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Abstract. In this paper, an isomorphism between unit dual sphere, DS?, and the subset of tangent bundle
of unit 2-sphere, TM, is represented. According to E. Study mapping, a ruled surface in IR® corresponds to
each curve on DS?. Through this isomorphism, new forms of ruled surfaces called slant ruled surfaces in
IR® were introduced. Moreover, conditions for these surfaces to be slant ruled surfaces were given. Finally,

a unique §—, i— and @- slant ruled surfaces in IR® were corresponded to each striction curve of natural lift
curve on TM.

1. Introduction

The theory of surfaces and curves has been applied to many research fields in geometry, physics, surface
design, etc. Especially, the characterizations of curves and surfaces in Riemannian geometry are given in
[5]. The definition of natural lift curve was first encountered in J. A. Thorpe’s book, see [8]. The natural lift
curve is defined as the curve generated by the endpoints of tangent vectors of main curve. There are some
studies about the geometric interpretations and dual spherical curves of natural lift curve, see [4],[6], [7].

The curves which satisfy special conditions for the curvatures have significiant role in differential
geometry. The most commonly known of such curves are helices. In IR?, a general helix is the curve whose
tangent vector makes a constant angle with a fixed straight line. Helices have been studied in different
spaces by some mathematicians in literature. The definition of slant helix is defined as the curve whose
normal vector makes a constant angle with a fixed direction. Characterizations of slant helices have been
studied by some authors, see [17-21].

Ruled surface is defined as a surface formed by a one-parameter set of straight lines. Ruled surfaces
have been studied in physics, differential geometry, geometric design problems and manufacturing, see
[1-3]. In literature, the characterizations and concepts of ruled surfaces have been studied by many authors
e.g., [3,9-15]. Characteristic properties of ruled surfaces, which are associated with the geodesic curvature,
the normal curvature and the geodesic torsion, are investigated, see [13]. Some results and the distribution
parameters of the ruled surface are presented with special cases, see [14]. Frenet frames and invariants of
timelike ruled surfaces are given, see [12]. The kinematic interpretations between timelike ruled surfaces
and associated surfaces are introduced, see [15]. Some new types of ruled surfaces called slant ruled
surfaces are defined, see [16]. In the same study, conditions for being a slant ruled surface are given in IR>.

Dual numbers were first introduced by Clifford, see [23]. Then the correspondence between the geometry
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of lines and unit dual sphere, DS? is given by E. Study, see [22]. The relation among DS?, the tangent bundle
of unit 2-sphere, TS?, and ruled surfaces in IR is presented, see [10]. Then through this relation, a unique
ruled surface in IR® has been corresponded to each curve on TS?, see [9]. The correspondence between
ruled surfaces in IR} and the curves on tangent bundle of pseudo-sphere is given by same authors, see [11].

Moreover, it is well known that a ruled surface has an orthonormal base along its striction curve. This
frame is defined as Frenet frame of ruled surface. In this paper, a one-to-one correspondence is given
between DS? and TS?. By using E. Study mapping, a ruled surface in IR® corresponds to each curve on
DS?. In this study, we define a new ruled surface called slant ruled surface. That is, a unique §—, h— and a—
slant ruled surface in IR® has been corresponded to each striction curve of natural lift curve. Furthermore,
considering the striction curve of natural lift curve and the Frenet frame of a ruled surface, the definitions
of some special ruled surfaces whose Frenet vectors make a constant angle with some fixed directions in

IR3 are given.

2. Preliminaries

In this section, tangent bundle of unit 2-sphere, concepts of natural lift curve of a given curve and
properties of slant ruled surfaces are considered.
Assume that $? is the unit 2-sphere in IR>. The tangent bundle of 5 is

TS? = {(g,9) € IR*x IR : gl = 1, (g, 9) =0}, (1)

where ”(,)” is the inner product and is the norm in IR?, respectively, see [9].
Assume that TM is a subset of TS?, defined by

II| |//
7

TM = {(4,9) e IR* x IR’ : |7l =1, (7,9) =0}, )
where 7 and 9 are the derivatives of g and 9, respectively, see [4].

Definition 2.1. Let T : [ — M be a smooth curve. Here M represents a surface in IR®. T is called an integral curve
of X

d(C(w) _
T = X(Tw), ®)

where X is smooth tangent vector field on M, see [6].

