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Abstract. We introduce an inertial type gradient projection hybrid iterative method for finding a common
solution of generalized mixed equilibrium, variational inequality and fixed point problems in a two-
uniformly convex and uniformly smooth Banach space. Next, we analyze the strong convergence for a
common solution of problem. Furthermore, we carry out some consequences and present a numerical

example to show and tell the applicability of main theorem. Our result improves, unifies, generalizes and
extends ones from several earlier works.

1. Introduction

Let Y* denotes the dual space of a real Banach space Y. We denote the value of the functional j € Y* at
x1 € Y by (x1, j) and the norm of Y or Y* by ||.||. Let P # 0 be a subset of Y. A mapping J : Y — 2" such that

Jx1 = {x2 €Y' x, x1) = |l = IlalP), Vxi €Y.
is called normalized duality mapping.

LetG: PXxP — R, b: PxP — Rbe bifunctions and D : P — Y* be a nonlinear mapping, where R

is the set of all real numbers. In this paper, we consider generalized mixed equilibrium problem (in brief,
GMEP)as: Find u; € P such that

G(uy, uz) +(Duy, up — uy) + b(uy, uz) — b(uy, u1) 20, Yu € P.

@
The solution set of GMEP(1) is denoted by Sol(GMEP(1)).

If D = 0 then GMEP(1) convert to generalized equilibrium problem (in brief, GEP): Find u; € P such that
G(u1, uz) + b(ur, uz) — b(uy,u1) 20, Yup € P. )
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The solution set of GEP(2) is denoted by Sol(GEP(2)).
If D = 0 and b = 0 then GMEP(1) becomes equilibrium problem (in brief, EP): Find u; € P such that

G(uq,u2) 20, Yup € P, 3)

The solution set of EP(3) is denoted by Sol(EP(3)) and (3) introduced by Blum and Oettli [2].
The variational inequality problem (in brief, VIP): Find u; € P such that
(up —uq,Buy) >0, Yup, € P, 4)
where B : P — Y* be a nonlinear mapping. VIP(4) is studied by Hartmann and Stampacchia [9] and
Sol(VIP(4)) denotes its solution.

Let T : P — P be a nonlinear mapping. we define fixed point problem (in brief, FPP): Find u; € P such
that

E(T) = {u; € P: Tuy = uy}. ®)
Takahashi et al. [18] proposed an algorithm in 2009 as:

X9 € P,

Uy = ]_1(an]xn +(1- an)]Tlxn)/

z, € P such that g(z,,v) + r—(v —2zZn, Jzu — Ju,) 20, Yo € P,
n

PVI = {w € P : Qz)(wrzn) S qb(w/xn)}/

Qu={w e P:{x,—w,Jxo— Jx,) > 0},

Xn+l = Hprz ﬂquO’

(6)

Recently, Kazmi and Ali [14], studied an iterative result for finding a common solution of EP (3) and
FPP (5) for an asymptotically quasi-¢-nonexpansive mapping. For further study of some generalizations
of algorithms (6), see[7, 8, 10-12, 20].

In 2008, Mainge [15] development and studied the following inertial method:

)

Zp =Uy+ Qn(un - un—l)r
Upr1 =1 —ay)zy +a,Tz,.

In a short while ago, Dong et al. [4, 5] studied inertial iterative result in Hilbert space frame.

It is important to highlight that in the framework of Banach space, the inertial iterative algorithm is still
unexplored.

Therefore, inspired and motivated by the endeavor of Dong et al. [5], Mainge [15] and Takahashi et
al. [18], we proposed an inertial type gradient projection hybrid iterative algorithm for finding a common
solution of GMEP(1), VIP(4) for a y-ism and FPP(5) for a family of quasi-¢-nonexpansive mappings in
two-uniformly convex and uniformly smooth Banach space. Next, we analyze the strong convergence for
a common solution of problem. Furthermore, we carry out some consequences and present a numerical
example to show and tell the applicability of main theorem.

2. Preliminaries

We offered some necessary definitions and results which are needed in succession.
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Let S = {x1 € Y : ||x1]| = 1} be the unit sphere of Y and if w <1,V¥x1,x € Swith x1 # x, then Y is said
to be strictly convex. If for any ¢ € (0,2] there exists a 6 > 0 such that

. . e+ x
llx1 = x2]| > € implies % <1-06, VYx1,x €S,

then Y is called uniformly convex. Note that it is strictly convex and reflexive.

+ —
The space Y is called smooth if lin& lba + szl = lball
5—

s
is attained uniformly, Yx;,x, € S. The space Y enjoys Kadec-Klee property if for any {x,} C Yand x; € Y
with x,, — x1 and |[|x,|| = ||x1|| then ||x, — x1]] > 0 as n — oo.

exists, Yx1,x; € S and uniformly smooth if the limit

A mapping ¢ : Y X Y — R such that
B, x2) = Pl = 20w, Jxo) + [l Var,x2 €Y, (8)

is called Lyapunov function.

