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Abstract. In this study, generalized multivalued vector inverse quasi-variational inequality problems
are developed, and error bounds are obtained in terms of the residual gap function, the regularized gap
function, and the D-gap function. With the help of these constraints, one can effectively estimate the
distances between any feasible point and the solution set of problems involving generalized multivalued
vector inverse quasi-variational inequality.

1. Introduction

The theory of variational (Quasi-variational) inequality is quite application oriented and thus developed
much in recent years in many different disciplines. This theory provides us with a framework to understand
and solve many problems arising in the field of economics, optimization, transportation, elasticity and
applied sciences. The fundamental goal in the theory of variational (Quasi-variational) inequality is to
develop a streamline algorithm for solving a variational inequality and its various forms. These methods
include the projection method and its novel forms, approximation methods, Newton’s methods and the
methods derived from auxiliary principle techniques.

In 1980, vector variational inequalities were initiated in setting of the finite dimensional Euclidean
space, see [5]. This is a generalization of scalar variational inequalities to the vector case by virtue of multi-
criteria consideration. The inverse variational inequalities were introduced by He et al. [7] and have many
applications in various fields such as market equilibrium problems in economics and telecommunication
networks, see [8-12, 17, 18, 20, 25].

In 2014, Li et al. [14] introduced a new class of inverse mixed variational inequality in the setting of
Hilbert spaces, which has simple traffic network equilibrium control problem as an application. For the
analysis of optimization problems, the idea of gap function was first introduced and plays an important
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role in developing iterative algorithms, but more importantly in evaluating their convergence properties
and obtaining useful stopping rules for iterative algorithms, see [1, 3, 13, 16, 21]. Error bounds are very
important and useful because they provide a measure of the distance between a solution set and a feasible
arbitrary point.

Solodov [22] developed some merit functions associated with a generalized mixed variational inequality
and used those functions to obtain mixed variational inequality error limits. Recently, Aussel et al. [2]
introduced a new inverse quasi-variational inequality (IQVI), obtained local (global) error bounds for IQVI
in terms of some gap functions to demonstrate IQVI’s applicability, and gave an example of problems with
road pricing. Sun and Chai [23] introduced regularized gap functions for generalized vector variational
inequalities (GVVI) and obtained GVVI error bounds for regularized gap functions.

Our goal in this paper is to initiate a study of a problem of generalized mixed vector inverse quasi-
variational inequality with point to set-valued mappings. We propose three gap functions, the residual gap
function, the regularized gap function, and the D-gap function, and obtain error bounds for generalized
mixed vector inverse quasi-variational inequality using these gap functions and generalized C-projection
operator under the strong monotonicity, relaxed monotonicity and Lipschitz continuity of underlying
mappings.

2. Preliminaries

Throughout this paper, we assume that the set of non-negative real numbers is denoted by R, the
origin of all finite dimensional spaces is denoted by 0, and the norms and the inner products of all finite
dimensional spaces are denoted by || - || and (-, -), respectively. Let Q, F,7 : R" — 2% be the mappings with
nonempty closed convex values and IP;, Q; : R” — R" (i = 1,2,--- ,m) be the point to point mappings. Let
p : R* — R" be a point to point mapping and {; : R" - R (i =1,2,--- ,m) be real-valued convex functions.

We put

C=(C, G Cn)y P =P, Py, Pp)

and for any x,w € R",
<]P(x)/ w> = (<]Pl (x)/ w>/ <]PZ(x)/ ZU>, Tty <1P1’l(x)/ w>)

We consider the following generalized vector inverse mixed quasi-variational inequality (GVIMQVI)
for finding @ € (%), 7 € 7 (%) and X € ((¥) such that

(P(@) + Q(2), y = p(E)) + Cy) = C(p(X)) ¢ —intRY, Yy € Q(), . ©)
where intA denotes the interior of the set A. The solution set of (1) is denoted by sol(GVIMQVI).

