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Abstract. The main objective of this paper is to extend the notion of harmonic convex functions for three
variables. Some associated Hermite-Hadamard type of integral inequalities are also obtained.

1. Introduction and Preliminaries

In this section, we discuss some previously known concepts and results.
Recall that a function f : A = [a,b] x [c,d] € R?\ {0} — R is harmonic convex on A, if

ab cd
f(/\a +(1-A)b" Ac+ (1 - /\)d) < (1 =A)f(@a,c)+ A, d),
for all (a,b), (c,d) € Aand A € [0, 1].

The co-ordinated harmonic convex functions is defined as:

Definition 1.1 ([9]). Consider a rectangle A = [a,b] x [c,d] € R?\ {0} with a < band ¢ < d. A function
f:A=1ab]Xx[c,d] = Ris said to be harmonic convex function of three variables on the rectangle A, if

f(Aa + Ellb— ANb” tc + (C1d_ t)d) < (A-MNA-0f@,c)+ Q- MNtf(a,d)

+A(L = B f(b, c) + At(b, d),

forall (a,b), (c,d) € Aand A, t € [0,1].

A function f : A = [a,b] X [c,d] € R?\ {0} = R will be called harmonic on the co-ordinates if the partial
mappings f, : [a,b] — R, defined by f,(u) := f(u,y), and f; : [c,d] — R, defined by f,(v) := f(x,v), are
harmonic convex for all x € [4,b] and y € [c,d]. Noor et al. [9] introduced the above mentioned concepts
and established some related integral inequalities of Hermite-Hadamard type.
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Definition 1.2. Consider a rectangular box Q = [a,b] X [c,d] X [e, f] ¢ R®\ {0} witha < b,c <dande < f. A
function g : QQ = [a,b] X [c,d] X [e, f] = R is said to be harmonic convex function on Q, if

( ab cd ef
N+ @ =N’ Ac+ (L= A)d de+ (1-A)f

forall (a,b), (c,d), (e, f) € Qand A € [0,1].

) <(1-MA)g(a,ce + Agb,d,f),

The harmonic convex functions for three variables on a rectangular box is defined as:

Definition 1.3. Consider a rectangular box Q = [a,b] X [c,d] X [e, f] Cc R®\ {0} witha <b,c<dande < f. A

function g : Q = [a,b] X [c,d] X [e, f] = R is said to be harmonic convex function on Q, if
( ab cd ef )
N+ A-Np te+ (L-Dd re+(1-nf

IA

1-M)A-H1-rg@,ce)+ Q-1 —-r)gade) + (1 - A)trg(a,d, f)
+A(1 -1 =1)g,c,e) + AQ = t)rg®,c, f) + (1 - A1 - t)rga,c, f)
+At(1 = 1)g(b,d, e) + Atrg(b,d, f),

forall (a,b), (c,d), (e, f) € Qand A, t,r € [0,1].

A function g : Q = [a,b] X [c,d] X [¢, f] € R?\ {0} — R is said to be harmonic convex function of three
variables on a rectangular box Q if for every (x, y) € [a,b] X [c,d], (x,z) € [a,b] X[e, fland (y,z) € [c,d] X [e, f],
the partial mappings

'[C d]x[e f]_>IR gx(vfw):g(xxvlw)/ xe[a/b]/
yy [a,b]x[e, fl1-> R, gyu,w) =g, yw), yelcd,
Z . [ﬂ, b] X [Cr d] - ]RI gz(”r U) = g(ur UIZ)I zZ€ [e/f]/

are harmonic convex function.

Example. One can easily show that the function g defined by f(x, y) = 3(1? is harmonic convex function of

three variables on rectangular box, but it is not harmonic convex function.
The following simple but important result plays an important role in the derivation of our main results.

Remark 1.4. If Q = [a,b] X [¢,d] X [e, f] € R®\ {0} and consider the function h : [ ] [ ] [—, —] - R
defined by h(s1,s2,53) = g( L1 ) then g is harmonic convex functzon of three variables on [a, b] X [c,d] X [e, f], if

517527 53

and only if, h is convex function of three variables on [E, E] X [1 1] ] — R3.

2. Main results

In this section, we discuss our main results.
Before we proceed further let us assume that Q) :=[a,b] X [c,d] X [e, f], a,b,c,d,e, f € R. In order to prove
our main result we first need to prove the following representation theorem.

