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Abstract. In this paper, it is our aim in this paper to introduce a new iterative algorithm for approximation
of a solution of an equation of Hammerstein-type. The proposed scheme does not involve computation
of inverse of operators under study; it does not involve passing through computation of a certain set that
must contain a solution of the equation of Hammerstein-type before convergence takes place. The proposed
scheme requires only one parameter satisfying verifiable mild conditions. Moreover, the mappings involved
are neither defined on compact subset of the space under study, nor assumed to be angle bounded. Our
theorems complement several results that have been obtained in this direction.

1. Introduction.

Let E be a real linear space, and let F, K : E — E be two mappings such that the range, R(F), of F equals the
domain, D(K), of K. For u € D(F), an equation of Hammerstein-type is of the form
u+Kru=ho (I+KF)u=h, (1)

where I is identity operator. The Operator I + KF are called Hammerstein operator.

Equation (1) has extensively been studied by many authors (see e.g., [1] - [5], [7] - [9], [11], [19], [24], [32],
[34] - [36], [41], [46], [47]). Perhaps, due to the fact that several physically significant problems such as
problems arising in differential equations (e.g., the problem of forced oscillations of finite amplitude of a
pendulum (see [41, Chapter IV])) can be transformed into an operator equations of the form (1). The study
of equations of Hammerstein type has been of increasing research interest (see e.g., Dolph [33], Hammer-

stein [35], Pascali and Sburban [46]).
If in (1), the operator K is the identity operator, then (1) reduces to an equation of the form

u+Fu=h.

(2)
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Existence of solutions of (1) and (2) have been studied by various authors and several existence results
have been generated (see for example, [1] - [5], [7] - [9], [24], [32], [34] - [37], [46] - [48], [52]). On the other
hand, on assumption that solution of (2) exists, several researchers had dwelled on generation of iterative
algorithms for approximation of solutions of the operator equation (2) (see e.g., [5], [12] - [16], [20], [22],
[26] - [30], [38], [39], [48] - [53], [54]). In some cases, iteration process of Mann and Ishikawa types and their
variants were employed (see e.g., [5], [12] - [16], [19], [20], [26] - [30]).

It is worthy to note, however, that only few authors (see e.g., [4, 11, 22, 26, 41]) have endeavored to address
the issue of iterative approximation of solutions of (1) if the solutions are known to exist (or even on as-
sumption that solutions exist). This is, perhaps, because methods of finding solutions of (2) do not easily
carry over to (1). Part of the difficulty remains the fact that the composition of two monotone operators
need not be monotone (see e.g. Chidume [10]).

In the special case where the operators are defined on subsets D of E which are compact or more gener-
ally,angle bounded (see e.g. Brezis and Browder [1] or Browder [6] for definition), Brezis and Browder [1]
proved strong convergence of a sequence generated by suitably defined Galerkin approximaiton algorithm to
a solution of (1) (see also Brezis and Browder [3]).

Galerkin approximaiton method is implicit in nature and too difficult to use in real life applications. For this
reason, many authors have studied explicit iterative methods for approximation of solutions of equations
of Hammerstein type (see for example [17, 18, 23, 31, 42]). In [31], for example, the authors first showed
that their iterative algorithms are bounded; then went further to establish existence of a set {2 such that if a
solution u* of equation of Hammerstein-type

u+KFu=20 3)

belongs to (), then the sequence generated by their scheme converge to u*. It is worthy to note that the idea
behind this method of proof is not that novel since the assumption that the set Q contains a solution of (3)
to guarantee the convergence of the sequence generated by the algorithm studied in [31] to u* is rather too
strong.

In [43], Ofoedu and Onyi provided an iterative algorithm for aproximation of solution of (3) without con-
struction of a set Q) that must contain its solution(s) before convergence result is achieved. It is worthy to
note, at this juncture, that the scheme introduced in [43] is loaded with iterative parameters to enhance
convergence. Though introduction of parameters to enhance convergence of a scheme is not bad, having
them in excess could be time consuming.

Motivated by the results of the authors mentioned above, it is our aim in this paper to introduce a
new iterative algorithm for approximation of a solution of (3). The iterative algorithm does not involve
K71, it does not involve passing through computation of a certain set Q that must contain a solution of (3)
before convergence takes place. The proposed scheme requires only one parameter satisfying verifiable
mild conditions. Moreover, the mappings K and F are neither defined on compact subset of H nor assumed
to be angle bounded on H. Our theorems complement several results in the literature.

