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Abstract. This paper examines the topological features of the compact biwarped product submanifolds of
a space form with vanishing constant sectional curvature. More precisely, we show that stable integral p—
current does not exist in a compact oriented biwarped product submanifold in an Euclidean space that meets
some geometric conditions based on Laplacian of warping functions, slant functions. Simultaneously, it is

shown that their homology group are zero under these geometric conditions. Additionally, some special
cases are also described.

1. Introduction

Federer-Fleming was the first to establish the concept of integral currents [14]. By connecting the geo-
metric structure of differentiable manifolds and homological groups with integral coefficients, the concept
of an integral current plays a significant role in presenting the topological informations. The criterion for
the non-existence of stable currents for the submanifolds in the sphere 5" by using second fundamental
form was established by Lawson-Simons [15] in the year 1970.

Alternatively, in [18], non-existence of stable integral currents as well as the vanishing of Homology
were found in a contact CR-warped product submanifold in an odd dimensional sphere, based on Lawson-
Simon result [15], the authors concluded that the homology groups were trivial and that there were no stable
currents in a contact CR-warped product submanifold immersed in a sphere of odd dimension. Further, F.
Sahin [20, 21] showed that the CR-warped product submanifold in Euclidean spaces and the nearly Kaehler
six sphere S° have equivalent conclusions. Influenced by prior studies, Ali et al [6] adjusted the warping
function and point wise slant functions for a warped product submanifold on the unit sphere with the trivial
homology groups on the point wise slant fiber. Fu and Xu [13] explored some topological properties for the
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submanifolds immersed in a hyperbolic space and proved the topological space theorem. Motivated by
the study of Fu and Xu Ali et al [8] obtained some characterization for the non-existence of stable currents
for the CR-warped product submanifolds of the complex hyperbolic space and simultaneously, vanishing
of homology groups for these submanifolds were studied. Various topological sphere theorems have been
extended in [8]. In [7], the authors extend the same work to Lagrangian warped product submanifolds of
the six dimensional sphere. Several researchers derived various conclusions concerning topological and
differentiable structures of the submanifolds by putting specific requirements on the second fundamental
form ([16], [17], [9], [22]-[24]).

2. Preliminaries

Let (T, g) be an almost Hermitian manifold with an almost complex structure J. The manifold (T) is called
Kaehler manifold if the almost complex structure | is parallel with respect to Levi — Civita connection V on
I, ie,

(Ve De2 =0, 1)

for all ey, e, € TU, then (T'], g) is called a Kaehler manifold.
Let I be an n—dimensional Riemannian manifold isometrically immersed in a m—dimensional Rieman-
nian manifold I'. Then the Gauss and Weingarten formulas are

Ve &2 = Ve e + (e, €2)

and )
Velé = —Aéel + V;;E,

respectively, for alle;, e, € TT and & € T*T. Where V is the induced Levi-Civita connection on T, £ is a vector
field normal to T, o is the second fundamental form of I, V+ is the normal connection in the normal bundle
T*T and A is the shape operator of the second fundamental form. The second fundamental form /# and
the shape operator are associated by the following formula

9(0(31/ 62)/ 5) = g(Aéel/ 62)‘ (2)
The equation of Gauss is given by
R(elr €2, 63, 64) = R(elr €2,€3, 64) + g(a(elr 64)/ 0(62/ 63)) - g(a(elr 63), O(EZr 64))/ (3)

for all e1, 5, e3,e4 € TT. Where, R and R are the curvature tensors of I and I' respectively.
Forany e € TT and N € T*T, Je and |N can be decomposed as follows

Je = Pe + Fe ()
and

JN =tN + fN, o)
where Pe (resp. tN) is the tangential and Fe (resp. fN) is the normal component of Je (resp. JN).

The submanifold T’ of an almost Hermitian manifold T is called a pointwise slant submanifold if at
each point x € T, the wirtinger angle 0(e;) between Je; and T,I' is independent of the choice of the nonzero
vector e; € T,I. In this case, the angle 0 is treated as a function on I', which is called the slant function
of the submanifold, and the submanifold is called the pointwise slant submanifold. If the slant function
O(X) is constant on I, then I' is a slant submanifold [12]. Now, we have following characterization for the
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pointwise slant submanfold.

The submanifold I' is pointwise slant submanifold if and only if the endomorphism T satisfies

T? = —AI (6)
for A € [0,1] such that, A = cos? 6. From (4) and (6), one can conclude

g(Tey, Tep) = cos? Og(e1, e2) )

g(Fey, Fey) = sin” Og(er, e2) (8)

forany ey, e; € TT.

If O(e1) = 0 on T globally, then the pointwise slant submanifold becomes invariant submanifold. Simi-
larly, if 6(e1) = 5 on I globally, then the pointwise slant submanifold becomes anti-invariant or totally real
submanifold.

