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Stability analysis of periodic solutions of the neutral-type neural
networks with impulses and time-varying delays

Hongjun Qiu?, Yanhong Zhang?, Fanchao Kong"*

?College of Science, [iujiang University, Jiujiang, Jiangxi 332005, P.R. China
bSchool of Mathematics and Statistics, Anhui Normal University, Wuhu, Anhui 241000, China

Abstract. This paper is concerned with a class of neutral-type neural networks with impulses and delays.
By using continuation theorem due to Mawhin and constructing the appropriate Lyapunov-Krasovskii
functional, several new sufficient conditions ensuring the existence and global exponential stability of the
periodic solution are obtained. Moreover, a numerical example is provided to illustrate the main results.
Our results can extend and improve some earlier publications.

1. Introduction

1.1. Previous works

In recent years, neutral-type neural network models have been extensively studied and successfully
applied to various science and engineering fields such as mechanics, electrical engineering, automatic
control, parallel computation and so on. As was pointed by Hale [9] that the main reason for considering
the neutral equation with difference operators is that it will be included without imposing too many
smoothness conditions on the initial data.

A source of instability for neural networks is time delay which inevitably exists in the implementation of
artificial neural networks due to the finite switching speed of amplifiers or network congestion. Therefore,
stability analysis for delayed neutral-type neural networks has become an important research topic and
various criteria have been developed in the literature over the past decade, see [7], [12], [13], [21], [22], [25],
[28] and the references therein. For example, Orman [21] derived the sufficient conditions for global stability
of neutral-type neural networks with time delays, by using the new LMI conditions, Rakkiyappan and
Balasubramaniam [22] considered the global asymptotic stability results for neutral-type neural networks
with distributed time delays. Taken the discontinuous activations into account, Kong et al. in [12] and [13]
studied the stability and synchronization of the discontinuous neutral-type neural networks with delays
based on the Filippov solution theory and the Lyapunov-Krasovskii functionals.

On the other hand, some evolution processes are subject to sudden changes. The mathematical descrip-
tion of these processes leads to impulsive differential equations. This type of differential equations can use
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to describe population dynamics, biological phenomena or several physical situations. We refer the reader
to [3]], [11]], [20], for some results and applications of the impulsive differential equations. Impulsive effects
are also likely to exist in the neural network system. For example, in implementation of electronic networks
in which state is subject to instantaneous perturbations and experiences abrupt change at certain moments,
which may be caused by switching phenomenon, frequency change, or other sudden noise, that is, does
exhibit impulsive effects [14]. So, it is worthwhile to study the neural networks with impulse. Recently,
several kinds of neural networks with impulse have been investigated, see [1], [2], [4], [6], [10], [15], [19],
[23], [24], [26] and the references therein. For example, Wang et al in [24] studied globally exponential
stability of periodic solutions for impulsive neutral-type neural networks with delays, by establishing a
singular impulsive delay differential inequality and employing contraction mapping principle, the authors
established the new results of existence and global exponential stability of the periodic solution.

Although the neutral-type neural networks with impulses have been widely studied, there are still two
problems needed to be considered further.

e First, through the research of neutral-type neural networks with impulses, we find that the neutral
character in neural networks is often showed by the nonlinear term like /2;(x;(t — -) and rarely showed
by the difference operator Ax(t) = x(f) — c(t)x(t — -). This may be due to the fact that the mechanism
on which how the solution is influenced by the impulses and the difference operator A associated to
neutral-type neural networks is far away from clear.

e Second, to the author’s best knowledge, few papers applied the method of Mawhin’s continuation
theorem to study the generalized neutral-type neural networks with impulses and delays.

1.2. Model Formulation

Motivated by the above fact, in this paper, we consider the following neutral-type neural networks with
impulses and delays:

(A () = —ailtye() + Y [bi)fiCx;(0)
j=1

+di (gt = TO)] + L), >0, t# b, (1.1)
Axi(te) = xi(t)) = xi(ty) = ea(xi(te)),
i=1,2,.,nk=12,..,

