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Finite sum of weighted composition operators with closed range
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Abstract. In this paper, first we characterize closedness of range of the finite sum of weighted composition

operators between different L’-spaces. Then we discuss polar decomposition and invertibility of these
operators.

1. introduction

Weighted composition operators are a general class of operators and they appear naturally in the study

of surjective isometries on most of the function spaces, semigroup theory, dynamical systems, Brennans
conjecture, etc. This type of operators are a generalization of multiplication operators and composition
operators.
There are many great papers on the investigation of weighted composition operators acting on the spaces
of measurable functions. For instance, one can see [2-5, 7, 8, 10, 15, 17, 18]. Also, some basic properties
of weighted composition operators on LP-spaces were studied by Parrott [12], Nordgern [11], Singh and
Manhas [16], Takagi [19] and some other mathematicians. As far as we know finite sum of weighted
composition operators were studied on L-spaces by Jabbarzadeh and Estaremi in [6]. Also we investigated
some basic properties of these operators in [15].

Let (X, Z, 1) be a o-finite measure space. We denote the linear space of all complex-valued X-measurable
functions on X by L%X). For any o-finite subalgebra A C T such that (X, A, ua) is also o-finite , the
conditional expectation operator associated with A is the mapping f — E”f, defined for all non-negative
faswellas forall f € [F(¥),1 < p < oo, where E/'f is the unique A-measurable function satisfying

ffdy=fEﬂfdy, AeA
A A

As an operator on L/(X), E! is idempotent and E(LP(X)) = LP(A). For more details on the properties
of E”' see [9] and [13]. For a measurable function 1 : X — C and non-singular measurable transformation
¢ : X - X, i.e, the measure p o ¢! is absolutely continuous with respect to i, we can define an operator
uCy : LP(X) — LX) with uCy(f) = u.f o ¢ and it is called a weighted composition operator. For non-
singular measurable transformations {¢;}!,, we put W = Y u;Co;.

In this paper, we are going to give some sufficient and necessary condition for closedness of range of finite
sum of weighted composition operators between different L7-spaces. Moreover, we compute the polar
decomposition of these operators on L?. Finally we talk a bit about invertibility and injectivity.
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2. Main results

In this section first we give an equivalent condition for closedness of range on the Hilbert space L?.
Theorem 2.1. Let W = I, u;Cy, be a bounded operator on L* (i) and ui((pjTl) =0, i# j. Thefollowing statements
are equivalent.

(a) W has closed range.
(b) There is a constant ¢ > 0 such that | = Y., hE;(lu;?) o qoi‘l >c u—aeonCoz] ={xeX:]Jx)#0}.

Proof. (b) = (a) Suppose that there is some constant ¢ > 0 such that ] > ¢, p —a.e on Coz]. We know that
ker W C lex\cm(y). Since WWf = Jf for every f € L2(),

IWAIlE = (Wf,Wf)

= (WWF 1)

_ 2 _ 2 2
- fX JIf Py = fc s fx P
> dIfli3.

Obviously Wj; is injective and WII( (y)) is closed in L*(u), where L (y) {f € L2(u); f =0o0n X\J}. Since
ker W = LIZX\COZ](,u) W(L?(u)) must be closed in L?().

(a) = (b) Assume W has closed range. Then WU(L (u)) is closed in Lz(y) Since W) is injective so there
exists a constant d > 0 such that ||[Wl, > d||fll2, for any f € L*(u). Takec = £, 2, (b) follows immediately once

we show that for any E € ~ with E C Coz], fE Jdu = cu(E). PicK any E € £ with E € |. We may assume
u(E) < co. Then xr € L2(u) and n [[ Jdu = n [ Jxedp > Wyxell = dllxell} = d2u(E) so [, Jdu > cu(E). O

Now we find some necessary and sufficient conditions for closedness of range when the operator act on
the [V with p > 1. Recall that an atom of the measjure u is an element A € o with u(A) > 0 such that for
each F € ¢, if F C A then either u(F) = 0 or uF = u(A). A measjure space (X, o, i) with no atoms is called
non-atomic meajsure space.

