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Analysis of distinguishability of linear descriptor control systems
using Drazin inverse

Zoubia Dastgeer?, Awais Younus®

*Centre for Advanced Studies in Pure and Applied Mathematics, Bahauddin Zakariya University, Multan, Pakistan

Abstract. This article aims to provide the equivalent criteria for the distinguishability of linear descriptor
systems (LDS). Regularity of the matrix pencil, which, loosely speaking, guarantees the existence, and
uniqueness of the solution of LDS for any inhomogeneity, is required in this article. A characterization
of observability for LDS in terms of distinguishability is given. The Laplace transform together with the
Cayley-Hamilton theorem exploited to derive Hautus-type criteria for the distinguishability. In addition,
we present examples of distinguishable systems.

1. Introduction and Preliminaries

Let IF” denote the set of all n X m matrices over the field [F (real or complex). Let NV (P) and rank(P)
denote the null space and rank of P € F™", respectively. The smallest number k € Z* U {0} is called the

index of F € C™", denoted by ind(F), if rank(Pk+1) :rank(Fk). Let F € C™". A matrix X € C"™" such

that satisfies F**1X = F¥, XFX = X and FX = XF, is called the Drazin inverse (DI) of F and denoted by
FP.If ind(F) < 1, then the DI of F is called the group inverse and denoted by F*. The set of all k-time
continuously differentiable vector-valued functions defined on the domain X is denoted by Ck(X, R™). Let
C* [a, b] denote the set of all analytical vector-valued functions on the domain [, b] .

Consider the following differential algebraic system with a state variable z(-) € R", a control input
u() e R™

FZ' (t) = Pz(t) + Qu(t), 1)

where F, P € R™", Q € R are constant matrices.

If F has nonzero entries, then derivatives of respective components of z are involved. If F has a zero
row, then there does not involve any derivative and equation becomes purely algebraic. This justifies to
call (1) a differential algebraic system. Assume that det(F) = 0 and det (aF — P) # 0 for some a € C, then
(1) is known as LDS with regular pencil (F, P). The inspection of LDS have taken many attentions, see, for
example, [1, 9, 10]. Since LDS can be analyzed though Jordan canonical form but this study seems to be
complex as pointed out in [13]. Hence, an efficient tool to analyze the LDS is with the help of DI. There are
applications of DI to solve LDS [2, 12]. The DI of any square matrix always exist and unique, see in [1].
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In [6], steps to find FP of F are expressed. The following

-1
P =E [] . 8] E! @)
J 0
0 N
Jordan blocks corresponding to non-zero eigenvalues.

An example for finding the DI is:

is DI in terms of the Jordan canonical form of F = E [ ] E™!, where N is nilpotent and ] constitutes the

Example 1.1. Forany F = [0 8] a € Z\ {0} where Z is the set of integers, while detF = 0, and rank(F) =1, F is

1/a 0
0 of

Theorem 1.2. [2] Consider that FP = PF and N (F) N N (P) = {0}, then there exists a unique solution of (1) with
z(0) = zo, if and only if

decomposed as F = WV with W = [8] LV = [1 0] then F° = W (VEW) ' v [

k-1
zo = Hq + (H - IZFPD )" PPut (0),
n=0

where k =ind(F), H = FPF and q is an arbitrary constant vector.

Pre-multiplying (1) by (aF — P)" to overcome the commutative condition of Theorem 1.2, as a result, we
get

TZ'() = Pz(t) + Qu(t), 3)
with
= [aF - P]"'F, P = [aF - P]"'P, (4)

and Q = [aF - P]"'Q.
The following Lemma is related to some properties of F and P.

Lemma 1.3. [2] From (4) we have

WG

2. PE=FP, PDF (FP)D FPP = (PE)P and PPFP = FPPP,
—D_ —D
3. (FF )PP = (FF —1) and (I-FE )(EP" )t = 0,

. -1
4, F = [ J 0 ]S 1FD _ [ ]0 8 ]S‘l, det(S) # 0, N € R, | € R"*™ [ is non-singular, N* = 0,

while N1 £ 0, ny + np = n.
The following theorem states the solution of LDS (3) (and (1)):
Theorem 1.4. [2] Consider (F, P) to be a reqular pencil, then (3) (and (1)) has a unique solution