where A; is the difference operator defined by

n

Aixi(t) = x;(t) — Z cij(t)x,-(t - 61‘]‘(t)), i=1,2,..,n, (1.2)
=1

Axi(ty) = xi(t]) — xi(t,) denotes the impulses at moments t; and t; <t < - - - is a strictly increasing sequence
such that limy_,., tx = +00; x;(t) and I;(t) represent the activation and external input of the ith neuron at time
t, respectively; a;(t) represents the rate with which the ith unit will reset its potential to the resting state
when disconnected from the network and external inputs at time ¢; 6;j(t) and 7;j(t) correspond to the finite
speed of the axonal transmission of signal; b;;(t) denotes the strength of the jth unit on the ith unit at time
t; dij(t) denotes the strength of the jth unit on the ith unit at time ¢ — 7;j(t); f; and g; are signal transmission
functions. Throughout this paper, we always assume that a;(t), b;j(t), dij(t), Tij(t), Ii(t), 6;j(t) are continuously
periodic functions defined on t € [0, 00). Moreover, a;(-), b;(*), dij(-), Tij(), 0;j() are positive everywhere,
fi(xj) and g;(x;) are continuous. Let & = 1r<r}?z<n{supt€R ITij(E)l, sup, g 10i;(H)]}.

System is supplemented with initial values given by

xi(s) = ¢i(s), s€[-&,0], i=1,2,..,nm,
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where ¢;(-) denote continuous T-periodic function defined on [-&, 0].

1.3. Major contributions

In comparison to the existing results, the key contributions of this paper can be shown by the following
four aspects:

e Unlike the previous neutral-type neural networks, the neutral-type neural networks considered in
the paper shows the neutral character by the A; operator, which is different from the corresponding
results of other papers.

e Whenc;; =0,7,j =1,2,..,n, system (L) is changed into a non-neutral type neural networks with
impulses which have been extensively studied.

e Since there is few paper concerning with the periodic solution and stability of the neutral-type neural
networks with impulses and delays, this paper aims to investigate the new existence results of periodic
solutions based on the new method of continuation theorem. Moreover, the periodic solutions are
further proved to be global exponential asymptotic stable.

The remainder of this paper is organized as follows: In Section [2| we present some preliminary results.
In Section[3 under suitable hypotheses, we show that system possesses at least one T-periodic solution.
In Section 4} by constructing the appropriate Lyapunov function, we derive several sufficient conditions
ensuring that the periodic solutions of are global exponential stable. In Section 5} with the help of an
example, we demonstrate the applicability of our main results.

2. Preliminary

In this section, we make some necessary preparations. Firstly, we introduce the following notations

1 (7 =1 (T o1
a; = Tfo ai(t)dt, b = Tj; bij(t)dt, dij = fj; dij(tdt,

_ 1 (T
L= fo Tyt a7 = max (4, b = v Iy (4,

d’ = max |d;i(t)|, I7 = max |[;(t)],a; = min |a;(t)|,
i tE[O,T]I (0, I; tE[O,T]I i), a; te[O,T]| i)l
b, = min |b;;(t)|, 4., = min |d;;(t)|, [ = min |L;(#)|,
i te[Ol,T]| i, d; te[()l,T]| i L te[()l,T]| i(®)]

T= max ({1}, tf =

1T max 7;i(t), i,j=1,2,...,n.
1<i<n,1<j<n 1]}' U telo,T] l]( 2 T

Define
T 1
ol =( [ )R, forx € CR R,
0

Bilt) = — ai(tyei(t) + Y [bii(8)fixj(8) + diD)g (it — 7))
j=1
+I(t), i=1,2,..,n,
Cr ={¢ € CR,R), p(t + T) = p(1)}.

From Hale’s terminology [9], a solution of the system (1.I) is x; € C(R,R) such that A;x; € CY(R,R)
and system (L.1) is satisfied on R. In general, x; is not from CY(R,R). Nevertheless, it is easy to see that
(Aix;)" = Aix. Thus, a T-periodic solution x; of the (T.1) must be from C}(R, R).
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For any solution x(t) = (x1, x2, ..., x,) " and periodic solution of system (L.1)), x*(f) = (o x)7, let

n
-x = max_|@;(t) — x"(£)].
lp = ;td_w] i) =2 ()
Consider the impulsive system

{x'(t) = ftx), t# b k=1,2,.., o

Ax(te) = ex(x(t)),

where x € R”, f : RXR" — R" is continuous and f(t + T,x) = f(tx), e : R* — R" are continuous,
x1(s) = x(t + ), =1 < s < 0, and there exists a positive integer g such that t;; = ty + T, exi4(x) = ex(x) with
tr € R, tip1 > ty, I}im ty — oo, Ax(t) = x(t;) - x(t,;). Fort, #0(k=1,2,..). [0, TN {tx} = {1, t2, ..., tm}, Where £

are called the set of jump points.
Let us recall some definitions. For the Cauchy problem

{x’(t) = f(tx), t#t, t€[0,T], k=1,2,.., 02

Ax(t) = ex(x(t,)), x(0) = xo.