2. Preliminaries.

Let H be a real Hilbert space with inner product <., >H and induced norm ||.||z. An operator A with domain
D(A), and range R(A), in H is called monotone if for all x,y € D(A), we have that <Ax - Ay, x - y>H > 0.
The operator A is called m-strongly monotone if there exists a constant m > 0 such that for all x, y € D(A),
<Ax - Ay, x - y)H > mllx — y|I?,, while the mapping A is said to be Lipschitz or Lipschitz continuous if there
exists a constant L > 0 such that for all x, y € D(A), ||Ax — Ayllg < Lllx — yllx.
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The following Lemmas (whose proofs are immediate) shall be needed in the sequel:

Lemma 2.1. Let H be a real Hilbert space. Let F,K : H — H be strongly monotone mappings with monotonicity
constants my and my respectively and with D(F) = D(K) = H. Let A : Hx H — H X H be defined by A(u,v) =
(Fu —v,u + Kv) for all (u,v) € H X H, then A is min{my, my}—strongly monotone.

Lemma 2.2. Let H be a real Hilbert space. Let F,K : H — H be monotone mappings with D(F) = D(K) = H. Let
A:HxH — H x H be defined by A(u,v) = (Fu —v,u + Kv) for all (u,v) € H X H, then A is monotone.

Lemma 2.3. Let H be a real Hilbert space. Let F,K : H — H be Lipschitz mappings with D(F) = D(K) = H. Let
A :HxH — H x H be defined by A(u,v) = (Fu —v,u + Kv) for all (u,v) € H X H, then A is Lipschitz.

Lemma 2.4. Let H be a real Hilbert space. Let F,K : H — H be Lipschitz mappings with D(F) = D(K) = H. Let
A:HXxH — H X H be defined by A(u,v) = (Fu — v, u + Kv) for all (u,v) € Hx H. A point u* € H is a solution of
the equation Hammerstein-type (3) if and only if (u*, Fu*) € Z(A), and Z(A) = {z€ Hx H : Az = 0}.
Lemma 2.5. Let H be a real Hilbert space and let u,v € H, then

12 — ol = 2jul’* ~ llol* + 2lju — ol (4)

We shall also make use of the following Lemmas:

Lemma 2.6. (Ofoedu et al. [44]) Let {a,}u>1 and {bn}y>1 be two real sequences such that a, # 0, for all n € IN, and
lim a, = a’, for some a* # 0. Suppose lim a,b, = 0, then lim b, = 0.

n—oo n—oo

Lemma 2.7. (Ofoedu et al. [44]) Let {a,},, {bu};", be sequences of nonnegative terms, let {1}, be a se-

quence in ]0,1[ and g € ]0,1[ and let y,, = %(1 =2, +{1 +4nﬁ}%) and 8, = %( —1+2n,+{1 +4q%}%) VYneNlN,
then the following are equivalent:

1. Ap+1 + 6nan + bn+l < yn(an + 671”71—1) + ,an

2. Ap+1 + bn+1 < (1 - 27711)“11 + Mnln-1 + ﬁbn

Lemma 2.8. (Opial [45]) Let {x,} be a sequence in H such that x, — x, then for all y # x
liminf ||x,, — x|| < liminf||x, — yll,

where x, — x as n — oo if and only if {x,},>1 converges weakly to x.

3. Main Result

For the remaining part of this paper, H is a real Hilbert space. H x H is endowed with the inner product
(z1,22)x = (U1,01)y + (U2, v2)y. Thus for all z; = (u1,v1), 22 = (Up, v2) € H X H, this inner product clearly
induces a norm on H x H given by |Izl[%,;; = llull?, + |[ol[?, for all z = (u,v) € H x H.
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3.1. Strong convergence theorem for m—strongly monotone mapping

Theorem 3.1. Let H be a real Hilbert space. Let F,K : H — H be Lipschitz strongly monotone mappings with
monotonicity constants my and my respectively. Let the sequence {({n, Cn)lnzo in H X H be generated iteratively from
arbitrary ui, o, C1,Co € H by

Hn+1 = Hu— Au(Fxy — yn)
Cie1 = Cu— An(K]/n + Xn), )

where, X, = 2y — Un—1, Yn = 20y — Cu1, {An}uz1 15 a decreasing sequence in la, b[ for some a,b € ]0, min {ﬁ, X—E}[,

where m* €]0, min{my, my}] is fixed, L is the Lipschitz constant of the mapping A :HxH — H x H given by
A(u,v) = (Fu —v,u + Kv). Suppose that the equation of Hammerstein-type (3) has a solution u* € H, then {tin}n>1
converges strongly to u*.