Theorem 2.2. Let W = Y1, u;C,, be a bounded operator on LF(u) with p > 1. Then the followings hold.
(@) IfJ(B) =0, u—aeand ) o J(A)U(A;) < oo then W has closed range.
(b) If W has closed range and is injective then J(B) =0, u—ae.
(c) Let u(X) < co. If W has closed range and is injective then there exists a constant & > 0such thatu = Y[y uf > 6
ox X.

Proof. (a) Take any sequence (W f,)new in W(LF(u)) with ||full < 1 and |[Wf, — gll — 0. For a fixed i € IN
the sequence (f,(A;))nen is bounded by V%. So we can find a subsequence (f,,)ken such that with
HiA;

each fixed i, f,,(A;) — «; for some @; € C. Define f = Y., aixa,. By Fatous lemma we have fx |flPdy <
liminfy_,e fx |fulPdp <1, for f € LP(u). Then for each € > 0, we have

”!7 - Wf”p < ”g - an”p + ”an - ank”p + ”ank - Wf”p
< = + + f (W(f, — HIFdu

e f fo — fPdu

IA

+

U)Iﬂ‘) ()Jlm

! Z JCA o (A7) = aulf (A)

i=1

S Wi (.olm
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Obviously W(LP(u)) is closed in LP(u).

(b) Suppose on the contrary, u({x € B : J(x) > 0}) > 0. Then there exists 6 > 0 such that the set G = {x €
B : J(x) > 6} has positive measure. We assume p(G) < co. Moreover, as G is non atomic, we can further
assume that ¢1(X\G) > 0. Consider the Banach space Llpc () and the operator W\, defined on L"; (). We claim
that W, (L"’c (w)) is closed in L*(u). To prove we take any convergent sequence (W (fu))nen in W |g (Llpc ().
Let g € LP(u) satisfy |[W(f.) — gll, — 0 as n — oco. Note that (W, (f:))sen can be regarded as a sequence in
W(LP(u)). The closedness of range of W yields an f € LP(u) with g = Wf u —a.e On X. Then assume W
has closed range and is injective so there exists a constant d > 0 such that [|W|.(f,) — Wfll, > d||f, — fll,. As

Wi (f)=glly = Wi (fa) =Wl = 0and lfu = fIly = [¢ fu— fPdu+ [ 1fu— fPdu we have that [, . |fPdp =0
andso f € Lf;(y). Then there exists some constant ¢ > 0 such that ||W. f||, > c||fll,, forall f € ch (u). We claim
that this is impossible by showing that for any « > 0, there is some f, € LE () satisfying [[W. fll, < cl|fll,. For

-1 [

m P m P

W is a bounded operator on LP(u) so | is finite valued p-a.e on X, then we have u({x € G ; J(x) = oo}) = 0.
Now as p(G) > 0, u(Gn) > 0 for some N € IN. Since Gy is non- atomic, for any a > 0, we can choose
some set E, € X such that E, C Gy and u(E,) < u(Gn). Take f, = xg,. Obviously f, € ch (u). Moreover

W, fallp < mpT?l (ijlfalpd‘u)% < mnpl(

have =0, y—a.eonB.
(c) Assume W has closed range and is injective so there exists a constant d > 0 such that |[Wfl|, > d||fl|,, for

any f € LFP(p).

n”_leufdy
=

p P
any n € N, define G, = {x € G ; (M) <J(x) < ( na ) ). Then G = (UpenGy) U fx € G ; J(x) = oo). Since

I\;ﬁ )II fally = Na|lfall,. This prove our claim and therefore we must
m P

n

nb~! Zf uldu

i1 Yor(X)

n

— -1 P

= ZLuiX(Pfl(X)dy
i=1

f (WxxlPdu
X
IWxxll,

Plxxdl = @ u(X)

v

v

v

so u > 6 on X . The proof is now complete. [

Here we give some necessary and sufficient conditions for closedness of range when the operator projects
L7 into LTwhen1 < g <p < c0.

