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Abstract. In this paper, we prove that a complex square matrix is weak group matrix if the m-th power
of this matrix commutes with its weak group inverse, where m is an arbitrary positive integer. Firstly,
some new characterizations of weak group matrices are investigated by means of core-EP decomposition.
Secondly, we study new equivalent conditions of the weak group matrix by using commutator and rank

equalities. Finally, the relationships between {m, k}-core EP matrices, k-EP matrices and weak group matrices
are given.

1. Introduction

Let C™" be the set of all m xn complex matrices. The symbol Z* stands for the set of all positive integers.
For A € C"™", R(A), N(A), A*, and rk(A) stand for the range space, null space, conjugate transpose, and
rank of A, respectively. The symbol I denotes the identity matrix of an appropriate size. We define A° = I
and write [A, B] = BA — AB, for any matrices A, B € C™".

Let A € C"™". The unique matrix X € C"™" satisfying the following equations:

AXA = A, XAX =X, (AX)' = AX, (XA)' = XA,

is called the Moore-Penrose inverse of A and denoted by A" [17]. A matrix X € C™" is called a {2}-inverse
of A if X satisfies the equality XAX = X. Recall that A € C"™" is an EP matrix if AA"T = AYA [16]. The index of
A € C™", denoted by ind(A), is the smallest non-negative integer k such that rk(A¥) = rk(A¥*1). Let A € C»"
with ind(A) = k. The unique matrix X € C"™" satisfying the following equations:

ARl = Ak XAX = X, AX = XA,
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is called the Drazin inverse of A and denoted by AP [4]. If k = 1, the Drazin inverse is reduced to the group
inverse and denoted by A*.

Let A € C™" with ind(A) = k. The DMP inverse and dual DMP inverse were introduced by Malik et
al. [9]. The DMP inverse of A, denoted by AP, is defined to be the matrix AP* = APAA*. The dual DMP
inverse of A, denoted by A"P, is defined as AP = A'AAP. Manjunatha Prasad et al. [10] introduced the
core-EP inverse. The unique matrix X € C'"" satisfying

XAX = X, R(X) = R(X) = R(AF),

is called the core-EP inverse of A € C"™" and is denoted by A®. Later, Gao et al. [7] presented the
characterization of core-EP inverse by three equations. That is, the unique matrix X € C"™" that satisfies

XA = AF AX? = X, (AX)' = AX,

is the core-EP inverse of A. They also obtained A® = APA¥(A¥)!. In particular, the DMP inverse and the
core-EP inverse are reduced to the core inverse of A when k = 1, and it is denoted by A® [1]. The CMP
inverse of A € C"™" [11], denoted by A“", is defined to be the matrix A" = Q APP,4, where Q4 = A'A and
P, = AA*. In[11], the authors also introduced the core-EP matrix. The matrix A € C"™" is called the core-EP
matrix if ATAAPA = AAPAAT. Wang et al. [20] introduced the weak group inverse. If A € C™", the unique
matrix X € C"™" satisfying the following equations:

AX? =X, AX = APA,

is called the weak group inverse of A and is denoted by A®. In [20], the authors obtain A® = (A®)?A and
A®ART = Ak where k is the index of A. For related results, we refer the reader to [3, 1215, 22].

Recently, Wang et al. [21] defined the weak group matrix. A matrix A € C™" is called the weak
group matrix if AA® = A®A. On the other hand, Ferreyra et al. [5] presented some characterizations of
k-commutative equalities for some outer generalized inverses, where k is the index of a given matrix. In
[5], the symbols

Cyf ={AeC™: AFAT = ATAK)

and
CyP = {A e €™ : AFA® = A®AK)

denote the classes of all k-EP matrices [8] and k-core EP matrices, respectively.

