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Abstract. In this paper, we prove a result of existence and uniqueness of solutions for the following class

of problem of initial value for differential equations with maxima and Caputo’s fractional order on the time
scales:

A u(d) = (9, u(?d), }n{ag(}u(g)), dedJ =[abl, 0<w<l,
u(a) = ¢,

We used the techniques of the Picard and weakly Picard operators to obtain some data dependency on the
parameters results.

1. Introduction and Preliminaries

During the last decades, the theory of differential equations on time scales has developed very intensively
(see for example [2, 3, 7-10, 17-20, 23] and the references therein). Indeed, it was in 1988 that Hilger [13, 24]
introduced the concept of “calculation of chains of measures” in order to unify the discrete and continuous
analysis. On the other hand, the differential equations of fractional order has become very important in
recent years due to their applications in various fields, in : physiology, rheology, control, viscoelasticity,
electrochemistry, electromagnetism, etc. For moor details, see [4-6, 11, 15, 16, 37] and the references therein.
Many authors have considered fractional differential equations (FDE) with maxima (see [1, 14, 21, 25-29]).
In [27], Otrocol discussed the following system:

u'(t) = f(t,u(t)) + g(t, maxu(c)),
cel0t]
u(0) = ¢,
wheret € [0,b],b e R?, p € R?, and f,g € [0,b] x R — R”.
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In this article, a result of existence and uniqueness has been established through Banach’s principle of
contraction. In addition, we used the Picard and weakly Picard operator [27, 29-36]) techniques to obtain
data dependency results on the parameters. We considered the following FDE on time scale with maxima

AJu(®) = T8, u®),U®)), 8e€9J =[ablr =[a,bINT, 0<w<1, (1)

u(@) = ¢, 2)

where U(J) = m[agl u(c), b > a, °A; is the Caputo fractional derivative operator or order w defined on T,
C€la,

C:J xRxR — Ris a given function and ¢ is a real constant.

The expression C(J, R) denotes Banach space of continuous functions y with the norm ||y|l = sup {|ly(9)|: 9 € J},
where J is a bounded interval. A time scale T is an arbitrary nonempty closed subset of R (see [19, 20]).

Definition 1.1. A function h : T — R is called rd-continuous provided it is continuous at right-dense points in T
and its left-sided limits exist (finite) at left-dense points in T. C,; denote the set of rd-continuous functionsh : T — RR.

Definition 1.2. A function H from a closed bounded interval of T to R is called a delta antiderivative of h : [x, u) — R
provided F is continuous on [x, u], delta differentiable on [x, p), and HA(9) = f(9) for all 9 € [x, ). Then, we define
the A-integral of h from a to b by

f ' h(8)AS := H(u) — H(x).

Lemma 1.3. [12] Suppose T is a time scale and h is an increasing continuous function on the time-scale interval
[, ul]. If H is the extension of h to the real interval [x, u] given by

W) if9eT,

H(9) := {h(s) if9€(s,0())¢T,

then

fﬂ h(9)AS < fy H(9)d9.

Definition 1.4 (Fractional integral on time scales). Suppose T is a time scale, [a,b] C T, and C is an integrable
function on [a,b]. Let 0 < w < 1. Then the fractional integral of order w of C is defined by

1

9
TI7¢(®) = ) f (9 —5)“71L(s)As.

Definition 1.5 (Caputo fractional derivative on time scales). Let T be a time scale, 8 € T, 0 < w < 1, and

C: T — R. The Caputo A— fractional derivative of order w of C is defined by

9
WS = s [ (-9 s ®

(n—-w)
where n = [w] + 1 and [w] denotes the integer part of w.