Theorem 2.3. Suppose that 1 < q < p < co and let W be a bounded operator from LF(u) into L(u). The followings
hold.

(a) If W has closed range and is injective then the set {i € N ; J(= Y11 hE,(lu,|7) o ;1) (A;) > 0} is finite.
(b) If](B) =0, u—a.e andtheset{i € N; J(= Y1y hE,(lu,|7) o ;1) (A;) > O} is finite then W has closed range.

Proof. (a) Suppose on the contrary, the set {i € IN; J(A;) > 0} is infinite. Since W is injective and has closed
range there exists d > 0 such that [[Wfl|, > d||fl|,, for all f € LF(u). Thus for any i € N, ||W)(Ai||q > d‘fy(Ai)r%
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and so
q
A < Wxall
= 1Y a0 o
X =1
<

ni™! f Jxadu
X

(A u(A).

It follows from the preceding inequality that

dﬁ
— < J(Ai )i 7 (A
n v
Therefore,
dﬂ
p=q L
Do:Z p(ql)—Z] - < ©o.

ieEN n r1 ieN

This is a contradiction.

(b) Let g € W(LP(u)) then there exists a sequence (W f,)uenw € W(LP(u)) such that Wf, — g and ||f.ll < 1.
If the set {i € IN; J(A;) > 0} is empty then W is the zero operator . Otherwise we may assume there
exists some k € IN such that J(A;)) > 0for 1 <i < kand J(A;) = 0 for any i > k. As f, € LF(u) for all n,

I1£ull . . .
[fu(A)] < _” < — _ forany 1 <i < kand any n € IN. By Bolzano-Weierstrass there exists a subsequence

of nutural number (n]) jen such that for each fixed 1 < i < k the sequence (f,;(A;))jen converges. Suppose
limj 0 fn;(Ai) = ¢j(€ C) and define f = Zi-;l ¢ixa;- Then f € LP(u). For every € > 0, we have that

lg—Wrlly, < lg- an”q +IWf = Whllg + IWfu, = Wl

S+fs f W, — f)lidy
< §+§+M-1 | s~ s

k
o5 e YA 40— )

O

In the next theorem we obtain some necessary and sufficient conditions for closedness of range when the
operator projects L? into L7 when 1 < p < g < co.

Theorem 2.4. Suppose that 1 < p < q < coand W = I, u;C,, be a bounded operator from LF(u) into L7(u). Then
the followings hold.

(@) If [(B) =0, yu—aeand ), J(A)u(A;i) < oo then W has closed range.
(b) If W has closed range and is injective then J(B) =0, u—a.e.

(c) Let u(X) < co. If W has closed range and is injective then there exists a constant & > 0such thatu = Y\ uf > 6
on X.
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Proof. (a) Take any sequence (W f,)new in W(LP(u)) with || ]| < 1. For fixed i € IN the sequence (f,(A;))nen
is bounded by V%. Applying contor’s diagonalization procces, we extract a subsequence (fy, )ren such
(A

that with each fixed i, f, (A;)) — a; for each a; € C. Define f = Y72, aixs,. By fatous lemma we have
fx [flPdu < liminf e fx [fuPdu <1, or f € LP(u). Then for each € > 0, we have

lo =Wl <l = Wil +IWF, = Wl W = Wil
< Ses f W(fy, — Flidy
€ 1
< Sefewr f I — flidy
€ € _
= 3t3* m? 1;](Ai)|f”k(Ai) - aifu(Ay)
— 0