Motivated by above discussion, we investigate equivalent conditions such that A”A® = A®A™ holds by
core-EP decomposition, where A € C™" and m is an arbitrary positive integer. Furthermore, we also prove
that the matrix A is weak group matrix if and only if A" A® = A®A™. Moreover, some new characterizations
of weak group matrices are studied by commutator and rank equalities. Finally, we relate the weak group
matrix to {m, k}-core EP matrix (or other special matrices, for example, k-EP matrices). We would like to
highlight that the weak group inverse requires the computation of the core-EP inverse as its definition
shows. In this paper, we provide some methods to characterize the weak group matrix without computing
the core-EP inverse. Theses results can be calculated quickly by using packages like MATLAB, Mathematica,
etc.

The paper is organized as follows. In Section 2, some preliminary results are given. In Section 3, we
investigate equivalent conditions which ensure that A”A® = A® A holds by core-EP decomposition, where
A € C™" and m is an arbitrary positive integer. In Section 4, some new characterizations of the weak group
matrix are given by commutator and rank equalities. In Section 5, we study relations between weak group
matrices and other special matrices.

2. Preliminaries

In this section, some necessary lemmas are given.
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Lemma 2.1. [19] (Core-EP decomposition) Let A € C™" with ind(A) = k. Then A can be written as A = A1 + Ay,

where
(i) ind(A47) < 1;
(ii) A% =0;
(iii) AjA2 = A2A; =0.

Moreover, there exists a unitary matrix U € C™" such that

T S * _ 0 O *
ar=u(y §Ju m-ufy §)u

where T € C™ is non-singular, N is nilpotent and rk(A¥) = r.

For A € C™" being as in Lemma 2.1, it is known [6, 20] that

T-1 0 T-1 T-25 T-1 TG+,
@_ % @_ s D _ k *
A _u(o O)U,A _u(o . )u,A _u(o ST,

k1 A 1 ,
where Ty = Y, T'SN*"!~I. From now on, we denote T, = Y, T'SN‘~1~ for an arbitrary ¢ € Z*.
i=0 i=0

Lemma 2.2. [21] Let A € C™" with ind(A) = k be written as in Lemma 2.1. Then the following conditions are

equivalent:
(i) AA® = A®A (ie., A is a weak group matrix.);
(i) SN = 0.

Lemma 2.3. [5] Let A € C™" with ind(A) = k. Then A is k-EP matrix if and only if A" = APT = AWD = AP,

Lemma 2.4. [11] Let A € C™" with ind(A) = k. Then A is k-EP matrix if and only if A is core-EP matrix.

Lemma 2.5. [11] Let A € C™" with ind(A) = k be written as in Lemma 2.1. Then A € C'ff if and only if the

following conditions simultaneously hold:
(i) N(N) € N(S);
(i) N(N*) € N(Ty).

3. The weak group matrix is characterized by core-EP decomposition

In this section, we prove that A"A® = A®A™ if and only if AA® = A®A where m is an arbitrary positive
integer. Some new characterizations of the weak group matrix are investigated by core-EP decomposition.

Remark 3.1. Let A € C™" with ind(A) = k and m be the natural number. It is clear that A" A® = A®A™ when A

is non-singular (that is, A® = A=) or m = 0.

Theorem 3.2. Let A € C™" with ind(A) = k be written as in Lemma 2.1. Then the following conditions are

equivalent:
(i) A is a weak group matrix;

(ii) A"A® = A®A™ for arbitrary m € Z*;
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(iii) TmN =0, for arbitrary m € Z*;
(iv) SN =0;
(v) AFA® = A® Ak,
(vi) T = T*1S.