Definition 2.2. For the curve T, T is called the natural lift of T on TM, which produces in the following equation:

() = Gw), S@)) = (@ Wy, S @lsa)- (4)

Accordingly, we can write
dl(w) _ d
du — du

Here D refers the Levi-Civita connection in IR3. We have

(' (W)lrw) = Dy ().

TMzUTPM, peM,

where T,M is taken as the tangent space of M at p. x(M) is the space of vector fields on M, see [6].
Given a one-parameter family lines {E(u), 7(u)}, the parametric represantation of ruled surface ¢ obtained
by the family {k(u), §(u)} is

ﬁ(u, v) = I?(u) +of(u), uel, velR (5)
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where k = E(u) presents a point and § = f(u) denotes a non-null vector in IR3. Also E(u) and Lf(u) are the base
curve and various of the generating lines for the ruled surface ¢, respectively, see [5].
For the unit normal vector #i of the ruled surface, we get

m= Zux’i?] — (k, +U§))X§ . (6)
s X | \/|(k’,§§2—<57,§}(k’ + 0, K + o
Figure 1: Asymptotic plane and central plane
Along a rulling u = u;, we define
. . > % >
7 = lim rii(u,v) = qlé’lq' @)
V—0 67

The plane of ruled surface ¢ which goes through its rulling u;. It makes a right angle with the vector
a, which is defined as asymptotic plane a. The tangent plane y goes through the rulling u; and makes a
right angle with the asymptotic plane, which is defined as central plane. The point, where 7 makes a right
angle with 7 is defined as the striction point (or central point) § on the rulling u;(Fig. 1). The set of central
points of all rullings is defined as striction curve of the ruled surface. The straight lines go through point
B. They make a right angle with to the planes a and y are defined as central tangent and central normal,
respectively.

Taking the orthogonality of the vectors §, § and correspondence (7), the unit vector & of the central
normal is represented as:

S
Il
|&|¢

1 (8)

=

Substituting the parameter v of central point g into (6) we have i i = 0. Therefore, the following equation
is presented as:

7 x[(K +vd)xd) =G, K)K +07)+0d,7)7=0. (9)
From (9), we acquire

> 7

p= STKD (10)

2 2

q,7)
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According to the arc length parameter u, the parametrization of the striction curve of the ruled surface is
defined as:

e T E @)
c(u) = k(u) = —5——=——4(u). (11)
(), 7 ()
If the striction curve (1) coincides the base curve I?(u), the ruled surface is called a developable ruled
surface, see [12].

The orthonormal system {8, , 1, @) is defined as Frenet frame of the ruled surface ¢ along the striction
curve. For the Frenet formula of the ruled surface ¢ with respect to the arc length u of striction curve, we

have
0 kh O
=l -k 0 Kk

0 -k O

SRS ST
QY Sy

where ﬁ), h and 7 are unit vectors of ruling, central normal and central tangent, respectively. Here k; and k,
denote curvature and torsion of ¢ in turn, see [16].

The orthonormal system {7, /1, 4} is obtained as Frenet frame of slant ruled surface generated by striction

curve of natural lift curve for the rest of paper. Here 4,/ and & are unit vectors of rulling, central normal
and central tangent of slant ruled surface generated by striction curve of natural lift curve, respectively.

3. Unit dual sphere and ruled surfaces

In this section, some basic definitions and theorems about the dual vectors are represented. Furthermore,
the correspondence between TM and DS? is given.
The set of dual numbers is defined as

ID ={X=x+ex;(x,x) € IRxIR, & =0)}.

The combination of ¥ and ¥* is called dual vectors in IR®. These vectors are real part and dual part of
X, respectively. If ¥ and #* are vectors in IR, then X = ¥ + %" is defined as dual vector. Assume that

X = %+ex and Y = i + e are dual vectors. The addition, inner product and vector product are
represented, respectively, as follows:
The addition is .

