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Abstract. For a t-uniform hypergraph H = (V(H), E(H)), the Estrada index EE(H) of H is defined as
Yiep €%, where 04,...,0, are the eigevalues of the adjacency matrix of H. In this paper, the extremal
t-uniform unicylic hypergraph which has maximum Estrada index are characterized.

1. Introduction

Let H = (V(H), E(H)) be a hypergraph with vertex set V(H)(= [n] = {1,2,...,n}) and edge set E(H), where
E(H) € 2V and 2V stands for the power set of V(H). A hypergraph H is t-uniformif|e| = ¢ forany e € E(H),
and 2-uniform hypergraphs are well-known ordinary graphs. For any nonempty subset S of V(H), the sub-
hypergraph H[S] induced by S is (S, E(H[S])), where S is its vertex set and E(H[S]) = {V(e) N S : e € E(H)}.
Let E(v) = {elv € e € E(H)} and let d(v)(= |E(v)|) be the degree of v in H. For any e € E(v) C E(H), if |e| > 3,
let E(v) \ {v} = {e\ {v} : e € E(v)} be obtained from E(v) by v-shrinking on E(v). Especially, we say that e \ {0}
is obtained from e by v-shrinking on e. Let Ny(v) = {u|lu,v € e € E(H)}. A vertex with degree 1 is called
pendent vertex and an edge e is called a pendent edge if ¢ contains exactly |e| — 1 pendent vertices.

A walk W in H is a sequence of alternating vertices and edges vpeiv1e; - - - €0, Where v;_1,0; € ¢; for
i € [p]. If v; (resp. e;) are all distinct for i € [p] U {0} (resp. i € [p]), then W is called a path. If |e; N ej| < 1 for
i # j,i,j € [p], Wis also called a loose path. A cycle is a loose path satisfying vy = v,. For any u,v € V(H),
if there is at least one path connecting u with v, we say that H is connected. An edge e € E(H) is a cut edge
if H — e is disconnected, where H — ¢ = (V(H), E(H) \ {e}). For more detailed notations and terminologies
related to walks, please see Table 1.

For a connected t-uniform hypergraph H with order n and size ¢, its cyclomatic number c(H) is defined
as €(t — 1) — n + 1. In particular, 0-cyclic hypergraph and 1-cyclic hypergraph are called supertree and
t-uniform unicyclic hypergraph, respectively. Let U(n) be the class of t-uniform unicyclic hypergraphs of
order n. For m, t > 3, let Cy, s = v1€1726203 - - - Upe,, 01 be a t-uniform cycle of length m, for i € [m],

e = {0i, Vi1, Uit, Uin, - - ., U2}, Ums1 = 01, )
Vo ={v;: i€ [m]}.
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Table 1: Nomenclature

Wi (H; u, v) the set of (1, v)-walks of length k in H

M (H; u,v) |Wi(H; u, v)|, that is, the order of Wi(H; u, v)

Wi (H; u) the set of (u, u)-walks of length kin H

Wi(H) the set of Uy Wi(H; u)

Mi(H) IWi(H)|

Wi (H; u, [v]) the set of (1, u)-walks of length k which pass through v in H

(Hi;u1,v1) 2 (Hpsup,v2)  Mi(Hy;ur, v1) < My(Ha; up,v7) for any positive integer k
(H1;u1,v1) < (Hp;up,v2)  (Hy;u1,v1) < (Ho; up, v2) and My, (Hy; 11, v1) < My, (Ha; u2, v2) for
some positive integer ko
(H1; up) < (Ha; up) My (Hq; u1) < My(Ha; up) for any positive integer k
(Hy;u1) < (Ha; uz) (Hy;u1) < (Ha; u2) and My, (Hy; u1) < My, (Ha; uz) for
some positive integer ko

Let U(m, n) be the class of t-uniform unicyclic hypergraph of order n obtained from C,, ; (which is described
as in (1.1)) by attaching 5 — m pendent edges to some vertices in V. Note that e(t —1)—-n+1 =1, it
has € = 7 a nonnegative integer. For some other notations and terminologies which are not given in this
paper, please refer to [1].

The adjacency matrix A(H) = (a;;) of H is defined as

Lo |MecEMH)ijeec VH), ifi# ],
Y70, ifi=j.