Proof. Assume that A € C™" with ind(A) = k is written as in Lemma 2.1.
(ii) & (iii) : Set an arbitrary m € Z*. We proceed by induction.
(a): if m = 1. Then T,,N = SN. It is clear that SN = 0 & AA® = A®A by Lemma 2.2.
(b): Suppose that A’A® = A®A! o T,N = 0. We have

t
+1 i N i -1 -2 t -1
Atiq® T LTSN (T T s) 0 - U(T T s) u

S 0 0 0 0

¢
-1 -2 (+1 i (i
A@Al’+1 — u(TO TO S) T i;) T'SN' u
0 N€+1
Tf Z[“ Ti—lst—i + T—ZSN€+1
i=0
0 0

*

u

So APIA® = ABAM & TE1§ = ¥ THISN'T + T25N™ &
i=0
-1
Tf_ls = T[_ls + Z Ti—lst—i + T—25N€+1 o

i=0

(-1 ‘ A -1 ‘ ‘

T—Z(Z T1+1SN€—1 + SN[+1) =0 Z Tl+1SN€—l + SN€+1 =0.
i=0 i=0

=1 . [ ‘ ¢ A
Since Z T1+1SN€—1 + SNE+1 — Z T18N£’+1—1 + SN€+1 — Z TzsNﬁ—l—zl
i=0 i=1 i=0

14
AMIAD — ADpLT o Z TISN*1- =0 & TN = 0.
=0

(iii) & (iv) : Suppose that an arbitrary m € Z* and
TN = SN" + TSN"! + ... + T"25N? + T"" 1SN = 0. (1)

We study the following cases:

(a): If m =1, then it is clear by Lemma 2.2.

(b): When 1 < m < k — 1. Multiplying by N*-? on the right of the Eq. (1), we have T""'SN¥1 =0, i.e.,
SN¥1 = 0. Multiplying by N¥3 on the right of the Eq. (1), we get SN*2 = 0. In the same way, we get
SN = 0. The converse is clear.

(c): When m = k — 1, multiplying by N*-2 on the right of Eq. (1). Since N¥ = 0, we get T""'SN¥-1 =0,
ie., T™1SN™ = 0. Since T is non-singular, SN = 0. Hence we have

TSNm—l + TZSNm—Z I Tm—ZSNZ + Tm—lsN =0. (2)
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Multiplying by N*=3 on the right of Eq. (2), we obtain T""1SN¥-2 = T"-1SN™1 = 0,i.e., SN"~! = 0. Similarly,
we get SN™=2=0,--., SN = 0. The converse is obvious.

(d): Whenm >k — 1, i.e, m > k, N™ = 0. By Theorem 3.2, we obtain the Eq. (2). Multiplying by N"~2 on
the right of the Eq. (2), we have

TSN 4 T2GN214 ... 4 TU-2GN™ 4 TH=1gNL = ®)

Hence, T""'SN™-! = 0. That is, SN"~! = 0. In the same way, we obtain SN"2 =0, - - -, SN = 0. The converse
is evident.

(ii) = (v) and (i) = (ii) are clear.

(v) = (vi) : We have

aw (T T \(T" T2\, (T T2\
AA ‘U(o o)(o o JU=Ulyg o U

T-1 T—ZS l"k T
@ pk — k *

1 71T\, .
u( 0 0 )u.

If AKA® = A®AK then TF2S = T-1T, = T, = TF1S.

-1 —(k+1)T — —
(vi) = (i) : We know that A? = U (T T Tk 1z 16T, = T1S, then T-¢DT, = T-k+DTk-15 = T-25,
0 0
So
T-1 T-25
D _ * _ A®
AP = u( 0 o )u = A®.

Thus, AA® = A®A. That is, A is a weak group matrix. [J

4. The weak group matrix is characterized by commutator and rank equalities

In this section, new characterizations of the weak group matrix are studied by commutator and rank
equalities. Some results in [21] are revised.

Theorem 4.1. Let A € C™" with ind(A) = k. Then the following conditions are equivalent:
(i) A isaweak group matrix;
(i) [APA, APAF] =0;
(iii) [APA, ADAKI] = 0, for arbitrary j € Z*;
(iv) [APA, APAI*] =0, for arbitrary j € Z*.

Proof. Suppose that A € C™" with ind(A) = k is written as in Lemma 2.1. We have

T-' 0\(T S I T7's
® _ % *
A A—U(O O)(O N)U—U(O 0 )U.