—~ — —~ ~ N k=1 o G~ .
z(t) = efDPtI:Iq + FDeFPt fot e PP Qu(s)ds + (H - I) y (FPD) PPQu (t), forall t >0, (5)
i=0
if and only if
k 1 l o
zo = Hg + F PPOu (0), (6)

1:0

where q is arbitrary constant vector, FPF = H and k =ind(F).
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Putting left hand side of (6) in (5) results

-7, A k=1 o G~ . N k=1 o G~ .
z(t) = Plzg—e PHA -1 FPP) PPQu® (0) + (A -1 FPP) PPQu® (¢
0= 0 1) 5 (7P P00+ 1-1) 5 () PG o .
+FDeF Pt fo e F"PsQu(s)ds, for all £ > 0.
If ind(F) = 1, (7) becomes
2(t) = 7P (xo — (A = 1) PPQu (0)) + FPe™ ™ [ e"PQu(s)ds + (A ~ DPPQu(t), for all ¢ > 0. (8)

Next, firstly recall that observability theory has been a long-run research interest by many investigators,
see in [3, 11]. Following this work, the notion of distinguishability is used to define observability [7].
Roughly speaking about the distinguishability is that two modes are said to be distinguishable if for the non-
zero state and control inputs, their outputs are distinct. Recently, easily verifiable distinguishability criteria
for hybrid system are presented in [8]. This study motivates us to describe the idea of distinguishability
in LDS and its characterization. Consider the following time-invariant LDS with z(-) € R”, u(-) € R",
y() eRas

[ EZ()=Pz(®)+Qu),
T“{ y()=Rz(®), (i=1,2,,p), ©)

where F;, P; € R™", Q; € R™™, R; € R are constant matrices. There is no loss of generality in assuming
(9) for i = 1,2. Hereafter, pre-multiply (9) by (a;F — P)_l, for a closed form solution and consistent initial
conditions, we have

[ Ez () =Pz®+Qu(®),
Ti:{ z(0) = zj, (10)
y(t) = Rz (b).

It is easy to see that system (9) is equivalent to (10).
For notational simplicity, hereafter, we will denote

_ fl 0 _ ﬁl 0 _ @1
F‘[o ’FE]’P‘[O E]’Q‘[Q}] v
R=[ R —Rz],Zo=[22],Y(')=]/1(')—y2(')- (12)

Remark 1.5. (i) From E and E, it is easy to see that FP = PF and N (F) N N (P) = {0}.
(ii) Pencils (F1, P1) and (Fa, Py) are reqular, if and only if the pencil (F, P) is regular.
(iii) If ind(F1) = ky, ind(Fy) = ko, then ind(F) = max{k;, kz} = k.
(iv) From the definition of DI:
DD D
PDz[Pl 9],FD=[F1 9], (13)

0 P? 0 F

Let us recall the consistency space V; of inhomogeneous system for distinguishability of LDS, which is:

| % € R" such that there exists u € C* [0, T],
i 7] zisasolution of (9) with z (0) = z, )
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Definition 1.6. ’7:1 and TZ are said to be distinguishable on X := [0, T], if for any 0 # (z19, 220, u (*)) € (V; X (V; X
C> [0, T1, the outputs y; (-) and y, (-) are not identical to each other on X.

Definition 1.7. Consider that U € C* [0, T]. We say that Ty and T, are U input distinguishable on X if for
0 # (210,220, 1 (")) € (VI X (V; X U, the outputs yy (-) and y, (-) are not identical to each other on X.

Therefore, the distinguishability of T, and T, on X is equivalent to that for

FZ' (t) = PZ(t) + Qu (1),
w:l Z(©0)=2, (14)
Y (t) =RZ(Y),

(Zo,u(-)) # 0 implies that Y (-) # 0 on X. Thus this problem of distinguishability of LDS relates to the notion
of nontrivial zero dynamics. From Remark 1.5, it follows that the closed form solution with consistent
initial condition of the system (14) is

k-1 ; A k-1 ; A
Z(t) = &M (zo ~F, ¥, (FPP) PPQu® (0)) +F, ¥, (FPP) PPQu® (t)
t i=0 i=0 (15)
+FDeFPt fo e F'PsQui(s)ds, forall t > 0,

where F, = FPF - L.

For the distinguishability, itis clear from equation (15) that the input # (-) have to smooth enough that s to
avoid impulsive situation of the solution and to switch from one mode to other, at least u (-) € CH1(X, R™),
where k =ind(F).