From (8), we have

(lxall = lIx2l)? < @1, 22) < (lall + lIx2ll), Vi, x2 €, )

P(x1, T (A Jxa + (1= A)x3)) < A(x, x2) + (1 = A)plxr, x3), Yxi,x2 €Y, A €[0,1], (10)
and

d(x1,x2) = |lxllllfx1 = Jxall + llx2llllxr — x2ll, Vi, x2 € Y. (11)

Remark 2.1. ¢(x1,x2) =0 © x1 = xp, Vxq,X2 € Y provided Y be smooth, reflexive and strictly convex Banach
space.

Definition 2.2. A function T : P — Y" is known as

(i) monotone if (x1 —x2,Txy —Tx2) 20, Vxi,x0€Y;
(if) y— inversestrongly monotone (in short,ism) if 1y > Osuch that (x;—xp, Tx1—=Txp) > yllTx1—Tx2||2, Vx1,% €
Y;
(iii) Lipschitz continuous if AL > 0 such that ||Tx1 — Txp|| < Lllx; — x2||.

If T is y— ism then it is Lipschitz continuous with 71, as a constant.

Lemma 2.3. [21] Let Y be a 2-uniformly convex and smooth Banach space. Then, Vx1,x € Y, ¢(x1,x2) > cllx1 —x3|%,
where 0 < ¢ <1 and called two-uniformly convex constant.

Lemma 2.4. [21] Let Y be a two-uniformly convex Banach space, then
2
1 =%l < —llJx = Jxall, Yo, x2 €Y,

where c be defined in Lemma 2.3.

Lemma 2.5. [13] Let Y be an uniformly convex and smooth Banach space and let {u,}, {v,} C Y with either {u,} or
{vn} is bounded. If lim ¢(uy,,v,) = 0 then lim |ju, — v,|| = 0.

Remark 2.6. Using (11), it is accessible that the converse of Lemma 2.5 is correct provided {u,} and {v,} both are
bounded.

Definition 2.7. [3, 16] Assume T : P — P be a function. Then:
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(i) a point uy € P is called an asymptotic fixed point of T if {u,} C P with u, — ug such that lim [|Tu, —u,|| = 0.
n—oo

F(T) denotes asymptotic fixed points of T.
(ii) T is called relatively nonexpansive if F(T) = F(T) # 0 and ¢(ug, Tu) < ¢p(ug, 1), Yu € P,ug € F(T).
(iii) T is called quasi-¢-nonexpansive if F(T) # 0 and ¢(uo, Tu) < ¢(uo, u), VYu € P,ug € F(T).

Lemma 2.8. [19] Let Y be a uniformly convex and smooth Banach space, P C'Y be closed convex and T : P — P be
closed and quasi-¢-nonexpansive function. Then, F(T) is closed and convex.

Lemma 2.9. [13] Let Y be an uniformly and smooth convex Banach space. Then, 3 g : [0,2r] — R a strictly
increasing, continuous and convex function, for r > 0 such that g(0) = 0 and g(|lx1 — x2||) < P(x1,x2), VX1, %2 € By,
where B, be the closed ball of Y.

Lemma 2.10. [22] Let B,(0) be a closed ball of a uniformly convex Banach space Y, where r > 0. For {x1,x3, ..., xn} C
N

B/(0) and {Aq, A, ..., AN} be positive numbers with ), A; =1, 3 g : [0,2r) — [0, 00) a continuous strictly increasing
i=1

and convex function with g(0) = 0 such that

N N
|| Z Anxn”2 < 2 /\n“x””Z - AZA]g(”xl - x]“)r Z/] = 1r2r"-/Nr i< ]

n=1 n=1

Lemma 2.11. [17] Let P # 0 be closed convex subset of Y and B : P — Y* be monotone and hemicontinuous function.
Then, VIP(4) is closed and convex.

Lemma 2.12. [13] Let P # ( be closed convex subset of a strictly convex, reflexive and smooth Banach space Y. Then,
A a unique element xo € P such that ¢(xo,x1) = inlg ¢(u, x1), forx, € Y.
ue

Definition 2.13. [1] Amap Ilp : Y — P is said to be generalized projection if I1px1 = ug, for any x1 € Y and ug be
the solution of ¢(ug, x1) = inlgqb(u, x1).
ue

Lemma 2.14. [1] Let P # 0 be closed convex subset of a strictly convex, reflexive and smooth Banach space Y. Then
¢, Ipx1) + p(Ipx1, x1) < p(u,x1), Yue€P and x €Y.

Also, forx; € Yandu € P,
u=Ilpxy; == u-9,Jx;—Juy>0, YoeP.