Theorem 2.1. Let g : Q = [a,b] X [c,d] X [e, f] € R\ {0} = IR be a Lebesgue integrable function on the rectangle
box and A, t,r € [0,1], then

1 1 1
f f f g((1 = t)a+tb, (1 —t)c+ tad, (1 — t3)e + t3 f)dt1dtrdts
0 0 0

- Atr f 1 f 1 f 1 (= t)a+ 6((A = Na+ Ab), (1 - k) + b((A - He + td),
0 0 0

(1= ta)e + t3((1 — r)e + rf))dtrdhrdts
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+ (1=t fl fl fl g(@ = 1)((@ = Na + Ab) + b, (1 = b)c + (A = He + td),
0 0 0
(1-t)e + t3((1 — r)e + rf))dtdhrdts
+ A —t)rfl f f (@ = t)a+ (1= Na+ Ab), (1 - £)((1 = Bc + td) + tod,
0 0 0
(1= ta)e + ta((1 — r)e + rf))dtrdirdts
+ A1 -7) f 1 f 1 f 1 g(@ = t)a+ 6((A = Na+ Ab), (1 - L) + b((A = He + td),
0 0 0
(1= t3)((1 = e+ rf) + taf)dhdtadts
1 1 1
+ (1=-M)1-br fo fo fo (1= 1)((@ = Na + Ab) + b, (1 = t)((1 = t)c + td) + od,
(1= ta)e + ta((1 — r)e + rf))dbrdirdts
1 1 1
+ (1=l -7) fo fo fo (1= 1)((@ = Na+ Ab) + 1B, (1 - ta)c + 1o (1 = B)c + td),
(1= t3)((1 = e+ rf) + taf)dhdtrdts
1 1 1
+ A1-H1-7) fo fo fo (= t)a+ 6@ = Na+ Ab), (1 - £)((1 = Hc + td) + tod,
(1= t)((1 = e +rf) + by f)dhdtadts
1 1 1
+ (1-M)1-H1-7r) fo fo fo (= 1)((A = Ma+ Ab) + t1b, (1 = )((1 = B)c + td) + tod),
(1= t)((1 = e+ rf) + tsf)dhdtrdits (1)
Proof. One can proof by using the technique used in [10]. O

Now we prove Hermite-Hadamard inequality via harmonic convex functions of three variables on
rectangular box.

Theorem 2.2. Let g: Q = [a,b] X [c,d] X [c,d] € R®\ {0} = R be harmonic convex function of three variables on
the rectangular box. Then for any A, t,r € [0, 1], we have

oA, t,7)
b~ f
(ab)(cd)(ef) ) f f g(x, y,2) dxdydz

(Zab 2cd 2€f)
a+b'c+d e+ f

IA

(b—a)d—o)f—e 2122
< YAt
< %[g(ﬂ, c,e)+g(ade)+ga,d, f)+gb,.ce)+gb,cf)

+9(a,¢, )+ 90,d,0) + 9(b,d, )| @
where

oA L)

—/\tr( 2ab 2cd 2ef )
TN e T A 2=t td @-re+rf
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+(1- A)”g((l = /\)aziba T2 —Zt;i ) —i;ef Ty f)

A0 - tW( - )2\;1§+ A (1= t)cz-f[il Thid 2 —iji; rf)

+AH(1 - ”9( 2= ;2\;15 D (2 —zt;j T td (11— r)ez-if(l +nf )

+1 -1 - t)rg((1 — A)azj.ba + )b’ (1 - t)cz-ic-d(l +1)d (2 —ijef +7 f)

+A =KL =n)g ((1 = /\)az-[ib(l A 2 —i;j T (1 - r)ez-if(l ) f)

#A = 00y @- )ZL;Z; b (- t)czfc(l1 T o’ (1~ r)ezjf(l +nf )

A=A =H =1y ((1 = A)azjba A (1- t)czfc(ll T’ (1- r)ez-if(l ) f)'

and
V(b1 = é[/\trg(b, d, )+ (1= Mtrgla,d, ) + A1 = Drg(b,c, f) + A1 = 1)g(b,d, )