The organization of this paper is as: Section 2 has covered the certain consequences and equivalent
criteria of distinguishability with the approach of DI. In Section 3, conclusion is given.

2. New Results

In this section, different criteria related to distinguishability are described. For our next results, let us
state the following full column rank, block matrices M and My, respectively as:

R 0 0o ---
| RPP RPPP 0
M=\ R(rPPY R(EPP) - RF,(FPP) PPQ (16)
and
R 0 0 .-
REPP REPQ 0
R(FPPY  R(FP) PQ
My=|: : oL / (17)
R(FDP)N+1 R(FD)N+1 PNQ ... RFPQ

for ind(F) > 0.
For characterization of polynomial input distinguishability, let us define the following polynomial
classes:
P(X):={f : X > R": fis polynomial function} .
PvX)={f: X>R": feP(X), degf < N}.
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Theorem 2.1. Consider that ind(F) = k, u € P (X), Ty and T, are distinguishable, if and only if every sub-matrix
constitutes of the left finite column vector of M has full column rank (FCR) and it does not depend on T. Furthermore,
for u € Py (X), equivalent distinguishability condition of Ty and T, is that My has FCR.

Proof. For u (-) € R™, output (14) becomes:
D k-1 i . k-1 i .
Y (t) = Ref'P* (zo —F, ¥, (FPP) PPQu® (0)) +RF, Y (FPP) PPQu® (t)
t i=0 i=0 (18)
+R [} P FPQu (s) ds, for all 0 < £.

Consider that u € Py (X) provided that

aN

N . m
N!t ,t€ X, and aj € R".

u(t)=ap+art+---+

Accordingly, we have

o k-1 i k-1 i N o t D N
Y (H) = ReF"'|Zy — F, ¥, (FPP) P°Qa; | + RF, Y. (FPP) PPQY. Gt R ETIEPQ( L ' ds.
i=0 i=0 j=i V7 i=0
From this, Y (-) is analytic which implies that Y = 0, if and only if
Y() (0)=0, forall j=0,1,2,---.

There is no loss of generality in assuming that ind(F) < N, then we have

RZO =0
RFPPZg + -+ + RE, (FPP) PPQay = 0
R (FDP)2 Zo+ -+ +RF, (FPD)IH PPQayy; = 0

(19)
' N+1
R(FPP)"" Zg + -+ + RFPQay = 0
We acquire that (19) is equivalent to:
My [Zo; a;-++ ;an] = 0. (20)

Thus, it is N-th polynomial input distinguishable (ID) and does not depend on T which proves our theo-
rem. [J

Note that, it is evident that the observability of each mode is the necessary condition of the distinguisha-
bility. We can demonstrate it by a trivial example that two similar observable systems implies that they are
clearly not distinguishable.

Corollary 2.2. For u € P(X), distinguishability of Ty and Ty, implies m < 2n.
Next, we have the following necessary and sufficient criteria for analytical input distinguishability:

Theorem 2.3. Ty and T, are distinguishable for analytic input u, if and only if

M[Zo; a0;a1;---1=0, (21)
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which has only trivial solution provided that
A
=y Ly
u(t) = Z it
j=0
converges in an interval which is open and including X.

Recall certain concepts from [7] to derive further results:
An infinite dimensional matrix having infinite rows and infinite columns is F-type if in every row of
that matrix , there are only finite non-zero elements. A particular kind of F-type:

An A - Ayx 0 -
An An Ap - Ax 0
Gg=| 41 An An An - Ay

An A An An An

is p x m A-type matrix if {A;j}?, € @y, where

Qo= {{Qu2, : Q€ R, M > [|Q;

forallj=1,--- k.

Henceforth, we consider that there are (Type I-III) three invertible transformations for p x m A-type
matrices, [7].

