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Continuous dependence on parameters of differential inclusion using
new techniques of fixed point theory

Vo Viet Tri?

Division of Applied Mathematics, Thu Dau Mot University, Binh Duong Province, Vietnam

Abstract. In this paper, we establish the global existence and the continuous dependence on parameters
for a set solutions to a class of time-fractional partial differential equation in the form

d d

Eu(t) + KA Eu(t) + A2u(t) € F(tut), p), tel,

u(T) = h, (resp. u(0) =h) on Q,
where 01,0, > 0and 7 = [0, T) (resp. I = (0, T]). Precisely, first results are about the global existence of mild
solutions and the compactness of the mild solutions set. These result are mainly based on some necessary
estimates derived by considering the solution representation in Hilbert spaces. The remaining result is the

continuous dependence of the solutions set on some special parameters. The main technique used in this
study include the fixed point theory and some certain conditions of multivalued operators.

1. Introduction

Let T be a positive number, Q) be a bounded domain with sufficiently smooth boundary JQ in Euclid
space RN and 01,07 > 0. We first consider the final value problem which finds u = u(t, x) satisfying

%u(t, x) + KA %u(t, x) + A%?u(t,x) € Ft, u(t)), (t,x)€[0,T)xQ

(1.1)
u(T, x) = h(x), xeQ,

and the initial value problem

%u(t, x) + KA %u(t, x) + A2u(t, x) € F(t,u(t), (t,x) € (0, T] x Q (1.2)
u(0, x) = h(x), xeQ,

where %u is the symbol for the derivative with respect to the variable t of the function u, K is a positive

constant and A is a self-adjoint operator with fractional order ¢ € {01, 02} on the Hilbert space H, this is,
(Au, w) = (u, A°w) for all o € {01, 02}
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Recently, differential equations and inclusions have gain much attention according to wide applications
in physics, economic, control theory, etc, see e.g. [4, 16} [8H10] [16H19] 38-41]. There have been many studies
on the existence and the stability of the solution of the problem with the source single-valued function or
with non-integer order derivatives, for example [143}5}[7,[11415,121-24} 26437]. In [12], Anh-Ke-Lan studied
the following fractional differential inclusion

u(t) — Au(t) € F(t,u,uy), t>0, 0<a<1, (1.3)

involving impulsive effects. They proved the global solvability and weakly asymptotic stability for solutions
by analyzing the behavior of its solutions on the half-line. This equation was also studied in [21]. In [27],
Phong-Lan concerned with the retarded fractional evolution inclusion

Jfu(t) — Au(t) € F(t,u), t>0,0<a<]l, (1.4)
equipped with the history condition
u(s) = o(s), se€[-h0],h>0,

in a Banach space X, where A is a closed linear operator in X, F is a multimap, ¢ is the history of solutions.
By assuming F superlinear, they established the existence of decay global solution. However, in control
theories, a common problem with F is a multivalued function. In addition to considering the existence and
continuity of the solution set, the compactness of the solution set is also often of interest. In particular,
when the input data F is noisy by the parameter p, we need to consider the continuous dependence of the
solution set on this parameter.

In [25], Ngoc-Tri discussed the existence and compactness of the solutions set of following fractional
pseudo-parabolic inclusion

Hu+k(=A)dfu+ (-A)>u € F(tu), 0<t<T, xeQ,
ut,x) = 0, 0<t<T x€dQ, (1.5)
u0,x) = @), xeQ,

where J¢ signifies the Caputo time derivative of fractional order a € (0,1). In [25] we constructed useful
bounds for solution operators by basing on asymptotic behaviors of the Mittag-Leffler functions to prove
the compactness and continuous dependence on parameters of solutions set of Problem (1.5).

Our aim in this paper is devoted to study the final/initial value problem for differential inclusions
(1.1)/(1.2). We establish the existence and the compactness of the solutions set and discuss on the dependence
of the solutions of the following parameterized problems on the parameter p in a metric space (E, d). It’s
more obvious that we consider the following problems which u = u(t, x) satisfying one of the following
system equations

%u(t, x) + KA %u(t, x) + A”u(t,u) € F(t,u, u), (t,x) €[0,T)xQ
U(T, x) = h(x)/ xeQ

(1.6)

or

%u(t, x) + KAM %u(t, x) + Au(t,u) € F(t,u, u), (t,x)€(0,TIxQ
u(0,x) = h(x), x€Q,

1.7)

For a given g € E, the our main purpose is to study the continuous of respectively mild solutions
set, namely, if y near enough L, the solution set corresponding to u is contained in neighborhood of the
solution sets corresponding to .