Special Cases:

(i) If we note that 7 is a point to point mapping and Q is a zero mapping, then problem GVIMQVI
reduces to the following problem for finding @ € #(X) and ¥ € Q(X) such that

P@), y — p(®)) + Uy) — C(p(%)) ¢ —intRY, Yy € Q(F). (2)

(if) If F is the identity, then (2) reduces to the following vector inverse mixed quasi-variational inequality
(VIMQVI) problem for finding ¥ € ()(¥) such that

(P(x),y — p(%)) + L(y) — Up(%)) ¢ —intRY, Yy € Q(%), 3)

which was studied in [24].
(iii) If C ¢ R” is a nonempty, closed and convex subset, p(x) = x and Q(x) = C for all x € R”, then (3)
collapses to the following generalized vector variational inequality (GVVI) for finding ¥ € C such that

(P(x),y — %) + L(y) — C(x) ¢ —intRY, Yy eC, 4)

which was considered in [23].
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(iv) If C(x) = 0 for all x € R", then (4) reduces to vector variational inequality (VVI) problem introduced
and studied by [4, 6, 19]. Obviously, for m = 1, (3) collapses to the following inverse mixed quasi-
variational inequality (IMQVI) problem for finding ¥ € Q(x) such that

(P1(x), y = p(X) + Ci(y) = G (p(x)) 2 0, Yy € Q(%), (5)

which was studied in [15].

(v) If Gi(x) = 0 for all x € R”, then inverse mixed quasi-variational inequality problem collapses to the
following inverse quasi-variational inequality ((IQVI) problem for finding x € ()(%) such that

(P1(%), y — p(x)) =20, Yy € Q(x). (6)

(vi) If C C R" is a nonempty closed and convex subset and Q(x) = C for all x € R”, then inverse mixed
quasi-variational inequality problem collapses to the following mixed variational inequality (MVI)
problem for finding ¥ € C such that

(P1(x), y = p(@) + Gi(y) - G(p(x)) 2 0, Yy €C, (7)

which was studied in [2]. When C = R", mixed variational inequality was introduced by Solodov
[22].

(vil) When P1(x) = x, for all x € R", mixed variational inequality becomes inverse mixed variational
inequality (IMVI) which was studied by [14].

(viii) Fori=1,2,---,m, we denote the inverse mixed quasi-variational inequality (IMQVI) associated with
IP;, p, QQ, and (; as (IMQVI)'. The solution sets of (IMQVI)’ are denoted by sol/(IMQVI)".

In this paper, we intend to study several scalar-valued gap functions and error bounds for generalized
vector inverse mixed quasi-variational inequality problem with point to set-valued mappings. In order to
do this, we shall revoke some notations and definitions, which will be used in the sequel.

Definition 2.1. [2] LetIP: R" — R" and p : R" — R" be two maps.

(i) (IP,p) is said to be a strongly monotone couple with modulus u if there exists a constant u > 0 such
that

(P(y) — P(x), p(y) — p(x)) > wlly — x|?, ¥x,y € RY;

(ii) (IP,p)is said to be a relaxed monotone couple with modulus u if there exists a constant p > 0 such that
(P(y) - P(x), p(y) = p(0) = ~ully = I, Vx,y € RY;
(iii) p is said to be {-Lipschitz continuous on R” if there exists a constant £ > 0 such that

llp(x) = p)Il < €llx = yll, Vx, y € R™.

For any fixed p > 0,1let G : R" X Q) — (=00, +00] be a function defined as follows:
G, ) = Il = 2@, ) + llgll* + 2pC(x), Yo €R", x € Q), (8)
where Q C R" is a nonempty closed convex subset and C : R" — R is convex.

Definition 2.2. [25] We say that 'ié : R" — 2% is a generalized (-projection operator if

‘ié(p = {w € Q: G(p,w) = inf G(p, y)}, Yo € R".
yeQ)
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Remark 2.3. If {(x) = 0 for all x € Q, then the generalized -projection operator 'ié is equivalent to the
following metric projection operator:

Pa(p) = {w e Q: w - gl = inf lly - ll}, Vo € R".
yeQ)

Lemma 2.4. [14, 25] The following statements hold:
(i) Forany given ¢ € R", quo is nonempty and ‘ig is a single-valued mapping;
(ii) For any given ¢ € R", x = Té(p if and only if
(x=@,y=2)+ply) = pl(x) 20, Yy € O;
(iii) T% : R" — Q is nonexpansive, that is,

||'léx - 'Iéyll <|lx—yll, ¥x,y € R".

Lemma 2.5. [15] Let m be a positive number, 8 C R" be a nonempty subset such that
llw|| <m, Ywe B.