+(1 =)A= Brgla,c, f) + (1 = A1 = gla,d,e) + A(1 = (1 = )g(b, ¢, e)
+1 - -Ha - r)g(“'c'e)] * %9((1 = Aa)i T Ab (1 tc)i Tt (1- :)j; T rf)
il e ) el ) o )
+(1 - A)g(a, d, ﬁ) +r(1 - A)g(a, ﬁ,f )

ef ad
A - t)g(b’c’ A=re+ rf) - ”-‘7((1 "N+ /\b’c’f)

cd ab
+/\(1 - i’)g(b, m,e) + i’(l — T’)g(m,d, 8)

ef cd
+(1-A)(1 - t)g(ﬂ, ¢ m) +1-Ha- r)g(a, (1-tc+ td’e)

+H1-H(1 - 7)9((1_;)%'6'6)] + é[/\g(l” 1- tc)i +td (1- :)j:: + rf)

ab ef ab cd
”g(a e T=rex rf) " rg((l e+ A (1—fe+ td’f)

ab cd cd ef

- ”g((l —MNa+Ab (T fe + td’e) H- W(“’ (A—fe+td (T-re+ rf)
ab ef

+(1- f)!]((l - Aa+ 2 1-r)e+ rf)]

Proof. Let h be convex function of three variables on the rectangular box = [%, %] X [%, %] x Jl(, %], defined

by g(s1,5s2,53) = g(i, 1 l), $1,82,83 € [%, 1] X %, %] X [%, %], then for A, t,r € [0,1], we have

sp7 s3 a

2-ANa+Ab 2—-t)c+td (2—r)e+rf)

. h( 2ab 2cd 2ef



Similarly

(ii).

(iii).

IA

IA

IA

IA

IA
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C

fff (1—t1) +t1 1 )L) AL )(1—t2) +t2((1—t) e )

(-t +t3((1—r) 77 ))dtldtzdtg,

1[h(%,%,%)+h(%,(1—t)% ti}) ( (1= +t%,(1—r)%+r%)
+h (1—)\)— /\% E 1) h((1—A)—+A1, —,(1—7)]1(+1’1)

(
h(——(l 1)+h((1 /\) +/\ -1 +t1 1)
(

h(1+(1—A)}, AL 1+(1—t)d $1 }+(1—r)}+rl)

+

' f

+

1
h(l—)\) +/\ t) Sy ,(1 r)j—(+rz)]

%M%i%%%l92%¢£%H%“’$+@“‘$+”)

il

+

(1 )\)a+Ab 1 1)+h((1—/\)a+/\b 1 (1—r)e+rf)
b "d’

(% % (1—r)e+rf)+h( 1—/\)LZI+Ab (1—t)c+e{d 1)

(

h

+

ef ab ! cd "f
(1- A)+aAb (1—t)c+td (1—r)e+rf)]

h cd ef

I (1- /\)a+(/\+1)b (2—t)c+td 2-re+rf
( 2cd 2ef )

f f f - tl)((l - )\)1 + /\1) + tli,(l - tz)}i + tz((l - t)}i + t%)

(-t +t3((1—r)ch . ))dtldtzdt3

= el = =)
S R i SR
R A T A A
e e

W@ Natdb (1 -pe+(+nd Q=netrf
( 2ab ! 2cd 2ef )

fff (1—t1) +h (1—A) A2 )(1 tz)((l—t) 4ot )+t2,

(-t +t3((1 —r)ch e ))dtldtzdtg,

339
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1.1 1—Hc+td 1 111 1 A-tc+td A-r)e+r
S[h(b ( c)d ’f)+h(E'E'?)+h(E' od T ef f)
11 (A-re+rf 1-Aa+Ab (1—t)c+td 1
(E ¢’ ef ) ( ab ’ cd '7)
((1 AMNa+Ab (1—t)c+td (1—r)e+rf)
’ cd ef
(1—)\)a+)\b 11 (1-Aab 1 (A=re+rf
+h( ab ¢! }) " h( ab ¢’ ef )]

IA

(i0). h(

R-Aa+Ab Q—t)c+td A-=r)e+ (1 +1r)f
2ab " 2cd 7 2ef )

f01 fol fol h((l - tl)% +h (1 - /\)1 + Al), (1- tz)% + tz((l - t)% + t%),

(1- t3)((1 - r)% rri ) + b )dtldtzdtg,

e

(At ) (At g
(5

+h((1 —/\a)g +Ab (1~ tc);+ td (1 —re);+rf)