(i) & (ii): By direct computation,

T-1 o\(Tk T T1 71T,
@ k_ k * k *
AA_U(O 0)(0 O)u_u(o 0 )u

Since ADAFA®A — AOAADAK = AOAK(ADA —]) and

OAk(AD A _ T\ — T+ T_li:k 0 T's . _ 0 Tk_zs—T_li:k *
A®AK(APA 1)_u(0 e e =ulg ; ur,
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[APA, APAK] = 0 & (ADPAF)(APA) — (APA)APAF) = 0 & Ty = TF!S & A is a weak group matrix by
Theorem 3.2.
(i) & (iii): Set an arbitrary j € Z*. By direct computation, we have

, ' o\(TV T,\[T" T, Tk+i-1  Ti-1T,
® k+]: j k * k *
AZA U(o o)(o Nf)(O o)u u( 0 0 )u.

Since ADAMIAPA — ADAAPART = ADAMI(ADA - I) and

. k+j-2¢ _ Tj-17"
ACAR(APA 1):u(0 s =T Tk)u*,

0 0

we have [APA, APAFI] = 0 & (APAF)(APA) — (APA)APAM) = 0 &TI2S =TTy & Ty = TS o A
is a weak group matrix by Theorem 3.2.
(i) © (iv): Set an arbitrary j € Z*. Similar to reasoning as in the proof of (i) & (iii), we get that
. , ~ oo , —
[APA, APAM =0 TS =TTy © Y T'SN 7 -TIS =0 & T;N = 0 © Ais a weak group matrix by

i=0
using Theorem 3.2. O

Theorem 4.2. Let A € C™" with ind(A) = k. Then the following conditions are equivalent:
(i) A isa weak group matrix;
(i) AK(I—-Pm)A =0;
(iii) A¥I(I — Py)A = 0, for arbitrary j € Z*;
(iv) (A7) AXI = P4)A = 0, for arbitrary j € Z*;
(v) A*AK(I = P4)A = 0.

. =

Proof. Assume that A € C"™" with ind(A) = k is written as in Lemma 2.1. We know that A* = U (1(") gk) u:
— akeakyt — 7L O) e

and Py = AY(AY)" = U 0 0 u-.

(i) © (iv): Set an arbitrary j € Z*. We have
yar =70 )(Tk ﬂ) o ((Zf)*Tk (zf)*fk) :
o u((Tf)* wyflo o) =M@y @7

So

. TIYTE (TIyT\ (0 0
ANy AKT - P o)A u(Z e u
0 (IYTiN\
0 (T))TuN)
Since T is non-singular, (A/)*A¥(I — P4)A = 0 if and only if :.l:kN = 0. From Theorem 3.2, we have i:kN =0

A is a weak group matrix.
(i) & (iii): Set an arbitrary j € Z*. We have

ki~ aiak— [T T[T T\ = (T T, e
AR = AIA u(o N])(O JJu=ul’, U
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T TIT\(0 0),.
u( 0 0 )(o N)u

B 0 TTN\,.
= u(o 0 )u.

So,

AR = P4)A

Since T is non-singular, ARI(I-Pu)A=0¢e TkN = (0. Now, reasoning as in the proof of (i) < (iv), the result
holds.

(i) & (ii): Set j = 0 in the proof of (i) & (iii). It is easy to check that A¥(I — Pyx)A = 0 © TN = 0. Now,
reasoning as in the proof of (i) & (iv), the result is verified.

(iv) © (v): Itis obvious. [

Remark 4.3. Let A € C™" with ind(A) = k. It is known that rk(A) = 0 if and only if A = 0. So, we observe that A
is a weak group matrix if and only if tk(AX(I — Pyx)A) = 0 in Theorem 4.2.
Next, we improve the result in [21, Theorem 4.8].
Theorem 4.4. Let A € C™" with ind(A) = k > 2. Then the following conditions are equivalent:
(i) A is a weak group matrix;

(ii) rk((A*Ak, (A"FAR)) = rk(AF);

(iii) rk((A*AK, (A*)*1AK)) = rk(AY), for arbitrary j € Z*.
Proof. Suppose that A € C"™" with ind(A) = k > 2 is written as in Lemma 2.1.