Assumption 2.15. The bifunction G : P X P — IR satisfies as:
(i) G(u,u)=0, YueP;
(i) G(u,v)+ G(v,u) <0, Yu € Pi.e., G is monotone;
(iii) the mapping u — G(u,v) is upper hemicontinuity, Vv € P;
(iv) the mapping v — G(u,v), Yu € P is lower semicontinuous and convex.
Assumption 2.16. The bifunction b : P x P — IR satisfies as:
(i) b(u,u) —b(u,v) = b(v,u) + b(v,v) 20, Yu,v € P, i.e., skew-symmetric;
(ii) convex in second argument and continuous.

Lemma 2.17. [6] Let Y be a strictly convex, uniformly smooth and reflexive Banach space and P C Y be closed
convex. Let D : P — Y* be a continuous and monotone mapping, let G : PXP — Rand b : PXP — R be
bifunctions satisfying Assumption 2.15 and 2.16, respectively. For x, € Y and r > 0, define T, : Y — P such that:

T,x, = {U € P:G(v,u) +{(Dv,u—v)+b(v,u) —b(v,v) + %(u —-0v,Jv—Jx1)>20,Vu e P}. (12)

Then the following holds:
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(a) T, is single valued;
(b) T, is firmly nonexpansive, i.e., Vx1,x, €Y,

(Tyx1 = Tyxo, JTyxq = JTrxp) < (Tpxq = Trxg, Jx1 — [x2);

(c) F(T,) = Sol(GMEP(1)) is closed and convex;
(d) T, is quasi-¢p-nonexpansive;
(e) @(uo, Trx1) + P(Tyrxy, x1) < Pug, x1), Y up € F(T,).
In continuation, the mapping ® : Y X Y* — R, defined by

2 2
D(xy, x7) = llxall” = Cxr, x7) + |Ixgl1°

Examine that ®(x;, x}) = ¢(x1, ] 'x}).
Lemma 2.18. [1] Let Y be a strictly convex, smooth and reflexive Banach space. Then,

D(xq,x7) + 2(]‘1x’i —x1,%) £ O(x1,x] +x3), Vx1 €Y, x3,x, €Y.

3. Main Result
In this section, we provided our main theorem:

Theorem 3.1. Let Y be a 2-uniformly convex and uniformly smooth real Banach space with dual Y* and let P C Y be
nonempty closed and convex. Let B : P — Y* be a y— ism mapping with constant y € (0,1). Let G : PX P — R and
b : Px P — R be bifunctions satisfying Assumptions 2.15 and 2.16, respectively and D : P — Y* be a continuous
and monotone mapping,. For eachi=1,2,...,N, let T; : P — P be closed quasi-¢ nonexpansive mappings such that

I' := Sol(GMEP(1)) (N Sol(VIP(4)) ﬂ(ﬁ\l) F(Ty)) # 0. Let {x,} generated by schemes:
i=1

Xo,X1 € P, P1 = P,

Wy = Xp + Qn(xn - xn—l)r

Yn = HC]il(]wn - Hann);
N

Oy = ]_1(an,0]wn + Z an,i]Tiwn)/
i=1

Zy = ]_1(671]]/71 + (1= 64)Jvn),

uy, =T, z,,

Py ={z € P:P(z,uy) < P(z,wy)},

Qu=1{z€P:{xy—2zJx, — Jxo) <0},
Xn+1l = HpnﬂanO, Yn > 1.

(13)

Consider {a, i} and {0,} be sequences in [0, 1] and {0,,} C (0, 1) satisfying:

N
i X ai=1;
i=0
(ii) liminfa,pa,; > 0;
n—oo
(iii) limsup, , 6, <1;
(iv) 74 € [a, o), for some a > 0;

2y

(v) {un} € (0, 00) satisfying the condition 0 < liminf, e y, < limsup, ,  p, < -, where c be defined in Lemma
2.3.

Then, {x,} strongly converges to x*, where x* = Ilrxo, generalized projection of Y onto T.
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Proof. We divide the proof into several steps.
Step 1. First, we prove that I' is closed and convex.
By Lemmas 2.8, 2.11 and 2.17, I" # 0 be closed and convex and thus Ilrx is well defined.

Step 2. Next, prove that P, (| Qy, is closed and convex. From (13), it is obvious that Q, is closed and convex.
Clearly, P; = P is closed and convex. Moreover, P, be closed. Next, we prove the convexity of P,. For
91,92 € Py, we see that g1, g, € P. This adopt tg; + (1 — t)g2 € P, where t € (0,1), and thus

(g1, tn) < P(q1,Wn) (14)
and

¢(Q2/ Z’l‘rl) < (P(%/ wn)- (15)
The above two inequalities are equivalent to

2q1, Jwn) = 201, Jun)y < o] ? = ] (16)
and

2q2, Jwn) = 2qa, Jun) < Nlwyl* = . (17)
By (16) and (17), we have

2tqr + (1 = g2, Jwny = 2(tq1 + (1 = g2, Jit) < l[wall® = lluall®. (18)
Hence, we have

P(tq1 + (1 = D)q2,un) < Ptq1 + (1 = H)ga, wn). (19)

This implies that tq; + (1 — t), € P, and hence P, is closed and convex. So, P, (1 Q, is closed and convex,
Vn>1.