}2+Y=(f+ﬁ)+s(f+f)

and their inner product is

(X,Y) = (&3 + (&, i) + (£, 7).
Also the vector product is given as

XxY =X+ e@XT + % X1

4 . .
The norm of X = ¥ + ex* is defined as

3 > <}E)/?>
IX| = VX %) + e ——. (12)
V(E, )

The norm of X exists only for X # 0. If the norm of X is equal to 1, the dual vector is called unit dual vector.
The unit dual sphere which consists of the all unit dual vectors is defined as

DS?={X=#%+ex €ID*: |X| = 1. (13)
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For detailed information for dual vectors, see [1]. The correspondence between the unit dual sphere and
the tangent bundle of unit 2-sphere of the natural lift curve is given via (2) and (13):

TM — DS,
T=@9) +— T=F+¢d.
Here 7 and § are taken as ¢ and &', respectively.
Theorem 3.1. (E. Study mapping) There exists one-to-one correspondence between the oriented lines in IR® and the

points of DS?, see [1].

Theorem 3.2. Assume that f(u) = j(u) + e§(u) is a natural lift curve on DS? with parameter u. In IR3, the ruled
surface obtained by the natural lift curve T'(u) can be represented as

B1,0) = () x S(u) +of(w), (14)
where

Bl) = 7w x S(w (15)
is the base curve of .

Consequently, the isomorphism among TM, DS* and IR® can be given as:
TM — DS* — IR’
Tw) = @), W) — T) =)+ edu) — Pu,v) = (u) X S(u) + viu).

-

Here ¢(u, ) is the ruled surface in IR? corresponding to the dual curve T'(u) = ﬁ)(u) + &d(u) € DS? (or to the
natural lift curve I'(u) € TM), see [9].

4. Tangent bundle of unit 2-sphere and slant ruled surfaces

In this section, the properties and the conditions for being a slant ruled surface generated by the striction
curve of a natural lift curve are considered.

Definition 4.1. A ruled surface ¢p(u,v) = q(u) x §(u) + vf(u) in IR is called a §—(resp., I_;—,E—) slant ruled surface
if the following three conditions are satisfied:

(i) The base curve B(u) = rf(u) X §(u) of the ruled surface ¢(u, v) must be taken as

(F(u) x 5"(1«2)) 7 (), fu), § ¢
(q (u),q (u))

(ii) The equations <§(u), (1)) = 0 and Ii(u)l = 1 must be satisfied.

(iii) § — (resp., h—, @=) must make a constant angle with a fixed non-zero direction.

B = Gy x §(uy) -

Let T'(u) = ﬁ)(u) + e§*(u) be a striction curve of natural lift curve on DS* with parameter u. In IR?, the slant
ruled surface generated by ['(u) is represented as

-

Hu,v) = §(u) x §*(u) +o(u), u€l, §c S, (16)
where

Blu) = Fu) x 5 (u) (17)



E. Karaca, M. Caligkan / Filomat 37:2 (2023), 491-503 496

is the base curve of ¢.
Consequently, we can write the isomorphism

T™™ — DS?>— IR?,
Pu) = Gu), W) — T) = §w) + o8 @) — dlu,v) = §u) x ) + viw),

where ci)(u, v) is the slant ruled surface in IR® corresponding to the striction curve () = tf(u) + €§*(u) € DS?
(or to the smooth curve I'(1) € TM).

The following sections are about the characterizations for §—, i—, i~ slant ruled surfaces, respectively.

4.1. Tangent bundle of unit 2-sphere and §— slant ruled surfaces
In this section, the definition and characterizations of §— slant ruled surfaces in IR® are introduced.

Definition 4.2. Let T'(u) = (q(u), $*(w)) € TM be striction curve of natural lift curve. Therefore, the ruled surface
é)(u, v) corresponding to ['(u) in IR? is
d(u,v) = Bu) + vq(u), (18)

where ﬂ_(u) is the striction curve of (Z)(u, v). u denotes the arc length parameter of ﬁ_(u). Let {zf, ﬁ,tf,l_q,l_cz} be Frenet
operators of ¢. The following equation exists

(7, i) = cos O = constant; 6 # g

if the rulling makes constant angle 6 with a fixed non-zero direction it in the space.  is called a §— slant ruled surface.

Theorem 4.3. The following equation

tan 6 = I_(—l (19)
ko

is constant if and only if ¢ is a §— slant ruled surface. Here O denotes the angle between the rulling § and a fixed
direction.