Let Q : R" — 2% be a mapping such that, for each x € R", Q(x) is a closed convex set, and let C : R" — R be a
convex function on R". Assume that

(i) there exists a constant « > 0 such that
HQ), QA1) < allx - yll, x,y € RY;

where H(Q(x), Q(y)) is the Hausdorff distance between Q(x) and Q(y), that is,

H(Q(x), Q :=maxi sup inf |[u -0, sup inf |u— o}
( ( ) (y)) {uEQEc) veQ(y) ZIGQE/) ueQ(x) }

(i) 0e N Qw),

weR"

(iii) Cis ¢-Lipschitz continuous on R".
Then there exists a constant k = +/6a(m + pt) such that

Moy? = To2ll < kllx =il Vx,y € R, z € B,

Definition 2.6. A function r : R" — R is said to be a gap function for a generalized vector inverse mixed
quasi-variational inequality on a set S C R" if it satisfies the following properties:
(i) r(x) >0forany x € S;

(ii) r(x) =0, ¥ € Sifand only if ¥ is a solution of GVIMQVL
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3. The residual gap functions

In this section, we will give the residual gap function for generalized vector inverse mixed quasi-
variational inequality (GVIMQVI) problem and we prove the error bounds related to the residual gap
function. Now, we define the residual gap function for GVIMQVI as follows:

rp(x) = 1m1£r71n {Ilp(x) - 'lg(x)[p(x) - p(P(@) + Q(z?))]ll},x eR" uefF(x),veT(x),p>0. )

<i

Theorem 3.1. Let F,7 : R" — 2R be mappings and P;, Q; : R" — R™(i = 1,2,- -+ ,m) be point to point mappings.
Assume that p : R" — R" is a point to point mapping. Then for any p > 0, r,(x) is a gap function for GVIMQVI on
R".
Proof. It is clear that,

rp(x) = 0 for any x € R".

Next, for ¥ € R". if
rp(x) = 0/

then there exists 0 < iy < m such that

P = Tk @ — p(P (1) + Q; @))], Vit € F(2),0 € T ().

Lemma 2.4 implies that

(p(@) = [p(x) — p(P;, (71) + Q;s (0))], y — p(X)) + pLly) — pL(p(¥)) < 0, Yy € Q(x),
and so
(IP;, (1) + Q;,(0), y — p(%)) + L(y) — C(p(%)) <0, Yy € Q(X), 1 € F(%),0 € T (%).
It means that
P@) + Q®@), y — p(x)) + U(y) — C(p(x)) ¢ —intRY, Yy € QX), &1 € F (%), € T (X).

Thus, ¥ is a solution of GVIMQVL
Conversely, if X is a solution of GVIMQV], there exists 1 < iy < m such that

(P, (@) + Q;(0), y — p(X)) + Ciy (y) — Ciy (p()) 2 0, Yy € Q(%), 1 € F (X),0 € T (%)
By Lemma 2.4, we have

P = Tok [p(%) — (P (1) + Q)] V @ € F(),0 € T().

This means that
rp(®) = min {[[p(2) = T [P(®) - p(Pi(@) + Qi) = 0.

This completes the proof. [J

Next, we will give the error bounds for GVIMQVT in term of the residual gap function r,.

Theorem 3.2. Let ¥,7 : R" — 2R" be H-6-Lipschitz continuous and H-n-Lipschitz continuous, respectively,
and P;,Q; : R" — R"(i = 1,2,---,m) be o;-Lipschitz continuous and g;-Lipschitz continuous, respectively. Let
p : R" — R" be {-Lipschitz continuous, and fori =1,2,--- ,m, (IP;, p) be a strongly monotone couple with modulus
i and (Q;, p) be a relaxed monotone couple with modulus ;. Let

sol(GVIMQVI) # 0.

m
i=1
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. Wi — 74
Assume that there exists k; € (0, ) such that
00; + no;
Cz Ci
||'iQ(x)z — 'IQ(y)zll < xillx—yll, Yx,y €eR", (10)

where z € {w | w = p(x) — p(Pi(u) + Qi(v))}, for all u € F(x), v € T (x). Then, for any x € R*, u; > 1; +x;(00; +10;)
and
K,‘f

p= i — 1 — xi(60; + noi)’
we have ( \
p(6o; + o) +¢
d(x, sol(GVIMQVI)) < 7,(x),
(% soll QvD) pui — pti — pri(60; + n0i) — kil o)
where
d(x, sol(GVIMQVI)) := J‘cesol(Gl{/llgVIQVI) [Jx — x|

denotes the distance between the point x and the set sol(GVIMQVI).

