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Abstract. In this paper, we study symmetrized convex functions and their relations with other notions
of convexity, namely Wright convexity; then, we introduce the notion of symmetrized log-convexity. Our
results include equivalent statements and extensions of certain existing results in the literature. Applications
that involve Hermite-Hadamard and means’ inequalities will be presented.

1. Introduction

We recall that a function f : ] — R is said to be convex on the real interval | if for each a,b € | and
0 <v <1, the inequality

f((A=v)a+vb) < (1-v)f(a) +vf(b) 1
holds. Geometrically, a convex function lies above its chords in the interval of convexity. Several authors,
including Marshall and Proschan [10], Wright [23], and Mercer [11], presented a large number of significant
results for convex functions and related inequalities. See also [5, Chapter 5] for recent advances in convex
functions and Jensen inequality. Convex functions are widely used in pure mathematics, functional analysis,
optimization theory, and mathematical economics. Giant attention has been given to analyzing convex
functions and their properties (e.g., [19], which contains an extensive bibliography).

Researchers have devoted a considerable amount of their time to find sharper inequalities than (1). In
[1], it was shown that

f( —v)a+vb)+zr(f(“)+f(b) —f(“b)) < (1-v)f(@) +vf(b)

7 > (2)
and
F((1 = v)a+vb) + 2R (f(“) ; O _ f(“ er b)) > (1-v)f(@) +vf(b), 3)
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where r = min{v, 1 — v} and R = max{v,1 — v}, as a refinement and a reverse of (1). These two inequalities
have been used in the related literature to obtain many interesting results. We refer the reader to [12, 14, 18]
as a sample of such work, where further investigations and applications have been made.

Among the interesting inequalities that govern convex functions is the Jensen-Mercer inequality, which
states [11]

f[b+u—Zw,-xi] < f(b) +f(ﬂ)—Zwif(xi)/
i=1 i=1

where f : [a,b] > Ris convex, a < x; < b, and w; > 0 satisfying )i, w; = 1.

The celebrated Hermite-Hadamard inequality furnishes estimates of the mean value of a convex function
(see, e.g., [17, p. 50]). This inequality asserts that every convex function f on an interval [a, b] enjoys the
inequality

b
b
H(15Y) <t [ rom= L0210

Notice that every continuous function is convex if and only if it satisfies (4). We encourage interested
readers to go more into the literature on convex functions and their inequalities, especially [13, 16, 20-22]
and the references therein.

Inspired by the Mercer inequality and the even-odd decomposition, the following decomposition was
first introduced in [7].

Definition 1.1. Let f : [a,b] — R be a given real-valued function. For t € [a, ], define

}(t)zf(t)+f(2b+a—t) Lmdf(t)zf(t)—f(zb+a—t)'

Then f is called the symmetrized transform of f, and f is the anti-symmetrized transform of f.

Obviously, f = f + f. At this point, we notice that when a = —b, the above decomposition reduces to the

even-odd decomposition.

We highlight that this symmetrized transform has been extensively studied in the context of convex
functions, as seen in [6, 8, 9].

One can easily check that if f is a convex function on [4, b], then f is a convex function on [4, b]. However,
the reverse assertion is not true in general [2].

In [2], Dragomir introduced the following definition of convexity (see also [3] for an equivalent defini-
tion):

Definition 1.2. A function f : [a,b] — R is said to be symmetrized convex (concave) on [a,b] if f is convex
(concave) on [a, b].

In the same paper, it has been shown that (4) holds whenever the symmetrized transform of f is convex on
[a, b].

Another notion related to convexity is the so-called Wright convexity [23]. We say that f : ] = Ris a
Wright-convex functionon | C R, if forany 0 <v <1

f@A-v)a+vb)+fva+(1-v)b) < f(a)+ f(b) (5)
foralla,be].
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It was shown in [19, p. 233] that (5) is equivalent to

fa+)+f<fly+0)+fk),

forallx,y+6 € [a,b] withx <yand 6 > 0.
The direct connection between the notions of convexity and Wright-convexity was established in [15,
Corollary 5], as follows.