Definition 2.1. A map x : [0, T] — R" is said to be a solution of (2.2), if it satisfies the following conditions:

(1) x(t) is a piecewise continuous map with first-class discontinuity points in [0, T] N {#;}, and at each
discontinuity point it is continuous on the left;

(2) x(t) satisfies (2.2).

Definition 2.2. (See [3]) A map x : [0, T] — RR" is said to be a T-periodic solution of (2.2), if
(1) x(t) satisfies (1) and (2) of Definition [2.1)in the interval [0, T];
(2) x(t) satisfiesx(t + T7) = x(t7), t € R.

Obviously, if x(t) is a solution of defined on [0, T] such that x(0) = x(T), then by the periodicity of
in t, the function x*(t) defined by

¥ (f) = x(t = hT),t € [T, (h + )T] \ {t},
~ | x*(t) is left continuous at £ = f;

is a T-periodic solution of (2.1).

Definition 2.3. (See [3]) The periodic solution x* of system is said to be globally exponentially stable,
if there exist constants A > 0 and M > 1 such that

n

Y bilh) = ()] < Me ™l — ¥l

i=1

Lemma 1. (See [8,[18]) Let X and Y be two real Banach spaces, L : D(L) C X — Y be a Fredholm operator
with index zero, ) C X be an open bounded set, and N : QcX - Ybe L-compact on Q. Suppose that all
of the following conditions hold:

(1) Lx # ANx,¥Yx € JQ N D(L), YA € (0,1);

(2) ONx #0,Yx € dQ NkerL;

(3) deg{/ON, Q nkerL,0} # 0, where | : ImQ — ker L is an homeomorphism map.
Then the equation Lx = Nx has at least one solution on D(L) N Q.
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Lemma 2. (See [16]) Suppose 6;; € CY(R,R) with oij(t + T) = 6;(t) and 0 < 61’.].(t) <1forallt e [0,T]. Then
the function t — 6;j(t) has an inverse p;;(t) satisfying u € C(R, R) with p;j(t + T) = w;j(t) + T for all t € [0, T].

Throughout this paper, besides 6;i(i, j = 1,2, ...,1n) being a periodic function with period T, we assume
in addition that 6;; € C'(R, R) with 0 < o};(t) < 1forall t € [0, T].

Remark 1. From the above assumption, one can see from Lemmathat the function t - 6;;(t) has an inverse.
Denote the inverse of the function t — 6;;(t) by the function u;;(t).
Define

0o = — min 0/ (1), o1 = max o (), 6+ = max |6l](t)|
te[0,T] te[0,T te

Clearly,0p > 0and 0 < 07 < 1.
Lemma 3. Let

W,' : CT d CT,

(Wax)(t) = Y cif(Dlt = 04(1), i =1,2,..,m,
j=1
if Z 1 et | < 1, then W; satisfies the following conditions:
W) Wl < D lcil <1, i=1,2,.m
/ 1| 7
fo |(Wixi)()|dt < =2 fo xi(Hdt, i=1,2,.

3) [ | W)t < Lhlgf I ,(t)|2dt i=1,2,.
where 01 = mglxé (t) 1]—1 2,..,1, and0<01<1.

Proof. (2) By Lemma[2land Remark|[I} we have

T n T
fo I(Wixixt)}dtsz fo (Ot — 55 (el
<Z|c | f bt - 0 (1)

T—-06;(T)

+ ]' X
= Z‘ |Ci]’| WW(S)WS

_bxj (O)

‘Z'C [ = T G s

Zj:l'c“| i
<
< [ o

(3) By Lemma[2|and Remark|T} we have

! 2 - ! 2 2
fo (W) o) dts; fo (Pt — B8Pt
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=

<Y i f it — 53t el
=1
n T—6;;(T)

= |Ci+»|2f —————|x;(s)*ds
= 7 Jsi0) 1—5,-]-(Hij(5))

Thus, the proof is completed. [J
2, e ,,|2

Lemma 4. If Z] 1 Ic*l <1land
and

-1 1 H— .
(1) “Al ” < 1_2;‘:1 |Cz+‘|l 1= 1/2,-..,7’[,

< 1, then the inverse of difference operator A;, denoted by A , exists

T .
@) [, 1A X))l < o o Wioldt, i=1,2,..,n;

1a1

T
3) [y A ) ()Pt < Z— kRt i=1,2,.
1—u-l
Proof. (1) From the first part of Lemma we can know that ||Wj|| < Z;’zl |c;;.| <1, by Ai—l = (I - W)™, we
can have A7 = Il = W) 7!l < =t
j=1 %ij