Proof. Since

sol(GVIMQVI) # 0,

m
i=1

we assume that ¥ € Q(¥) is a common solution of (GVIMQVI),,i = 1,--- ,m, and thus for anyief{l,---,mj,
we have

(Pi(@1) + Qi(2), y — p(X)) + Gi(y) - Gi(p(x) = 0, Yy € Q(X), i € F (%), 0 € T (%) (11)

By definition of ‘Ig(f) [p(x) = p(Pi(u) + Q;(v))] and Lemma 2.4 implies that

(T [P(0) = pPi(H) + Qu(@))] = (p(x) — p(Pi(w) + Qi(o)), y = i [P)
~ pPi(u) + Qi) + pTi(y) — pLi(Tey o [P(x) — pP;(0) + Q@)]) = 0, (12)

forall y € Q%) u € F(x),veT (x).

Since ¥ € ﬁ sol(GVIMQVI) and p(%) € Q(%), replacing y by p(¥) in (12), we get
i=1

(78@) [p(x) = p(Pi(u) + Qi(v))] = (p(x) — p(Pi(w) + Qi(v))), p(%) - "é@) [p(x)
— p(Pi(u) + Qi(v))]) + pli(p(x)) - p(Ci('ié(,-c)[P(x) - p(Pi(u) + Qi(v))])) = 0. (13)

Since Tg(i) [p(x) = p(Pi(u) + Qi(v))] € Q(X), it follows from (11) that

(p(Pi() + Qi(9)), Teye[P() = p(Pi(1) + Qi(0))] — p(®))
+ PGy P@) = p(Pi(11) + QiO)]) ~ pLilp(0)) > 0. (14)

From (13) and (14), we have

(i) + Qi(8)) ~ p(Pi(u) + Qi(0)) = Ty [P() = p(P(0) + Q)] + p(),
-lg(i)[p(x) - P(]Pi(u) + Q,(ZJ))] — p(j)) >0,
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which also implies
(p(Pi(i1) + Qi(@)) — p(Pi(ut) + Qi(©)), Teyy [P(X) = p(Pi(1t) + Qi(©))] = p(x))
= {p(Pi(@) + Qi(?)) - p(Pi(u) + Qi(v)), p(%) — p(x))
+(p(x) - (Mwm MRW+QMN,WMM—MRM+QWM—MW
+(p(0) = Ty [P(X) = p(Piw) + Qi(©))], p(x) = p(R)) 2 0.

Since, for i = 1,2,--- ,m,(IP;,p) are strongly monotone couples with modulus p;, and (Q;,p) are relaxed
monotone couples with modulus 7;, we have

(p(Pi(@) + Qi(0) ~ p(Pi(u) + Qi(0)), oy [P(3) — p(Pi(w) + Qi(o))] ~ p())
— lIp(e) = T [P ) — p(Pi(w) + Q]I
() = T [P(0) — p(Pi(w) + Q)] () ~ p(®)
> puillx — 5P — prelx — 5P

By inserting
Q(x)[p( x) = p(Pi(u) + Qi(v))]

and using the Cauchy—Schwarz inequality along with the triangular inequality, we have

lp(Pi(E) + Q@) ~ p(Pi(w) + Qi) % {5y [P () — p(Pi(a0) + Qi(0))]
T [P — pPi(w) + QI+ M [P() — p(Pi(w) + Qi) ~ ()l
+lIpGe) = @ X {llp@) = T [PG0) = pP() + QDI
1M [P@) = pPiw) + Qi) = T [P(x) — p(Pi() + Q)]
> p(i = ol — 7P

Using the Lipschitz continuity of IP;, Q;, p, H-6-Lipschitz continuity of ¥, H-n-Lipschitz continuity of 7
and condition (10), we have

p(Sai + no)lIE = 2l X {xillE = xll + I Te3 [P(X) — p(Pi(w) + Qi(@))] - p()I}
+ dlx = 2l % {llp(x) = T3 [P) = p(PiGa) + Qi) + Killx — 21l
> pui — m)llx — %I

Hence, forany x e R",i € {1,2,--- ,m}, u; > m; + xi(60; + ng;) and

S Kif
P i — 1 — xi(6o; + no;)’
we have " Vit
_ plooi +1g;) + ‘ ,
I =l < e may R P~ Ta [P — p(Pi) + QI
This implies

60; i)+
ool < PR min {6~ T [P ~ pCPi ) + QNI
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which means that

p(oo; +ngi) + ¢

d(x, so(GVIMQVI)) < |lx — || <
(x, sol( QvD) < Il ot = pri = pri(o0: + g — il

7p(x).