(et 0ot 1

IA

IN

) ((1 /\)a+(/\+1)b (1=t +(1+hHd (2—r)e+rf)

2cd 2ef

fff A-)(1-Ng + 22 )+nn A=) -n5 412+,

(-t +t3((1 _nl P ))dtldtzdtg

[h((l /\)a+/\b,(1—t)c+td 1)+h((1—/\)a+/\b’1’1)
8((1 /\)aaf/\b 1 (1—7C’)de+rf)f " J

IA

IA

7

1 (1—t)c+td 1)
ab "¢

a cd

H(z
h(l A-t)c+td (1—r)e+rf) ( % —r)e+rf)
)

I 0t Ol 1)

(0i). ((1 A)a+()\+l)b (2—t)c+td (1—r)e+(1+r)f)

2ef

fff (1—t1)(1 )\) + A= )+t1— (1-ty)= +t2((1—t) +t)
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(1- t3)((1 - r)% rri ) + s )dtldtgdtg,

[ (1- A)a+)\b 1 (1—r)e+rf)
8 ( d’ ef
(1—A)a+Ab (1—t)c+td 1-re+rf
" ( ab ’ cd ef )
1-ANa+Ab A-t)c+td 1 11 A=-re+rf
h( ab ’ cd ’E)+h(E’E’ ef )
111 A-Na+Ab 1 (1-Pe+rf
e R of )
1 A-t)c+td A-re+rf 1 I-t)c+td 1
a’ cd ef )+h(5' cd 'Z)]

IN

- /\)a+/\b (1=Hc+(1+Hd A-ne+d+nf
( 2cd ’ 2ef )

fff (1)~ +t1(1—)\) AL )(1—t2)((1—t) 1k )+t2_

1- t3)(( - r)% + r1)+ t3= )dtldtzdt3
Ly Ot ooty 0k
h(l 1 _) h((1 /\a);z+/\b’(1—i);+td (1 —1;);+rf)

(vii).

IA

IN

b’
(1 ANa+Ab (1—t)c+td 1) (1 (1—-tc+td 1)
7 +h_l—l_
cd e b cd e
((1 )\a+/\b 1 (1—r)e+rf) ((1 )\)a+/\b 1 1)]
’ ef ab “ce

(1—)\)a+(1+)\)b (I=He+(1+Hd 1-ne+d+nf
( 2cd ’ 2ef )

fff (1—t1)(1 A= +/\ )+t1— 1- tz)((l—t) +t= )+t2—

(a-n)a- e P ) )dtldtzdt3

8[ ((1 A)a+/\bl(1—tc);+td (1—7;;+rf)

N

((1 )\);1+)\b 1 1) h(ll(l—t);+td’(1—r);+rf)
a c’e a c e

(L 0008 1) Ot 0t )

h(l 1 (1—re+rf)] 10)

a’ ¢’ ef

(viii).

IA

IN
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Multiply Atr by (3), (1 — A)tr by (4), A(1 — t)r by (5), At(1 —7) by (6), (1 — A)(1 — t)r by (7), (1 — A)t(1 —r) by (8),
A1 -t)1 =r)by (9) and (1 — A)(1 - t)(1 — ) by (10) and adding the resultant, we have

2ab 2cd 2ef
Mg((z “Nat A Q—fe+id 2—ne+ rf)
2ab 2cd 2ef
1= A)W((l A+ A+ 00 @—fHertd 2—ne+ rf)

2ab 2cd 2ef
+A(1 - tW((z —Na+ A (1—-te+(1+Dd 2—re+ rf)

#AHL= g @- il)zf T /\b’ (2 —2;? Ttd (- r)ezf-f(l +Nf )

+1 -0 fW( )\)a T )\ b (- t)chCrd(l Thd 2 —ijf + rf)
(1= - 9( )L)a i )L T 2 —ztf T (1- r)ez-if(l +nf )
+A1 - 1)1 - r)g( 7 A)a +Ab (1- t)czida +8d" (1- r)ezif(l +1)f )

2ab 2cd 2ef )

(1= -nd - r)g((l A+ A+ A A-fe+ A+Dd A—ne+L+nf

= oAb

- f f f (1—t1)a+t1b (1—t2)c+t2d (1- t3)e+t3f)dt1dt2dt3
_ (ab)(cd)(ef) f f(x,y,2)