In addition to commonly used methods such as the evaluations by Fourier expansion of an element in
the separable Hilbert space, using the Gronwall’s inequality, we use a measure of compactness v in the
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ordered space generated by a convex cone to consider the existence of fixed points of the v-condensing
multimap. To the best of my knowledge, there are not many studies on differential inclusions containing
self-adjoint operators with fractional order and techniques using the measure of noncompactness that take
values in cones.

Let H be a separable Hilbert, we denote by Ko(H) (resp b(H)) the all convex and compact (resp.,
bounded) subsets of H and consider problems (L.1)) and (1.2) with the multifunction F : [0, T]x H — Kv(H)
under the following condition (H):

(Ha) foreveryv € H,themultimap ¢ — F(t, v) has a strongly measurable selection, i.e., there is a measurable
function f,(.) : [0, T] — H satisfying f,(t) € F(t,v).

(Hb) the multimap F(t,.) : H — Kv(H) is upper semicontinuous (u.s.c) for a.e. ¢ € [0, T],

(Hc) there exists a function & € L!((0, T); R) such that

IEE, w)ll := sup |lvllg < a(t)(1 + |lullgy) fora.e. t € (0,T) and for all u € H.
veF(t,u)

(Hd) There is B € L((0, T); R) satisfying
X(E(t,D)) < B(t)x(D) fora.e. t€(0,T) forall D € b(H),

here x is MNC in ‘H defined x(D) = inf{e > 0 : D has a finite e-net}.

We further assume that 0 < 0, < 0 for problems (L.I) and (I.6).

Our work shall be presented as follows. In the next section, we recall some properties of the multivalued
operator that shall be used for the main results. Section 3 presents the global existence of mild solutions
and compactness of the solution set of problems (L.I) and (1.2 . Finally, we discuss on the continuous
dependence on parameters p of the solution set of problems 1.6) and (1.7).

2. Preliminaries

Throughout this paper, let N = IN\{0} and Z(E) (resp., b(E), K(E)) be the all nonempty (resp., bounded,
compact) subsets of E. Let H be a separable Hilbert space with an inner product denoted by ¢, -, -) and the
corresponding norm ||-|l¢;. We denote by ([0, T]; H) the space of all continuous functions from [0, T] into H
with norm ||ull o,r},7) = sup [0.T] llu(t, )llg. The sequence {f,}in € ([0, T]; H) is said to be weakly convergent
to f (resp., for almost every on [0, T]), written f, — f (resp., a.e) on [0, T]), if (f,.(f), f(¢)) tends O for all (resp.,
a.e)t€[0,T]. Let (E, p) be a metric space and A C E. We denote the distance between a point x € X and A
by dist(x, A) := inf{p(x, y) : y € A}, and the e-neighbourhood of A by N, ,(A) := {y € X : dist(y, A) < €} (in
short, Ne(A)).

To establish our main results, we need some basic properties of multivalued analysis which can be found
in [20]. Let us recall the concepts and these properties which shall use in the next sections.

Definition 2.1. [20| Definition 2.1.1] Let E be a Banach space and (C, <) a partially ordered set. A map
¢ : Y Cc P(E) — Cis said to be a measure noncompactness (MNC) in Y if ¢(co(D)) = (D) forall D € Y. A
multi-mapping F : E — Y is called condensing to ¢ (in short, ¢-condensing) if D € Y with ¢(D) < @(F(D))
then D is relative compact in E.

Let G be a subset of a metric (E, d) and € be a positive number. A subset A of E is said to be e-net of G if
Gc U {y € E:d(x,y) <e}. If Ais finite, A is called a finite e-net. We need the Hausdorff measure y which

deﬁned in [20}, Definition 2.1.1], i.e., x(G) = inf{e > 0 : G has a finite e-net}.

Lemma 2.2. [20] Definition 2.1.1] Let E be a Banach space and x a Hausdorff MNC defined on family F of subsets
of E. Then x has the following properties:

(a) monotone: if D1 C Dy implies x(D1) < x(Dy), forall D1,D, € F.

(b) algebraically semiadditive: if x(D1 + D2) < x(D1) + x(D2) for all D1,D, € F.
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(c) nonsingular: if x({a} U D) = x(D) foralla € E,D € F.
(d) regular: x(D) = 0 if and only if D is relatively compact, D € F.
(e) semi-homogeneity: that is x(AD) = |A|x(D) forall A € R,D € F.

Definition 2.3. [20, Corollary 1.1.1] Let X and Y be topological spaces. A multimap F : X — Z(Y) is
upper semicontinuous at the point x € X if, for every open set W C Y such that F(x) C W, there exists a
neighborhood V(x) of x with property that F(V(x)) ¢ W. A multimap is called upper semicontinuous (u.s.c)
if it is upper continuous at every point x € X.