This completes the proof. [J

Remark 3.3. Lemma 2.5 implies that condition (10) holds under certain appropriate assumptions.

4. The regularized gap function

In general, the residual gap function fails to be smooth but for the algorithmic purpose, it is desirable
to deal with a smooth optimization problems. Sun and Chai [23] studied the regularize gap function for
generalized vector variational inequalities. Taking motivation from these works, we design a regularize
gap function for GVIMQVI and develop corresponding error bounds for GVIMQVL

The regularized gap function for GVIMQVI is defined for all x € R" as follows:

bp(x) = min sup {(Py(w) + Qi(o), p(x) — y) + Li(p(x)) - Cily) — %IIP(X) -y},

1<i<m yeQ(x)
forallu € F(x),ve T (x), p>0.

Lemma 4.1. We have

9p(x) = min {(P;(1) + Qi(0), Ry (x)) + Ci(p() - Ci(p() — Ry () - %IIRL(X)IIZ}, (15)
where '
Rlp(x) =p(x) - 'lg(x)[p(x) — p(Pi(u) + Qi(v)],Yx e R", u € F(x),v € T (x).
And if
xep Q) = {€ e R"[p(&) € Q©)),
then
8y0) 2 o, (16)

Proof. For givenx e R" andi € {1,2,---,m}, set
1
Yi(x, y) = (Pi(u) + Qi(v), p(x) — y) + Ci(p(x)) — Ci(y) — EIIP(X) -y,

forall y € R",u € ¥ (x),v € 7 (x). Consider the following optimization problem:

gi(x) = max Pi(x, y).

Since ¢i(x, ) is a strongly concave function and {)(x) is nonempty, closed and convex, the above optimization
problem has a unique solution, say z € ()(x). Evoking the condition of optimality at z, we get

0 € P,u) + Qi(0) + 9Ti(2) + %(z ~ p(®) + Now(@),

where N (z) is the normal cone at z to Q(x) and dC;(z) denotes the subdifferential of (; at z. Therefore,

(z = (p(x) = p(Pi(u) + Qi(©)), y = 2) + pLily) = pCi(z) 2 0, Yy € Q(x),
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and so

z= -ig(x)[P(x) — p(Pi(u) + Qi(v))], Yu € F(x),v € T (x).

Hence g;(x) can be rewritten as

gi(x) = (Pi(u) + Qi(0), p(x) = Toyy [P(X) = p(Pi(11) + Qi(©))])
+ Ci(p()) = Gi(Tgy [P(x) = p(Piw) + Qi(©))])

- 5510 = T lp) ~ P + QI

forallu € F(x),v € T (x).

Letting .
R} (x) = p(x) = Toj [P() = p(Pi(u0) + Qi©)], Vu € F(x),0 € T(x),
then we get
gi(x) = (Pi(u) + Qi(v), R}, (x)) + Cilp(x)) — Cilp(x) — R (x)) - %nR;;(x)uz, (17)
and so

9p(x) = min {(Pi(u) + Qu(2), R} (x)) + Lip()) = Cilp(x) ~ R} () - %nkl‘p(xnﬁ}.

<i

From the definition of projection (Lemma 2.4).

TP = p(Piw) + Qi())],
we have
oy [P@) = p(Pi(u) + Q)] = p(x) + p(Pi(1) + Qi(0)), y = ey [PX) = p(Piur) + Q@)1
+ pGi(Y) =~ pCi(Teyy [P(X) = p(Pi() + Qi(@))]) 2 0, (18)
for all u € F(x),v € 7 (x). For any x € p~1(Q2), we have
p(x) € Q),

and therefore, by taking y = p(x) in (18), we get

(p(Pi(u) + Qi(©)) — R(x), RL(2)) + pli(p(x) — pli(p(x) — Ri(x) = 0,

that is,
. , 1 . ,
(Pi) + Q0. Ry () + Gi(p() = Cilplo) = Ry (1) 2 (R (2, Ry (1)
= %uRg(x)n%
for all u € F(x),v € 7 (x). From the definition of r,(x) and (15), we get
1
pr(x) 2 grp(x)z-

This completes the proof. O
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Theorem 4.2. For p >0, ¢, is a gap function for GVIMQVI on the set
pH(Q) = (£ € R"p(&) € Q).