The characteristic polynomial of H is the determinant |xI — A(H)|, where I is the identity matrix of order n.
The eigevalues 0, ..., 0, of H are the zeroes of [xI — A(H)|.

In [5], Estrada and Rodrgiuea-Velaquez proposed a measure 1 ¥,.,; €% to describe the sub-hypergraph
centrality of H, which has found extensively applications such as in chemistry, complex networks and other
interdisciplinary fields [5, 8]. In [11], the authors named directly }’;c, % as Estrada index of H, denoted it
by EE(H). More applications on Estrada index for ordinary graphs have been proposed, for examples, see
[6,7,9,10]. At the same time, many mathematical properties about the Estrada index of ordinary graphs
have been obtained, such as [2—4, 13, 14] and references therein. Note that graphs are limited to representing
pairwise relationships between entities. However, in real-world there are more multi-way relationships,
which can be modeled by hypergraphs. So the applications of theory of hypergraphs have attracted the
interest of many researchers, but this research is still in its beginning stage. Since Li et al. [11] generalized
the notation of Estrada index from graphs to hypergraphs, few results in this field have been obtained.
Recently, some extremal properties of Estrada index on t-uniform hypergraphs are obtained[12, 15, 16]. In
this paper, we will continue to study the properties on Estrada index for hypergraphs.

The following lemmas are useful in our main results.

Lemma 1.1. [12] For a t-uniform hypergraph H = (V(H), E(H)) with a cut edge e = {uy,uy,..., us}, t = 3, if
dy(uq) = 1 and dy(uyp) > 2, then (H; up) < (H; uy).

Lemma 1.2. [12] For a hypergraph H = (V(H), E(H)) with u,v € V(H) and Ey = {e1,e2,...,es}, where e, €
2VED) ey N {u, v} = 0 for h € [s]. Let

E, = le,=enU{u}:ey€Eohels]},

E, le, =enU{v}: ey € Eg,h € [s]};

H,=H-Ey+E,and H, = H— Eo + E;. If for any w € Uy en, (H; u) < (H;0) and (H; w,u) < (H;w, v), then
EE(H,) < EE(H,).
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2. Extremal t-uniform unicyclic hypergraph with maximum Estrada index

In this section, we consider the extremal structure of f-uniform unicyclic hypergraph with maximum
Estrada index.

Lemma 2.1. For a t-uniform unicyclic hypergraph H with unique cycle Cy,; (which is described as in (1.1)), let
u € Vy and uy be a pendent neighbor of u in H, then (H; u1) < (H; u).

Proof. Letuy € f ={u,uy,uy,...,u1}.

Case 1. f ¢ E(Cy), then f must be a cut edge of H, by Lemma 1.1, we have (H; u1) < (H; u).

Case 2. f € E(Cyy).

Let A; be the hypergraph obtained from H by u-shrinking on E(u), and A be the hypergraph obtained
from H by u;-shrinking on E(u1). Then

Wi (H; u1) Wi(A1; u1) U Wi(H; uq, [u]),
WirH;u) = WAz u) U Wi(H; u, [u1]).

Further we have

Mi(H; uy)
Mi(H; u)

Mi(Av; ur) + Mi(H; uy, [u]),
My(Az; u) + My(H; u, [u]).

It is easy to see that
Mi(Aq;ur) < Mi(Az;u) (resp., Mi(Aq; ur, u)) < Mi(Az;u, u;))
for any nonegative integer k and i € [t — 2] \ {1}, and for k = 2, by direct calculation, we have
My(Aj;up) =t =2 <t =24 (dy(u) — 1)t — 1) = Ma(Az; u).

For any W € Wi (H; uy, [u]), let W = W1 W,, where W is either a walk which consists of (1, u1)-section
of length I; — 1 in A; and a (3, f, u)-section of length 1 or (uj,u;)-section of length ; —1 in A; and a
(ui, f,u)-section of length 1 fori € {2,...,t —1}; and W5 is a (u, u1)-section with length I, in H. Then we have

MH;u) = MiAu)+ ) Mia(Aun)My(H; ) +
L+l=kl;,l,>1
t—1
My, _1(Ay; ug, u)) My, (H; u, uy).
i=2 l1+lp=k1,l,>1

Similarly, we have
MHiu) = MiAgu)+ Y Mya(Ay )My (Hiu, ) +

Li+lh=k1,l,>1

~

M, 1(Ag; u, up)) My, (H; uy, u).