When (X, d), (Y, p) are metric spaces, it is clear that a multimap F form a metric space (X, d) into (Y, p) is
u.s.c at point x € X iff for any € > 0, there exists 6 > 0 such that F(w) C N ,(F(x)) for all w € N 4(x).

For multimap M : E — Z(E), we denote by Fix(M) the set of the all fixed points of M, i.e., Fix(M) =
{x € E:xe M(x)}.

Lemma 2.4. [20] Corollary 3.3.1] If M is a closed convex subset of Banach space E and M : M — Kv(M) is a closed
@-condensing multimap, where @ is a nonsingular MNC defined on subsets of M, then Fix(M) # 0.

Lemma 2.5. [20, Propositions 3.5.1] Let M be a closed subset of a Banach space E and M : M — K(M) a closed
multimap, which is p-condensing on every bounded subset of M, where ¢ is a monotone MNC. If Fix(M) is bounded
then it is compact.

Lemma 2.6. [20, Propositions 3.5.2] Let X be a closed subset of a Banach space E, p be a monotone MNC in E, Y be
a metric space, and G : Y X X — K(E) be a closed multimap which is -condensing in the second variable and such
that F(A) := FixG(A, ) # 0, for all A € Y. Then the multimap F : Y — P(E) is u.s.c.

Definition 2.7. ([20, Definition 4.2.1]) Let E be a Banach space. A {f,},en C L'([0,d], E) is called
1. integrably bounded if there is a € L'([0,d], R) such that

If(BllE < a(t) fora.et € [0,d] and forall n € IN;

2. semicompact if it is integrably bounded and the set {f,(t)lsen is relatively compact for almost every
t€[0,d].

In addition to the above mentioned basic properties of multivalued analysis, we also use the Gronwall’s
inequality presented in the following lemma.

Lemma 2.8. (Gronwall) Let a > 0,0 < T < oo, and continuous functions B, i : [0, T] — R, satisfying fOT B(s)ds <
oo, and SUP;jo.7] put) < o0, 0<y <&<Tand

T ¢
ut) <a+ f B(s)u(s)ds (resp. ut) <a +f0 ﬁ(s)y(s)ds), te[0,T].

Then u(t) < aeffé Bls)ds ( resp., u(t) < aek ﬁ(s)ds)for allt € [0, T].

3. Main results

In the first part in this section, we present the mild solution for problems (1.1) and (1.2). In the next
part, we establish the existence and compactness of the solutions set. In the final part, on the basis of these
results, we discuss the continuous dependence of the solution set of the inclusions (1.6) and (1.7) on the
parameter.
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3.1. Representations of mild sulution
For u € €(]0, T]; ‘H), we denote

Sr(w) = {f € L'((0, T); H)If(t, ) € F(t,u), forae. t€(0,T)}. (3.1)

It is clear that u = u(t,.) is a solution of Problem if and only if there exists f € Sr(u) satisfying

{%u(t, x) + KAN %u(t, x) + A%u(t,x) = f(t,x), (t,x)€[0,T)xQ (32)

u(T, x) = h(x), xeQ.

Assume that ¢, € H is the eigen-function corresponding to the positive eigenvalue A of the operator A,
ie, A%(Py) = A9, for 0 € {01,07}. Taking the inner product of both sides of with ¢, we obtain that

(LKA St 610 + A™u), 61) = <), ). 63)
Denote ya(f) = (u(t), ¢2) and g1 (t) = (f(t), pa)
T T S
ya(t) = el PO _ f g (s)el Mg, (3.4)
t

where pi(f) = i, i = (1, ¢a) and g2(1) = Ligr.

Fors,t € [0,T], [ pa()dt = pa(H)(s — t), then rewritten as

T
ya(t) = hpetr O — f ga(s)err6=Ngs, (35)

t

Throughout this paper, let ¢, 11 € N, be the eigenfunction corresponding to the eigenvalues A, satisfying
0 <Ay <Ay <...and limy,_, A, = o0. Furthermore, assume that {qbn}nEN is an orthonormal basis of H. If
Problem has a solution u € €([0, T], H),

o 0 T
u(®) = ) e Ih,du)pu = ) | f Vn($)e I f(s), bu)cpudts, (3.6)
n=1 Y1t

n=1
here

o oA
P = T gcao i = T gca0

=1,2,..

This suggests to define the mild solution of the problem (1.1) as follows:

Definition 3.1. A function u € %([0, T]; H) is said to be a mild solution of Problem if the following
conditions are fulfilled

(1) u(T,.) =h, and
(ii) there exists f € Sr(u) such that for every t € [0, T,

) o0 T
ut,) = Y e 0 u)pu() = ) f pue" Cf(s), dudpu()ds, (3.7)
n=1 n=1 vt

o

AHZ
2 and p, =

1 .
— =, nelN.
1+KA,, 1+KA

where 1, =
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With the same argument as above, we propose the following definition of a mild solution of (1.2).
Definition 3.2. An element u € ([0, T]; H) is called a mild solution of if the following conditions are
satisfied

(1) u(0,.)=h,and
(ii) thereis f € 7r(u) such that for any ¢ € [0, T], we have

(o) (o) t
u(t,) = Y e Gadpa() + Y p { f (f6), cf>n>e-“"“‘5’ds} Pu) (3.8)
n=1 n=1 0
ap .
where 1, = 1+3gA7,1 and p, = W, n € N.