Obviusly W(LP(u)) is closed in L(u).
(b) Suppose on the contrary, u(fx € B : J(x) > 0}) > 0. Then there exists some 6 > 0 such that the set
G ={x € B : J(x) = 0} has positive y- measure. We assume p(G) < co. Moreover, as G is non atomic, we can
further assume that u(X\G) > 0. Consider the Banach space Lli (1) and the operator W), defined on Lf; (u). We
claim that W), (Llpc (u))is closed in L7(u). To prove we take any convergent sequence (W, (f))nen in W, (Ll’; ().
Let g € L(u) satisfy [[W.(fs) — gll; = 0 as n — oo. Note that (W|.(f1))nen can be ragarded as a sequence in
W(LF(u)). The closedness of range of W yeilds an f € LP(u) with g = Wf u —a.e On X. Then assume W
has closed range and is injective so there exists a constant d > 0 such that [|W|,(f,) — Wfll; > d||f. — fll,. As
Wy ()= glly = IWL () =W lly = Oand llfy = FI, = [} Ifu= fPdp+ [, |fu = fPdp we have that [, . |fPdu =0
andso f € ch(y) Then there exists some conctant ¢ > 0 such that [[W, fll; > cl|fll,, forall f € LPG (u). We claim
that this is impossible by showing that for any « > 0, there is some f, € LfG(y) satisfying |[W). fll; < cllfll-
Forany n € N, define G, = {x € G; n—1 < J(x) < n}. Then G = (UyenG,) U {x € G ; J(x) = oo}. Since W is a
bounded operator on L*(u) so ] is finite valued p-a.e on X, then we have u({x € G; J(x) = oo}) = 0. Now as
w(G) > 0, u(Gw) > 0 for some N € IN. Since Gy is non- atomic, for any « > 0, we can choose some set E, €
4
such that E, € Gy and u(E,) = “(i—N), where K < L,ﬁ(GN Take f, = xg,. Obviously f, € Llpc(“)' Moreover

aTP

1
W fall, < ’q( f ]Ifalqdy)
w1 (Nu(Gy )
‘u(GN rl’ pnflq
- " ] ( K )
K qr
q-1 1 Pa
= 9 N1 o _
m'T Ni|[f ||p(“(GN)
N
< E”fa”p

This prove our claim and therefore we must have | =0, u—a.conB.
(c) Assume W has closed range and is injective so there exists a constant d > 0 such that [[Wfl|, > d||f|l, for
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n
np~1 f uldy
;‘ P7X)
n
= np—l Z f uf)((pi—l(x)dy
f (WxxlPdu

Wl
Plxxlll = & p(x)

any f € LP(u).

n
n”lf ubd

[\

[\

v

sou > 0 on X . The proof is now complete. [

In the sequel we investigate the closedness of range the operator in from L* into L7 and the converse.
First we find some necessary and sufficient conditions for the case that W is a bounded operator from L*®
into L7 with 1 < g < oo.

Theorem 2.5. Suppose that 1 < g < co. Let | = Y_; hyE,(|u,l7) o @t and W be a operator from L™ () into L(p).
The followings hold.

(a) If
(1) W has closed range.
(2) W is injective.
(3) Lien J(A)u(A;) < oo.
Then the set {i € N ; J(A;) > 0} is finite.
(b) If](B) =0, u —a.e and the set {i € N ; J(A;) > 0} is finite then W has closed range.

Proof. (a) Suppose on the contray, the set {i € IN; J(A4;) > 0} is infinite. Since W has closed range and is
injective we can find some constantd > 0 such that |[Wfl|; > d||fll«, for all f € L*(u). Thus for any i € N,
IWxalll > d? and so we have,

a1 < [Wxall]
n
= f |ZurXAi°(P1'|qd[J
X r=1
<

nf™! f Jxady
X

n1 J(ADu(A)

It follows from the preceding inequality that

a1
e J(AD)u(A;)

Therefore,

oo:Z ql_Z](A)y(A)<oo

ieIN ieN
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contradiction arises.