1
i=2 h+lh=k,l,b>1

Hence My(H; u1) < Mi(H; u) for any nonegative integer k and My(H; u1) < Ma(H; u). So (H; u1) < (H;u). O

Lemma 2.2. For m > 2,t > 3, let Hy be a t-uniform unicyclic hypergraph with maximum Estrada index among
t-uniform unicyclic hypergraphs of order n with unique cycle C,,; (which is described as in (1)), then Hy € U(m, n).
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Proof. Let u be a vertex in V), if there exists a non-pendent neighbor 11 of u outside C,; or in V(C,,) \ Vo,
for i € [dp,(u1) — 1], let & be the edge which is incident to uy, e; = €; \ {u1} but u ¢ ¢;. For convenience, let

Eo = He e ... 401}
Eu = {ei U {1/[}, e € EO/i € [dHo(ul) - 1]}/
E, = {eiU{ui}, e € Ey, i€ [dy,(ur)—1]}.

Further let H = Hy — Eg. Then we have the following results:
(i) du(u1) =1 and dy(u) = 2. By Lemma 2.1, (H; u1) < (H; u);
(ii) For any w € V(Ey), Mi(H; w, u1) = Mi(H; w,u) = 0, then (H; w, u1) < (H; w, u);
(iif) H + E, is also a t-uniform unicyclic hypergraphs of order n with unique cycle Cy, ;.

By Lemma 1.2, we have EE(Hy) < EE(H + E,), a contradiction. Thus Hy € U(m,n). O

From Lemma 2.2, in order to obtain f-uniform unicyclic hypergraph with maximum Estrada index in
U(n), we only need to consider the hypergraphs in U(m, n).

Lemma 2.3. For U € U(m,n) with unique cycle C,,; (which is described as in (1)), there exist ni(n; > 0) pendent
edges attaching at v; for i € [m]. Let H be the hypergraph obtained from U by vi-shrinking on e,,. If m > 4 and
ny < ng, then

@) (H;01) < (H;03);
(i) (H;w,01) < (H;w,v3) for w € (O, 1, Uz, - - -, Um -2}
Proof. (i) Let H be the hypergraph obtained from H by vs-shrinking on e; and H; be the component of a

containing v, and H be the hypergraph obtained from H by v;-shrinking on e; and H; be the component of
H containing v,. Obviously, H; is a proper sub-hypergraph of H. Then

(1) (Hy;v1) < (Ho;03), (Hi;01,02) < (Hz;v3,02) and (Hy; 01, u15) < (Hp; 03, uz) for i € [t - 2].
(2) For any positive integer k,

Mi(H;v1) = Mi(Hy;01) + Mi(H; 01, [03]),
Mi(H; v3) My (Hz; v3) + Mi(H; v3, [01]).

For any W € Wi(H; vy, [v3]), let W = W;W,, where W is the shortest (v1, v3)-section, which consists of
(v1,v2)-section (or (v1, uy;) -section, i € [t — 2]) of length I; — 1 in H; and (v2, 2, v3)(0r (12, €2, v3))-section of
length 1, and W; is the remaining (v3, v1) -section of length I; in H. Then we have

Mi(H; vy, [03]) = My, _1(Hy;v1,02)My,(H; v3,v1) +
hi+h=kl,,>2
t-2
M, —1(Hy; 01, u2i)My, (H; v3, 01).
i=1 li+lp=k,1,>2
Similarly,
Mi(H;v3,[01]) = My, _1(Ha; v3,v2)My,(H; v1,v3) +

hi+h=kl,,>2
-2

M;,-1(Ha; v3, u1;)My,(H; v1, v3).
i=1 li+lh=k,1,>2

Then My (H; v1, [v3]) < Mk(H; v3, [v1]). Hence (H; v1) < (H; v3).
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(i) For h € [m] and j € [n;], let ey = {vy, v}lj, s, vfl;l} be the pendent edges attaching at vj,, and

Ve, = | (i \ fou.
jelm]

Fora W € Wi(H; w,v1) and w € {0y, U1, Um, - . ., Ums—2}, let W = W W,, where W; is the longest (w, vy)-

section of W, and W, is the the remaining (v, v1)-section of W which the internal vertices (if exist) are

only possible to belong to Vi, U {u11, u12, ..., u1,-2}. Let W), be obtained from W, by replacing v; by v3, uy;

by uy for k € [t — 2], and vi}. by vgj for j € [m] and s € [t = 1]. Then W = W1 W] € Wy(H;w,v3). Thus

(H;w,v) < (H;w,v3). O

By Lemma 2.3 and Lemma 1.2, we have the following result.