By assumption o1 > 02 > 0, it is clear that {p,} and {u,} are bounded sequences in R. Hence, if 1 € H
and f € LY((0, T); H) then and are well defined and u(t,.) € H fora.e t € [0, T].

3.2. Upper semicontinuous and condensing settings
For f € LY((0, T); H), we define

R T
D) =Y, [ pne A, 001 s (39)
n=1
and
o) t
W(f)(t) = Z Pn fo (f(s), pwye ) p,ds for f € L'((0, T); H). (3.10)
n=1

It is clear that ® and W are well defined. In this subsection, our aim is to obtain the upper semicontinuous,
X-condensing properties of the multioperators ® o S and W o Sr. The following lemma helps us to obtain
the above properties. The main tool for proving the lemma is the Arzela-Ascoli theorem.

Lemma 3.3. Let {f,} c L*((0, T); H) be a semicompact sequence. Then the following statements hold.

a. The set {O(f,) :n € N} is equicontinuous.
b. The set {O(f,) :n € ]N} is relatively compact in € ([0, T]; H).
c. D(fn) = O(fo) if fu = fo

Proof. We first begin with proving the assertion a.. Assume that t,#' € [0, T] satisfying 0 <t < # < T. We
write

O£ - P(f)E) = ) Rim)(®) = Y Ri(m)(t"), (311)
j=1 j=1

here .
Ri(n)(t) = f an(t,s, j)ds with a(t, s, j) = pje" S fu(s), G-
t
Then, we get

t T
Ri(n)() — Ri(n)(t') = f aut,s, s + f (anlt,s, 1) = anlt', 5, ) ds. (3.12)
t t

By using mean value theorem for function t - ¢/, we obtain

et — it = eI SE) (1 — ) for some &; € (¢, F).
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Therefore

anlt,s, ) = an(t',s, ) = pjpje U = D(fals), 0.

From the condition 0, < 01, it implies that the set {u; : j = 1,2,...} is bounded, hence

2
= Y P L (5), @RI — 1
w7

Y (@ultys, ) - anlt',s, )
j=1

IN

C1 Y (fals), @)t — tP
j=1

]
= Cill (I3 1¢" — .

Further, we have

2
Yanttis - = Y FeH S, 6
j=1 !
<Co ) (fuls) 0y
j=1

= GlLG)IR,
Combination of (3.14), (3.13), (3.12) and (3.11)) shows that

t T
1)) — D)V < VCa ft 1fu(S)llseds + VCr ft 1)l — £,

5475

(3.13)

(3.14)

(3.15)

From the semi-compactness assumption of the sequence {f,}, it flows that it is integrably bounded, i.e, there
exists a € L([0, T], R) such that lfu(s)llgr < ar(s) fora.es € [0, T] and foralln € N. So from (3.15), we evaluate

ID(fo)(t) — O(fu)(t)ly < CIt' —#| foralln e N.

This deduces the assertion a.

(3.16)

Next, we proceed to prove Part b. We shall prove the set {®(f,) : n € N} is bounded at any point

t € [0, T]. Indeed, for every t € [0, T], since {f,} is integrally bounded, we get

T
[e(f)®),, < Co fo I fu(S)llgds

T
SCof a(s)ds = C ¥Yn e N.
0

(3.17)

This implies that {D(f,) : n € N} is relative compact in €'([0, T], H) by Arzela-Ascoli theorem. Assertion c.
is a consequence of b. with the note that @ is bounded linear mapping from L!((0, T); H) to ¢'([0, T]; H). O

By the same argument, we can also prove the following lemma.

Lemma 3.4. Assume that the sequence {f,} € L}((0, T); H) is semicompact. Then the following statements hold.

a) Theset {W(f,):n € ]N} is equicontinuous.
b) The {(W(f,):ne N} is relatively compact in € ([0, T]; H).
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) If fu = fo, then W(f,) = W(fo).

Using the upper semicontinuous assumption (Hb) of F and applying Mazur’s theorem, we obtain the
following lemma.

Lemma 3.5. Let {v,} . € €([0, T;H) and {fu} x, € LY((0, T); H) satisfying f, € Sr(vy) for all n > 1. Then, if

ne

v, = vand f, — f, f € Sp(v).

