEL)1 VA,
respectively. In case of invertibility, the inverses of these matrices are given in terms of the matrix decom-
position of A with respect to a given subspace L.

According to the current research background, we suggest the following topics that can be discussed:

(1) Consider the properties and representation of the co-BD matrices when A is a bounded linear operator
in Hilbert space, according to [13].

(2) Using the discussion on continuity of co-BD matrices, discuss the perturbation theory of co-BD inverse.
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