Lemma 1.3. Let f : ] = R be a function. Then f is Wright-convex if and only if there exists a convex function
g : ] = Rand an additive function h : R — R such that

[ =g +h(x); xe]). (6)
One of the main motivations of this paper is the equivalence of the following four assertions:
(i) The symmetrized transform of f is convex on [a, b].
(ii) f is Wright-convex on [a, ].
(iii) Forx,y,(1+v)y—vxeabland0<v <1,
fA=vx+vy)+ fy) < fF(A+V)y—va)+ f(0). (7)
(iv) Forallx,y + 6 € [a,b] withx <yand 0 > 0,

fa+)+fW=<fly+0)+fkx). (8)

Many other results will be shown for symmetrized convex functions and the related notions. Then,
similar to symmetrized convexity, we introduce the notion of symmetrized log-convexity and present many
results that extend the existing ones.

2. Symmetrized convex functions
We begin by showing the following equivalence.
Theorem 2.1. Let f : [a,b] — R be a given real-valued function. The following are equivalent:
(i) The symmetrized transform of f is convex on [a, b].
(ii) f is Wright-convex on [a, b].
(iii) Forx,y,(1+v)y—vxe[a,bland0<v <1,

fA=vx+vy) +f(y) < fF(A+V)y—v) + f ). )
(iv) Forallx,y+6 € [a,blwithx <yand 6 >0,
fa+d)+fy)<fy+0)+f(). (10)

Proof. (i) & (ii) From the definition of f, we have for0 <v <1,

F(1=v)a+vb) <1 —v)f @ +vf (b)
= f(1-v)a+vb)+ f(va+ (1 -v)b) < f(a)+ f (D).
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(i) = (iii) If the symmetrized transform of f is convex, we conclude that [4]

A+v)f @ —-vf ) <f((1+v)a—-vb); (v=0o0rv<-1), (11)
which is analogous to stating that
f@+fO)<f(A+v)a-vb)+ f(1+v)b—va).

This inequality is of interest in itself. We consider the case v > 0. Puttinga = (1 - f)x+ty,b=y,and v = 5
(in this case - = 1 — tand 1% = t). Consequently,

I-Hx+ty—ty

1+v)a—-vb= 17 X,

and

y—t((1-Hx+ty)
1-t

1+v)b—va= =(1+ty—tx.

Accordingly, for0 <t <1

f(A-tx+ty) - f(A+)y—tx) < f(0) = f(y)

as expected.
(iii) = (i) We assume the inequality (9) holds. The same argument above shows that (11) is valid for

v > 0. From this inequality, we can show the convexity of f. We present it for convenience to the readers,
although its method is standard (see, e.g., [4]). Putting for v > 0,

s
a:=(Q1-s)a+sp, b:=p, v:= =5

Then we have

v =s, 1+v)a—vb=a.
v
Therefore,
. . 1 . 1 ° . .
F(=9)a+3p) = f@) < = (1 +VIa=v0) + == fB) = (1= 9)f(@) + f(B).
(iv) = (i) If we take 6 := v(y —x) > 0 with 0 < v < 11in (10), thenx,y + 6 = (1 +v)y —vx € [4,b]. In
addition, y € [a, b] since x < y < y + 6. Thus (10) implies (9).
(iif) = (iv) Assume that (9) holds. For 0 < v < 1 and x,y,(1 +v)y — vx € [a,b] such that x < y, take
v(y —x) =:0. Thenx,y + 6 € [a,b] and 6 > 0. Thus (9) implies (10). O

We can state the following decomposition of functions by combining Theorem 2.1 and Lemma 1.3.

Corollary 2.2. Let the symmetrized transform of f be convex on [a,b]. Then a convex function g : [a,b] — R and
an additive function h : [a, b] — R exist, such that

F)=2(g®)+h®) - fO+fla+b-1)
is a convex function.

We noticed that (2) and (3) hold for convex functions f. In the following, we show analogous inequalities
knowing that the symmetrized transform is convex.
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Theorem 2.3. Let f : [a,b] — R be such that the symmetrized transform of f is convex. Then for any 0 <v <1,

f(a);f(b) fa)+ £ (b) f(a+b))

< %(f((l—v)a+vb)+f(va+(1—v)b))

OO o ({020 _fast)

_ZR(

wherer = min{v,1 —v}and R = max {v,1 —v}.