T -a)d-o(f e)f fdf 22 — 55 dxdydz

Atr od

8 [ (bdf)W( m,f)

g(b, (1 —tc)i+td’ (1 —:)£+rf)+ ((1 /\H)IZH/\b’d’f)

IA

(1—A)a+Ab’ ’(1—r)e+rf) ( r)e+rf)

seva e )

( A)a+)\b 1- t)c+td )
((1—A)+a)\b A-te+td 1-nre+rf
1

A)tr[f((l /\)l;+)\bdf) ((1—Aa)l:1+)\b’(1—tc)i+td’f)

ab cd ef
g((l —ANa+Ab" (1-te+td” (1 —r)e+rf) +g(a,d,f)

ef ab ef
+g(a'd' (1 —r)e+rf)+g((1 —A)WrAb’d’ a —r)e+rf)

+9(”’(1—tc)ﬁ’f) " 9(“’ = tc)i+ (1= :)J;+ rf)]

+ms_ t)r[g(b’ 1 —;iud’f)w(b’c’f)
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g(b’c’(l e£+rf)+g((1—Aa)lZz+/\b’(1—:)i+td’f)

( cd ef ) (b cd ef )
1—)\)a+Ab Q-tHec+td A-re+rf "A-te+td A-re+rf

( A)a+)\b )9((1—aAb)aAb’C’(1—:){;+rf)]

/\t(l r) ef ) b cd ef
( "A-ne+rf ('(1—t)c+td'(1—r)e+rf)

(b’u—;ﬁ’e)w((l —)CI)IZI+)\b’d’ a —:)];+rf)

a —A) ARl e)+g(b’d’e)

e
( A)a+)\b (1—tc)i+td (1—:)J;+rf)
g
1

cd ]
(1—A)a+)\b 1-Hc+td )

)8(1 - t)r[g((l _ )\a)l; D (1= tc)i n td'f) +9((1—Aa)ﬁ’c’f)

ab ef cd
+g((1 “ar bSO - r)e+rf)+g(a' 1—Dc+ td’f)
cd ef ab cd ef
“7(”’ d—Dc+td T=ne+ rf) - 9((1 e+ A A —De+td I=ne+ rf)

+h(a, c, f) + g(a, c, ﬁ)}

1-Mt1—-7) ab ef
* 8 [((1—)\)a+/\b'd' (1—r)e+rf)
ab cd ef
+~‘7((1 N+ A A=De+td T =ne~+ rf)

9((1 - )\a)l;+)\b’ 1- tc)i+ td’%*%“’iﬁ)
W(“’d’e) +g((1 - Aa)i A re)J; n rf)

+g(“’ = tc)i Tt (1 :)J;+ rf) " g(“’ = tc)i T td’e)]

Al =H(1-71) cd ef ef
T Mb’ I-fe+id (1 —r)e+rf)+g(b’c’ 1 —r)e+rf)

ab cd ef
9(b'cfe)+9((1 —Ma+Ab" (1= e +td" (1- r)e”f)

N ( ab cd e)+ (b cd e)
Na—Na+ b G=nertd’’) "N A= Do+’
N ( ab c ef )

NT=Na+ a0’ A=ne+rf

*9(%”'6)]

343
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+(1 -1 -H1 - r)[ ( ab cd ef )
8 A-MNa+Ab" A -t)c+td 1-re+rf

ab ef
+~‘7((1 A+ A A =ne+ rf)

ab cd ef
g((l—)\)a+)\b’c'e)+g(a’ (—fc+td (1—r)e+rf)
+g(a cd e) . g( ab cd e)
"1 -t +td 1-MNa+Ab" (1 -t)c+td

+g(u, c, ﬁ) + g(a, c, e)]

= %[Atrg(b, d, f)+ 1 -Mtrgla,d, f) + A1 = rg,c, f) + At(1 —1)g(b,d, e)
+(1 = A)(1 - Brg(a,c, f) + (1= A1 —1r)gla,d,e) + A(L = )(1 = 1r)g(b, c,e)

1 ab cd ef
=N -Ha - T)g(”'c"’)] ¥ §g( T-Aa+ A’ A—fe+td T-ret rf)
cd

*%[W(b'm'f) ffg(md f)”fg( (1—r)e+rf)