Proof. Let T'(u) = (G(u), *(u)) € TM be striction curve of natural lift curve and (1, v) be the ruled surface
corresponding to the curve I'(1) in IR3. Thus, (f) provides

(7, 1y = cos O = constant. (20)
Diffeientiating (20) with respect to u, we get (ﬁ, ity = 0. Thus, u lies on the plane spanned by the vectors §
and 7, i.e.,

it = (cos 0)F + (sin O)d. (21)
Differentiating (21) with respect to u we obtain

0 = (cos Ok — sin Oky)i. 22)

Therefore, we obtain that tan 0 = % is constant.

Conversely, (19) is satisfied for the ruled surface ¢. We define the following equation:

it = (cos 0)F + (sin O)d. (23)

Differentiating (23) and using (19), we obtain ' = 0. Therefore, i/ is a constant vector and <07, i) = cos 0 is
constant. Thus, ¢ is a §— slant ruled surface in IR>. O
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Theorem 4.4. det(7,3 ,§") = 0 if and only if  is a G~ slant ruled surface.

Proof. Let cZ) be the ruled surface in IR3. From Frenet formulas, we write

i = ki,
qjl = k%j ]7_1)+121]225
7' = (“3kE)F+ K - B - R + Kk, + Kk,

Thus, we obtain
(24)

det(@,q,q") ( )

~ is constant. Therefore, det(§,§’,3") is equal to zero.

Assume that ¢ is ruled surface. From Theorem 7
Conversely, if det(q 7',§") = 0, since the Curvatures are non-zero from (24), it is obtained that k—l is

constant. Thus, ¢ is §— slant ruled surface in IR>. [

Theorem 4.5. det(@,d@’,d") = 0 if and only if ¢ is a §— slant ruled surface.

Proof. Let ¢ be the ruled surface in IR®. From Frenet formulas, we write
5’ = __2:)/
7 = kki-Ki-E
i = (kko+2kiky)g + (=K, + K + lékz)h 3kok, .

Thus, we obtain
(25)

|| |

det@,d,d") = K5(=) .
ky
Assume that ¢ is ruled surface generated by striction curve of natural lift curve. From Theorem 4.3., we

have i—l = constant. Therefore, det(d@,d’,d") is equal to zero.
' ) = 0, since the curvature k, is non-zero, we obtain that 1s constant. Thus, qi)

Conversely, if det(@,d

is §— slant ruled surface in IR3. O

Theorem 4.6. ¢ is a §— slant ruled surface if and only if
(26)

§' = mi + 3k,

, , [ .
where m is obtained as - — (k2 + K3), exists.

Proof. Let ¢ be §— slant ruled surface. From Frenet formulas, we get

L

"= —7{%54— ]?1;:1)4- 1211225,
(=3kik)F + (K, — B — RO + (2K Ky + Kok )7.

’

&IJ: -

As we take derivative of %, we obtain
(27)

kik, = koF,.
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Substituting (27) into 7, we get
(28)

T

ok s kNG + (3K DT,
7' =G K -7 - Gkk)7+ Gkk)i
1

Using the Frenet formulas, (26) is obtained from (28).

Conversely, let (26) provide. Differentiatmg}:; Z: we have
i i Lz 29
+
—( kZ) (= A ) (29)
AL S LTS ©0)
R TERM T
Substutituting (26) in (30) it can be obtained
., ) LR
h = —2( ) - [( ) ]q (k—)h : @31)
Hence, we can write
2y El , m. - - 27 =
W o=-lz) + =17 -kq ( )h+( ) (32)
ky k1
On the other hand, from Frenet formulas it is obtained
W =—ki -K§-RBh+ k7 (33)
Substituting (33) in (32) we have
roE
2 1

— = . 34

A (34)
is constant and from Theorem 4.3. So, ¢ is a §— slant ruled surface. [

Integrating (34), we acquire that k—]

4.2. Tangent bundle of unit 2-sphere and fi— slant ruled surfaces
fi— slant ruled surfaces in IR? are introduced.

In this section, the definition and characterizations of h
(g(u), 9*(u)) € TM be striction curve of natural lift curve. Therefore, the ruled surface