B. Y. Chen and F. Dillen [1] extended the concept of a warped product submanifold to multiple warped
product manifolds in the following way.

Let {I;}, i = 1,2,...,k be Riemannian manifolds with respective Riemannian metrics {gi}i=1,. x and
{Ailiz23,. k are positive valued functions on I'1. Then there is the product manifold I' = I'y X I'p X --- X Ik
which is equipped with the Riemannian metric g

k
7=+ Y (Ao 91)%¢}(g)
i=2

is called multiply warped product manifold and denoted by I' = I'y X, I'> X - - - X, I'x where ¢:(i = 1,2, ..., k)
are the projection maps of I' onto I'; respectively. The functions A; are called the warping functions [1].
If the warping functions are constants, the warped product is simply Riemannian product of manifolds.
As a special case of multiply warped product manifolds, Biwarped product manifolds can be defined, for
i = 3. For i = 2, multiply warped product manifold becomes the single warped product manifold. Let
I' =Ty X5, I'1 X3, I'> be a biwarped product submanifold with the Levi-Civita connection of I'; for i = 0,1, 2.
For biwarped product submanifolds, we now have the following result.

Lemma 2.1. [2] Let I' = Ty Xy, I'1 X, I'> be a biwarped product manifold. Then we have

Ve e2 = Ve,er = er(Indi)e ©9)
foreg € TTyand e, € TTy, fori =1, 2.

For a smooth function A on a Riemannian manifold I with Riemannian metric g, the gradient of A is denoted
by VA and is defined as

g(VA,e) =eA, (10)
foralle € TT.

From the Proposition 2.4 of [10], for the biwarped product submanifold I'r x;, I'g X,, I';, we can
conclude the following relations

H"(ey, )

n / (11)

R(e1,e3)er =
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H"(e,,
Rier esjer = T2, 12)
2
where e1,e, € TT1, e5 € TTg, e € TT' |, and H" is the Hessian of the function A;,i = 1,2.
For the Laplacian A(InA;) of the warping functions A;, i = 1,2, we have
. VA; 1 , AA;
A(InA) = =div(—) = —g(V—,VA;) — Aidiv(VA;) = IVInAi|? + —=. (13)
A A A
From above equation, we deduce
AlnA;
S Al — IVInA(IP (14)

1

3. Main Results
We need the following information from Lawson and Simons [15] in order to establish our main results

Lemma 3.1. [15,22] For the second fundamental form o and any positive integers p, q with p+q = n, if the inequality

P n
Y. Y @loua, up)lP = gotuta, a), olug, ug)) < pae

a=1 p=p+1

is satisfied for an n—dimensional compact submanifold T" in a space form T'(c) of constant curvature ¢ > 0, then there
is no stable p—current i I'"" and H,(I'", Z) = H,(I"", Z) = 0, where H,(I"", Z) is the a — th homology group of I'" with
integer coefficients and {e,}1<q< is the orthonormal basis of M".

The study of biwarped submanifolds in the Kaehler manifolds has been done by H. M. Tastan [3] which
was followed by M. A. Khan and K. Khan [4]. Basically, M. A. Khan and K. Khan looked on biwarped prod-
uct submanifolds of the type I' = I'r X, I'; X, I'g in the frame of complex space forms, where I'r, 'y and I'g
are the invariant, totally real and pointwise slant submanifolds respectively. Across this paper we consider
n—dimensional biwarped product submanifold I'"* = F’; Xy, T, Xa, T of a complex space form, where p,
t,s are the dimensions of the invariant, totally real and pointwise slant submanifolds. If I'; = {0} then the
biwarped product submanifold becomes the CR-warped product submanifold. Similarly, if I*> = {0} then
the biwarped product submanifold reduces to pointwise semi-slant warped product submanifold.

Now, we have some initial results

Lemma 3.2. [3] Let I = I'r Xy, I', Xy, I'g be a nontrivial biwarped product submanifold of a Kaehler manifold
(T, ], 9), then we have

(i) 9(0(61162)1 ]33) =0,
(ii) g(o(ea, e3), Jes) = =Jea(InAr)lles|,
(iii) g(o(ez, e4),Je3) =0,

forany ey, e; € DT, e3 € D*, and ey € Dy.

Lemma 3.3. [3] Let I' = I'r Xy, I'y Xy, T'g be a nontrivial biwarped product submanifold of a Kaehler manifold
(T, ], 9), then we have

(i) g(o(er,e2), Fes) =0,
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(ll) 9(0(32/ 63)/ F€4) = O/
(iii) g(o(ea, es), Fes) = —Jealnsllesll?,

forany e1,e; € DT, e3 € D, and e4 € Dy.