Proof. From the definition of ¢,, we have
1
0009 = min [P0 + Q@) P09 = ) + P = Glw) — 5 1p) ~ 1P

for all y € Q(x), u € F(x),v € T (x). Therefore, for any x € p~1(Q), by setting y = p(x), we have
Pp(x) 2 0.
Next, suppose that ¥ € p~}(Q) with ¢p(%) = 0. From (16), it follows that
rp(X) =0,
which implies that ¥ is a solution of GVIMQVL
Conversely, if X is a solution of GVIMQV], there exists 1 < iy < m such that

(i (1) + Qi (), p(%) — y) + iy (p(x) — Ciy () <0,
for all y € Q)(X), &1 € ¥ (%), € T (X) which means that

min [ sup ((P,(0) + Q(0),p(0) - ) + Cp(E) - L4) = 5 1p(D - P)] <0

1<i<m yeQ(®)

Thus,

Pp(X) <0
The preceding claim leads to

Pp(X) 20
and it implies that

(Pp(ff) =0

This completes the proof. [J

Since ¢, can act as a gap function for GVIMQVI , according to Theorem 4.2, investigating the error-
bound properties that can be obtained with ¢, is interesting. The following corollary is obtained directly
from Theorem 3.2 and (13).

Corollary 4.3. Let 7,7 : R" — 2R" be H-6-Lipschitz continuous; H-n-Lipschitz continuous, respectively, P;, Q; :
R" - R" (i =1,2,--- ,m) be o;-Lipschitz continuous and g;-Lipschitz continuous, respectively. Let p : R" — R”
be {-Lipschitz continuous, and fori =1,2,--- ,m, (IP;, p) be a strongly monotone couple with modulus p; and (Q;, p)
be a relaxed monotone couple with modulus ;. Let

m
sol(GVIMQVI) # 0.

i=1

1

pi = T
o0; + no;

Assume that there exists x; € (0, ) such that

Gi Ci I —
607 = To 2l < xillx = yll,

forallx,y e R" and z € {w | w = p(x) — p(Pi(u) + Qi(v))}for u € F(x),0 € T(x). Then, for any x € p~}(Q) and
Kif
ui — 1 = x;(00; + 1o;)

p(oo; +ngi) + €
d(x, sol(GVIMQVI)) < P T—— e - [2p¢,(x).

p> , we have
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If 7 is an identity mapping and Q is zero mapping, then Corollary 4.3 will be as follows:

Corollary 4.4. Let ¥ : R" — 2R e H-6-Lipschitz continuous and P; : R" - R" (i =1,2,--- ,m) be o;-Lipschitz
continuous. Let p : R* — R" be {-Lipschitz continuous, and for i = 1,2,--- ,m, (IP;, p) be a strongly monotone

couple with modulus ;. Let
sol(GVIMQVI) # 0.
=1

1

Assume that there exists x; € (0, 6“—1) such that

1
Gi Ci A —
”-IQ(X)Z - -lQ(y)Z“ < Kl”x ]/”/

forallx,y e R"and z € {w | w = p(x)— p]P,-(u)}for u € F(x). Then, for any x € p~"(Q) and p > — il -, we have

Ui — K;00;
pbo; + ¢
d(x,s0l(2)) < YT E——h [20¢,(x),

where s0l(2) is the set of all solutions of the variational inequality problem (2).

If ¥ is a point to point mapping, then Corollary 4.4 will be as follows:

Corollary 4.5. Let P; : R* — R" (i = 1,2,---,m) be o;-Lipschitz continuous, p : R* — R" be {-Lipschitz
continuous, and fori =1,2,--- ,m, (IP;, p) be a strongly monotone couple with modulus p;. Let

sol(2)" # 0.

m
i=1

Assume that there exists x; € (O, ?) such that
i

Tey? = Ty 2ll < rillx = wil,

forallx,y e R"and z € {w | w = p(x) - p]Pi(x)}. Then, for any x € p~(Q) and p > P K’[AO‘, we have

po;i+ ¢ N
d(x, SOZ(VIMQVI)) < m 2p¢p(X)

5. The D-Gap functions

It is surprising that the regularized gap function ¢, does not provide global error bounds for GVIMQVI
on R". Solodov [22] proposed the D-gap function for mixed variational inequality and obtained error bounds
for mixed variational inequality related to the D-gap function. With this motivation, we develop the D-gap
function for GVIMQVI, which gives R" the global error bounds for GVIMQVL