]?eﬁnition 4.7. Let T'(u) =
¢(u,v) corresponding to ['(u) in IR? is
P(u,v) = (u) + of(u), (35)
B(u1). ki, ka} be Frenet operators

where B(u) is the striction curve of p. u denotes the arc length parameter of p(u). Let {g, 1, @, ky
of d. The following equation exists
> s
(h, iy = cos @ = constant; @ # 5
if the central normal vector makes constant angle ¢ with a fixed non-zero direction 1 in the space. ¢ is called a h—

slant ruled surface.
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Theorem 4.8. The following equation
K ok
o= () (36)
(ki +k3)2 k2

is constant if and only ¢ is a h— slant ruled surface.

~ =2 2
Proof. Let ¢ be a h— slant ruled surface in IR®. Assume that i/ is a fixed constant vector such that (h, i) =

cos ¢ = ¢ = constant. Here ¢ is the constant angle between h and . Therefore, we have

it = by (u)g(u) + cf{(u) + by(w)a(u), (37)

where by = by(u) and by = by(u) are smooth functions of arc length parameter u for the vector i. Since #/ is
constant, derivative of (37) gives

b/l - CI_Cl = 0,
biky —bk, = 0,
blz + Cl_(z = 0.
For bik; — byky = 0, we have
by = by 2, (38)
k1

Moreover, it is obtained that
(it, iy = b3 + ¢ + b} = constant. (39)

Substituting (38) in (39) gives

b%(l + (]]_i—z)z) = n? = constant. (40)
1

If n = 0, then by = 0 and we have b; = 0, ¢ = 0. It means that ¥ = 0 which is a contradiction. Thus, n # 0.
Then from (40) it is acquired that

by=4—1 (41)

1+ (R
Considering b, + ck, = 0, from (41) we have
d n

—_— i—
du [1+(1}%)2

This can be written as

k2 ¢
—— s == | = constant, (43)
(ki +ky> 1

] = —C]_CQ. (42)

which is desired.

Conversely, let the function in (36) be constant. That is,
k2 c
W = E = | = constant. (44)
(k1 +k3)?
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We define

kz 2 k1
—f+h+ —
K+ K2 JE+ K2

Differentiating (45) with respect to 1 and using (36) we have if = 0. That is, i/ is a constant vector. On the

[y

(45)

BN

-
u=

~

other hand, (, if) is constant. Therefore, ¢ is a i— slant ruled surface in IR3. [

Theorem 4.9. Let ¢ be a reqular ruled surface in IR® with first curvature ky = 1. Moreover, we have

Fo(u) = +—— (46)

N
for a fixed constant the unit vector i.
Proof. Let ¢ be a regular ruled surface in IR® with first curvature k; = 1. Therefore, we have

(}:1), ily = cos @ = constant (47)
for a fixed constant unit vector il. Differentiating (47) with respect to u gives

(=0 + kot iD) = 0, (48)
and from (48) we have

(@10 = ka(d, ). (49)
If we put ({f, i) = x, we can write

it = koxd + cos (pﬁ +xd. (50)
Since # is unit, from (50) we have

sin¢g

xX== . (51)
J1+E
Then the vector i is given as follows:
k, si > i N
7= 2009 cos ph + hY z (52)
1+k3 J1+R
Differentiating (48) with respect to u, it follows
(~(1+ R+ Kd ify = 0. (53)
Writing x and substituting (47) in (53), we have
1 +k2) cos
x:i__é__f. (54)
k,
From (51) and (54), we obtain the following differential equation:
Ky
+tang +1=0. (55)

1+
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Integrating (55) we get
ttangp———+u+c=0, (56)
1442

where ¢ is integration constant. The integration constant can be subsumed thanks to a parameter change
u — u — c. Then (56) can be written as

Rk
J1+E

which gives us kp(u) = +

+tan¢@ =-u, (57)

\/tan Q- w2’
Conversely, assume that k(1) = +————holds and let us put

N 4/tan? Q—u?

sing__ sin g = +cos @ 4/tan? ¢ — u?. (58)
2
\/ T+ k2 tan u(p u?