(b) Let g € W(L>(u)) then there exists a sequence (W f,)nen © W(L™ (1)) such thatWf,, — g with [|f,|| < 1. If
theset{i € IN; J(A;) > 0} is empty then W is the zero operator . Otherwise we may assume there exists some
k € N such that J(A;) > 0for 1 <i < kand J(A;) =0 forany i > k. As f, € L*(u) for all n, | f,(A)| < || full for
any 1 <7 <k and any n € IN. By Bolzano-Weierstrass there exists a subsequence of nutural number (nj)jen
such thst for each fixed 1 < i < k the sequence (f4;(A:))jen converjes. Suppose lim;,« fu;(Ai) = ¢j(€ €) and

define f = Y5, ¢jXxa;- Then f € L*(u). For every € > 0, we have that

lg=Wflly < llg = Whilly + IWf = Wl + W, = Wl
< —+ +f|W(f”; Plidu
€ € 1
< Safewr fnf - fldy
= Selewn 21 JAN (A - < (A
— 0

O

Now we find some necessary and sufficient conditions for the case that W is a bounded operator from L”
into L™ with 1 < p < oo.

Theorem 2.6. Let u;’s are nonnegative and p1(X) < co. Suppose that 1 < p < oo and let W be a operator from LP(u)
into L (u). The followings hold.

(a) If (X, L, u) be a purely atomic space and W is bounded operator then W has closed range.
(b) If W has closed range and is injective then there exists a constant 6 > 0 such that u = Y i, uf >0o0nX.

Proof. (a) Take any sequence (W f,)en in W(LP (1)) with |||l < 1. For fixed i € IN the sequence (f,(Ai))nen
is bounded by Vﬁ. Applying contor’s diagonalization procces, we extract a subsequence (f, Jken such
ulAi

that with each fixed i, f, (A;)) — a; for each a; € C. Define f = Y72, aix,. By fatous lemma we have
S| fPdy < iminfe e, [, |f[Pdp <1, or f € LP(u). Then for each € > 0, we have

lg=Wellke < llg = Whilks +IWfy = Wil + IWfo, = Wllo

€ €

< S5 [ 15 - fra
€ €

< g HIWI[ I - fld

Ule]NA

€ €

= 3+3 ”W”Z [fo(A) = @il (A

— 0

Obviusly W(L?(u)) is closed in L®(u).
(b) Assume W has closed range and is injective so there exists a constant d > 0 such that |[W £l > d||f||, for

any f € [P(u). Take 6 = 2i%) Then

np-1 7

n n
, P p-1 P
|ZVZXXO(P1| < n Zui

i=1 i=1
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Therefore,
n n
nP~t Z ul > (Z u;)?
i=1 i=1
> [[Wixllb
> @l = P u(x)

so u > 6 on X . The proof is now complete. [
Here we consider W as a bounded operator on L*.

Theorem 2.7. Let u;’s are nonnegative and (X) < co. Suppose that W be a bounded operator from L*®(u) into
L*(u). The followings hold.

(a) IfIf (X, Z, u) be a purely atomic space then W has closed range.
(b) If W has closed range and is injective then there exists a constant & > 0 such that u = Y,;_ u; > 6 on X.

Proof. (a) Take any sequence (W f,)nen in W(L® (1)) with ||f,]l < 1. For fixed i € IN the sequence (f,(Ai))nen
is bounded by |f.(A)| < lIfall < 1. Applying contor’s diagonalization procces, we extract a subsequence
(fu ke such that with each fixed i, f,, (A;) — a; for each a; € C. Define f = ¥.°; a;ix,. Then for each € > 0,
we have

lg—Wfllw < llg=Whillo +[IWf = Wi llo + [IWfi, = Wflleo
€ €
< 3tst Wl fi, = flloo
€ €
< 3*3t (Wl sup | fn, (A7) — ail
ieN
_) O

Obviously W(L*(u)) is closed in L*(u).