The closed property of the multioperator ® o Sr is consequence of the use[Lemma 3.3|and [Lemma 3.5

Lemma 3.6. Assume that the condition (H) is satisfied. Then @ o Sr and WV o Sg are closed multioperators from
LY((0, T); H) into €([0, T], H).

Proof. We prove the closed property of ® o Sy, the one is argued similarly for ¥ o Sr. Assume that sequences
{Ontuz1 and {z, )21 in ([0, T]; H) satisfying

v, >0, 2, € DoSp(v,) vaz, — z.

We shall show that z € ® o Sp(v). Indeed, let {f,} be a sequence in L}((0, T); H) satisfying f, € Sp(v,) and
z, = ®(f,). It follows that {f,} is integrally bounded from the condition (Hc). Further, the condition (Hd)
implies that {f,} is semicompact and also weakly compact in L'((0, T); H) (see [20, Theorem 5.1.2]). Without

loss of generality, we may assume that f, — f € L'((0, T); H). Using gets O(f,) = D(f) =z so
we deduce z € ® o S¢(v) by O

The following result is a consequence of (resp., and

Lemma 3.7. Assume that the condition (H) is fulfilled. Then, the multioperator ® o S (resp., ¥ o Sg) is u.s.c.

Next, we present the condensing property of the multioperator ® o Sy associated with a suitable measure
of noncompactness. Let D c %([0, T], H), we denote by A(D) the family of all denumerable subsets of D.
Let L be a positive constant, we define

vi(D) £ max (y1(Q); modc(Q)),

QeA(D)

where

7L(Q) £ sup " x(Q(t)), modc(Q) 2 limsup max [[o(t') — v (),
te[0,T] 0-0 ,ep I-H<6

Q(t) = {w(t) : w € Q}. The MNC v; has the all properties which present in The reader can find
their proofs in [20, Example 2.1.4].

Lemma 3.8. Assume that (H) is satisfied, S : ¢([0, T]; H) — 2(LY(0, T); H) is defined by and © is given by
(3.9). Then, there exists L > 0 such that ® o S is v -condensing.

Proof. Let D be a bounded subset of ([0, T]; H) satisfying
vi(D) < v (Do ), (3.18)

here the order < is taken in R? induced by the positive cone R, x R,. We shall prove that D is relatively
compact. Let {v,} be an any sequence in D, we set g,(t,.) = ©(f,)(t,.) with f, € Sr(v,) and

vi{gn :n =1} = (yL({gn : n = 1});modc({g, : n = 1})),
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number L shall show later. We have

e xllgnt, ) iz 1)) =My [{2(

j=1 Wt

T
f Due D (s), qb])ds) Gi():n > 1}]

T
< Coe“f X {ful(s) :n > 1})ds
t

T
< C; sup (eLS)(({vn(s,.) ‘n> 1})) f sVe Hshgs, (3.19)
s€[0,T] t

where we have used y-regularity condition (Hd) in the last estimate. From the above inequality, we obtain
T
yign n21) <G ( sup f sVleL(St)ds] yio, :n = 1)). (3.20)
te[0,T] Jt

Since

T
lim (sup f s’”e‘L(s‘t)ds] =0, (y>-1),
t

Loeol 4eo,1)
there exists Ly > 0 such that
g 1
sup f sMelt9)ds <« —  forall L > L. (3.21)
te[0,T] Jt 4G

On the other hand, it implies y;,({g, : n > 1}) > y1,({vn : 1 > 1}) from (3.18). Hence, combining with (3.20)
and (3.21), we get yr,(fv, : 1 > 1}) = 0. So x({v.(t,.)}) = 0 for all t € [0, T]. From the conditions (Hc) and

(Hd), it implies that {f,} is semicompact. Applying we deduce that {g, : n > 1} is relatively
compact, so v, (D) = (0,0). The proof is completed. O

Lemma 3.9. Assume that the condition (H) is satisfied, T¢ : €([0, T, H) — 2(LY(0, T); H) and @ are defined by
and (3.10), resp,. Then, there exists L > 0 such that ® o T is v -condensing.