Here we are assuming that when k, has the positive(negative) sign, then x gets the negative (positive) sign
and ¢ is constant. Therefore, kyx = —s cos ¢. Let consider the vector i given as

= cos p(uf + I + (tan2 @ — 12)). (59)

We will prove that i/ is constant and makes a constant angle ¢ w1th i Differentiating (59) and usmg Frenet
formulas we have i’ = 0, i.e., the direction of i is constant and (h ily = cos ¢ = constant. Then <p isa h slant
ruled surface in IR®. OO

On the other hand, if the striction curve f is a geodesic on ¢, then the principal normal vector i of § and

the central normal vector / of ¢ coincide. Then we have the following corollary.

Corollary 4.10. Let the striction line § be a geodesic on ¢. Then ¢ is a fi— slant ruled surface if and only if the
striction line is a slant helix in IR>.

If the ruled surface gf) is developable, the Frenet frame {_i 1, I;} of the striction line 8 coincides with the frame
{ﬁ’, h, @) and we can give the following corollary.

Corollary 4.11. Let ¢ be a developable surface. Then ¢ is a i slant ruled surface if and only if the striction line is
a slant helix in IR3.

4.3. Tangent bundle of unit 2-sphere and @— slant ruled surfaces
In this section, the definition and characterization of @— slant ruled surfaces in IR? are introduced.

Definition 4.12. Let I'(u) = (§(u), 9*(1)) € TM be striction curve.. Therefore, the ruled surface <f)(u, ) corresponding
to T'(u) in IR3 is
O, v) = flu) + vi(u), (60)

where B(u) is the striction curve of . u denotes the arc length parameter of p(u). Let {7, ﬁ, a, k1, k) be Frenet operators
of ¢. The following equation exists

S T
(a@,ily = cos u = constant; u # >

if the central tangent vector makes constant angle y with a fixed non-zero direction if in the space. ¢ is called a 3—
slant ruled surface.
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From (21) it is clear that a ruled surface ¢ is a - slant ruled surface if and only if it is a §— slant ruled
surfaces. So, all the theorems for §— slant ruled surfaces also characterize the 7— slant ruled surfaces.

Example 4.13. Let us consider the slant ruled surface ¢p(u,v) in IR®.
(f)(u, v) = (cos(u + 1), v cos u, vsin u), (61)

where the base curve and rulling of g@(u, v) are B(u) = (cos(u + 1),0,0) and f(u) = (0, cos u, sinu), respectively.
The striction curve of p(u,v) is given as

B(u) = (cos(u +1),0,0), (62)
where arc parameter of the striction curve is il = arccos(—s — cos 1) — 1.
Since the striction curve B(u) = f(u) x 9*(u), we obtain

§*(u) = (0, —% tan u(cos(2u + 1) + cos 1), %(cos(Zu + 1) + cos 1)). (63)

Since (Lf(u), 5*(u)> =0and Irf(u)l =1, thecurvel = (cf, 8%) is in TM. Therefore, the striction curve and Frenet vectors

of P(u,v) are
B(s) = (-s—cosl,0,0),

Lf(s) = (0, cos(arccos(—s — cos 1) — 1), sin(arccos(—s — cos 1) — 1)),
ﬁ(s) = (0, -sin(arccos(—s — cos 1) — 1), cos(arccos(—s — cos 1) — 1)),
as) = (1,0,0).

The derivatives of Frenet vectors are

g 1
ad (0, — sin(arccos(—s — cos 1) — 1), cos(arccos(—s — cos 1) — 1)),
ds V1= (s +cos1)?
dh 1 .
— = (0, — cos(arccos(—s — cos 1) — 1), — sin(arccos(—s — cos 1) — 1)),
ds 1—(s+cos1)?
di
— = (0,0,0),
s ( )
7 _ 1 7 — . It .
where ki = Voo and k, = 0 are curvature and torsion of ¢, respectively.

Figure 2: Slant ruled surface ¢p(u, v) generated by striction curve f'(u)
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5. Conclusion

E. Study mapping plays a significiant role in modeling motions in IR?. It is a novel attempt to provide
a corresponcence between the striction curves of natural lift curves on TM and the slant ruled surfaces in
IR®. Employing this mapping, it is possible to model motions by considering TM instead of DS?. Therefore,
the slant ruled surfaces generated by striction curves of natural lift curves on TM can also be used to model
motions in IR%.
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