(b) Assume W has closed range and is injective so there exists a constant d > 0 such that [|W f|le > d||fllo,
for any f € L*(u). Take 6 = d. Then,

n n
|ZuiXX°(Pi| = Z”i
i=1

i=1

Therefore,
n
Z up 2 UiXx © Qi
i=1 i=1

d

=

\%

so u > 6 on X . The proof is now complete. [

In the next theorem we obtain the polar decomposition of W as a bounded operator on the Hilbert space
L?. The polar decomposition of every linear map A : X — U can be written as A = UP where P > 0 an U
is unitary.
Theorem 2.8. Suppose u,-(qojfl) =0, i# j. Theunique polar decomposition of W = Y.i_; u;Cy, is VIW| where
W) = Myf, V(g) = Lty "% o gy and B = Coz(] = XLy hEi(1) 0 p;7)
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Proof. We have that

IWAIE = (Wf,Wf)
(W'WH, )

fx JIfPdy = fB JIfPdy + fx P
fB JIfPdy

where | = YiL; hiEi(u;)* o @', Then ker W = L?(X\B) = (L*(B))*. For each f € L2(u) write f = xgf + xx\af
so that Wf = Wy f. We may define partial isometry V with initial space (ker W)* = L?(B) and final space
RanW by V(g) = Y14 ui)%] o@;, g€ L?(u). Then the unique polar for W is given W = VM. O

Finally, the next two assertions we investigate invertibility of W.

Theorem 2.9. Let (X, L, i) be apurely atomic measure space, 0 # u; € L®(u) and W be a sum finite of weighted
composition operators on LP(u). If there is a positive integer N; such that (pf.\]f (Ay) = Ap up toanull set foralln > 1
and ui(p;) =0, i# jthen

(a) W is invertible.

(b) The set function E that is defined as E(B) = Mo, for all borel sets B of C is a spectral measure where

v =Y uit o @i o N1, N =[Ny,--- ,N,].

Proof. (a) Not that ker W C ker W'*! and W™L(LP(u)) 2 W'(LP(u)). If there is a positive integer N; such
that (pf\]" (Ay) = A, up to a null set for all n > 1 then W" is a multiplication operator induced by function
v =Y uiuio @i+ uio N~ where N = [Ny, -+, N].
If f € ker WN then WM f(A,) = 0 for all n > 1. We have that vf(A,) = 0 therefor f =0, u —a.e on X. So W is
injective.
Let g € L¥(u) then WN(%)(An) = g(Ay) forall n > 1. So W is surjective.
(b) As observed by Rho and Yoo ([14], example 1), the multiplication operator M,, is spectral. In fact the
spectral measure E is given by E(B) = M, .o for all Borel set Bof C. [

Theorem 2.10. Let W = Y.i, u;C,, be a bounded operator on L*(u) and ui((pjfl) =0, i# j The following
statements are equivalent.

(a) W is injective.
(b) J =X hiEi(uiP?) o 7' >0, p—aeonX.
(c) whenever J(E)=0for E€ X, u(E) = 0.

Proof. (b) = (a) Take any f € ker W, then we have

0= WAl (Wf, Wf)
= (WWf,f)

— 2 _ 2 2
- Lﬂfl dy - fCozf ]|f| d# " L\Cozf ]|f| dy

= JIfPdu

Cozf

Since | > 0, p —a.e on Cozf, it follows that u(Cozf) =0or f =0 pu—aeonX.

(@) = (c) Let E € T satisfy J(E) = 0 we may also assume p(E) < co. Then x¢ € L?(u) and IIW)(EH% = fX])(Edy =
fE Jdu = 0. Now the injectivity of W implies that yg =0, u —a.eon X. Hence u(E) = 0.

(c) = (b) Put B = Coz]. Clearly, X\B € L. Moreover, since [(X\B) = 0 We must have u(X\B) = 0. This shows
that[ >0, p—-aeonX. O
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