Proof. Since the symmetrized transform of f is convex on [a, b], the inequalities (2) and (3) imply

(1—V)J.‘(a)+VJ.‘(b)—2R[f(”)J2ff(b) f(a+b)J

S].c((l—v)a+vb)

S(l—v)}(a)+v} (b)—Zr[M—}(lI—;b)].

Since

].‘((1—v)a+vb)=%(f((l—v)a+vb)+f(va+(1—v)b)),
*fa+b a+b

)=o)

Fw=fu=1200

the desired result follows. [

and

Remark 2.4. As we can see in the above, if f is convex on [a,b], then we find that the function f is mid-convex
by taking v = 0 or 1 in Theorem 2.3. Notice that mid-point convexity is not equivalent to convexity. In fact, every
mid-point convex function is convex under some mild conditions, such as continuity.

Remark 2.5. If the anti-symmetrized transform of f is convex on [a, b], by the similar way to the proof of Theorem
2.3, we then have

f(A=v)a+vb) = f(A-v)b+va) = (1-2v)(f(a) - f(b))

which is true for special cases v = 0,1 and 1/2, clearly.

The following shows Hermite-Hadamard-type inequalities under certain assumptions on the sym-
metrized transform.

Corollary 2.6. Let f : [a,b] — R be such that the symmetrized transform of f is convex on [a, b]. Then

1
3f(11+b) f(ﬂ)‘;f(b)Ssz((l_v)a+vb)dv
0

LO2S0 (o2h)
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Proof. Since min{a, b} = (a+b—|a—0b[)/2 and max{a, b} = (a+b+|a—-"b|)/2 , for a,b > 0, we have by

Theorem 2.3
f(ﬂ);rf(b) _a +|2v_1|)(f(ﬂ)J2rf(b) _f(a;b))

< %(f((l—v)a+vb)+f(va+(1—v)b))

b b b
Sf(a);f()_(1_|2V_1|)(f(a);f()_f(a; ))

Taking integral over v € [0, 1], and using the fact that

1 1
ff((l—v)a+vb)dv:ff(va+(1—v)b)dv,
0 0

we get
1
3f(a-£b)_f(a)‘£f(b) Ssz((1_v)a+vb)dv
0
b b
Sf(a);ﬂ)ﬂc(”; )

as desired. [
Remark 2.7. Corollary 2.6 is equivalent to

f(@+ f(b) 3(f(a)+f(b) _f(a+b))

2 T2 2 2

1
< | f(A=v)a+vb)dv
/

SO0 _L(IOSO_ o))

Indeed, the first inequality provides a counterpart for the second inequality in (4), and the second inequality improves

the second inequality in (4).

The following is usually referred to as a Fejér-type inequality.

Theorem 2.8. Let f : [a,b] — R be such that the symmetrized transform of f is convex on [a,b], and let p : [0,1] —

(0, 00). Then

1 1
b b
[fp(vmv]w_fp(v)(l+|2v_1|)dv(f<a>;f< ) _f(anrb))
0

0

! 1
s%(f (V)f((l—V)a+vb)dv+fp(v)f(va+(1—v)b)dv]
0

0

! 1
0

0
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Proof. We get the desired resultby multiplying the inequality (12) by p (v) and then integrating this inequality
over0<v<1l [0

The forthcoming theorem provides the Jensen inequality for Wright-convex functions.

Proposition 2.9. Let f : | — R be a Wright-convex function, let x1,xy, ..., X, € |, and let wq,w,, ..., w, > 0 such
that Y, w; = 1. Then

f (Zn: wixz] 2 wih (x;) — [Z wzxz] Zn: wif (x;)

where h : R — R is an additive function.