Proof. Observe that by Lemma 2.1, the mapping A : Hx H — H X H given by A(u,v) = (Fu — v,u + Kv)
for all (u,v) € H x H is min{m;, m,}—strongly monotone mapping. Observe that if we let w, := (u,, C;) and
Yy = (Un, vy) V11 > 1, then we obtain that (5) is equivalent to

5n+1 = 5n - /\nAEDn/

Y1 = 2wp4—wy, Y120, (6)

Let u* be the solution of (3) and let Z = (u*, Fu’), then by Lemma 2.4, Z € Z(A); and since A is strongly
monotone, Z(A) = {z}. So, using (6), we obtain that
| Z||]2-1><H = |lw, - /\nAl;bn - z”%.le = |l — /\nAl,bn - an+1||12_1><H
= @ = Ay + (@0 — 2 -AnAy)

- </\nA¢nr an - Z>HXH + </\nA1Pn/ /\nAan)

_Han - 5n+1”%_1><H - <5n - 5n+l/ _/\nAl,bn>H><H

+ (AnA¢n/ an - 5n+1> AnAan, AnAl,bn>
= @ = 2y = 1@ — Dnsalifpy

200 (A, @y = Z)+ 2 (A, Dy — @)

— —_— 2 — —_— 2 ~ —_— —_—
= N0 = ARy = 100 = Dusrlgy — 2240 (A, @1 — Z)

HxH

HxH < HxH

HxH

HxH "

Also by Lemma 2.5, we have that

=112 — =112 — =112 — — 2
”an - ZHHXH = 2”6071 - Z”HXH - ”C‘)nfl - Z”HXH + 2”wn - a)nflonH

— = — =12
2|jw, — Z”HxH — w1 - Z”HxH'

v

From this, minm;, m,—strong monotonicity of A and the fact that Az = 0, we obtain that with m* €
(0, min{my, my}],

20, (A, 0 = 2),, =1 (2@ = 2y = 1@ = 2 py))
> 20( (A, P —Z),, ., — minfmy, molll, — 2l ) > 0 ®)
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So, using (8) in (7), we have that

IA

1@ = 2y = D1 = Dl
_2/\n <A¢n/ an-%—l - Z>H><H + 2/\)1 <A¢nl 1,[)71 - Z)
~211 (2@ = 2y = w1 = 2

= W@ = Ay — D1 = Dullgy + 220 (A, Y = Do)

— =2
lwns1 — Z”HxH

HxH

HxH
— _z12 — =112
=211 (20n = 2y = @1 = Zyss)
NI )2 — = 112
= (1-4A,m")|w, - ZI|H><H — |[wn41 = wnlIHxH

20t @1 = gy + 240 (A = A1, Y = @),

+2A, <A1,bn—1/ Y, — 5n+1>HxH . )
Next, observe that
(@ = @t + Dt A, @ = @), = 0 (10)
and
<5n — Wyt + A1 Ay, @y — an_1>HXH =0. (11)
Adding (10) and (11) gives
<5n — Wy + A1 Ay, Uy — E"+1>H><H =0. (12)
It immediately follows from (12) that
201 (At On =1}, = 2@ — D1, Dt = Vg
= 2 <1Pn — Wy, Wps1 = ‘/’n>HxH
= @1 = @ullfpn
—@n = Yull® = 1[@ns1 = YullFeg- (13)
It is easy to see that
20 (At 9 = Tty = = (At = Tt (14)

Thus, we obtain from (13) and inequality (14) that

An
HxH A1

i@ = Yul By = @1 = Yl | (15)

ZAn <A1/)n—lr an - an+1>

— — 12
[
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Furthermore, observe that since A is L-Lipschitz continuous mapping, we have that

<24, LIYy = Yuallaxallons — Yallaxa

1 _
@”an - ll)n—l”%]X}{ + \/§||wn+l - ¢H||%{><H)