For GVIMQVI with y > A > 0, the D-gap function for GVIMQVTI is defined as follows:

Gya(x) = min { sup {(Pi() + Qi(0), p(x) = y) + Ci(p(x)) - Cily) - %Ilp(x) - yIP}

<i<m yeQ(x)

— sup {(Pi() + Qi(v), p(x) = ) + Li(p() — Ciy) — %np(x) - yIP}),
yeX(x)
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forall u € ¥(x),v e T (x).
By (15) in Lemma 4.1, we know that G, can be rewritten as

Gy (x) = min {(Pi() + Q(o), R} (x)) + Ci(p(0) — Ci(p(x) = R} () - %IIR;}(x)IF

— ((Pi() + Qi(0), Ry () + Li(p(x)) — Cilp(x) - R (2) - %IIR}(X)IF)},

where '
R, (x) = p(x) = Ty [P(0) = Y (Pi(1) + Qi(0))]
and 4
R (x) = p(x) - 'ié(x)[p(x) — A(P;(u) + Q;(v))], Yx € R", u € F(x),v € T (x).

Theorem 5.1. Forany x € R", y > A > 0, we have

1,1

E(X _ %)ri(x) <Gx) < %(% - )l/)ri(x). (19)

Proof. From the definition of G, (x), it follows that
Gya(x) = min {(Pi(u) + Qi(2), R} (x) ~ R} (x)) = Ci(p(x) — R} (x)
1 5i i 1 ni
= gy IR EIF + Cp) ~ Ry () + 77 IRV I},
forall u € ¥ (x),v € 7 (x). For any giveni € {1,2,--- ,m}, we set
. , . . 1 .
9,,(x) = (Pi(u) + Qi(v), R}, (x) - R} (x)) — Cil(p(x) - R}, (x)) - EHR;(X)II2

+ Cp0) ~ R + 5RO, 0)

forallu € F(x),v € 7 (x). Since 'lg(x) [p(x) — A(Pi(u) + Qi(v))] € Q(x), by Lemma 2.4, we know

(Toy [P) = Y(Piw) + Qi(©)] = (p(x) = y(Pi(u) + Qi(v)),
T [P = APi(1) + Qi(0)] = Tgy [P(x) = y(Pi(u) + Qi(0))])
VG T [PG) = AP () + Qu(@))]) = YTy [p(x) = Y (Pi() + Qi@)]) > 0,
for all u € ¥ (x),v € 7 (x). Hence we have
(y(Pi() + Qi(v)) - R}, (x), R}, (x) = R (1)) + yCilp(x) — R} (%)) = yCi(p(x) — R}, (x)) > 0. (1)
Combining (20) and (21), we get

, 1 . , . 1., 1,
9,0 (x) = ;(Rﬁ/(X), R (x) - R (x)) - EIIR;(X)II2 + ﬁIIR’A(X)II2

1 5 j 1,1 1y _;
= 3, IR ) = RGP + 5(5 = IR, oI (22)

. Ci
And also, since 'IQ(X)

oy [P = APi() + Qi()] = (p(x) = A[Pi(u) + Qi(v)),
T [P = Y (Pi1) + Qi(@)] = Ty [P() = A1) + Qi(v)])
+ AL(Tgy [P@) = Y(Pi(w) + QiCo))]) = AT(Tgy [P(¥) = AMPi(1) + Qi(0))]) 2 0,

[p(x) — y(Pi(u) + Qi(v))] € Q(x), by Lemma 2.4, we have
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for all u € ¥ (x),v € 7 (x). Hence, we have

(A(Pi(u) + Qi(v)) — R} (x), R} (1) = R}, (1)) + ALi(p(x) = R}, (1) = Ali(p(x) = R} (1)) =

and so
—<Rl (%), R, (x) = R} (%)) = (Pi(u) + Qi(0), R}, (x) — R} (x))
— Cilp(x) — R, (0) + Gi(p(x) — RE(x)).
This and (21) imply that

9300 < R0, R0 ~ Ry 0) = IR + IR ol

= — IR (@) - Ry I + —(l LG

From (22) and (23), for any i € {1,2,--- ,m}, we obtain

- )IIR WIF <000 < 5(5 - %)IIRi,(x)IIZ.
Hence

33 - %) min (IR} (1) < min {g},9) < 5(7 - %) min {[R, @)},
and so

%(% - %)rﬁ(x) < Gyu() < %(% - %)@(x)-

This completes the proof. O

Now we prove that G, in the set R" is a global gap function for GVIMQVI.
Theorem 5.2. For 0 < A <7, G,, is a gap function for GVIMQVI on R".