It is well known that the even dimensional Euclidean space with zero constant sectional curvature is
a complex space form. As a result, given a biwarped product submanifold I' = I't X, I, X, I'p in a flat
space or the Euclidean space, we get the following nonexistence stable integral p-currents theorem.

Theorem 3.4. Let I" =TT, x;, T, Xy, I, be a compact orientable biwarped product submanifold in the Euclidean
space RPY242 with n = p + q. If the following condition holds

tAInAy + gAInAy > H2 — B|[VInA|? +s(1 — s + csc? 0 + cot? 0)||VinA,|*~

15
—qg9(VinAq, Vini,). (15

Then there does not exist integral p—current in I" and H,(I'", Z) = H,(I'", Z) = 0, where H;(I"", Z) is the ith homology
group of T with integer coefficient, where p, t and s are the dimensions of the submanifolds ., ', and T, respectively,

withg =t +s.

Proof. Let dim(l"’;) =p=2aq, dim(l’i) =t,and dim(FSQ) =5 = 2f, where N7, N, and Ny are the integral man-
ifolds of the distributions D, D, and Dg, respectively. Consider {ui, uy, ..., Uy, Ugs1 = JU1,...,Uzq = JUga),
{aass =l togrs = i), and {Upasrer = U5, oo Unariep = Ug, Uoarisprr = U,y = S€COPU, ... Uarreop =
Woop) = sec@Pu;} be the orthonormal frames of TT', TI' and TT, respectively. Therefore, the or-
thonormal basis of the normal subbundle D+ and FDY are {u,,1 = & = Jéi,..., Uy = & = J&} and
{ets1 =& = csc OFuy, ... enp = & = csc OFe], eripr1 = 841 = csc Osec OFTuy, ... erop = 825 = csc O sec QPTM;;}

respectively. Thus, we have

4 n p+2t+2s p n
Y 2lloGus,uIP - goGu, w), o upt = Y N Y (0)+
i=1 j=1 r=n+1 i=1 j=p+1

14 n
3 2 Mo, uplP = glotu, w), o(uj, )

i=1 j=p+1
p+2t+2s p t p+2t+2s p n
— 7 \2 r\2
= L L et ) Y ) e
r=n+1 i=1 j=p+1 r=n+1 i=1 j=t+1

p t

£ )Y ot uIP = gotus, u), olus, up)}
i=1 j=p+1
p S

+Y Y o, u)IP = 9o, wi), o, ).
i=1 j

j=t+1
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Then by the Gauss equation (3) for the Euclidean space RF*2*21, we get

)

i=1 j=

n p+2t+25 14 n

Qllotu, u)I? = glolui,u), o uy = Y Y Y (@)P+
1

r=n+1 i=1 j=p+1

14 n
3 2 Mo, upIP = glotu, w), o(uj, )

i=1 j=p+1
p+2t+2s p+2t+2s (16)
Y Y Ve Y Y Ve
r=n+1 i=1 j=p+1 r=n+1 i=1 j=t+1
Pt
+ Z g(R(u;, u])uu M] Z Z g(R(uj, M] Uu;, u])
i=1 j=1 i=1 j=t+1
We can conclude the following relations from (11) and (12)
») )
gR (i, upui,uj) = — ) g(Ve VA, i), (17)
i=1 j=1 /\1 i=1
and
p s
2 X oR G i ) = 5 Zg(vulwz,m (18)
i=1 j=1

Combining (16), (17), and (18), we get

n

p
{2llo(u;, uj)ll2 = g(o(ui, u;), o(uj, uj))} = Ail Z gV, VA, 1)

-

1l
—_

i=1 j=1

p+2t+2s

+— Z 9V VA, )+ Y Z Z (0)? (19)

r=n+1 i=1 j=p+1
p+2t+2s

W

r=n+1 i=1 j=t+1
First we compute the terms AA; and AA,, these are the Laplacian of the warping functions A1 and A,

Al = Zg(vukwm 1) Zg(vu,(wl) ) - Zg(vu,ml) i)

j=1
- Z 9(V5 (VA1) 1)
r=1

4 1 t (20)
) — PRI 2
—;wm(wu,u» T ;g(u],u])llv/hll

B B
=) 9V (VA 1) = sec? 6 ) (Ve Vs, Pii).

r=1 r=1



M. A. Khan et al. / Filomat 37:21 (2023), 7105-7113

On using equation (4), the above relation reduces to

Al = Zg(v (VA1) ) - —||w P~ oV, Vo).

i=1

Similarly, we can calculate
AAy = Zg(Vu,(V)Lz) u;) — (V/\l,V/\z) - —||V/\2||2

Multiplying (21) by Ai], we get

Ay

1 4
=i Z 9(Vu,(VAY), u5) = HIVInA |2 = sg(VinAy, Vinds),
i=1

using the equation (14), the above equation turn up

P
AlnAy = Vin|? = —% Z 9(Vu(VAD), w) = HIVInALI? = sg(VinAy, VinAy),
=

rearranging the terms, we get

P
Z g(V,,(VA1),ui) = =AlnA; + (1 — t)||Vln/\1||2 —5g(VinAy, VinA,).
i=1

In a similar fashion, we derive
P
Z gV, (VA1) u;) = =AlnA, + (1 — $)IIVInA,|> - tg(VinAy, VinA,).