(2) By A7 = (I - W)™ and Vk € Z, we have

[t < [ i~ wyrzola
T T
< f |Z(foi)(t)'dtsz f |(wffx,-)(t)|dt
f Ixz(t)|dt+2f ‘(ka)t)‘dt i=1,2,.

k=1

By using the second part of Lemma 3| we find if k > 1 and k € Z, then
T T
f |(Whaxi)(t)|dt < f |(WiWEL)(b)|dt
0 0

]
Il f (W) (oat

1—01

Icf;
] ! l] f |x,(t)|dt i=1,2,.

Thus, we can obtain

[t < [ wenaes Y[ v

k>1
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k T
<Y (5557) INECT

1 T
— e f pildt, i=1,2,.,n
1-225 Jo

10‘1

(3) Similar to the proof of (2). By Al.‘1 = (I; - Wy)™! and Yk € Z, we have
T T )
[ warsowpar < [ - wor x| a
0 0
< f ' | Z(Wf.‘x,-)(t)rdt < Z f ' '(wfxi)(t)'zdt
f ()Pt + Y f |(ka,)(t)| dt, i=1,2,.

k>1

By using the third part of Lemma 3| we find if k > 1 and k € Z, then
T 2 T 2
f |(Whxi)(t)[ "t < f |(WiWstx) ()| dt

o2
< ] 1| | f ) Wk 1x1)(t ) dt
Z':1| flz

<) [ o =12

Thus, we can get

[ atooras [ eoras T [ ool
k>1
e
<L) [ bors

k=0

1 2
S f lit)[dt, i=1,2,..,n
125 Jo

1- —01

Therefore, the proof is completed. [

For any nonnegative integer g, let t; < T < t;11 = T + t; and
C[0,T; t,t5, ..., tq] = {xlx 1[0, T] = R", x(t) exists everywhere
except fr, x(t), x(t;) exist and x(t) = x(t;), k= 1,2, ..., q}.

Take

:{xlx € C[0, T; ty, ta, ..., tg], x(0) = x(T), x(t]), x(t;) exists,
(k) = x(t;),k = 1,2, q}

6027
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n
Y = X x R™@*) and ||| = Z frf(?%(] |x;(f)|, then X and Y are all Banach spaces.
€lo,
i=1

Let
L:D(L) c C'[0,T;ty,ta, ..t N X > Y,
(2.3)
La(t) = (x' (1), Ax(h), Ax(h), .., Ax(ty)),
where
D(L) = {xlx € C([0, T; t1, tz, ..., tg], R) : x(t + T) = x(8)},
Alx(te) = x(t)) = x(t), k=1,2,...,q.
Let
N:X>Y
Bi(t),\ (Axi(t), Ax1(ty),
Nix(t) = B'z.(f) , AJf:z.('fl) . Afz.('h) . 24)
B(t) Axn(ty) Axn(tq)

Obviously, ker L = {xlx =ceR"te]0, T]}, and

T q
ImL ={y|y = (f,ChCZ/-u;Cq/d) € Y,f fH)dt + Z‘CZ‘ +d= 0}
0 i=1
=X x R™1 x {0}.

Then Im L is closed in Y and dimkerL = codimIm L = n. Hence, ImL is closed in Y and L is a Fredholm
mapping of index zero.

Define P: X —» X, Px(t) = % fOT x(t)dt,and Q: Y - Y,

1 T q
Q(f(t),c1,c2,rcqd) = (T[ fo fdt+ Y ci+d], 0,0,...,0).
i=1

It is easy to show that P and Q are continuous projectors such that
ImP=kerL, kerQ=ImL=Im(-Q).

The inverse K, : Im L — ker P N D(L) of L, has the form

Kp(f(t),al,az, .y aq) = j(; f(s)ds + Z Ck

>t

o q 2.5)
— Tj(; j(;f(s)dsdt—szckr
then
Lf Bt - F T, enta (b))
ONx(t) = ,0,--+,0 ,

T
% j(; B, (t) — % ZZ:l enk (X (te)) nx(g+1)
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and

fot Bi(s)ds — Y, €1(x1(f))
Ky(I - Q)Nx(t) = e

Jy Bulo)ds = Lo, emCenlt)))
L[ Bisdsdt — (£ — 1) [ Byt

L Bus)dsdt — (& = 1) [ Bu(hydt )
Y, ew(xa(te)

X1

Y1 ent)) |

Clearly, QN and K,(I — Q)N are continuous. For any bounded open subset Q c X, QN(Q) is bounded,
moreover, applying the Arzela-Ascoli theorem, it is not difficult to show that K,(I — Q)N(€2) are relatively
compact. Therefore, N is L-compact on X for any open bounded set (0.