Theorem 1.6. (semigroup property) Let w,® > 0, and C is an integrable function on [a, b]. Then

W+

T T es) = TIT0Ue).
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Let (X, d) be a metric space and 9t : X — X be an operator. Let Fix(0) the set of the fixed points of %, i.e.
Fix(M) .= {x e X: x =N}
We denote by £(9) the family of all nonempty subsets of X i.e.
PO ={YCX Y #0},
and by 7 (%) the family of the nonempty invariant subsets of 9, i.e.
IO ={YcX,N(y) CY,Y =0}
We also denote N0 := 1y, N :=N,..., N .= N o N"; n € N the iterations of the operator .

Definition 1.7. (Picard operator: ([31, 33, 35])) The operator Nt : X — X is a Picard operator (P.o.) if there exists
p € X such that:

(i) Fix(MN) = {p};
(ii) The sequence (MW" (xo))nen converges to p for all xy € X.

Example 1.8. [30] Let (X, d) be a metric space and O,V : X — X such that
d(D(u), W(v)) < xld(u, P(u)) + d(v, ¥(v)]
for all u,v € X and for some x € (0,1). Then ® and \V are Picard operators.

Definition 1.9. (Weakly Picard operator: Rus 1993) The operator % : X — X is a weakly Picard operator (w.P.o.)
if the sequence (M" (x))nen converges for all x € X, and its limit (which may depend on x) is a fixed point of N.

Example 1.10. [30] Let X = C[0, 1], d(u,v) = ||u — v||,

t
Y(u)(t) = u(0) + f K(t, s)u(s)ds, te[0,1],
0
where K € C([0,1] X [0, 1]). Then Y is w.P.o..
If 9 is weakly Picard operator then we consider the operator 9* defined by
N7 X = X; NP(x) = lim RN (x).
n—oo

Remark 1.11. It is clear that M= (X) = Fix(N).

Definition 1.12. (c-weakly Picard operator) Let Nt be a weakly Picard operator and ¢ > 0. The operator N is c-weakly
Picard operator (c-w.P.o.) if
d(x, N7 (x)) < cd(x, N(x)); x € X.

Example 1.13. [33] Let (X, d) be a complete metric space. If Nt : X — X is an x-contraction then the operator N is
(c-w.Po.) withc = (1 — )L

Lemma 1.14. [33, 34] Let (X, d, <) be an ordered metric space and N : X — X be an operator. If

(i) Y is monotone increasing,
(ii)) Mis w.Po.,

then M is monotone increasing.
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Theorem 1.15. (Rus 1993 [32]) Let (X, d, <) be an ordered metric space and Nt : X — X be an operator. The operator
N is w.P.o. (c-w.P.o.) if and only if there exists a partition of X,

X = Ux¢,

PeA

where A is the indices’set of partition, such that

1) Xy € M),
2) M| Xy : Xy — X is a Picard (c-Picard) operator, for all ¢ € A.

Lemma 1.16. (Abstract comparison principle [33, 341). Let (X, d, <) be an ordered metric space and 9t, M, P : X —
X operators. If
(1) M<MLY,
(ii) M, IM, B are w.P.o.s,
(iii) M is monotone increasing,

then
uU<v<v=N(u) <MO(©) < P (w).

Theorem 1.17. (General data dependence theorem: Rus 2001 [36]) Let (X,d) be a complete metric space and
M, N - X — X two operators. We suppose that such that

(i) M is a x-contraction;
(ii) Fix(M) £ 0;
(iii) there exists v > 0 such that d(M(x), N(x)) < v, forall x € X.

Then, if Fix(M) = {py} and py € Fix(N), we have

d(pa, pn) <

2. Existence of Solutions

Definition 2.1. A function u € C! (J,R) is said a solution of (1)-(2) if u satisfies the condition u(a) = ¢, and the
equations *AJu(8) = (9, u(d), rrkaélu(g)) onJ.
cela,

Lemma22. [et0<w<1,andC: 9 XR XR — R be rd-continuous. Function u € C:d(j, IR) is a solution of
problem (1)-(2) if and only if it is a solution of the following integral equation:

u(®) = f (8 =9)“7'C(s, u(s), U(s))As,

T
where U(Y) = m[aé(]u(g).