RFAAE A TR
”(1_t)g(b “ )+ t)g((l /\)a+/\b © f)
”(1_”‘7( t) rl e) il - r)g(u N+ A de)

of
+(1—/\)(1—t)g(a,c,m)+(l A1 —=7) ( m )

+(1-1)(1 - 7)9((1_)6%'@6)] + %[Ag(b’ 1- tc)ai +td (1— :)]; + rf)

ab ef ab cd
+t9((1 et T nes rf) * ”7((1 Na+ b A=he+ td’f)

ab cd ef
1= r)g(u Da+ b ( 1—t)c+tde (- A)-”( “Her td’ (1—r)e+rf)

)
+(1- t)g((l /\a)i AT AT r)e +rf )]
= YA L) .

and

YA L) = é[)\trg(b, d, f)+@Q-Mtrg(a,d, f)+ A1 = tyrg(b,c, f) + At(1 —1)g(b,d, e)
+(1-A)A -trgla,c, f)+ (1 - t(1 —r)gla,d,e) + A1 —£)(1 —1)g(b,c,e)
+(1 -A)A -t)(1 =r)g(a,ce) + Atrg(a,c,e) + A(1 — t)rg(a,d, e)
+A(1 =11 =1)g(a,d, f)+ (1 = Mtrg(b,c,e) + (1 — A)t(L = 1)g(b,c, f)
+AH1 —r)g(a,c, f)+ (1 = A)A - Hrgb,d,e) + 1 - A)A - )1 —r)g(b,d, f)
+Atrg(b,c, f) + AL = t)rg(b, 4, f) + Atrg(a,d, f) + (1 — Atrg(b, d, f)
+Atrg(b,d,e) + At(1 —r)g(b,d, f) + (1 — A)trg(a,d, e)



Also

P(A,1,7)
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+(1-M)t(1 =1)g(a,d, )+ (1 = Mtrga,c, f)+ (1 = A)1 - Hrg(a,d, f)

+A(1 = trg(b,c,e) + AL = t)(1 =g, c, f) + A1 = t)rg(a,c, f)

+(1 =A@ =trgb,c, f)+ At(1 =g, c,e) + A(1 = t)(1 —1)g(b,d, e)

+At(1 —r)g(a,d,e) + (1 — A)t(1 —r)g(b,d,e) + (1 = A)(1 = t)rg(a,c,e)
+1-A)A -1 -nga,c, f)+ 1A -t -r)g(a,c,e)

+1-A)A -1 -nrg(a,d,e)+ A1 -t)(1 -71)g(a,c,e)

+(1-A)A =t)A =1rg(®,c,e) + Atrg(b,c,e) + At(L = r)g(b,c, f)

+A(1 = trgb,d, e) + A1 —t)(1 —1r)g(, d, f) + Atrg(a,d, e) + At(1 —1)g(a, d, f)
+(1 = Mtrg(a,d, f) + (1 = A)trg(b,d,e) + (1 = M)t(1 —r)g(b, d, f) + Atrg(a,c, f)
+A(1 - trga,d, f) + (1 = Atrg(b,c, ) + 1 = A)(1 - t)rg(b, d, f)

+AH1 = r1)ga,c,e) + Al =) (1 = r)g(a,d,e) + (1 — A)t(1 = r)g(b,c,e)
+1-A)A -1 -1rg®,d,e) + (1 - A)trg(a,c,e) + (1 — )t(1 —r)g(a,c, f)
+1-A)A -trga,d,e)+ (1 -A)1-t)1 -r)ga,d, )+ A1 —t)rg(a,c,e)

+A(1 -5 =-1)g@,c, )+ A -A)A -t)rgb,c,e) + (1 - A)(1 - )1 -r)gb,c, f)
gla,c,e)+g(a,d,e)+g(a,d, f)+gb,ce)+gb,c f)+g,c f)+gb,de)+gb,d, f).