1 — _ _
< AnL[@mwn = Dl + 200 = Dullireil @ = Yl

2A, <A~¢H - A¢"—1’ lib” - 5’“’1>H><H

<t

@0 = Yl + V2@t = Yl
1 _ _
< ML= (Il = @ull g + A+ VD)l = @ally
V2
(V2 = Dli@n = Yl + 100 = Y1)
+ V2li@ne1 = Yl
= AaL(L + V2l = @ulliyy + AuLli@n — Pl
+ V2 Lli@ns1 = Pl By (16)
Using (15) and (16), we deduce from (9) that
[@no1 = 2y < (= 4Aum W@y — Zgy — (@t — @nllPgy

24,10 @1 = 2Py + AnL(+ V2l — Dl

+ A Lll@n = WPy + V2 Ll@ i1 = Ul

A _ _ _ _
1@ = @ulfps = 1@ = Pl = 1t = Pl |
Thus,
— =112 N =T An — — 12
llwns1 — Z“HXH < (1 -4Am)|w, - ZI|H><H + m =1 lwps1 = C‘)"”HXH
— A _
2@t = Wy + (AL + VD) = 2 )W = Bl
o
A _ _
#(VELL = ) 1@ = il + AaLIGs = -l
< (=A@ = 2By + 24 [ @ne1 = 2Py
A _
# ML+ VD) = 2 = Bl
An—l
A _ _
+ ( \/EAnL - An: ) lwns1 — ¢n||%_1><H + ApLllw, - Ebn—lllile-
But A,L(1 + V2) - A),\,: < 0. Therefore,
_ Ay = V2A A1l —
[ [ (A—ll) @1 = Pl
-
< (L= 4Am)@n — 2y + 24w [@n-1 = 2y + AnLl@n — PuailFigy

N 32 "= =12 — 2
(1 -4A,m)w, - Z”HxH +2A,m ||wp—1 — Z||H><H + AyLllw, - Ebn—l”HxH



IA

IA
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(1 - 4/\717’”*)”571 - E”%—IXH + ZAnm*Han—l - Z||1%1><H + /\n—lL”an - Sbn—lufzng
(1 = 4Aym[@y = 2y + 200 @01 = 2y
{ An—lAn—ZL 1 }
+ max , =
/\n—l - \/EAn—lAn—ZL 2

A1 — V24,2140l
x( — )uwn—-wqusz
n-2

Since A, < V2 it follows from (17) that

4L/

= =2
llwns1 — Z||H><H +

Ay = V20, 4L\
(/\—1) [@ns1 = UullBroes
n-1

< (L= 4Am)@n = 2l + 200 [@n-1 — ZlFy
\/E /\n—l - \/EAn—lAn—ZL — 2
+— llw, — l;bn—l”HxH
2 An—Z
Now, set
_ V2
ay = @n =2y B= — ln=2Am, and
Aot = V2,1 AL\, —
by =(”1 Azl"zﬁw—wnmw
o

then (18) becomes

Aps1 + b < (1 —2n,)a, + Nuap-1 + by, ¥YneN.

Thus, if we set

-4+ T+ 1622 12t J1+42

Vn

and

2 2

5 - Tl ddn + T+1600m2 —1+2n, + 1 +41;

n =

2 2 ’

then by Lemma 2.7, (19) is equivalent to

Ap+1 + 6nan + bn+1 < Vn(an + 671”;’1—1) +

ne

Bb
1 2
ar’

Moreover, observe that A, € ]0, min {— 4= }[ implies that

Ap < —
" 471’[1

4m*’

1 V2 1—4Amt + 1+ 16A2m2
— — <

2 2 ’

that is, y, > f3, so that (20) gives

Ap+1 + 6nan + bn+1

IA

7/n(an + 611{171—1 + bn)
)/n(an + 6n—1an—1 + bn) + Vn(én - 671—1)“11—1-

483

(17)

(18)

(19)

(20)

(21)
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Since {A,} is decreasing, we have thaty,,(0,—0,-1)a,—1 < 0, and since the function f givenby f(x) = H“T V1+4r?

is strictly decreasing on [0, 1] with f(0) = 1, we obtain that since 0 < 2am; < 2A,m; <1,

vy < 1 —4dam* + V1 + 16a2m*2
n
2

=K < 1.