ce

Proof. We have TI; o (‘A% (u(8))) = u(8) — u(a). Then, from (3) we have

9
u@®) =¢+ ﬁ [: (9 = 5)271(s, u(s), U(s))As,

where U(9) = rr}aé‘(]u(g).
C€la,
Set Cry = Crd(jl ]R)

Theorem 2.3. Assume
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(Axg) The function C: J X R xR — IR is rd-continuous.
(Axy) There exists a constant kg > 0 such that

IC(S, 1, 0) — C(9, u, 0)| < k¢ max(|u — ul, [0 - v))

forallu veR and S e .
(Axmy)
_ (b — a)[l)
TTl+w) " 4)
Then the problem (1) — (2) has unique a unique solution u in Cry(J, R).
Proof. Let the Banach space Q) = (Cyy4, || - [l) and consider the operator @ : O — (), defined by
Du(9) = f (8 —5)“ (s, u(s), U(s))As, (5)

here U(9) = .
where U(9) grg%]u(é)

We show that the operator @ defined in (5) has a unique fixed point u in C,4. Let u,w € C,q, and 9 € 7.
Then

9
Du(d) = ¢ + % f (8 —5)“71L(s, u(s), U(s))As,
and

Dw(d) = f (8 = 5)7LL(s, w(s), W(s))As,

T
where U(t) = gn[a>t<]u(£), and W(t) = gn[aﬁw(é).
By (Axn) we get , /
|CDu(8) CDw(S)
f— ﬂ) 1 —
T@) f )7 | Cs, u(s), U(s)) — Cs, w(s), W(s)) | As ©)
ke

) ﬂ(s ) ma | u(s) = w(s) | [Us) = W) A

According to “max” property, (see [29])

max|maxu(r) maxv(T)I < max|u(s) — v(s)|,
s€la,b] t€la,s] €la,s] s€la,b]

we obtain
max (| u(s) — w(s) |, |U(s) — W(s)l)
s€la,b]
= max|]| u(s) — w(s) |, i maxu(t) — maxw(T)l)
s€la,b] T€la,s] 7€[a,s]
< maxju(s) — w(s).

s€la,b]
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So, by (6) and Lemma 1.3, we get
9
_ o\w-1
F(a)) axlu(s) w(s)| (S S)¥"As

kcmaxlu(s) w(s)|

IA

|Du(9) — Dew(9)l

< f (8 — 5y ds
(‘9 )(U C

< W [aZ(W(S) w(s)|

—-a w C
T+ w) B - wis)l
Then
(b—a)“’kg
|Du — dw|| < mllu—wll-

398

By (Aur), the operator @ is a m—contraction. Hence, by Banach’s contraction principle, ® has a unique fixed

point u which is a unique solution of the problem (1)—(2).

Remark 2.4. It is clear that equation (1) is equivalent to the integral equation

u(d) = u(a) + —f (9 = 5)271(s, u(s), U(s))As,
and problem (1)-(2) is equivalent to the integral equation

u(9) = + 5 @ f (8 = 5)“71(s, u(s), U(s))As,
where U(t) = gn[aﬁu(é), and u € Cid.

Define the operator ¥ : QO — Q by

W(u)(S) = u(a) + m[ (9 = 5)“71(s, u(s), maxu(é))As

Put

Qg = {u € Cyg,u(a) = ¢}.

Note that

a=|Ja,

$eR
is a partition of (). We deduce the following auxiliary lemma
Lemma 2.5. [29] If (Aj) is satisfied, then for each ¢ € R :

(i) D(Q) € Qg and D(Qy) C g

(i) @[ (Qp) =W [(Qp)-
Remark 2.6. @ is (P.o.), and forall ¢ € R,

(i) ®1(Qy) =V | (Qy), and

(it) Q=Cu= | Qy,and

PpER
(i) Qp € I(WP),

we deduce that WV is (w.P.o.). Moreover

QI

Fix(W) N Qy = {u},
for all ¢ € R, where u is the unique solution of the problem (1)—(2).

