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Cosine families of operators have the SVEP

Hamid Boua

Mohammed First University, Pluridisciplinary Faculty of Nador, Morocco

Abstract. Let (C(f))er be a strongly continuous cosine function of operators on a Banach space X with

infinitesimal generator A. In this paper, we prouve that A has the SVEP if and only if C(t) has the SVEP for
all t € R if and only if C(ty) has the SVEP for some £, € R.

1. Introduction

Throughout, X denotes a complex Banach space, let A be a closed linear operator on X with domain
D(A), we denote by A* and 0(A), respectively the adjoint and the spectrum of A. The operator A is said to
have the single valued extension property at Ay € C (SVEP) if for every open disc D;, € C centered at Ao,
the only analytic function f : D), — D(A) which satisfies the equation (A —zI) f(z) = 0 for all z € D, is the
function f = 0. The operator A is said to have the SVEP if A has the SVEP for every A € C. Denote by

S(A) = {A € C : A has not the SVEP at A}.

Note that u € S(A) if and only if there exists a sequence (x;)i>0 € D(A) not all of them equal to zero
such that (A — u)xis1 = x;, with xo = 0 and sup ||x,-||% < 00. §(A) is open and contained in the interior of the

spectrum o(A). For further information, see [1, 2].
Consider in X the well-posed Cauchy problem

u’(t) = Au(t), teR
()1 u(0) =up
u'(0) = uy

Where A : X — X is a densely defined closed operator with nonempty resolvent set p(A). The problem
(#) is (see [3] and [6]) well-posed if and only if A generates a strongly continuous cosine operator function
(C(1))ser, i-e., a family of operators satisfying the following conditions:

1. C(t+s) + C(t —s) = 2C(+)C(s) for all t,s € R.

2. C(0) = I (the identity operator).

3. t — C(t) is continuous on R with respect to the operator norm topology on B(X).
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There exist some M > 1, w € R such that ||C(¢)|| < Me** for all t > 0.

If (C(t))ser is a strongly continuous cosine operator function, then the infinitesimal generating operator
A is defined by

D(A) = {x €eX: lirr[} % exists }

and
A = lim 2EGxX =)

s—0 s2 = (0)

A solution of problem () is given with the help of a strongly continuous cosine operator function by
the formula u(t) = C(t)up + S(t)uq for allt € IR, where 5(t) is the sine operator function associated with
t

the (C(f))ier and is defined as S(t)x := f C(s)xds, t € R, x € X. In this work we will use the theory of

0
t

integration in the sense of Bochner. Fort € Rand A € C, S5;(f)x := f sinh A(t — s)C(s)xds, x € X defines

0
a bounded linear operator commutes with A, and (A — A2)S,(t)x = A(C(t) — cosh At)x, for all x € X, see ([5,
Lemma.4]).
If (C(t))ter is a uniformly continuous operator cosine function then there is an A € B(X) with C(t) =

2(C(s) -1
cosht VA ,t € R. We have A = lirr(} # in the uniform operator topology, see [4, Theorem.2.18].
Eid

For t € R, the function f : z € C + cosh(t Vz) defines an entire function. Thus, according to the spectral

mapping theorem, we have cosh t y/S(A) = S(C(t)), for all t € R. Which implies that A has the SVEP if and
only if C(t) has the SVEP for all t € R if and only if C(ty) has the SVEP for some f; € R. It’s normal to
ask the following question: Does this property remain true when replacing a family uniformly continuous
cosine function of operators with a family strongly continuous cosine function of operators? In this article,
we have given a positive answer to this question. More precisely, we show that if (C()):er is a strongly
continuous operator cosine function, then A has the SVEP if and only if C(t) has the SVEP for all t € R if
and only if C(¢p) has the SVEP for some f; € R.

2. Main results

Theorem 2.1. Let (C(t))er be a strongly continuous cosine function of operators with infinitesimal generator A.
Then for all t € IR, we have the following equality :

S(C(t) U {-1,1} = cosht/S(A) U {-1,1}.

Proof. Suppose that cosh(At) — C(f) has not SVEP at 0, then there exists x; € X such that xo = 0, x; # 0,
Vi > 1, (cosh(At) — C(t))x; = x;—1 and sup ||x,-||% < 0. Since (cosh(At) — C(f))x; = 0 and x; # 0. Choose now

1
x] € X* satisfying < x1,x] ># 0 and consider the ¢-periodic function f defined by:

_ ) <sinh A(t = s)C(s)x1,x] > ifs € [0,¢]
f) = sinh At < xy,x] > ifs=t

For m € Z, we have,

<S/\

m

t
(Hx1, x> f sinh A, (t —s) < C(s)x1,x] > ds
0

. ¢

1 _ . 1 _

Ee)\"’t e < C(s)xy, x) > ds — 5¢ At | e < C(s)xq, x> ds
0 0



H. Boua / Filomat 37:2 (2023), 387-391 389

1 ! 1 '
= Ee}”f e < C(s)xy, x) > ds — Ee_’“f e < C(s)xy, x) > ds
0 0

1 (" : 1 :
3 f Me2mms/t < C(s)ay, 7 > ds — 5 f e M2/t < C(s)xy, X > ds.
0 0

For n € N* we have,

n ¢ ;
L, <Snlmxi> = % f e“t‘”Dn<S/f><C<s)xl,x’;>ds—% f e MID,(s/1) < Cls)xr, ¥} > ds
m=-n 0 0
t
= fDn(s/t)f(s)ds
0
1
= tf D, (u)f(tu)ds,
0

n

where D, (1) = Z 2" Then for g € N, we have,

9 n o t 9
1 .o _ 1 Z
mnzzo mzz_n < 51, (x,x; >= tfo Fy(u)f(tu)du, where Fy(s) = m L D,(s)|- We show that

t
1
limf Fy(u) f(tu)du = Ee“ < x1,x; > . Indeed let € > 0. Since lil‘(l)‘l f(s) = sinhAt < xq,x; > and
g—= Jo s—0+
Slir(x)l f(s) = coshAt < x1,x] >, then there exists 7 > 0, such that (f(tu)du —sinh At < x1, %] >| < €/4 for

alls € [0, 1] and |f(tu)du — cosh At < xq,x] >| <e/4foralls € [-n,0]. Aswe can decrease t without changing
the above implications, we can assume 1 < 1/2. Note that:

1/2 1/2
f F,(u) f(tu)du — 1/2 sinh(Af) < x1, %} > f Fy(u) [ f(tu) = sinh(Af) < x1,x] > du
0 0

1/2
f Fo(u) |f(tu) — sinh(At) < x1, %} >| du
0

IA

IA

1/2
€2 + f F,(u) |f(tu) — sinh(At) < x1, %} >|du
Ul

IA

1/2
€/2 4+ 2| flloo f Fy(u)du < € for q > qo.
n

Similarly, by increasing gy if necessary, we have, for q > go:

0 0
‘ f F, (u) f(tu)du — 1/2 cosh(Af) < x1, X, > ‘ f Fy(u) [ f(tu) = cosh(At) < x1,%; >]du
-1/2 -1/2

IA

0
f F,(u) | f(tu) — cosh(At) < x1,x} >|du
-1/2

IA

1/2
€/2 + f Fy(u) | f(tu) — cosh(At) < x1,x] >|du
n

IA

-
e/2+2||f||wf Fy(u)du < €.
-1/2
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q n
1 1
Therefore lim —— < Sy (Dxy, xt >= =te™ < x1,x0 ># 0. So necessarily, there exists p € Z such

that SAP(t)xl #0. Lety; = Si\p(t)xi, then (v:)ix0 € D(A), yo=x =0, 11 = SAp(t)xl # 0, and we have, for all
i>1:

A=Ay = m—m%m%Wm

— _ i=1 4\ .

= (closh()tpt) C(t)S x (t)x;

= S’A_pl(t)(cosh(/\pt) — C(t))x;

= S i

= Vi1
Therefore, (/\f7 — A)yi = yi-1. On the other hand ||y = IISgp(t)inI < IISf\P(t)llllx,'ll < Mi||x;|l, where M =
IS4, (I > 0. Then supllyjll% < oo. Hence A, € S(A) and cosh(At) = cosh(A,t) € cosh(t+/S(A)). Finally
S(C(#)) € cosh(t +/S(A)).

Conversely, let cosh(Agt) ¢ S(C(t)) U {—1, 1}, then C(t) has SVEP at cosh(Agt). Let us show that /\(2J ¢ S(A).
Let D). the open disc centered at A3, f:D 12 — D(A) an analytic function such that for all u € D)z, (4 —
A)f(u) = 0. Show that f is identically zero on D 2. Consider the analytic function ¢ : z € D)2 +— cosh(t Vz).
Since cosh(Apt) # %1, then (p;()\%) # 0. By the inverse function theorem, there exists a neighborhood V of )\é
suchthat V' C D)z, (V) is open and the function ¢, : V — ¢y(V)isbijective. The function ¢} : ¢4(V) — V

is analytic. Then g : z € p(V) — f(p;'(2)) is also analytic. Now, let z € @4(V), there exists u € V such that
z = cosh(t /it). Therefore we have

(z-C())g9(2) (1= A)S (B f (9 (2))
(1= A)S () f ()
Syt —A)f(u) = 0.

Since g has the SVEP at cosh(Aot), Then g is identically zero, so f is identically zero on V. As f is analytic
function, then f is identically zero on D 2. which implies A has the SVEP at A3. So the proof is complete. []

Corollary 2.2. Let (C(t))er be a strongly continuous cosine function of operators with infinitesimal generator A.
The following assertions are equivalent:

1. A has the SVEP.
2. Forallt >0, C(t) has the SVEP.
3. There exists ty > 0, C(to) has the SVEP.

Proof. (1) = (2): If A has the SVEP, then S(A) = 0. By theorem 2.1, we have S(C(t)) € {-1,1} for all t € R.

Since S(C(t)) is open, then S(C(f)) = 0. Which implies that C(t) has the SVEP for all € R.

(2) = (3): Obvious.

(8) = (1): If C(tp) has the SVEP for some ty € IR, then S(C(t)) = 0. By theorem 2.1, we have cosh(ty /S(A)) €

{-1,1}. Since S(A) is open and the function z + cosh(t Vz) is open, then cosh(ty y/S(A)) is open. Which

implies that S(A) = 0. Therefore A has the SVEP. [

Example 2.3. Let X be the complex £? space, and for (z,)neN € 2,5 € R, we put C(s)(zu)n = (cos(ns)z,),. Then

A(zn)n = (—12zy,), with D(A) = {(z,), € €% : Zn‘llznl2 < oo} and 6(A) = {-n? : n € N*}. So A has the SVEP.
n=1

According to corollary 2.2, C(t) has the SVEP for all t > 0.

Example 2.4. Let (C(t))ier be a strongly continuous cosine function of operators with infinitesimal generator A. If
C(.) is is 2m-periodic, then C(2m) has the SVEP. From corollary 2.2, A and C(t) are the SVEP for all t > 0.
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