i=1

On the other hand

p+2t+2s

DN

r=n+1 i=1 j=p+1

S

=1 r=1 i=1 j=1

L= 1D

-
S
I
—_

+

I i 1P

1l
—_

Mw

g(o(ui, Ll]) ]ur)

jr=1

In view of Lemma 3.2 and 3.3, the above equation gives

t p t
gt w), 1)+ Y YY" glolu,n), i)

{g(o(u;, u ) csc OFu)? + g(o(u;, u ) csc O sec OFPu)?)

7111

(21)

(22)

(23)

(24)

(25)

(26)

(27)
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p+2t+2s
Z Z Z (07 = 2(csc? 0 + cot? Q)Z Z(u InA2)g(u, uw7)?
r=n+1 i=1 j=p+1 i=1 j=1
a B
+2(csc? 0 + cot? 0) Z( JuilnAo)g(u, u')? (28)
i=1 j=1
p t ]
£ 30 (Juindn) g, 1)
i=1 j=1

After some routine computations, we arrive

p+2t+2s p

Y ) Z (0)? = HIVInA|P + s(csc? 0 + cof? O)[[VinAy| . (29)

r=n+1 i=1 j=p+1

Putting the values from equations (25), (26), and (29) in (19), we get

14 n
Z {2llo(ui, up)l* = glo(ui, ui),0(uj, u)} = —tAlnAy — sAlnd, + H(1 — 8)||VInA|*+

=1 (30)
+5(1 = s)[[VInAal* — qg(VinAy, VinA,)

+ HIVInA|? + s(csc? 6 + cot? 0)||VinA |12

If the equation (15) in Theorem 3.4 satisfies, then from above equation, we get

n

4
Y Y Cllotus, u)I? = 90w, 1), o), u)} < (31)

i=1 j=1
The final conclusion of our theorem is obtained by applying Lemma 3.1 to the Euclidean space. [
Remark 3.5. If I, = {0}, then the biwarped product submanifold T" = I %, T Xy, I, becomes the CR-warped
product submanifold the type I = T'. x,, T, for more details one can see [11]. Moreover, if ', = {0}, then the
biwarped product submanifold T"™ = T %, T x,, I, becomes the pointwise semi-slant warped product submanifold
I =TV x), TS, as defined in [19].
In the light of above arguments, we have the following results

Corollary 3.6. Let I = I x;, I', be a compact orientable CR-warped product submanifold in the Euclidean space
R with n = p + t. If the following condition holds

tAInAq > tH2 — 1)||VInA|%. (32)

Then there does not exist integral p—current in I'"" and H,(I'",Z) = H,(I'", Z) = 0, where H,(I'", Z) is the
ith homology group of I with integer coefficient, where p and t are the dimensions of the submanifolds T, and T",
respectively.

Corollary 3.7. (Theorem 3.3 [5]) Let I" = T x,, I, be a compact orientable pointwise semi-slant warped product
submanifold in the Euclidean space RP** with n = p + s. If the following condition holds

sAInA, > s(1 — s + csc? 0 + cot? 0)||[VinA, . (33)

Then there does not exist integral p—current in I and H,(I'"", Z) = Hy(I"", Z) = 0, where H;(I"", Z) is the ith homology
group of I™ with integer coefficient, where p and s are the dimensions of the submanifolds 1"’; and T, respectively.
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4. Conclusion

In the context of Kaehler manifolds, there exist two well known classes of warped product submani-
folds: CR-warped product submanifolds and pointwise semi-slant warped product submanifolds. These
classes are quite different from each other and it has always been investigated to explore that how far
the homology of CR-warped product submanifolds differ or resemble with that of pointwise semi-slant
warped product submanifolds. The frame of biwarped product submanifolds in a way unifies the two
classes of these warped products. By studying the homology of biwarped product submanifolds in the
setting of Kaehler manifold, one clearly finds out the deviations in the geometric behavior of the homology
of CR-warped product submanifolds and the pointwise semi-slant warped product submanifolds in the
setting of Kaehler manifold. With this motivation, in the present paper we study the homology of biwarped
product submanifolds in the setting of Kaehler manifolds. The present study investigates the geometric
homology of three well known classes of warped product submanifolds, that is, biwarped products, CR-
warped products, and the pointwise semi-slant warped products.

Acknowledgments: We thank the anonymous reviewers for their careful reading of our manuscript and
their many insightful comments and suggestions.
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