Step 3. We claim thatT' c P, " Q,, ¥n > 1.

Letx* € I and so

Qb(x*/ Uy) = ﬂb(x*/ Tr,izn)
< P, zn) (20)
= (P(X*r]_l(én]yn + (1 = 6n)Jvn))
< 6n¢(X*/ ]/n) + (1 - 5n)¢(X*/ Un)‘ (21)

Using Lemma 2.10, we compute

N
SO, T o lwn + Y aniJ Titwy))

i=1

(P(x*/ Uy)

N N
IR = 206", anofwn + ) ngf Tiaws) + llanoJwn + Y cunif Tyl
i=1 i=1
N
IR = 200,0(x", Jiv) =2 )" cun ', [ Titon)
i=1

IA

N
tanollJwnll? + Y cn il TiwalP = ot gl — JTiaw,
i=1

2 2
llx*11" = 2a0,0(x", Jwwn) + anollJwyll

N
+ ) il TaonlP = anoc g, — JTiaw, |
i=1
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N
g P, W) + Y ni(x", Titw) = atnoat, gl — ity
i=1

N
a0 (p, wy) + Z Ani PP, Wy) — A onigllJwy, — JTiwnl|

i=1

N
Y b, wn) = anoan gy - JTiv,l
i=0
¢(X*, wn) - an,Oan,ig“]wn - ]Tiwn”-
(P(-X*r W)

Using Lemmas 2.4 and 2.18, we compute

Qb(x*, Yn)

IAN 1IN

IN

IA

(P(X*/ l_IC]71 (Jw, - /Jann))

(Z)(x*/ ]_1 (Jw, — [Jann))

D(x", Jwy, — unBwy)

O, (Jwn — nBwy) + taBwy) — 2] (Jwy — pnBtwy) — x°, p1nBwy)
O(x*, Jwy) — 2un{] " (Jwy — paDwy) — x°, Bw,)

O, wy) — 2wy — x°, Bwy) = 2pu{J " (Jwy — pnBtwy) — Wy, Bwy)

(", wy) — 2wy — x°, Bwy — Bx*) = 20, (] (Jwy — pnBw,) — wy, Bwy,)
(', wy) = 20V IIBwyl + 201~ (Jw, = Bwy) = ]~ Jw,lll|Buw,l

. Ay )
<P(x /wn)_zlvanHBwn” + 2 [IBw|
2
O, W) = 24ty - C*; )IBw, 1

2
which combined with u, < CT}’, we have that

PO, yu) < P, wy).
By (21) (23) and (25) we observe that

O(x",uy) < QxT, wy).

This implies that x* € P,,. Therefore, I C P, Vn > 1.

6139

(22)
(23)

(24)

(25)

(26)

After a while, by using induction we prove thatI' ¢ P, N Q,, ¥n > 1. From Q; = P, wegetI' c P; N Q;.

LetT c P; N Q;, for arbitrary j € N. So, 3 xj41 € P; N Qj such that x4, = Hp/_ﬁQ] x. From the concept of xj,1,
we get, for all x* € P; N Q;,

(xj+1 = X", Jxo — Jxj41) 2 0.

SinceI' € P; (N Qj, we have

Xjp1 =X, Jxo — Jxj+1) 20, ¥x" €T

and hence x* € Qj;1. So, we have I' C Qj;1. Therefore, we obtain I' C Pj1 N Q1.
Thus, I ¢ P, N Q,, ¥n > 1. This means that {x,} is well-defined.

(27)

Step 4. Next, claim that {x,}, {w,}, {y4}, , {vs}, {z4}, {u,} are bounded, lim ¢(x,, xp) exists and lim ¢(x41, x1) =

0.
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By (13), we get x,, = I, xo. From x,, = Ilg, xg and Lemma 2.14, we get

P, x0) = P(Ilg,xo,Xo)
< o, x0) — p(u, g, x0) < P(u,x0), Yu el CQ,.

This implies that {¢(x,, x0)} is bounded and hence, {x,} is bounded because of (9). Further,
P(x", xn)

¢, Ip, N Q.1 %0)
= (P(X*/ xo) - Qb(xn/ xo)/

implies that {¢(x*,x,)} is bounded. Hence, {Tix,} is also bounded because of the fact ¢(x*, Tix,) <
¢(x*,x,), Yp € I'. Thus, {w,} is also bounded. From (23), it follows that {v,} is also bounded. By (25)
and (26), {y}, {z4} and {u,} are also bounded.