So we obtain from (21) that
Ap+1 + 6nan + bn+1 < yn(an + 611—1“71—1 + bn)
< K()(tln + (Sn_lan_l + bn)

IA

Kg(lh + Opag + by).

This implies that a,.+1 < xjM, where M = a; + 6oap + by > 0. Hence, {@,};’, converges strongly to z. But

Wy = (Un, C,)¥n € Nand z = (u*, Fu*). Hence, i, — u* and C,, — Fu* as n — oo. This completes the proof.

Remark 3.2. We note that Theorem 3.1 (which gives a strong convergence result) holds for the class of min{m, m}-
strongly monotone mappings which is a proper subclass of class of monotone mappings.

Question: Does Theorem 3.1 hold for larger class of monotone mappings?

Answer: For larger class of monotone mappings, weak convergence result suffices. The next theorem affirms this
position.

Theorem 3.3. Let H be a real Hilbert space, H. Let F,K : H — H be Lipschitz monotone mappings. Let the sequence
{(4n, Ca)ln=1 in H X H be generated iteratively from arbitrary ui, po, C1,Co € H by (5) but with {/\n}:’l":1 being a
monotone decreasing sequence in [a, b], for some a,b € ]0, %[, where L is the Lipschitz constant of the mapping
A :HxH — H X H given by A(u,v) = (Fu — v,u + Kv). Suppose the solution set, S, of (3) is nonempty, then
{tn}ns1 converges weakly to some u* € S.

Proof. By Lemma 2.2 the mapping A : Hx H — H X H given by A(u,v) = (Fu—v,u+Kv) forall (u,v) € HXH
is monotone mapping and by Lemma 2.4, u* € S if and only if (u*, Fu*) € Z(A). We note immediately that in

the case at hand, S is not necessarily a singleton. Thus, Z(A) may contain more than one point.
Fix u* € S, then with Z = (u*, Fu*) € Z(A) and using the same transformation as in the proof of Theorem 3.1,
we obtain from (7) that
[@ni1 = 2y < M@ = 2y = @0 = @natl gy
24 Ay, D1 ~ Z)
Since A is monotone, we have that 24, <Agbn, vy — Z> > (. Thus, adding
2A, <A¢n, Py — E> to the right hand side of (22) yields

L (22)

@nir = 2By < 1@ = 2y = 1@ = Dt
200 (A, pu = Z), = 270 (A, @1 —Z)
= N@n = 2y = @0 = Drsa s
+200 (A, Y = Do )
= @ = Ay = D0 = Dt e
+27n (At = A1, Y — Wnsa )
200 (A1, Pn = Do)

HxH

HxH

HxH

i (23)
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Using (15) and (16) in (23), we obtain that

”an+1 - Z”%JXH < ”571 - Z”%{X}{ - ”5n+1 - 5n||%{xH
AW L(1 + V2 = @allZpgy + Aalll@n = Yo Py
_ Ay _
V2L l@rt = Yl + 5@t = Dl
-
Ay — Ay
—— e, — ll’n”%qu - _n||wn+1 - l,bn”%{xH
/\n—l An—l
_ A _
< 1@~ 2y~ (5 = AL+ VD) 1@ Pl
-
_ A _
F ALy = Pnt|Prss — ()\—1 - «ﬁAnL) @1 = Pl (24)
-

It is easy to see from (24) that

“an+1 - E“IZ-IXH + /\nLHErHl - 1Pn||12.1><H
_ A _
< 1@~ By = (2 = ML 1+ VD)@ = Pl
-
_ A _
AL = By = (52 = VELL) 1@t = Yl
-
+/\nL||an+1 - 5n”%qu
A _
= I =2l = (£ = AL+ VD)@ = Pl
-
_ A _
ALy = B = (5 = AL+ VD) @ = Yl
-
< Han - z”%qu + /\nL“an - Ebn—luile
A _ _
- ( e «/E)) (1@ = Pl + @1 = Yullsy) (25)
-

Now, using the fact that [0, — Yulluxe = [0y — @n-1llxm, we obtain from (25) that

l[@n = @n-1lepy + @ne1 = Pullfygy

(= - L1+ VD)

2 — 2
[l — ZI|H><H + AyuLllwy, — wn—llleH

— = — 2
~(Ilnsr = Zgy + AuLll@usr = Yl
So that
1@ = D11y + 1@t = Yl

(= - AL+ VD)