(i) & (iii) : Set an arbitrary j € Z*. We have A* = U(g* 13*) U and
(T 0
i+l i ) o ) *
W= sy ey |1
i=0

- —~ g
Denoting M = (Y, T'SN/=))*TF and N = (), T'SN/7)*T}.. We get
i=0 i=0

s k - sk e
A*Ak:u(T 0)(T Tk)u*:U(TT TTk)u*

s NJlo o ST STy
and
(TF1)" 0\, =
o+l gk _ i , T Ti\;p
WA= Bl meny ey (0 O)U
i=0
(T]'+1)>eTk (Tj+1)*'fk
= ul g . T
(Y TISNF=)*T% (Y TISNI=iy'T,
i=0 i=0
Now,

(AAF, (AyTLAT) =
T'T* TT,  (TH)TF (TFYTe \(u 0)_
STE ST, (TISyTF+M (TISyT+NJ\0 U]~

ul 1 0\(T'T* T'T, (TH) T (T)yT\(u 0o
S(TH™ I\ o o0 M N 0o u)
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A — S
Since T is non-singular, rk(T) = rk(A¥) = rk((A*A*, (A*)I*1AR)) = 1k(T) + tk(M,N)) & Y, T'SN/7 = 0 &
i=0

TjN = 0. By Theorem 3.2, the result is verified.
(iii) = (ii) : Taking j = k — 1 in (iii), it is clear.
(if) = (i) : Similar to the proof of (i) & (iii), we obtain Ty_1N = 0. So we have

k-1 k=2
Te=) TSN = 7154 ) TSN 17 = T+,
i=0 i=0

By Theorem 3.2, A is a weak group matrix. [

Remark 4.5. Let A € C™" with ind(A) = 1. Then A® = A*. So, A is a weak group matrix. In this case, the rank
equalities Tk((A*A, A*A)) = rk(A) and tk((A*A, (A*)*1 A)) = 1k(A) are always right. Therefore, we require k > 2 in
Theorem 4.4.

5. Relations with other special matrices

In this section, we present definition and an equivalent characterization of the {m, k}-core EP matrix
firstly. Then, relationships between the weak group matrix, the k-EP matrix and the {m, k}-core EP matrix
are studied.

Definition 5.1. Let A € C™". A is a {m,k}-core EP matrix if A"A® = ADA™ for ind(A) = kand m € Z*.

From above definition, we observe that a {k, k}-core EP matrix is a k-core EP matrix. Next, we present a
characterization of {m, k}-core EP matrices.

Theorem 5.2. Let A € C™" with ind(A) = k be written as in Lemma 2.1. Then A is a {m, k}-core EP matrix if and
only if T, = 0.
Proof. Suppose that A has a core-EP decomposition be as in Lemma 2.1. Similar to the proof of Theorem

m=1 . —_
3.2, by Lemma 2.1, it is easy to verify that A is a {m, k}-core EP matrix & }, TISN"™1- =0 T,=0. O
i=0

Combining Theorem 3.2 and Theorem 5.2, we have the following corollary.

Corollary 5.3. Let A € C™" with ind(A) = k. If A is a {m, k}-core EP matrix for arbitrary m € Z*, then A is a
weak group matrix.

In the following example, we explain that a matrix is weak group matrix and not a {m, k}-core EP matrix
for arbitrary m € Z*.

1 0 0 1
11 0 1 ...
Example 5.4. Let A = 00 0 1 with ind(A) = 2. We have
0 0 0O
1 0 0 O 1 0 0 1
-1 1 0 O -1 1 0 -1
® — ® _
A=1o 00 oY =|lo 00 o
0 0 0O 0 0 0 O

It is easy to check that AA® = A®PA, but A"A® # ADA™. So, A is not a {m, k}-core EP matrix for arbitrary m € Z*.
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According to the relationship between the core-EP inverse and the weak group inverse, some auxiliary
results are given.