[m]
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2.1. Data dependance

Let the operators @ and W on the ordered Banach space (C., |l - II, <), and consider the following
differential inequality
‘A7) < TS, v(9),V(I)), €T, 0<w<], )
here V(9) = v(&).
where V(9) max (é)

Lemma 2.7. Let C € Cy(J X R X R), and assume

(i) (Axg) — (Axm) hold;
(ii) C(9,-,) : RXR — R, is increasing, forall 3 € .

If u is the unique solution of equation (1) and v a solution of inequality (7), then
o(a) <ulg) > v <u.

Proof. We have, in the terms of the operator W : u = W(u) and v < W(v), and u(a) < v(a). By Remark 2.6
the operator W is (w.P.o.). Moreover, from Lemma 1.14 and condition (ii) ¥* is increasing.
For ¢ € R we define the constant function

¢: T >R, $O)=¢, forall 9 €.

So, we have
< W) <P 0) <--- < PP(0).

But _ —
V(@) = = (0(a)) < W (ula)) = u.
Thus

v < U. O

We present the following monotonicity result.

Theorem 2.8. Let (; € Cy(J X R X R), where k € {1,2,3}, and assume (Axy) — (Axy) hold, and

(i) &1 <0 <G
(ii) C(9,+,-) : RXx R — Ris increasing, for all § € .

Let uy € C!(J) be a solution of equation

AT u(9) = Gi(S, ui(9), m[ag]uk(c)), ke{l,2,3},9€¢J, 0<w<1.
CEla,

Then we have
u1(a) < uz(a) < usz(a) = wy < up <,
i.e. the unique solution of problem (1)—(2) is increasing with respect to ¢, and C.

Proof. Wy, k € {1, 2,3} is w.P.o. (see proof. of Lemma 2.7). Moreover, from (ii) W, is a monotone increasing
operator. By (i) we deduce W; < W, < W;.
Let ux(a) € C,q defined by uy(a) = uy(a) for 9 € J, and k € {1,2, 3}. Note that

_1:[1(&) < I[z(ﬂ) < ZZ3(Q), forall 8 € 9.
By abstract comparison principle (Lemma 1.16), we deduce

W (@) < W5 @) < W5 ([53(a)).
And as ‘I’f@(ﬂ)) = U, where k € {1,2,3}, we deduce

up < Uy < us.
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In the following result, we prove the continuous dependence of the solution for problem (1)-(2).
Theorem 2.9. Let ¢ € R, and (i € Crq(J X R X R), where k € {1,2}, and assume (Axy) — (Axpr) hold, and

(1) 1p1(9) — P2(9)| < Ny, forall § € T;
(i) |G (S, un, u2) — Co(S, w1, un)l <Ny, forall 9 € J, ux € R, k € {1,2}.

Then

Nll"(l + w) + Nz(b —a)?
T+ @) - Ke(b—a)e

[(8; p1, C1) = U(S; P2, Il <
where u(t; o, Cx), k € {1,2}, are the solutions of problem (1)—(2) with respect to ¢x, Cx, k € {1,2}, and K¢ =
max(ke,, ke, ).

Proof. Let the operators @y, ;, where k € {1,2}. By Theorem 2.3, @y, ¢, are a t—contraction. Then, for all
u,v € R we deduce