Lemma 2.4. Fora U € U(m, n) with unique cycle Cy, ; (which is described as in (1)), there exist n;(n; > 0) pendent
edges attaching at v; for i € [m]. Let H be the hypergraph obtained from U by vi-shrinking on ey, and ey = ey, \ {v1}.
If m > 4 and n3 = maxiepm) n;, then EE(U) < EE(H —ep + (eo U {v3})).

Remark 1. H —¢j + (eg U {v3}) is a t-uniform unicyclic hypergraphs of order n and the length of its unique
cycleis m — 2.

Let C3(n1, n, n3) be a t-uniform unicyclic hypergraphs obtained from C; by attaching n; pendent edges
at v; for i € [3]. Without loss of generality, let 11 > 1, > n3 in the following.
Lemma 2.5. Ifny > 1 and ny > 0, then (C3(ny, nz,0);v3) < (Cs(ny, ny, 0); v1).

Proof. Let H (resp. H) be the hypergraph obtained from Cs (11, 112, 0) by v;-shrinking on e and v,-shrinking
on e (resp. vs-shrinking on e; and v,-shrinking on e;) at the same time, and H; (resp. H») be the component
of H (resp. H) containing v,. Obviously, H; is a proper sub-hypergraph of H. Then

(1) (Hy;v3) < (Hz;01);
(2) (Hi;w,v3) < (Hp;w,v1) for w € {uzy, uz, ..., us2};
(3) For any positive integer k,
Mi(Cs(ny,n2,0);v3) = My(Hy;v3) + Mi(Ca(ny, n2,0); 03, [01]),
Mi(Cs(n1,1n2,0);01) = Mi(Ho;v1) + Mi(Cs(n1, 112, 0); 01, [03]).
By (1), we know that M(H1; v3) < My(H>;v1), and there exists at least one k satisfying
My, (H1;v3) < My, (Ha; 01).

Now we only need to prove My(Cs(n1, n2,0); vs, [v1]) < Mi(Cs(n1, n2,0); v1, [v3]).

In fact, for any W € Wi(Cs(ny, 12, 0); 03, [01]), let W = W1 W,, where W; is the shortest (v3,v1)-section,
which consists of (v3,v3)-section (or (v, us;)-section, i € [t — 2]) of length /; — 1 in H; and (v3,e3,v1)(or
(usi, e3,v1))-section of length 1, and W, is the remaining (vq, v3)-section of length I, in C3(#11,112,0). Then we
have

Mi(Cs(ny, 1, 0); 03, [01]) My, _1(Hq; v3)M;,(Cs(n1, 112, 0); 01, 03) +

h+l=k,lr>1
-2

M, 1(Hy; v3, u3i)My, (Cs(ny, 12, 0); v1, 03).

i=1 L+h=kl,b>1

Similarly,
My(Cs(ny, 12,0); 01, [v3])

M, _1(Ha; v1)My,(C3(nq, 112, 0); 3, 01) +
L+h=k1,b>1
=2
My, _1(Hy; v1, u3;)M, (Cs(n1, 12, 0); 03, 01).

i=1 li+h=kl;,b>1
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Then by (1) and (2), we have M(Cs(n1,n2,0);v3, [v1]) < Mp(Cs(n1,12,0);01,[v3]). This completes the
proof. [

Lemma 2.6. Ifny > np > n3 > 1, then EE(C3(n1, na, n3)) < EE(C3(n1 + n3, 1z, 0)).
Proof. Let E1 = {es1, ..., e3,,) be set of the pendent edges attaching at v3 and
Eo ={es1 \ {va}, ..., 3 \ {U3}}.