Throughout the rest of this paper, we always assume that:

e [H1] There exist constants p; > 0 and q; > 0 such that
IfiCepl < pj, 1gixpl < qj, j=1,2,...,n.

e [H2] Functions f;(u) and g;j(u)(j = 1,2,...,n) satisfy the Lipschitz condition, i.e., there are constants
Lyj > 0 and Ly; > 0 such that, for all u1, u; € R,

|fi(u1) = fj(ua)l < Lyjlur — uzl,
|gj(u1) — gj(u2)l < Lajlur — ual.
Z}’:l |C+|2

L4 [H3] Z;’lzl |C1+| < 1/ 1 i

] —01
+ 3+
a; Z,‘:1 Cij

ay > =
Ja-oD-XL ket

e [H4] There exists a positive integer g such that

<land

i=1,2,..,n.

tk+q =t +T, ekﬂi(x) =ex), k=1,2,....

3. Existence of periodic solution
In this section, we study the existence of periodic solution of (I.1).

Theorem 3.1. Suppose that conditions [H1]-[H4] hold, then there exist positive constants K;, which are

independent of A such that
xi() <K;,i=1,2,..,n teR,

where x = (x1, X2, ..., x,)" is any solution to the equation Lx = ANx, A € (0, 1].

Proof. First of all, consider the following operator equation

Lx=ANx, A €(0,1),
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where L and N are defined by (2.3) and (2.4), respectively, then we have

Ay (1) = A[ = abr(t) + ) (BB fii(8)
j=1

+di()gi(xi(t - (1))
+ALi(t), te[0,T], t+#t,
Axi(te) = xi(t)) — xi(t;) = Aew(xi(tx)),
x,-(O) = xi(T),i = 1,2, ., n, k= 1,2,....

6030

(3.1)

Suppose that (x1(t), x2(t), ..., x,(t))" € X is a solution of system for a certain A € (0,1). Integrating

over the interval [0, T], we obtain

T T _n 9
fo ai(Bxi(Hdt = fo [ Y (i £iei0) + dig(t) - gt = i) + Lot + Y eaee(t)-
=1

k=1

(3.2)

Let &(& # ) € [0,T], k =1,2,...,4, such that x;(&) = ti[r(}fT] xi(t),i=1,2,...,n. Then, it follows from and
€[o,

[H1] that

T n q
Tax(€) < fo [ [bsi0fieie) + digtrg ;¢ = o) + 1) e + Y et
j=1 k=1

T n q
< fo [ Y i) fiCeie)] + [ ®)gxict = zig)] + [1e[Jae + Y leaCeict)l
j=1 k=1

n q
=1 k=1
Thus, we have

n

9
%i(8) s%[ (b +diay) + 17 + % Y e

j=1 k=1
=M;, i=1,2,..,n

Letty = t; = 0 and t;4; = T. From and (3.2), and by using the Holder inequality, we obtain
T q tr q
f Ay B)|dt =) f Ay Ot + Y [(Ax)(E) - (At
0 k=1 Y1 k=1
T T n
< [+ [ i)
0 0 =1
T q
Ol = DI+ [ IO+ Y (o)
0 k=1

n q
<ot Vi( [ i) 7Y (b din) T + Y,
j=1 k=1

(3.3)
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which together with the third part of Lemma[d]yields

T q
f |(Axi) (B)]dt < af VT f Ixz(t)lzdt g TZ bipj +dia;) + TI + Z 2
k=1

q
<a+\/_( Z,1I o f|(sz)(t)l2dt +TZ 1]p]+d1]q] +TIj+ZE,-k (3.4)
k=1

101

af JT(1 -
) i+ 7Y (5
\/(1 — 1) - L [P

Furthermore, multiplying both sides of system by (Aix;)(t) and integrating over [0, T], since

+d+q] +TI + Ze’k

% A (t) - (Axi)*(0)

T
f (A (DA (Ot =

q
+ 2 (A (t) = (AP ()| + (Ax)A(T) = (AP (8}

(3.5)
[(Aii) () = (A1)