Proof. If we replace x by YL wix;, in the decomposition (6), we get
f [i wixi] =g [i wix,-] +h [i wixl-] . (13)
i=1 i=1 i=1
On the other hand, if we multiply (6) by w;, sum over i from 1 to 1, we obtain
Zn: wif (xi) = Zn: wig (x;) + Zn: wih (x;). (14)
i=1 i=1 i=1
Combining two equalities (13) and (14), together, one can write
Zn: wif (xi) — f [Zn: wixi] = Zn: wih (x;) —h [Zn: wixi]
i=1 i=1 i=1 =
+ Zwlg(x, (Z‘wxl]
> Z wih (x;) — [Z w,x,]

The above inequality is obtained from the Jensen inequality for the convex function g. O

So far, we have studied possible relations assuming that the symmetrized transform is convex. Next,
we discuss the convexity of the anti-symmetrized transform of f. The following is a Jensen-type inequality.

Theorem 2.10. Let f : [a,b] — R be such that the anti-symmetrized transform of f is convex on [a,b], and let
X1,X2, ..., %y € [a,b]. If w1, ws, ..., w, are positive numbers such that Y.\, w; = 1, then

f[zn:wfxi] < iwif(Xi)+f[ﬂ+b—iwz'xl']—iwif(ﬂ-f-b—xi).
i=1 i1 i1 =1

Proof. It follows from Definition 1.1 that

].( [i wixi] = % f[zn: wixiJ + f[a +b-— Zn: wl-xi]] , (15)
i=1 i=1 i=1

Zn: wif (x;) = % [Zn: wif (x;) — Zn: wif(a+b— xi)J .

i=1 ° i=1 i=1
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Now, if f is convex, we have, by the Jensen inequality,

f[Zwixi]s %[Zwif(xi)—Zwif(a+b—xi)]. (16)
* \i=1 i=1 i=1
Using (15) and (16), and the fact that f = ]" + f, we get

f[Z wixi] = } [Z wixi] +f [Z wz‘xiJ

i=1 i=1 * =l

%[f[; wl-xi] + f[a +b— ;wixi]]
+ %{Zw,-f(x,-) - Zw,-f(a + b—xi)].

i=1 i=1

IA

Thus,

f[zn:wixi] < iwif(xi) +f[a+b— Zn:wixi]— iwif(a +b—x)).
i=1 i=1 i=1 i=1

This completes the proof. [J

Remark 2.11. Ifin Theorem 2.10, f is convex, we obtain a refinement of the Jensen inequality, thanks to the Jensen-
Mercer inequality [11, Theorem 1.2]. To show that such a function exists, consider the function f (t) = t> on the
interval 0 < a < b. Since f”' (t) =3 (2t — (@ + b)), for t > (a+ b)/2, f (t) is convex.

3. Symmetrized log-convexity

This section is partly motivated by the results presented in [2, 3]. The function f : ] — (0, o0) is called
log-convex (concave) if log f(x) is convex (concave). Therefore we have

f :log—convex & f((1-v)a+vb) < f(a)l_vf(b)", (@abe] 0<v<).
Motivated by Definition 1.1, if f : [a,b] — (0, 00), we define the symmetrized log-transform of f as

F=fOf@axb=0,

and the anti-symmetrized log-transform as

_ | f®
]:(t)_ fla+b-1t)

According to this definition, we see that f = f f. Notice that if f is log-convex, then f is log-convex too. To

show this,

jof((l—v)a+vb)= V(@ =v)a+vb) f(a+b—((1-v)a+vb)
= f(@-v)a+vb) f(1-v)b+va)

V@™ Fo) O f@)
@™ O ) (F0) f@)")
=@ O

IN
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A function f : [a,b] — (0, o) is said to be symmetrized log-convex (concave) on [g, b] if symmetrized
transform f is log-convex (concave) on [a, b].

It is easy to show thatif f and f are log-convex functions, then f is log-convex too. Indeed, we have

f(@=va+vb) = f(1-v)a+vb)f((1 -v)a+vb) < f@) ™ f(b) f@) 7 f(b)" = fl@)' ™ f(b)".
Our first result in this context is the following Hermite-Hadamard-type inequality.

Theorem 3.1. Let f : [ — (0, 00) be such that f is log-convex. Then

1
f(#)SeXP[% flog(f((l—v)a+vb)f((1—v)b+va))dv < Nf@f ).
0

o

Proof. Since the symmetrized transform of f is log-convex, log f is convex. So, it satisfies the Hermite-
Hadamard inequality. Namely, we can write

1 ° °
10g}(a;—b)ﬁflog}((l—v)a+vb)dv§ 1°gf(”);1°gf(b) —log \f (@) f ().
0

Consequently, we have

1
f(¥)<exp[ o8 s~ v)a+vb)f((1—V)b+W)dV] Vi@ F®),
0

since

F(A=v)a+vb) = JFA-a+b) F(A-v)b+va)

and

f@=F®= V@7, (“*b) f(”;b).