Proof. This proof is based on the proof of Assume that D is a bounded subset of ¢([0, T]; H)
satisfying

(D) v (Do TE). (3.22)
Assume that {v,} is any sequence in D, we set g,(t,.) = ©(f,)(t,.) with f, € Tr(v,). We have

vi{gn :n 2 1)) = (yr{gn : 1 > 1});modc({g, : n > 1}))

and

=1

o ¢
e Hx(gnt,) :n>1)) =e iy [{Z P; (fo (fu(s), gbj)e‘“f(t‘s)ds) $i():n= 1}]

< Coeujo‘ X {ful(s) :n > 1})ds

t
< Ci sup (¢xlonts, ) in = 1)) [ et
s€[0,T] 0
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where we have used y-regularity condition (Hd) in the last estimate. From the above inequality, we get

te[0,T]

t
yi({gn:n>1) <G ( sup f s)’le‘L(t‘s)ds]yL({vn cn > 1)). (3.23)

Since y > -1,

¢
lim | sup f s7e M =9)ds | = 0,
L=oo | tef0,1]

it shows that there is Ly > 0 such that

t
1
sup f sMel=9)ds <« —  forall L > Ly. (3.24)
te[0,T] 4Gy

The rest of the proof is argued in the same way as above. We finish the proof. [J

3.3. Existence and compactness
In this subsection, we shall establish the compact property of the mild solutions set, denoted by G; [0, T]

(resp., .#,[[0, T]), of the inclusion (L)) (resp., (1.2)).

Theorem 3.10. Assume that F satisfying the condition (H) and h € H. Then, the set G, [0, T] is nonempty compact
subset of € ([0, T]; H).

Proof. Consider multioperator M : €([0, T]; H) — Z(€([0, T]; H)) defined

M(u) = {U € ¢([0,T}; H) : o(t) = Z e 00, by — D), f € Sp(u)} -

n=1
It is clear that there exists C; > 0 such that for all f € L((0, T); H), we have

)

Y e Tk, 6,

n=1

DAl < Cr (Ilhllw +f |If(S)I|wdS) (3.25)

H

Applying[Lemma 3.7|and [Lemma 3.8, we can choose Ly > 0 largely enough satisfying (3.21) such that M is
u.s.c and vy, -condensing. Let us introduce the temporally weighted space

1,0, T H) = {v € (10, TLH) : ' llo(t, iy < o0 ¥t € [0, T1},

endowed with norm.

[0l om0 = sup e'lv(t, iz Yo € %1, ([0, TL; H).
te[0,T]
In this space, we denote by B(r) the closed ball centered at the zero function with the radius r. We shall prove
that thereis r > 0 such that M maps the ball B(r) intoitself. Indeed, choose r satisfying r > CyeloT||h]|y + S5 LOT”
Let u € B(r), f € Sr(u), v € M(u). From the condition (Hc), we get

0o

Y e TR, )

n=1

M lo()llgy < et + e |leH®),

H

T
<G (ELOtIIhIIw + f el s T (1 4 Jlus, )ll) dS)
t

T
< Cl (ELOt”h”(H"'f S)q(eLos_'_r)e—Lg(s—t)ds)
t

T
<C (eLOTllhII(H + (eMT + r)f sVle‘LO(s‘t)ds) <r. (3.26)
t
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It implies v € B(r). Hence, G;10,T] # 0 by applying It is remain to prove that G;[0,T] is a
compact set. Assume that u € G;[0,T] and ¢ € [0, T]. Then u € M(u). Applying Gronwall’s inequality and
using the condition (Hc), we obtain
T
llu(t, Mg < Collhlly + C f S (L + lu(s, llg)ds
t
< Colllyel ' < C, (327)

where C does not depend on t. Therefore, we complete the proof by applying O

Theorem 3.11. Assume that F satistied the condition (H) and h € H. Then .#,7[0, T] is a nonempty and compact
subset of € ([0, T]; H).

Proof. The argument is similar to the proof of theorem [Theorem 3.10, We consider the multimap M :
E([0, T, H) = 2(€([0, T]; H)) defined by

n=1

M) := {v €C(0, T H) :v(t,.) = Z e, du)dpa() + WAL, ), f € Sp(u)}.

Choose C; satisfying

(9]

Y e, Gudpn

n=1

t
IOl < Cr (Ilhllw + fo IIf(S)IdeS)- (3.28)

H

Using [Lemma 3.7|and [Lemma 3.9, we derive that M is u.s.c and v -condensing, where Lj in (3.21). We
define the weighted space

Cr, (10, T} H) = {o € €([0, TLH) : IK > 0, lfo(t, iy < Ke' V¢ € [0,T1},
endowed with norm

[0lle,, qomi00) = sup et Mg Yo € %1, ([0, TL; H).
t€[0,T]

Choose r > Cq||hllgy + (r + 1)/4. Letu € E(r),f € Sr(u), v € M(u). Using the condition (Hc), we have

(e8]

Y e, G

n=1

e Mot g < e

+ el |@(f)(t, )

H

t
<G (€_L°t||h||(H + f e hoss T (14 Ju(s, -l dS)
0

”

t
< Cl (E_LOtHh”‘HJ"f SVl(e—Lns+r)e—Lg(t—s)ds)
0

t
<G (e-L0f||h||ﬂ +(1+7) f syle_LO(t_s)ds) <.
0

This implies v € B(r). It follows that €7[0, T] # 0 by applying To prove that 4[0, T] is compact.
This is argued similarly to the last part in the proof of the previous theorem. [
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3.4. Continuous dependence on parameters

In this subsection, we consider the dependence of the solution of the following parameterized problems
(1.6) and (1.7) on the parameter p in a metric space (E, d). For convenience, we recall the problem

%u(t, xX) + KA %u(t, x) + A”u(t,x) € F(t,u, ), (t,x) €[0,T) xQ
u(T, x) = h(x), xeQ,

(3.29)

where %, A are described as inand 0<oy<0.