Proof. From (20), we have
Gya(x) 20, VxeR".

Suppose that X € R" with G, (%) = 0. Then (20) implies that
ry(x) = 0.

From Theorem 3.1, we know that % is a solution of GVIMQVI.
Conversely, if % is a solution of GVIMQVI, than from Theorem 3.1, it follows that
7’7(9?) =
Obviously, (20) shows that
G;/A(J_C) =0

The proof is completed. O

639

0,

(23)

From Theorem 3.2 and (20), we immediately get a global error bound in the set R" for GVIMQVI.
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Corollary 5.3. Let F,7 : R" — 2R be H-5-Lipschitz continuous, H-n-Lipschitz continuous, respectively, and
P;,Q; : R" = R"(i=1,2,--- ,m)be 0;-Lipschitz continuous, g;-Lipschitz continuous, respectively. Letp : R* — R"
be {-Lipschitz continuous, and fori =1,2,--- ,m, (IP;, p) be a strongly monotone couple with modulus p; and (Q;, p)
be a ralaxed monotone couple with modulus with ;. Let

m
sol(GVIMQVI) # 0.
i=1

1

. 1.
Assume that there exists x; € (O, ;;Tn;) such that
i i

Gi Ci
607 = Toy 2l < xillx = yll,
forall x,y € R" and z € {w | w = p(x) = A(P;(u) + Qi(v))},for u € ¥(x),v € 7 (x). Then, for any x € R" and
A> kil , we have

i — 1 — %i(60; + 10i)

Abo; +noy)) + € 2yA
pi — Am; — Axi(00; +no)) — kil Ny —A

d(x, sol(GVIMQVI)) < 1 Gya(x).

Note that if 7 is a point to point mappings and Q is zero mapping, then Corollary 5.3 reduces to the
following:

Corollary 5.4. Let ¥ : R" — R" be H-6-Lipschitz continuous and IP; : R" — R" (i = 1,2,--- ,m) be o;-Lipschitz
continuous. Let p : R" — R" be ¢-Lipschitz continuous, and for i = 1,2,--- ,m, (IP;,p) be a strongly monotone
couple with modulus ;. Let

sol(2)' # 0.

m
i1

1

Assume that there exists x; € (0, :—l) such that
0

Gi _ =G Al —
”-IQ(\,)Z 1Q(y)Z” S KIHX y”r

forallx,y € R" and z € {w | w = p(x) - )\]Pi(u)},for u € F(x). Then, for any x € R" and any A > —# Kfég , we
i — Ki00;
have
Ao + € 291
< L),
A3, 501(2) < s |51 G

where s0l(2) is the set of all solutions of the variational inequality problem (2).

Note that if # is an identity mappings and [P is a point to point mapping, then Corollary 5.4 reduces to
the following:

Corollary 5.5. Let P; : R" — R"(i = 1,2,---,m) be o;-Lipschitz continuous, p : R" — R" be {-Lipschitz
continuous, and fori = 1,2,--- ,m, (IP;, p) be a strongly monotone couple with modulus y;. Let

sol(VIMQVI) # 0.

m
i=1

Assume that there exists x; € (0, &) such that
0
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Gi Ci Ny —
”-IQ(X)Z - ljQ(y)Z“ < Kl”x ]/”/

forallx,y e R"and z € {w | w = p(x) - /UP,-(x)}. Then, for any x € R" and A > f—'g, we have

Hi KiOj

/\G,’ + ¢ 2]//\
i — Axjoi— 1€ \y—A

d(x, sol(VIMQVI)) < + Gy ().

Remark 5.6. We note thatif i = 1 and (;(x) = 0 for all x € R”, then the results obtained in this paper collapse
to the corresponding ones in [2] and [15].

6. Conclusions

One of the classical approaches in the interpretation of a variational inequality and its variants is to
transformed it into an equivalent optimization problem through the notion of gap functions. In contrast,
gap functions play a pivotal role in deriving the so-called error bounds that provide a measure of the
distances between the solution set and an arbitrary feasible point. These motivate us for GVIMQVI to
research and evaluate various gap functions and error bounds.
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