[
NI>
M&

M&&

=-A-

[Aii)(t) + elk«A x)(t0) Jei((Aici) (),

o~
1l

1

we obtain
T T
0= f (A (A (Bt = —A f a OO Ax) Bt
0 0

T n
+A f Z[bij<t>ﬁ<xj<t>>+di]-<t>gj<x]-<t—T,-]-<t>>>]<A,-xl-><t>dt (3.6)

f KU+ 1Y (A0 + (A 6] - ex((Arx e

k=1

Moreover,
T T
f ai (i) (Axi) ()t = f ai(H)(Apxi)(B)] xi(t)
0 0

= ) ciiltxiCt = 03(B) + Y cij(bxict — 0y() |t 3.7)

j=1 j=1

T T n
= f ai(D)(Ax) (Ot + f ai(D(AX)(E) ) | ciB(t - 6y(e)dt.
0 0 j=1
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From (3.6) and (3.7), we can have

0= _[fTai(t)(Aixi)z(t)dt+ fTﬂi(f)(Aixi)(t) : va‘ci'(t)xi(t_ 6i'(t))dt]
. o - j j
T n
+ fo Y [Bi®)fiGxi(®) + dig(B)g; et = TN | (A(B)dt (3.8)
j=1

T q
- fo ARt + Y [t + Seal(A)(E)] - ex((Am)(to).
k=1

It follows from and [H1] that

o lAIE
<ot ;cj( fo T|(Aixi)(t)|2dt)1/2( fo ' bt — o))
(Z1 o5+ dg + 1) VE( [ amporar)” (39)
" Zq; (At + Zer((Am)t) Jeul(Are) ).
Furthermore,

T T—5;/(T) 1 .
i (t — 0;i(t |2dt = f ————xi(s)|"ds.
[ me-a0 o T

It follows from Lemma 2] that

T—5(T) 1 , T 1 ,
— (s ds:f,—xis ds.
f_éi,@ 1= o) = ) T e )

By Remark|[I} we have
1 (7 ! 1
s < [ 1R
1+0 f 1-067.(uii(s
0 Jo 0 l](sz( ) (3.10)
(s)]%ds.
Substituting (3.10) into (3.9), we get
af Yoo T 1/2 T 1/2
a; Al < % . f |(Aixi)(t)|2df : f |Xi(t)|2dt)
+ \/T(Z [bip; +diai| + 1) f (A xl)(t)lzdt) (3.11)

=1

q
+ Y [0 + sea(Am)e)Jeal(Ar) ().
k=1
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+2
Z’l il < 1, it follows from the third part of Lemmathat

T T
([ wora)”=( [ '<A71Az-><xi<f>>|2dt)”2

Since

<\——= Axi)(b)dt
(1 i [ amora)” .
1 —01
1/
=(——= |ﬂ2 jﬂ|A%(m%t
1 1 —01
Substituting (3.12) into (3.1T), we obtain
+ ]:1 Cl+]

- 2
a; lAxill; <

Jion-Tiep Wil + VT( Z[Wﬁd*%lﬂ*) Al
j=11%ij

q
+ Y [0 + sesAm) ) el Am)(eo),
k=1

which together with [H3] implies that there exists a positive constant N;, i = 1, 2, ..., , such that
|Aixillo < N;, i=1,2,..,n. (3.13)

Clearly, N;(i = 1,2,...,n) is independent with A.

Substituting (3.13) into (3.4), we can have

af JT(1 - o1)
f|Am(mﬁ< “||Aixill2
(1_0-1)_2]1|C |2
'*TEZ bip;+ q%)+TU‘*z:@k (3.14)
T(1—61

q
< TZ bz]p] ijqf) + TIl-Jr + Za’k.
\/(1 — 1) - L [P &

By using the second part of Lemma {4} we can have

T T
f ()l = f (AT A (Bt
< f (A (Dt

10’1

1 [ +N \IT(l - 0'1 (315)

]1|C

Ao - Xl
n

+ TZ bip; + iﬂ/’) +TI" + Z Eik].
k=1

1—- =L
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Since
T
(0 < @1+ [ WO, Ve, T] 1= 12,01,
0
then it follows from and (3.15) that there exists constants K;(i = 1, 2, ..., n) such that
lxi() <K;, te[0,T], i=1,2,..,n, (3.16)
and clearly, K;(1, 2, ..., n) is independent of A. Therefore, the proof is completed. [J

Theorem 3.2. Assume that all the conditions in Theorem (3.1| hold, then system (1.1) has at least one T-periodic
solution.