From x,,41 = Ilp, ng,%0 € Qn and x,, € Ilg, xo, we get
P(xn, X0) < P(Xns1,%0), ¥Yn>1.

This prove that {¢(x,, x0)} is nondecreasing. Thus, lim ¢(x,, xo) exists because of the boundedness of
{p(x, x0)}. Further, we get

¢(xn+1rxn) = ¢(Xn+1,Han0)

< (X1, x0) — P(Ig, x0, x0)
= O(Xns1,%0) — Pxn, x0), VYn2>1,
which intends
lim ¢(xn+1/ xn) =0. (28)

Using Lemma 2.5, we get

Hm [lxs1 — 24/ = 0. (29)

Step 5. We prove that x, — x*, z, — x" and u, — x* as n — oo, where x* be an arbitrary point in P.

As Y is reflexive and {x,} is bounded, 3 a subsequence {x,,} of {x,} such that x,, — x*. On account of,
P, N Q, is closed and convex therefore x* € P, N Q,,. Using weakly lower semicontinuity of || - 1%, we get

o, x0) = 1P =20, Jxo) + ol
< 1iknf_1)(i>§1f(llxnkI|2 — 2, Jx0) + IIxolI%)

= likm inf ¢p(xy,, x0)
< limsup ¢(xy,, xo0)
k—o0
< ¢, x0),
which implies that ]}im P(xy,, X0) = P(x*, x0). Hence, ]}im [lxn |l = llx*||. Further, x,, — x* as k — oo because

of Kadec-Klee property of Y. Since lim ¢(x,, xo) exists therefore it yield that lim ¢(x,, xo) = P(x*, xp). If 3

subsequence {xn/.} of {x,} with Xp; = Xas j— o, then

qb(x)‘/ jz') = k,ljlglo (P(xnk/xn,-)

kl]im (p(‘x”k’ HQV:/ xo)

hm {(P(x}’lk/xo) - qb(xnj/xo)} = 0/

k,j—o0

IA
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thatis, x* = ¥ and thus x, — x* asn — oo.

Since |[wy, = x|l = 10, (xy — x0-1)Il < I — x4—1]] and using (29), we get
lim ||w, — x,|| = 0. (30)
n—oo

By Remark 2.6 and using bundedness of {w,}, we have

lim ¢(x,, w,) = 0. 31)
By (29) and (30), we have

lim ||x41 — wall = 0, (32)

n—oo

it follows from Remark 2.6
}}g{}o O(xus1,wy) = 0. (33)
As xp41 = [1p, 0, Xo € Py, we have

(P(xnﬂ/un) < ¢(x,,+1,wn).

Using (33), we get

lim (o, tty) = 0. (34)
By (9), we have

Tim (el = lfunll) = 0,

which intend

lim [l = 'l provided  lim [l = [lx'l (35)
Hence, we have

Lim [l = Jim [l = 'l = ] (36)

which suggest that {||Ju,|} is bounded. Since Y and Y* are reflexive, we may consider Ju,, — y* € Y*. Thanks
to the reflexivity of Y, J(Y) = Y*,i.e,, Ay € Y such that Jy = y*, which intend

2 2
¢(xn+1/ ) = |IXps1ll” = 2041, Jun) + [l

(s, ) = st l? = 2021, Jun) + 11t
Further, in above equation taking limit infimum as n — oo, we have
0 = [WIP=2(xy) + 1yl
1P = 2¢x, Ty + 1]yl
= WIP =26, Jy) + vl
e, y),
i.e, x* = y and hence, y* = Jx*. Thus, Ju, — Jx* € Y*. Thanks to Kadec-Klee property of Y* and (36), we get

lim ||, - J<'l| = 0.
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By the demicontinuity of J~!, we have u,, — x*. Thanks to Kadec-Klee property of Y and (35), we get

lim u, = x". (37)

n—o00
By the weakly lower semicontinuity of || - |I> and for any £ € I', we calculate
P, x7) = |RIP -2, Jx"y + |1
< liminf(IR]% — 28, Jun) + l[u]?)
n—00
= liminf$(%, u,)
n—00

< limsup ¢(&, uy,)

n—oo

= limsup(IRI? — 2%, Jun) + llual?)

n—o0o

P(%,x%),

IA

which intend

lim p(2, uy) = (&, x"). (38)
As x, = x*,n — oo and (37), we have

lim lx, — ]| = 0. (39)
By the uniform continuity of |, we get

Tim 1], = Junll = 0. (40)

By the concept of ¢ and for any £ € I, we calculate

Qb()?, Xp) — ¢(3AC/ Uy) ”xn”2 - ||un||2 = 2(&, Jxn — Jun)

<l = wnll(lxull + [fnll) + 20212 — Jutull.
By (39) and (40), we get
Lim {(2, x0) = P&, un)} = 0. (41)
By (38) and (41), we get
lim (2, %) = (2, ). (42)