”q)@,Cl(u) - cD(/’erl (Z))” < rtlu -9l

b —a)“k 8
(#Ilu — ). (8)
I+ w)
On the other hand,
|q)¢>1£1 (u) - q)lilz,Cz (M)l
< |q51 ol
(‘9 )w 1
+ F( ) [C1(s, u(s), U(s)) — Ca(s, u(s), U(s))| As,
where U(t) = maxu(¢).
E€lat]
Then by Lemma 1.3 we get
|q)¢1,C1 (u) - q)q’Jz,fz (M)I
< 1 — ¢l
9 (‘9 _ S)“’ 1
v [T s e, ) - G w9, U s ©)
L N - )
< Nty
where U(t) = maxu(&). Then
Eelat]
”zl\(s/¢1/fl) - I4\(\9,¢J2,f2)” = HCD¢1,C1 GI(S:(PLC])) - (D(Pz,Cz @\(9/¢2,C2))|l
< 1D (Ues,6n,00) = P (1o 6,0
+ ”q)fPl,Cl @\(Sr(f)Z:CZ)) - (D(PZ,CZ @9,¢2,C2))|l~

Thus, by (8) and (9) we get

No(b —a)®
ltts,61,00) = s, 0,1 < T ,61,01)) = s gl + N1 + Tara)

Put, in Theorem 1.17

?UE = (D<7>1,C1/ ‘Jt = (D(f)z,Czl
and
Nab-a)° _ (b-a)

vENt I ST Tar o)
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where K¢ = max(ke,, kz,), we get

v

u(t; p1, Cr) — ult; 2, O

L8+ 0) + R0 - 0
T( + @) - Kb —ay

References

(1]
[2]
13
[4]

[5]
(6]

[7]
(8]

191
[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]

[18]
[19]
[20]
[21]
[22]

[23]
[24]

[25]
[26]
[27]
[28]
[29]
[30]

[31]
[32]

S. Abbas, M. Benchohra, J. E. Lazreg and G. M. N'Guerekata, Coupled systems of Hilfer fractional differential equations with
maxima, J. Nonlinear Evol. Equ. Appl. 2 (2018), 11-24.

S. Abbas, M. Benchohra, J.E. Lazreg and Y. Zhou, A survey on Hadamard and Hilfer fractional differential equations: analysis
and stability, Chaos Solitons Fractals 102 (2017), 47-71.

S. Abbas, M. Benchohra, J.E. Lazreg, A Alsaedi and Y. Zhou, Existence and Ulam stability for fractional differential equations of
Hilfer-Hadamard type, Adv. Difference Equ. (2017) 14p.

S. Abbas, M. Benchohra, J. R. Graef, and J. Henderson, Implicit Fractional Differential and Integral Equations Existence and Stability,
De Gruyter, 2018.

S. Abbas, M. Benchohra and G M. N’'Guérékata, Topics in Fractional Differential Equations, Springer-Verlag, New York, 2012.

S. Abbas, M. Benchohra and G M. N'Guérékata, Advanced Fractional Differential and Integral Equations, Nova Science Publishers,
New York, 2014.

R. S. Adiguzel, U. Aksoy, E. Karapinar, LM. Erhan, On the solution of a boundary value problem associated with a fractional
differential equation, Mathematical Methods in the Applied Sciences. https://doi.org/10.1002/mma.6652

R. S. Adiguzel, U. Aksoy, E. Karapinar, .M. Erhan, Uniqueness of solution for higher-order nonlinear fractional differential
equations with multi-point and integral boundary conditions , RACSAM (2021) 115:155; https://doi.org/10.1007/s13398-021-
01095-3

R. S. Adiguzel, U. Aksoy, E. Karapinar, LM. Erhan, On The Solutions Of Fractional Differential Equations Via Geraghty Type
Hybrid Contractions, Appl. Comput. Math., V.20, N.2, 2021,313-333

R. P. Agarwal, U. Aksoy, E. Karapinar, and I. M. Erhan. F-contraction mappings on metric-like spaces in connection with integral
equations on time scales. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM 114 (3) (2020), Paper No. 147, 12 pp.

B. Ahmad, A. Alsaedi, S.K. Ntouyas and J. Tariboon, Hadamard-type Fractional Differential Equations, Inclusions and Inequalities.
Springer, Cham, 2017.

A. Ahmadkhanlu and M. Jahanshahi, On the existence and uniqueness of solution of initial value problem for fractional order
differential equations on time scales, Bull. Iranian Math. Soc. 38 (2012), no. 1, 241-252.