IA

— _op — 2
|y, — ZI|H><H + AyuLllwy, — ¢n—1|IHxH

—N@ne1 = Zper = Anrt L@t = YulFrs
Hl@ns1 = Zpgy + Anr Lll@ner — Yl 2y
—N@ne1 = 2z = AnLl@nsr = Pl Zpry-
Since {A,}n>1 is monotone decreasing, we have that
2

@0 = Dn-1llyy + @ns1 = Pullfy sy
— o — 2
1 > 1 E < lw, — Z”HXH + ApLllw, - EbnfllleH
(£ = L1+ V2))

—N@ps1 = 2P = Awsr Lli@nsr = Pall®. (26)
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It therefore follows from (26) that for any p € IN,

i llwn — @y 1”H><H + [[@ne1 — IP"”Iz-IxH

2 )_1

— =2 — 2
< oy - Z”HXH + MLffwy - IPOHHXH

n=1 Al

so that as p — oo, we have that

i llwn — @y 1”H><H + [[@ne1 — IP"”IZ-IXH

< +0o0
n=1 2 )
This implies that (||5n = @na gy + 10na1 — Pully) (= = AuL(1 + V2)) > 0 as n — o. But
lim ( T AL+ \/E)) exists and it is not equal to zero. Thus, by Lemma 2.6, we have that
n—oo n—1

m (1[0, =@ -1 P+ 1@y 41~ Pullfypy) = 0. This implies that im |[@, —@,-1llaxe = 0 &= im [[@1 =@nllixe = 0
n—oo n—oo n—oo

and lim |[wp+1 — Yullaxg = 0.
n—oo

We note here that the sequence {w,},»1 is bounded. This follows from inequality (26) which gives
by = g — Z”%{XH + Apr1Lllwpq — 1/)71”2
N[ — 21 gy + AnLll@n = Yu-illfpy =2 ba ¥ 1 € N (27)

Thus, the sequence {b,,},>1 is monotone decreasing sequence of non-negative real numbers which is bounded
above by b;. It is easy to see that

s = Zllyysy < by < by ¥ 1€ N. (28)

Hence, the sequence {||w,, — Zl|gxH}n>1 is bounded. Boundednes of {w,},>1 thus follows.

IA

Since {w,} isbounded, there exists a subsequence {w,};7, of {@,} which converges weakly tosomez € HxH.
Since hm [[@n+1 = Yulluxe = 0, it is easy to see that { 1//,,1 , also converges weakly to z.

We show that z* € Z(A). Observe that for any ¢ € H X H,
<5n+1 - an + AnAanr 17[} - En+1>HXH =0. (29)
So, using the fact that A is monotone, we obtain that for all Y eHXH,

0 = (@ust = @Y = Dust gy + A (A, O =),
/\n <A¢)nr Ebn - 5n+1>HxH

< <an+1 - an/ll) - an+1>H><H + /\n <A¢/1,b - I’bn>H><H
An <A¢7ll ¢n - 511+1>H><H
< @1 = ulliear (Wl + M) + A (A, 0 =),

+Ml[Yy — Wpr1llaxH
= @1 = Dullr (Wl + M) + Au( Ay, 9 -Z)
A (AP, Z =)+ Ml = Dl (30)
for some M > 0. Taking limit as i — oo in (30) and using the fact that JI_I)IDIO [[@pt1 — @OnllHxH = &1_1)1010 [

Vulluxg = 0, lim A, > 0 and {¢,,}:2, converges weakly to Z' we obtain from (30) that for any ¢ € Hx H,

0<(Ap,p-7), . (31)
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Now, let € € (0,1) be given, then we obtain from (31) that for any 1 € H X H,

o
A\

(A[F + e 7)) - Az, e -2)),
+ <AZ*, ey - ?)>H><H ’

So, we obtain using (32) that

0 < (AF +ew-7))-4z,9-7),
+(Azy-7) .-
Inequality (33) implies that
0 < IAEZ +e@ -2)) - AZ lallty = Z Nl
+(Azy-7) .-
So, using (34) and the fact that A is continuous, we obtain for all € HXx Hthatase — 0,
0 < <Az,1p—z >HxH.
In particular, for ¢ = —Az" + 2" € H X H, we obtain from (35) that
0 < —lAZ |l 2
This implies that AZ* = 0. Thus, z* € Z(A).