Proof. Denote

H = iKi +C,
i=1

where C > 0 is taken enough large so that

n q
R . - - - 1 _
min a;H" > fnglsr}q[zl (|bij|l9j + |dij|q;‘) +1; - T ; Eik]. (3.17)
j= =
Set

Q= {x|x = (x1(t), oo, X (1) T € X, ||| < H}

Then, we can see that the condition (1) of Lemmal|l|is satisfied.
When x = (x1(t), ..., x,(1))T € 9QNR", x = (x1,...,x,)" is a constant in R"” with

Peal + ol + -+ - + x| = H'.

Then,

ONx = ON(x1,...,x,)" = ( —aix; + Z [Eijfj(x]-(t))
=1

_ B q
+ gyt — T (O)] +Ti % Y eulxt)
k=1

Thus,

IQONx]| = ION(x1, ..., %) Tl
S 1y o
= ; ’aiXi T kz_; ei(xi(tr)) — ; [bi,fj(x]-(t))

+digi(ei(t = T0)]| - T

i i@— (1Bilp; + 1dila;] - ) 1T
i=1 i=1 k=1 i=1 j=1 i=1
¥

q
(Eilxil + % Zzik) 4 ([|Ei/‘|Pj + |3ij|11/] + |ji|)

Py

=
=

I
—_
>~

Il
—_

I
-

-



H. Qiu et al. / Filomat 37:18 (2023), 6021-6040 6035

n q
> min Y (sl + 7)) {nafo 3" ([Bules + ]
+ L),
which together with gives
IQNx| = [IQN(x1, ..., xx) "Il > 0.

This leads to a contradiction with x = (x1(), ..., x,(£))T € dQ N R". Thus, the condition (2) of Lemma [1|is
satisfied.

Finally, we show that the condition (3) of Lemmal(l|is also satisfied.

Define

@:kerLx[0,1] - X,
by
(P(xl/ ceer Xny ‘Ll) = _u(xll iy xn)T + (1 - H)QN(xlr [y x‘rl)T'

If (x1,...,x,)7 € dQ NkerL, (xq,..,x,)7 is a constant in R"” with Y., |xj] = H*, then we can obtain
@(x1, ..., X, 1) # (0,0, ...,0)". Thus,

deg (QN(x1, ..., x,)T,Q NkerL, (0,0..,0)7)
= deg ((=x1, ., =x,)", Q N kerL,(0,0...,0)")
£0,

which implies that the condition (3) of Lemma|l|is also satisfied. Therefore, by Lemmalf|l} we can conclude
that system (L.1I)) has at least one T-periodic solution. [

4. Global Exponential Stability
In this section, we will prove that the periodic solution of is global exponential asymptotic stable.
Theorem 4.1. Assume that [H1]-[H4] hold, Furthermore, assume that

o [H5] The following inequalities hold:

n n
gy > Y obFly+ Y dilar i=1,2,.m,
=1 j=1

where Li; and L,; are defined in [H2], T = max 7;i(t), T = max {1
te[0,T] 1<i,j<n i

)1,j=12,..,n
o [H6] ex(xi(ty)) = —yaxi(ty), 0 <yx <2,i=1,2,.,n, ke Z.
Then there exists a positive constant « such that the periodic solutions of system (1.1) satisfy

n

Y it) - % ()] < e i(0) - x0)), £ >0,

i=1

where x*(t) = (x](£), X5(£), ..., x;,() T
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Proof. From Theorem3.1] we can see that system (1.1) possesses a T-periodic solution x*(t) = (xj(f), x5(t), ...
X (H)".

Suppose that x(f) = (x1(t), x2(t), ..., x,(t))T is an arbitrary solution of system (L.I). Then, it follows from
system that

2 () - xi) = ~a(x:) - x.0)

+ ]Z; [ (fie0) — £ 1)

o+ (1)1t = Tii(8) = g5 (¢ = T (1)),
fori={1,2,..,n},t>0,t# t, k € Z. Then by [H2], we can have

%‘xi(f) — x| < —ap |ty - x:(t)|

+ ]Z; (5L = x:(0) @1

+ d;;-sz|Xj(t - 1j(t) — x;(t - Tij(t))

fori=1{1,2,..,n},t>0,t #t, k € Z and d*/dt denotes the upper-right derivative. Moreover,
Xi(t + 0) = x; (b + 0) =xi(tx) + ei(xi(tx) — [x:(tk) + Ei(x?(fk))]
=(1 - ya)(xilt) — % (8),
which together with [H6] yields
it + 0) = x; (8 + 0)| <[1 = yelJilte) — x; ()|
<Jitte) — x5 (te)

7

fori=1{1,2,..,n}, ke Z.