We establish the continuous dependence on parameters with the following assumptions (H,) on non-
linearity.
Let F: [0, T] X H x E — Kv(H) be a multimapping satisfying the following conditions:

Hy(a) : The multimapping F(., u, u) has a strongly measurable selection for every (u, u) € H X E;
Hy(b) : The multimapping F(t,.,.) : H X E — Ko(H) is u.s.c fora.e. t € [0, T];
H,(c) : There exists a function a € L'((0, T); R) such that

WE®, w, )l := sup |lvlly < a(t)(L + lullgy) forae. t €(0,T), forallue H,u €E;
veF(t,u,u1)

Hy(d) : Thereis B € LY((0, T); R) satisfying
X(E(t,G,E)) < B(t)x(G) fora.e. t € (0,T)and for all G € b(H),
here y is MNC in H defined
X(G) = inf{e > 0 : G has a finite e-net}. (3.30)
For (u, u) € €([0, T]; H) x E, we denote
Sru(u) = {f € LY((O, T); H)If (¢, ) € F(t,u, 1), forae. t€(0,T)}.

Forevery u € E, similarly as|Theorem 3.10, we also denote multioperator M,, : €([0, T]; H) — 2(%([0, T]; H))
defined

n=1

M (u) = {v e €([0, TLH) : v(t) = Z et T, Y, — D)), f € Sp,y(u)}.

Denote by QZ’” the set of all local mild solutions of Problem (3.29), i.e. ,u € Qi’” if there exists T € [0, T) and
u € ¢([0, T1; H) such that for all T € (7, T] and vz = |71y, it holds

vr € {w € (T, TLH) s w(®) = ) e T, du)pu — W), f € Sp,y(u)},

n=1

and gﬁ“[o, T] := {v € gﬁ'“ (V€ MH(U)}.

F Lo

Theorem 3.12. Assume that the assumption (H,) holds, the set G,

and

[0, T] is bounded for some parameter o € E

G, T = G*°[0, Tllry forall T € [0, T). (3.31)
Then, for every given € > 0, there exists 6. > 0 such that

G,'10, T Ne (G710, T1) for all A € B, ().
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Proof. Assume that r > 0 such that |||g£'* ‘0, TNl < r. Firstly, we shall show the following statement by
contraction argument: There is 6 > 0 such that if p € Ns(uo) C E, then

G, )l < 3r forall £ € [0, T]. (3.32)
Indeed, we assume by contradiction that (3.32) fails. Then, we can take sequences {u,} C E, {t,} C [0, T],
{u,} c€([0,T]; H), yn — po such that w, € M*(w,) and

dist (wn(tn), G (tn)) 2 2r, dist (wa(t), G, (1)) < 2r (3.33)

forallt € (t,, T]._
Denote ¢, = lim{t,}. We shall prove that ¢, € [0, T). Indeed, assume . = T. Let us choose a sub-sequence
of {t,} tends to T, which we also denote by {t,} for convenience. Since Q;’” ’ is bounded and from B.37), it

follows that QZ’” ’ is compact, and so the distance between h and QZ’”O(tn) going to zero. It is clear that

2r < dist (wy (), G} (t))
< 0 (ta) = Rllge + dist (i, G (t))

(o8]

Y e, 63— h

=1

<

+ IR Enll + dist (1, G (1), (3.34)
H

where f, € Sgy (wy) for all n = 1,2,.... Letting n — oo in (3.34), we derive the contradiction 2r < 0.
Summarily, we deduce t. < T.

By the definition of t., there exists number y with 0 < t. <y < T such that all solution w, are defined on
[0,y — t.]. We next prove that for every w,, there exists 7, € [0,y — t.] € [0, T] satisfying

dist(wn (1), G, (1)) 2 €. (3.35)

For any t; € (t,, T], we can assume that |[w,(t1) — wt(t1)llyr < € for some w; € Q;’” ’ by the compactness of
F,p.g
gh . Then,

llw, (t+ + £) — ws(ts + Hlly
< lwy(tr + £) = wu(E)llae + lws (B + £) — wi(E)llge + Nlwn(tr) — wi (Bl

With the similar arguments as the first part of one can choose t small enough such that both
[y (t++1)—w, (t+) |l and [|wy ((++1)—w+ (E1)|l4¢ are less than € /4. Hence, the norms ||w,, (£++1)—w+ (E++1) |l < 3€/2,
which contradicts (3.33). Namely, (3.35) is proved.