This completes the proof. [J

In the following example, we present applications to numerical means.

Example 3.2.
(i) If we take f(x) := 1/x for x > 0, then

& (log}(x)) B 1(1 1
dx? T2 (; ) =

2 @+b-x?]"

Hence we have

loga +loghb < b—a+aloga—Dblogh <log a+b
2 a-b 2
which implies
G(a,b) < I(a,b) < Aa,b),

where G(a,b) := Vab, I(a,b) := —(—Z)handﬂ(ab)—a+b.
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(ii) If we take f(x) := exp (1/x) for x > 0, then
P (log f(x)) 1 L
dx2 3 (a+b-x3 "7

since x € [a,b] C (0, 00). Thus we have

2 loga — log b
eXp(M) = eXp(OgZTOg) < \/eXP (1/a) exp (1/b)

which indicates
H(a,b) < L(a,b) < Ala,b)

2ab a—>b

where H(a,b) := A @@ ',b7") = P and L(a,b) := Toga —logh with L(a,a) = a.

On the other hand, we can state the following Fejé-type inequality.

Theorem 3.3. Let f : [a,b] — (0, c0) be such that f is log-convex, and let p : [0,1] — (0, co). Then

1

(a+b)f}7 V)dv<fP(V) V(@ =v)ya+vb) f(1-v)b+va)ydv

0

(17)

1
< NF@7® [ porav
0

Proof. Thanks to the assumption on f, it follows that

°fa+b S (Q=v)a+vb)+ (1 —=v)b+va)
f(T)-f( 2 )

< VF (= v)a+vh) f (1 -v)b+va)

< Vjof (a)]o‘ (b) (by log-convexity of ]O‘).

Multiplying the above inequalities by p (v) and then integrating this inequality over 0 < v < 1, we obtain

fp(v)dvf( ) fp(v) \/f((l—v)a+vb)f((1—1/)b+1/a)

1

< fp(v)dvm,

0
which implies (17). O

Another refinement for log-convex inequalities can be stated via the transformations mentioned above.

Theorem 3.4. Let f : [a,b] — (0, 00) be such that f is log-convex. Then

f(“+b)< JFOf@+o-0< f@f o).
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Proof. Since f is log-convex, we infer that

)i

<NFOFf@+b-1.

On the other hand, since log f is convex, we can use Jensen-Mercer inequality so that we have

Farpon< L @OSO
o

Thus,

P s Vrofao-ns N @f o
Since

}(“zb) =f(”;b), f@=f@,f®=5
and

FOF@+b-H=FOf@+b-1
we get

f(a;b)s FOT@+b-h < \F@®
as desired. [

On the other hand, multiplicative versions of (2) and (3) can be stated as follows.

Theorem 3.5. Let f : [a,b] — (0, c0) be such that f is log-convex. If 0 <v <1, then

f(%b) 2R
< V(@ =v)a+vb) f(1-v)b+va)
<[ﬂ]zrm
V@ f®)

wherer = min{v,1 — v} and R = max{v,1 —v}.

Proof. Under the given assumptions, we have

2r[log]o( (2) -; log} b) log} (a + b)J

<(1-v) 1og} (a) + vlog]Or () - log} (1 =v)a+vb)
_ 2R[1og} (a)erlog} O _1ogf (zz + b)]

2

2

5845
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This means that

2r
V/f @ f )

MO F@=-va+vb) < f@F ) <

S S 2R
Nf@/f®)

() f ()

F((1=v)a+vb).

>

Using the definition of f, we get the desired result. [

Remark 3.6. If the anti-symmetrized transform of f is log-convex on [a, b], by the similar way to the proof of Theorem

3.5,

we then have
f(@-va+vb) ( f@) )“V
f(A=v)b+va) \f(b) ’

which is true for special cases v = 0,1 and 1/2, clearly.
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