Choose the Lyapunov functional in the following form:
n t
V(t) = Z (1x,-(t) —xi()] + fo b;].|xj(s) - x;(s)|ds

i=1
+

¢ +
+ ft‘_ﬂl T‘éy(s))hj(s) - x;(s)|ds), t>0.

Then, combining with [.I), we can get

: ;t(t) < Y = arh - o] + Y [orLahe) - X
i=1 j=1
+ d,']'LZj|xj(t - Tjj(t)) - x}(t - Ti]‘(t))|]

dtL

Y + * - ij 2] .
+ ; b Lajlej(t) — x;(8)] + ; W'x’“) ~x)
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n d+L
Z 1- T .U(t - 1](t)))

-(1- Ti]'(t))}
_ _Z": o —ZZbl]LU Zd Lystlbtt) - 0.

From [H5], we can see that there exists a positive constant @ > 0 such that

lj(t = 7ij(t)) = x(t = Tij(D))]

n n
ay 2 Y obtly+ Y dilyt+a, i=1,2,.,m,
I I

then we can have

Vi)
dt

—aV(t), t>0, t # . (4.2)

Moreover,

V(te+0) = ) it +0) = x;(t + 0)|

i=1

(4.3)

n

<Y it = ()| = Vi), ke Z.

i=1
By using the exponential stability theorem [14], and (4.3), we have

v _

yT —aV(t) - V(t) < e ™V(0), Vt >0,

Thus, we can obtain
Y it) = %)) < e 1xi(0) - x;O)l, ¥t > 0.
i=1

By Definition[2.3} we can conclude that the periodic solution of system is globally exponentially stable.
The proof is now completed. [

5. Numerical example
In this section, we present an example to demonstrate the results obtained in previous sections.

Example 5.1. Consider the following neutral-type neural networks with impulses and delays:

2
(A (t) = —ai(tyxi(h) + 2 [t fixi(1)

+dij(t)g(x; (¢ mt»)] + Ii(h), (5.1)
Axi(te) = xi(t)) = xi(ty) = ea(xi(t)), t = tx = kT,
i=1,2k=12,..,
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where

2

Api(h) = xi(t) = ) (it = 64(1), i=1,2,

=1
Li(t) = 1 +sin(mtt), I(t) = 1 + cos(mt),
a;(t) =1, bi]'(t) = dl']'(t) =0.01, f](u) = g]-(u) = 0.2sin(u),
1 . 1
Tij(t) = 3 sin(mt), 6;i(t) =1— 3 cos(tt),
cij(t) = 0.01 + 0.01 sin(weT),
enx1(te) = —0.5x1(t), exxa(ty) = —0.4x2(ty).
Fori, j=1,2, we have,

af =a; =1, ¢, =002, Lyj = Ly; = 02,

’ _ 1 . _ 1 — 1 + _ g+ —
6ij(t) =3 sin(rtt), T = max {Tl-]-} =& bi]. = dl.j =0.01,

1<i<n1<j<n

then, we can see that assumptions [H1], [H2] and [H4] hold.
Moreover, by a simple calculation, we have

et

Z |C+| <1 —l] <1, 01 = max ¢/ (1) =
te[0,T]

a; lelc
\/<1—al> Y let?

~ 0.95722 > 0,

and

n n
gy = Y 2b%Ly = Y | diLajT ~ 0.99043 > 0, i =1,2.
j=1 j=1

thus, we can see that assumptions [H3], [H5] and [H6] hold. Therefore, by Theorem and we can obtain
system (5.1) has a global exponential stable 2-periodic solution. This fact can be presented in the following Figurel[l|
and Figure[2].

08 b

06 F

0 5 10 15 20

Figure 1: Time-domain behavior of the state variable x; with impulsive effects.
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Figure 2: Time-domain behavior of the state variable x, with impulsive effects.

6. Conclusion

In the real world, impulsive differential equations are suitable for the mathematical simulation of evo-
lutionary processes in which the parameters undergo relatively long periods of smooth variation followed
by a short-term rapid change in their values. Processes of this type are often investigated in various fields
of science and technology. In this paper, we investigated a generalized neutral-type neural networks with
impulses and delays and the neural network model with impulses shows the neutral character by the
Ai(i = 1,2,...,n) operator, which is different from the corresponding ones known in the literature. The ex-
istence and global exponential stability of T-periodic solution have been completely established by means
of the Mawhin’s continuation theorem and by constructing the appropriate Lyapunov functional. These
results extend previous works. Some interesting questions deserve further investigation.
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