Again, by using weakly lower semicontinuity of || - |[> and for any % € T, we get

G, x) = IRIP - 2¢&, Jx) + I
< Hminf(IRI? = 2¢2, Jwn) + [[w]P)

= liminf (&, wy)

IA

lim sup ¢(%&, wy,)

n—-oo

= limsup(I2|* — 2(%, Jw,) + [[wall*)

n—o0o

P&, x7),

IA

which yield

lim (%, wy) = p(%, ). (43)
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Hence, for any £ € I' C P, and by (23), we have

(]5(3?, v,) < (P(J?, Wy). (44)
Using (43) and (44), we get
lim ¢(2,0,) = (2, ). (45)

By (20), (26), Lemma 2.17(e) and u,, = T,,z,, we have for any £ € I’

PCun,zn) = §(Ty, 20, 21)

O, zn) — ¢, T, zp)
Q& wy) — P&, up).
By (38), (43) and taking n — oo, we get

lim (it 2,) = 0, (46)

IA

and hence from (9), we have

31_1;1;10(””71” - ”ZnH) =0.

By relation (35), we have

lim [z, = ¥, "
and hence
lim 72,1l = /1, @

i.e., {llJznll} is bounded in Y*. By reflexivity of Y*, we consider Jz, = y* € Y*asn = 0. As J(Y)=Y"AyeY
such that Jy = y*. Thus,
(]5(1/[,,, Zy) ”unH2 = 2up, Jzn) + ||Zn||2
”unHz = 2y, [zn) + ||]Zn||2-
Taking liminf,_,, in above equation, we have
0 > [P -2(, v +IlyIIP
I = 24", Jy) + Iyl
11> = 2¢x", Ty) + llyll?
O, y).

From Remark 2.1, we have x* = y, i.e.,, y* = [x". Thus, Jz, — Jx* € Y*. Thanks to Kadec-Klee property of Y*
and (48)

lim [[Jz, — Jx°ll = 0.
Using demicontinuity of ]! in above yield z, — x*. Thanks to Kadec-Klee property of Y and (47), we get

lim z, = x*.

n—o0

Step 6. Next, claim that x* € T
By Lemma 2.5 and (46), we have

lim ||u,, — z,|| = 0. (49)
n—oo
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By the uniform continuity of |, we get
gg?oll]un = Jzill = 0. (50)

Further, by (30), (39) and (49), we get

lw, —zall < Nlwy = xull + |12 — nll + llttn — 24l
— 0 asn — oo. (51)

Again, by uniform continuity of ], we have
lim [|Jw, — Jz,|| = 0. (52)

By (20), (21), (23) and (24), we obtain for any £ € I’

915(3?,211) < 671(;[)(3?; ]/n) +(1- 611)(?(3?/ (9
20y
< 9 wa) ~ 2400,y = B, (53)
(54)
this implies that
2k 2 P _ (%
z.unén(y 2 )]”Bwn” < (P(x/ Wy) qb(x/ Zp)
= ||wn||2 - ”Zn”Z = 2(X, Jw, = Jzn)
< lwy = zll(lwall + llzall) + 21%M|Jw, = Jzall, (55)
it follows from (51),(52), (55) and 1,0,y — %) > 0 that
lim ||Bw,|| = 0. (56)

Since B is y-ism and so %-Lipschitz continuous. It immediately follows from lim w, = x* and (56) that

x* € B1(0). Thus, x* € Sol(VIP(4)).
Furthermore, combining (13) with (56) yields that

lim [l — 7l lim [T~ (Jew — pnBwy) — N

< lim I (Jwn = puBwn) — x|

= 0 (57)
Using Lemma 2.4 and 2.18, we estimate

¢(wnl ]/n) ¢(wﬂ/ HC]_l(]wn - [«lann))

(P(wnr]_l(]wn - Hann))

D(wy, (Jw, - Hann))

D(wy, (Jwy — nBwy) + pnBwy) = 2(J " (Jwy — pnBwy) — Wy, pnBwy)
Wy, wy) + 27 (Jwy — pnBwy) — Wy, —uBwy,)

20 (] (Jwn — 1nBwy) — w,, —Bwy)

1 (Jwn — pnBwy) — 7 Jwall

4
;uﬁIIBwnIIZ, (58)

INIA A

IA
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then using (56) we obtain that
lim (e, y,) = 0.
By Lemma 2.5, we get
lim flw, = yall = 0.
Further, by (37), (57) and (60), we get

[, —wnll = ||un_yn+]/n — Wyl
< luy — ]/n” + llw,, — yn”

— 0 asn — oo.

From r, > a and (50), we have

lim ”]“n _]ZnH —

n—o00 T'n

0.