Denote H = Cz(n1, 12, 13) — E1 + Ep, now we have the following results.

(1) The component of H containing v3 is C3(111, 112, 0). By Lemma 2.5, we know that
(Cs(111,1m2,0); v3) < (C3(m1, 112, 0);01);
(2) For any vertex w € V(Ey), Mi(Cs(n1, n2,0); w, v3) = Mi(Cs(n1, n2,0); w,v1) = 0, then
(Ca(n1, 2, 0); w, v3) < (C3(n1, 12, 0); W, v1).
Further by Lemma 1.2, we obtain EE(C3(n1, 112, n3)) < EE(C3(n1 + 13,1,0)). [

Remark 2. For H € U(3, n), repeated by lemmas 2.5 and 2.6, we have EE(H) < EE(Cz(n1 + np + n3,0))
with equality if and only if H = C3(n1 + 1y + 13,0), where n = (f — 1)(n1 + np + 13 + 3).

Let Cy(n1, n2) be a t-uniform unicyclic hypergraphs obtained from C,; by attaching #; pendent edges at
0; forie [2]

Lemma 2.7. Ifny > np > 1, then EE(Ca(n1,12)) < EE(Ca(n1 + 12, 0)).
Proof. Let E1 = {ep1, ..., €2, be set of the pendent edges attaching at v, and
Eo ={ean \ {02}, ... 2, \ {2}}.
Denote H = Cy(n1,n2) — E1 + Eg, now we have the following results.
(1) The component of H containing v, is C»(#1,0) and (Ca(111,0); v2) < (Ca(n1,0); v1);
(2) For any vertex w € V(Ey), Mi(Ca(n1,0); w, v2) = M(Ca(n1,0); w,v1) = 0, then

(Ca(n1,0); w, v2) =< (Ca(n1,0); w, v1).
Further by Lemma 1.2, we obtain EE(Cy(n1,12)) < EE(Ca(n1 + 12,0)). O

8

€

AR

> <

1

Cy(#4-3,0,0) C,(4-2,0)
Figure 1: The hypergraphs C3(;%; — 3,0,0) and Ca(; —2,0).

Let G[C5(;5-3,0,0)] (resp. G[Ca(%5 -2, 0)]) be the graph obtained from C;(;%; -3, 0, 0) (resp. Ca(7%5-2,0))
by replacing each edge of C3(;%; — 3,0,0) (resp. Ca(:55 — 2,0)) by a complete graph K;, as shown in Figure
2. Then G[C3(:% — 3,0,0)] (resp. G[Ca(:%5 — 2,0)]) has the same adjacent matrix as C3(7%5 — 3,0,0) (resp.
Ca(i5 —2,0)). Hence G[C3(:%5 — 3,0,0)] (resp. G[C2(75 — 2,0)]) has the same characteristic polynomial as
Cs(s%5 —3,0,0) (resp. Co(7%5 — 2,0)). Then

EE(GICa (=1 ~3,0,0) = EE(Ca(;=5 ~3,0,0)), @)

EEGIC:(;—5 ~2,0) = EE(Ca;—5 ~2,0). )
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! U, C

G[C (5 -3,0,0)]

Figure 2: The graphs G[C3(#; — 3,0,0)] and G[Ca(% - 2,0)].

Lemma 2.8. EE(C3(;%5 - 3,0,0)) < EE(C2(75 - 2,0)).

Figure 3: The graph A.

Proof. Let A; be the hypergraph obtained from C3(;%; — 3,0, 0) (as shown in Figure 1) by vs-shrinking on e3,
and A (as shown in Figure 3) be the graph obtained from A; by replacing each edge e of A; by a complete
graph K.

Let Vi = {vs,up1,up, ..., uzep}. Since v is a cut-vertex of A, then for any W € Wi(4;v3), it can be
decomposed into two closed sections: (v3, v3)-walk W; whose internal vertices (if exist) are only possible to
belong to V1 U {v,}; (v, v2)-walk W, whose internal vertices (if exist) are only possible to belong to V(A) - V.
Note that if the length of W is at least 1, then v, must be an internal vertex of Wj.

Let W] be a walk which is obtained from W, by replacing v3 by u11, uz1 by vy and uy; by uy; for
i€{2,3,...,t—2}. Obviously, W = WiW; € Wi(A;u11). It is easy to see that My(A;v3) < My(A; u11). Thus
(A;03) < (A;un).