By the same arguments in the proof of[Lemma 3.8} we see that the multimap M. : Ex%([0,y —t.]; H) —
Ko(C([0,y - t.]; H)), M.(u, u) = M, (u), is vi-condensing for some L > 0. This ensures relative compactness
of the sequence {wljo,-+]}. Let us take w. = lim w,,,—,}, which belongs to M.(Ag, w.) on [0,y — t.]. Thus,
letting 7 — oo in (3.35), we obtain

dist(w.(t.), G, (t.)) 2 €.

Consequently, the solution #. cannot be extended to the interval [0, T], which contradicts (3.31). Finally, the
proof is completed by applying Lemma O

Denote by Ri’* ' the family of all local mild solutions of Problem , ie. ,u€ Ri’“ iff there exists t € (0, T]
and u € €([0, T]; H) such that for all T € [0, 7] and vz = ulp 7, it holds

vr € {w e 6([0,T]; H) : w(t) = Z e ti(h, OuPn + Y(N(), f € Sp,},(u)} ,

n=1
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and R7'[0,T] := {v € R " : v € M¥(0)}, here

M (u) = {v € ([0, T} H) - o(t) = Z e, pu)pn + W(f)(), f € Sp,;,(u)} :

n=1

Theorem 3.13. Assume that the condition (H,) holds, the set Ri’” °[0, T] is bounded for some g € E, and
R“°[0,7] = R*[0, Tlloz forall T € (0, T]. (3.36)
Then, for every given € > 0, there is 6. > 0 satisfying

R10,T] € Ne (R7*[0,T1) for all A € By, (wo).

Proof. Assume thatr > 0with |IIR£’“ [0, TTll| < . Firstly, we shall prove the following statement by contraction
argument: There exists 6 > 0 such that if 4 € Nj(uo) C E, then

IRl < 3r for all £ € [0, T]. (3.37)

Indeed, we assume by contradiction that (3.37) fails. Then, we can take sequences {u,} C E, {t,} € [0,T],
{un} € €([0, T]; H), n — uo such that w, € M, (w,) and

dist (wy(t), Ry (82)) 2 27, dist (wa (1), Ry () < 27 (3.38)

forall t € [0, t,).
Denote t. = lim{t,}. We shall prove that t. € (0,T]. Indeed, assume that t. = 0. Let us choose a sub-

sequence of {t,} going to 0, which we also denote by {f,} for convenience. Since RZ’“ ’ is bounded and from
(3.36), it follows that Ri’” * is compact, so the distance between h and Ri’” °(t,) tends to zero. We observe that

2r < dist (wy(tn), R (t))
< Nl (ta) — Rllge + dist (1, R (t))

(o8]

Y eI, by — I

=1

<

+ () (ta)llge + dist (, R (2)), (3.39)
H

here f, € Sy (wy) foralln = 1,2, .... Lettingn — coin (3.39), we derive the contradiction 2r < 0. Summarily,
we deduce t. > 0.

By the definition of t., there exists number y with 0 <y < t. < T such that all solution w, are defined on
[0, t. = v]. We next prove that for every w,, there exists 7, € [0,¢. — y] & [0, T] satisfying

dist(wn(z,), R (14)) 2 €. (3.40)

For every n, let any 1 € [0,t,). By the compactness of 7{5’*  we can assume that |[w,(t;) — ws(t)lle < € for
some w;t € Rfl” . Then

llwon (E+ + £) — w4 (b4 + Dllg
< Nlwn (b + 1) = wa(Ee)llg + llos (B + £) — wi(Ee)llge + llwon () — wi(E)llg-
With the same arguments as the first part of one can choose t small enough such that both

[y, (t++8)—w, (£) |4 and ||wy (£ +1)—w+ (E1)||4¢ are less than € /4. Hence, the norms ||w,, (£++t)—w+ (t++1)||l < 3€/2,
which contradicts (3.38). Namely, (3.40) is proved.
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By similar arguments as obtaining[Lemma 3.8, we note that the multimap M. : E x €([0,t. — y]; H) —
Ko(C([0, t. — y]; H)), M.(u, u) = MH(u), is v -condensing for some L > 0. This ensures relative compactness
of the sequence {wyljos,—,1}. Let us take w. = lim wyljp, -], which belongs to M.(Ao, w.) on [0, t. — y]. Thus,
by passing to the limit in (3.40), we obtain

dist(w.(£.), R, (1)) > €.

Consequently, the solution u. cannot be extended to the interval [0, T], which contradicts (3.36). Finally, we
complete the proof by applying O
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