By u, = T,,z,, we obtain

G(un/ U) + <Dunzv - M?’l> + b(vl un) - b(un/ un) + %(’U - MTL/ Iun - ]Zn> Z O/ VU € P
n

Using Assumption 2.15(ii), we have

\%

%(v — Uy, Juy — Jzu) -G(uy, v) + (Duy, u, — vy — b(v, uy) + b(uy,, uy,)

\%

G(v, uy) + (Duy, u, —v) — b(v, uy,) + b(uy,, uy).

Letting n — oo, from (62) and by Assumption 2.15 (iv), we obtain
G(v,x*) + (Dx*,x* —v) — b(v,x*) + b(x*,x*) <0, YoeP.

Forall t € (0,1] and v € P, setting v; := tv + (1 — t)x*. Hence, v; € P and thus

G(v;, x7) +(Dx", x" —v;) — b(vg, x*) + b(x*, x") < 0.

By Assumption 2.15(i)-(iv), we get

0 = G(v,vr)
< tG(v,v) + (1 - HG(v, x7)
< tG(v,v) + (1 = H[b(vy, x7) = b(x™, x*) + (Dx", vy — x™)].
< tG(vy,v) + H1 = t)[b(v, x*) — b(x*, x*) + (Dx*,v — x*)],
which yields

G(x*,0) + (Dx",v—x") + b(v,x") = b(x",x") >0, YuoeP.

Thus, x* € Sol(GMEP(1)).

N
Further, claim that x* € () F(T)).
i=1

Using (21), (22) into (25), we have for any £ € I’

(%, Uy) OnP(X, yu) + (1 - 671)(1)(55/ Un)
onP(R, wy) + (1 = 0)[P(R, wy) — an,Oan,jg”]wn = JTiw,ll]
¢(32/ Wwy) — (1 - 5n)an,0an,jg|”wn - ]Tiwn”-

ININ A

6145

(59)

(60)

(61)

(62)
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This implies that
1- 6n)an,005n,jg||]wn = JTiw,|| < d)(ﬁz wy) — ¢(32/ Uy). (63)

Now,

l[wall® = lunl* = 22, Jwo = Jutn)

< lwn = wall(fewnll + Hoenll) + 211&0[1Jon = Junll-

(P(J?r wn) - (P(J’(\f, “n)

A

Using (61) and the property of | in above inequality, we have
Hm ((%, wn) = @2, un)) = 0. (64)
By Lemma 2.9 and given conditions in (63), we have
lim (] Tiwy = Jeo,l) = 0.
Using the concept of g
lim || Tiw, = Jwall =0,
which yield
lim [Ty, = w,| = 0. (65)

By (32), (60), (49) and (61), we observe that {x,}, {y.}, {#,}, {w,} and {z,} all have the same asymptotic
behaviour, hence from (65), we have that

lim ||Tix, — x| = 0. (66)
n—oo

N N
This means that x* = T;x*, i.e., x* € () F(T;). Then, x* € Sol(GMEP(1)) N Sol(VIP(4)) ("(N F(T3)).
i=1 i=1

Step 7. Finally, we show x* = Ilrxy. Taking k — oo in (27), we obtain
=% Jxo—Jx*y>0, VxeTl.

Using Lemma 2.14, we get x* = I'lrxo. [
We provided some consequences from our main Theorem 3.1:

Corollary 3.2. Let Y be a uniformly convex and uniformly smooth real Banach space with dual Y* and let P C 'Y be
nonempty closed and convex. Let G : PXxP — Rand b : P x P — R be bifunctions satisfying Assumptions 2.15 and
2.16, respectively and D : P — Y* be a continuous and monotone mapping. For eachi=1,2,..,N,let T; : P — P

N
be closed quasi-¢p nonexpansive mappings such that T' := Sol(GMEP(1)) (N F(Ty)) # 0. Let {x,} generated by
i=1

schemes:
Xog,X1 € P, P1:=P,
Wy =Xy + Gn(xn - xn—l)r
N
On = ]_1(0(71,0]1071 + Z an,i]Tiwn)r

Zy = I_l(én]wn + (1= 064)]on), (67)
Uy = Trnzn/

P, = {Z EP: (;[)(Z, un) < (qb(zl wl’l)}l
Qu=1{z€P:{xy—zJxu = Jxo) <0},
Xn+1l = HPnﬂanOI Yn > 1.

Consider {ay, i} and {0,} be sequences in [0, 1] and {6,,} C (0, 1) satisfying:
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N
(i) Yani=1
i=0
(ii) liminfa,pa,; > 0;
n—oo
(iii) limsup, , 0, <1;
(iv) 1y, € [a, 00), for some a > 0.

Then, {x,} strongly converges to x*, where x* = Ilrxo, generalized projection of Y onto T.