8
(12)
2ab 2cd 2ef
Mg((z N+ A @—Pe+td 2-Pe+ rf)
2ab 2cd 2ef
+(1- A)”g(a i+ A+ b @—fe+td 2-De+ rf)
2ab 2cd 2ef
A= t)rg((z “Nat A0 A Dot (L+0d @-ne+ rf)
2ab 2cd 2ef
+At(1 - 7)9((2 —Na+Ab" 2Q-tc+td 1-re+(1+ r)f)
2ab 2cd 2ef
+(1-A)1 - t)”_l]((l “Na+ A+ A-He+(1+bHd 2-re+ rf)
2ab 2cd 2ef
1= Drd = r)g(a “Nat+ A+’ @—fe+td A—ne+(1+ r)f)
2ab 2cd Zef
A -H - r)g((z et A T-fet(+0d A-ne+ 1+ r)f)
2ab 2cd 2€f
(1= -Ha- T)g((l A+ A+ -Ber(d+0d A=re+ 1+ r)f)

-ANa+Ab 2-t)c+td (2—r)e+rf)

/\trh( 2ab " 2d 2ef

+(1- A)trh((l “Mat (A4 Db 2-Hettd @-ne+ rf)

2ab 2cd 2ef
2-ANa+Ab A-t)c+(1+1t)d (2—r)e+rf)
2ab ’ 2cd ’ 2ef

A - t)rh(
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+AH(1 - r)h((z )2\)? /\b, 2 —Z; td (1- r)e;]fl + r)f)

+(1- )1 - t)rh(( - A)QZZb(A +1b (- t)c; d(l +0d (2 _2; ; rf)

+(1 - K1 - r)h((l - )\)azv;b()\ + 1)b’ (2 _Z; td, (1- r)ezzf(l + r)f)

+A(L = B(1 =k ((2 g)? Ab’ (1- t)chCrd(1 + t)d’ (1- r)ezzf(l + r)f)

1-M1-bHQ1- r)h((l A)azJ;b(l + /\)b (1- t)chCrd(l + t)d’ (1- r)e2:;1 + r)f)
- fomafRn ()

(1- t)((l - t)chCrd(1 + t)d) . t((z —ZZJF td)l

(1- r)((l - r)ezJerf(l + r)f) N r((z —Z;Jr rf))

(13)

_ (a+b c+d e+f)_ (2ab 2cd 2ef)
B 2ab " 2cd’ 2ef ) \a+b c+d e+ f

From (11)-(13), we obtained the desired inequality [

Corollary 2.3. Let g : A = [a,b] X [c,d] x [c,d] € R\ {0} > R be harmonic convex function of three variables on
the rectangular box. Then for any A, t,r € [0, 1], we have

(Zab 2cd 2€f)
a+b c+d e+ f

P(A, L, 1)

(ab)(cd)(ef) f 9, 1,2)
= (b-a)d-c)f —e) f f 2y222 dxdydz
< YAt
< %[9(11, c,e)+g(a,de)+gad, f)+gb,ce +gb,cf)

+g(a,c, f) + gb,d,e) + g(b,d, f>]

where

oA, t1) = é[g( dab_ _4ed 4€f) (4ab 4cd 4ef)

3a+b' 3c+d 3e+ f g a+3b"3c+d e+ f

( 4ab  4ed  def )+ ( dab  4cd  def )
3a+0b"c+3d 3e+ f g3a+b’3c+d'e+3f

N ( 4ab  4ded  def )+ ( dab  4cd  def )
ga+3b’c+3d’3e+f ga+3b’3c+d'e+3f
dab  4ded  def 4ab  4ded  Aef

( ) g(a+3b'c+3d'e+3f)'

g

i 3a+b" c+3d" e+3f

and

LD = o N+ g d, )+ g )+ gbde) + gtac, )
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1 (2ab 2cd 2ef
#900,,0)+ 9(6,6,0) + 9,00 + gol 5 T )

1 2cd 2ab 2ef 2ef
+3_2[g(b'c+d'f)+g(a+b’d'f)+g(b'd'e+f)+g(u'd’e+f)

2cd 2ef 2ad 2cd
+g(a,c+d,f)+g(b,c, )+g( Cf)+g(b'c+d'e)

e+ f a+b”’

N (Zab P )+ ( 26f)+ (a 2cd )+ (Zab )]
Navo™° ga,c,€+f ACIIeS R P

+l[ (b 2cd Zef)+ (Zab Zef)+ (Zab 2cd )
3|7 "c+d e+ f a+b" e+ f a+b'c+d'f
(2ab 2cd )+g( 2cd  2ef )+ (Zab 2ef )]

gl —, —, ¢ a c
Naxp crd’ "c+d e+ f a+b e+ f
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