Let A € C™" with rk(A) = 1, let T be a subspace of C" of dimension s < r, and let S be a subspace of C"
of dimension 7 —s. Then A has a {2}-inverse X such that R(X) = T and N(X) = Sifand only if AT® S = C",

in which case X is unique and denoted by A(TZ)S [2]. For more details see [2, 18].

X 7 _ ® _ 2@
Lemma 5.5. Let A € C™" with ind(A) = k. Then A® = AR(Ak), N(AFy )

Proof. From [20, Remark 3.5], we know that R(A®) = R(A¥). On the one hand, APAA® = A® and
N(A®) € N(AA®) = N(APA) = N(APAK(ARYTA) € N(AD).
On the other hand,
N(ASA) c NAKANTA) € N(AP AR (ARTA)
N(AAP AF(ARYTA) = N(AR(ARTA) € N((AFY A).
So, N((AF)'A) = N(APAK(AF)TA) = N(A®). O

N

Lemma 5.6. Let A € C™" with ind(A) = k. Then A® = A®P ;.
Proof. Suppose that A € C™" with ind(A) = k. Set X = A®P 4. Then we have
XAk+1 — A@PAkAk+1 — A@Ak+1 — Ak,

and AX = AA®P = APAP = APARL(ANT = P4, So, AX is Hermitian. Since R(A®) = R(A¥) by Lemma
55,
AX? = AA®P i A®PP i = AAPA®P . = A®P, = X.

Hence, A® = X = A®P by definition of the core-EP inverse. []

Proposition 5.7. Let A € C™" with ind(A) = k be written as in Lemma 2.1. Then the following conditions are
equivalent:

i) S=0;
(ii) A® = A9D;
(iil) N((A")) € N((A")A).
In this case, A is a {m, k}-core EP matrix, for an arbitrary m € Z*.

Proof. Suppose that A € C"™" with ind(A) = k be written as in Lemma 2.1.
(i) © (ii) : We have
-1 -1 -2
A® = u(TO 8) u, A® = u(To TOS) u.

So, S = 0 if and only if A9 = A®.
(ii) & (iii) : By Lemma 5.5 and 5.6, we know that

AP = A9 o A®(T-P,) =0 & N(A")) c NA®) = N(A)A).

In this case, since S = 0, SN = 0. By Lemma 2.2, we have AA® = A®A. From conditions (i) and (ii), we
get AA® = ADA. So, for arbitrary m € Z*, we have A" A® = APA™. That is, A is a {m, k}-core EP matrix. [

Now, the relationships between {m, k}-core EP matrices, k-EP matrices and weak group matrices are
investigated.
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Theorem 5.8. Let A € C™" with ind(A) = k be written as in Lemma 2.1. If S = SNN' = SN'N, then the following
conditions are equivalent:

(i) A is a weak group matrix;
(ii) A is a k-EP matrix;
(iii) A is a core-EP matrix;
(iv) A® = Aot = ADY = ATD = AD,

Proof. Since S = SNTN, N(N) € N(S).
(i) © (ii) : Since S = SNN', by Theorem 3.2, we have

AA® = APA o T, =TF'S © T, =TF!'SNN' = TTNN' & N(N*) € N(Ty).

By Lemma 2.5, A € ' & A is a weak group matrix

(ii) & (iii) : It is clear by Lemma 2.4.

(ii) & (iv) : By Lemma 2.3 and Theorem 3.2, we know that A € C¥" if and only if A%T = AP = ATP = AD,
and A is a weak group matrix if and only if A® = AP [21]. Since (i) and (ii) are equivalent, we get
A® = Aot = ADT = ATD = AP The converse is evident. [J
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