Corollary 3.3. Let Y be a uniformly convex and uniformly smooth real Banach space with dual Y* and let P C 'Y be
nonempty closed and convex. Let G : P X P — R be bifunction satisfying Assumption 215and D : P — Y* bea
continuous and monotone mapping. For eachi=1,2,...,,N, let T; : P — P be closed quasi-¢ nonexpansive mappings

N
such that T := Sol(GEP(2)) N(N F(T%)) # 0. Let {x,} generated by schemes:
i=1

Xo,x1 € P, P1:=P,
Wy =Xy + Gn(xn - xn—l)r

N
On = ]_1(0(n,0]wn + ) ayiJTiwy),
i=1

Zy = I_l(én]wn + (1= 064)]on), (68)
Uy = Trnzn/

P, = {Z EP: (;[)(Z, un) < (1)(2/ wl’l)}l
Qu=1{z€P:{xp—zJxu = Jxo) <0},
Xn+1l = HPnﬂanOI VYn>1.

Consider {a, i} and {0,} be sequences in [0, 1] and {6,,} C (0, 1) satisfying:

N
(i) Z Qi = 1;
i=0
(ii) liminfea,oa,; > 0;
n—oo
(iii) limsup, . 6, <1;
(iv) 74 € [a, o), for some a > 0.

Then, {x,} strongly converges to x*, where x* = Ilrxo, generalized projection of Y onto I'.

Remark 3.4. If Y is a Hilbert space, then we have Y* = Y, | = J-' = I, an identity mapping, ¢(x1,x2) =
llx1 = x5)?, forallxi,x, €Y, c =1, the two uniformly convex constant, I1p = Pp, projection mapping onto P and

N
nonexpansive mappings T;, for each i = 1,2, ...,N with (\ F(T;) # O are quasi-¢p nonexpansive mappings. Thus, if
i=1

N

one replaces quasi-¢p nonexpansive mappings into nonexpansive mappings with () F(T;) # 0 in a Hilbert space then
i=1

the assertions of Theorem 3.1 remain valid.
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4. Numerical Example

Example 4.1. Let Y = R, P = [a,b], where a,b € R but fixed, and let G : P X P — R be defined by G(u,v) =

(u—1)(v—u),Yu,v € Pand b : P x P — R be defined by b(u,v) = uv, Yu,v € P; let D : P — R be defined by

D(u) = u, Yu € P. Let B: P — R be defined by Bu = (3u — 1); let T; : P — P be defined by T;u = {5:u. Setting
N N

{un) = {82, = 1,60, =09, ay0 =3, ¥ o = 1 such that Y, o, = 1 and {6,,} = {%}, Vn > 1. Let {x,}, {u,} and
i=1 i=0

{zu} be generated by the hybrid iterative algorithm (13) converges to x* = {3} € I':

Proof. Obviously G and b satisfy Assumptions 2.15 and 2.16, respectively and D is continuous and monotone
and hence Sol(GMEP(1)) = {%} # 0. Also, B is %-ism and Sol(VIP(4)) = {%} # 0. And T is quasi-¢-
nonexpansive with Fix(T}) = {%}. Thus, T' := Sol(GMEP(1)) N Sol(VIP(4)) N F(T;) = {%} # 0. The iterative
scheme (13) becomes following scheme after simplification: Initial values given xo,x1,

wy = Xy + Op(x, — X4-1)

0, ifx <0,
]/n = ]PP(wn - [JVIBw‘Vl) = 1/ ifx > 1/ ’
Wy — Uy 3, otherwise.
N 1+4z 69
Up = Oy oWy + Z &y Wy, Zn = 6n]/n + (1 - 671)071; Uy = 7 n; ( )
i=1
+
Cu =[en,00), where e, = - 2w”;

Qu = [xn, );

Xu+1 = Pp,ng,%0, ¥n =1, IP denotes the metric projection.

Finally, using the software Matlab 7.8.0, we have following figures which show that {x,}, {u,} and {z,}
1

convergeto £ = {3}asn — +oco. [

Fig.1: Convergence of {x “}, (zn) and (un} when xo=1, x1=4
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Fig.2: Convergence of {x o} {z, }and {u_} when x0=-1, x,=4
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5. Conclusions

We proposed an inertial type gradient projection hybrid iterative algorithm for finding a common
solution of GMEP(1), VIP(4) for a y-ism and FPP(5) for a family of quasi-¢-nonexpansive mappings in
two-uniformly convex and uniformly smooth Banach space. Theorem 3.1 is an upgrade of the result of [16]
and [5] in the following sense:

(i) In [16], the authors studied and analyzed a convergence theorem for a relatively nonexpansive
mapping whereas in our Theorem 3.1, a convergence theorem is showed for a family of quasi-¢
nonexpansive mappings.

(ii) In [5], the authors studied convergence analysis theorem in a real Hilbert space for one nonexpansive
mapping where as in our Theorem, we studied in the much more general 2-uniformly convex and
uniformly smooth Banach space and for a family of quasi-¢ nonexpansive mappings.
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