Next, observe that since the sequence

(1@ = Zpy + ALl ~ n s}
is monotone nonincreasing (see (27))and bounded below by 0, then it converges. But

: — 2 —
r}g{}o”wn - wn—llleH - 0/

Thus,

lim |[@, — Z|[%,,;; exists ¥ Z € Z(A).
n—oo

487

(32)

(33)

(34)

(35)

(36)

We now show that {w,} converges weakly to z'. Suppose for contradiction that {w,} does not converge
weakly to z. Let * € H X H be a weak cluster point of {@,},>1 such that ¥* # Z', then the same line
of argument which led to obtaining that z* € Z(A) gives that x* € Z(A). Thus, we obtain from (36) that
}grc}o |[coy, —Z*llﬁ>< yand 1}1_1)1;10 [, — x*lllzj[X ; both exist. Let {w,, }i>1 be a subsequence of {w,,},»1 such that w,, — x*

as k — co. Then by Lemma 2.8 we have that

. — ) . — 112 T — 112
&grolo llon — Mz I}l_{?o(Hwnk = X gy = hgg\f lcon, — X gy

A

minf [0, — 2 1Py = Hm ([0, — Z 1Py
k— 00 k—oo0

= 22
Tim [0 = Z Il
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Similarly, we can deduce that
. — —%2 . — 12
r}g{l”wn -z ||H><H < }g{}o lw, — % ”HXH/

a contradiction. Hence, {w,}};, converges weakly to Z', where Z° = (u*,v*) € Z(A) for some u* € S with
v* = Fu*. This completes the proof. O

Remark 3.4. It is well known that in finite dimensional space, weak and strong convergences coincides. Immediate
consequence of this is the following theorem:

Theorem 3.5. Let FK: RN — RN pe Lipschitz monotone mappings. Let the sequence {(tiy, Cu)ln=1 in RN x RN pe

generated iteratively from arbitrary p, o, C1,Co € RN by (5) but with {A,}> , as a monotone decreasing sequence

in [a, b], for some a,b € ]O, %[, where L is the Lipschitz constant of the mapping A : H X H — H x H given by
A(u,v) = (Fu — v, u + Kv). Suppose the solution set, S, of (3) is nonempty, then {i,}ns1 converges weakly to some

u*€S.
4. Numerical Example

Example 4.1. Let F, K : R — R be defined by Fu = 2u +1,u € Rand Kv = 2v,v € R, then F and K are clearly both
strongly monotone mappings. Let A : R*> — R? be defined for (u,v) € R? by

A(u,v) = (Fu —v,u + Ko).

It could be easily shown that he mapping A is Lipschtz and strongly monotone. To see this, let x = (x1,x2),
v = (y1,12) € R?, then

|Ax = Ayl> = [200 — 1) — (2 — o))
+[(x1 = y1) — 2002 — )P
= 5[(x1 = 11)* + (2 — 12)°]
lAx - Ayl = V5l —yl,

showing that A is Lipschitz. Moreover,

(x=y,Ax=Ay)y = ((x1=y1, %2 —12),2(x1 = y1) = (x2 = ¥2), (x1 = y1) + 2(x2 — ¥2)))
2[(x1 — y1)* + (x2 — y2)°]
2llx — I,

showing that A is m—strongly monotone with m = 2. Observe that (—0.4,0.2) is a zero of the operator A. Now, fix
1 \ﬁ} —

my =1 €]0,m[and let A, = 5= + —=. Observe that {A,,},»1 is a decreasing sequence 0 < a < A, < min {4—"11, i

=2 T Vo
min{}l, #ﬁ} = #ﬁfor alln > 7, wherea = 4;\@'
From @y = (1,2) and 1y = (-1,3) € R?, let {w, }ns0 e iteratively generated by
Wp1 = Xy — AAy, P = 20441 — Op, (37)
then with x* = (-0.4,0.2) € A7X(0), the following graph shows the behaviour of |[w, — x*|| and I, — x| :
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[} T T T

Remark 4.2. The above figure is drawn with the aid of MATLAB R2008b. Values of n € IN are plotted on the
horizontal axis, while the values of ||w, — x*|| and ||, — x*|| are plotted on the vertical axis. The blue curve represents
the graph of |lw, — x*|| while the green curve denotes the graph of ||\, — x*||.
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