B. Aulbach and S. Hilger, A unified approach to continuous and discrete dynamics, in Qualitative theory of differential equations (Szeged,
1988), 37-56, Collog. Math. Soc. Janos Bolyai, 53 North-Holland, Amsterdam, 1990.

D. D. Bainov, S. Hristova, Differential Equations with Maxima, Chapman and Hall/CRC, Boca Ratonv, 2011.

D. Baleanu, Z.B. Giiveng, and J.A.T. Machado New Trends in Nanotechnology and Fractional Calculus Applications, Springer, New
York, 2010.

N. R. O. Bastos, Fractional calculus on time scales, Ph.D. thesis, University of Aveiro, 2012.

N. Benkhettou, A.M.C. Brito da Cruz and D.EM. Torres, A fractional calculus on arbitrary time scales: Fractional differentiation
and fractional integration, Signal Processing 107 (2015), 230-237.

N. Benkhettou, S. Hassani and D.EM. Torres, A conformable fractional calculus on arbitrary time scales, J. King Saud University
(Science) 28 (1) (2016), 93-98.

M. Bohner and A. Peterson, Dynamic equations on time scales, Birkhduser Boston, Boston, MA, 2001.

M. Bohner and A. Peterson, Advances in dynamic equations on time scales, Birkhduser Boston, Boston, MA, 2003.

A. Cernea, On a fractional differential inclusion with “Maxima”, Frac. Calc. Appl. Anal. 19 (2016), no. 5, 1292-1305.

A. Chis-Novac, R. Precup and loan A. Rus, Data dependance of fixed points for non-self generalized contractions, Fixed Point
Theory 10 (2009), no. 1, 73-87.

S. Georgiev, Fractional Dynamic Calculus and Fractional Dynamic Equations on Time Scales, Springer, 2018.

S. Hilger, Analysis on measure chains: a unified approach to continuous and discrete calculus, Results Math. 18 (1990), no. 1-2,
18-56.

R. W. Ibrahim, Extremal solutions for certain type of fractional differential equations with maxima, Adv. Difference Equ. 2012, 7,
8pp.

K?I:;\Iisse and L. Nisse, An iterative method for solving a class of fractional functional differential equations with Maxima,
Mathematics, 2017, 13pp.

D. Otrocol, Hybrid differential equations with maxima via Picard operators theory, Stud. Univ. Babes. Bolyai. Math. 61 (2016),
421-428.

D. Otrocol, Systems of functional differential equations with maxima of mixed type, Electr. ]. Qual. Theory Differ. Equ. (2014), 5,
9pp-.

Dp.pOtrocol and I. A. Rus, Functional differential equations with Maxima of mixed type, Fixed point theory 9 (1) (2008), 207-200.

I. A. Rus, Fiber Picard operators theorem and applications, Stud. Univ. Babes. Bolyai. Math. 44 (3) (1999), 89-97.

I. A. Rus, Generalized Contractions and Applications, Cluj University Press, Cluj-Napoca, 3 (1983), 1-130.

L. A. Rus, Weakly Picard mappings, Comment. Math. Univ. Caroline. 34 (4) (1993), 769-773.



E. Karapinar et al. / Filomat 37:2 (2023), 393—402 402

[33] I. A. Rus, Weakly Picard operators and applications, Semin. Fixed Point Theory, Cluj-Napoca 2 (2001), 41-57.

[34] I A. Rus, Functional differential equation of mixed point, via weakly Picard operator, Semin. Fixed Point Theory, Cluj University
Press, Cluj-Napoca, 3 (2002), 335-345.

[35] I. A.Rus, Picard operators and applications Sci. Math. Jpn. 58 (2003), 191-219.

[36] 1. A.Rus, Generalized contractions, Cluj University Press, 2001.

[37] Y. Zhou, Basic Theory of Fractional Differential Equations, World Scientific, Singapore, 2014.