Let V, = {v1, u31,usz,..., U3}, For any W € Wi(A;w,v3) and w € V,, let W = Wi W,, where W is the
longest (w, v2)-section of W which the internal vertices (if exist) are only possible to belong to V(A) -V, and
W is the the remaining (v,, v3)-section of W which the internal vertices (if exist) are only possible to belong
to V1 U {vz}. W) is obtained from W, by replacing v3 by u11, up; by v1 and up; by uy; fori € {2,3,...,t - 2}.
Obviously, W = W1 W,, € Wi(A; w, u11). Thus (A;w, v3) < (A; w, ur).

Let E,, = {wvs : w € {vg,u31,...,u3:0}} and E,,;, = {wuqy : w € {v1,u31,...,u3:-2}}. By Lemma 1.2, we
have EE(A + E,,) < EE(A + E,;,).

Further by lemmas 2.2, 2.7 and (2), (3), we have EE(C3(;%5 — 3,0,0)) < EE(C2(755 —2,0)). O

From lemmas 2.2, 2.7 and 2.8, Remark 2, we have our main result.

Theorem 2.9. Let H be a t-uniform unicyclic hypergraph, EE(H) < EE(Cao(:%5 — 2,0)) and the equality if and only
if H=Cy(%5 - 2,0).
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Y. Feng et al. / Filomat 37:19 (2023), 6497-6504 6504
3. Statements and Declarations

Author Contributions: The authors made equal contributions to this paper.
Conflicts of Interest: The authors declare no conflict of interest.

References

[1] C.Berge, Hypergraphs: Combinatorics of Finite Sets, North-Holland, Amsterdam, 1989.
[2] Z.Du, Z. Liu, On the Estrada and Laplacian Estrada indices of graphs, Linear Algebra Appl. 435 (2011) 2065-2076.
[3] Z.Du, B. Zhou, The Estrada index of unicyclic graphs, Linear Algebra Appl., 436(2012), 3149-3159.
[4] Z.Du, B. Zhou, On the Estrada index of graphs with given number of cut vertices, Electron. J. Linear Algebra, 22 (2011) 586-592.
[5] E.Estrada, A. Rodrgiuea-Veldquez, Subgraph centrality and clustering in complex hyper-networks, Physica A, 364 (2006) 581-594.
[6] E.Estrada, Characterization of 3D molecular structure, Chem. Phys. Lett., 319 (2000) 713-718.
[7] E. Estrada, Characterization of the amino acid contribution to the folding degree of proteins, Prot.-Struct. Funct. Bioinform., 54
(2004) 727-737.
[8] E.Estrada,]. A. Rodriguez-Veldzquez, Subgraph centrality in complex networks, Phys. Rev. E, 71 (2005) 056103.
[9] E.Estrada, J. A. Rodriguez-Velazquez, M.Randi¢, Atomic branching in molecules, Int. J. Quant. Chem., 106(2006) 823-832.
[10] I. Gutman, A. Graovac, Estrada index of cycles and paths, Chem. Phys. Lett., 436 (2007) 294-296.
[11] E Li, L. Wei, J. Cao, F. Hu, H. Zhao, On the maximum Estrada index of 3-uniform linear hypertrees, Sci. World J., 2014 (2014)
637865.
[12] W. Wang, Y. Xue, On the r-uniform linear hypertrees with extremal Estrada indices, Appl. Math. Comput., 377(2020) 125144.
[13] Z.Zhu, Maximal Estrada index of unicyclic graphs with perfect matching, J. Appl. Math. Comput., 54(2017) 381-393.
[14] Z.Zhu, L. Tan, Z. Qiu, Tricyclic graph with maximal Estrada index, Discrete Appl. Math. 162 (2014) 364-372.
[15] H.Lu, Z. Zhu, The Extremal Structures of r-Uniform Unicyclic Hypergraphs on the Signless Laplacian Estrada Index, Mathematics
10(6)(2022) 941.
[16] H.Lu, N.Xue, Z. Zhu, On the signless Laplacian Estrada index of uniform hypergraphs, Int. J. Quant. Chem., 121(8)(2021) e26579.