Next, one of the consequence of [7, Lemma 4.6] is:

, for some M > 0},

k-1
Theorem 2.4. Consider that RF, (FPD ) PPQ has FCR m, then the analytic ID does not depend on T. Indeed, it is
equivalent to that (21) has only trivial solution.

k-1
Proof. Consider that rank(RFp (FPD ) pP Q) = m, then m < p and there exist A € C"*", and B € C"* with

k-1
detA # 0, det B # 0 such that BRF, (FP°)" PPQA = I,, when m = p or

BRF, (FPP)” PPQA :[ ; ] 22)

when m < p. There is no loss of generality in assuming m < p and consider that (22) holds. Then applying
[7, Lemma 4.6] to

r k-1
RF,(FPP)" PPQ 0 0
k-2 .
RF,(FPP) "PPQ ™. 0
k=3 . k-1
Gi1= RFP(FPD) pPQ - RFP(FPD) PPQ .- |
implies
1?11 l?lk—l I, 0 .- A1z, 0
Dy - Dy 0 Ly || A7z || 0| 23)
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where {D;j}2, € Qun with j = 1,--- ,k — 1. Hence, it is clear that {z;}3; € Q1 and if (23) has non-trivial
solutions, it must admits non-trivial solution provided that

[ee)
Zi i .
1" converges in (=00, +00).
i!

i=1

Therefore, T; and T are analytic ID on X, if and only if (23) has trivial solution. Accordingly, it does not
dependonT. [

k-1
Beside that RF, (FPD ) PPQ has m as FCR, by [7, Lemma 4.6], we have the following theorem:

Theorem 2.5. Consider that m > p. Then Ty and T, are not analytic ID.

Next, we have another result related to analytic ID which is as follows:

Theorem 2.6. Ty and T, are analytic ID on X, if and only if (21) has only trivial solution. Accordingly, it does not
depend on T.

Proof. The proof is in the same way asin [7]. O

Theorem 2.7 implies that analytic and smooth ID are equivalent:

Theorem 2.7. Ty and T, are analytic ID, if and only if they are smooth ID.

The above criteria are not easy to verify. Let us go further for an equivalent criteria which are relatively
easy to derive.

If ?1 and /fz are not analytic ID from Theorem 2.5, then there exists (Zy, u (-)) provided that

(Zo,u (")) #0; 2
Y () =0;
u(t) = Z ]T]t] fort € R* U {0}, )
=0
with
|0€j| < M/*, for allj=0,1,2,---, (26)

for some 0 < M. It results
lu ()| < MM, forall t € RT U {0}

and Laplace transform L (u (-)) (s) can be defined for any M < s.

Remark 2.8. Let Ay € C and Py (-) be polynomial (k =1,2,3,---). g (-) has the following form:
g(t) = eM'Py (1) + Py (t) + - + ™D, (1),

if and only if L(g) is a proper rational function.
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By using notations, £ (RelE °P ) (5) =D (s),
DEFPQ=W(), Lu() () =U),
and suppose the Laplace transform of (24) which implies that £ (Y (-)) (s) is

k=1 i . k=1 i i
D (s) (ZO —F, Y, (FPP) PPQu® (0)) —RF, Y (FPP) PPQ ¥ s™7ul=1) (0)
i=0 i=0 j=0

1 (27)

+ (\y (s)+RF, Y. (FPD)i pDst) Us) = 0.
i=0
Moreover
k-1 i . k-1 i .
(\y (s) + RF, ¥ (FPP) PDQS’) U(s) = —D(s) (ZO —F, Y, (FPP) PPQu® (0))
i=0 i=0

k-1 i L
+RF, Y, (FPP) PPQ ¥, s/u(1) (0).
i=0 j=0

Assume that

k-1 .
r = rank [\I/ (s0) + RF, Z (FPD)Z PDQSS]

i=0

k-1 .
- max [\y(s)+RP,,Z(FPD)’PDst].

seR*U{0} g
The next consequences are the direct generalization of [8, Lemma 3.1 and Lemma 3.2]:
Lemma 2.9. If fl and fg are not distinguishable, we can obtain a (20, il (')) which satisfies (24) with

() =eM'Py(t) + e Py (t) + - + eAthq ®,

where P; (), (i=1,2,3,--- ,q) are vector-valued polynomials and A; € C.

Lemma 2.10. If?l and T, are not distinguishable, we can find a (Z), il (-)) satisfying (24) with
ia()=evc,

where ¢ € C" and A € C.

From above, it is clear that the equivalent criteria for 0-th polynomial ID and the k-th polynomial ID are
analogous. Hereafter, for any 0 < N,

REPP RFPQ e 0

KPP R(E) R
)N+1

R(FOP)™ R(FP)PNQ . RPPQ
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has FCR, if and only if
[ R 0
REPP REPQ
R(FPPY  R(FP) PQ
: : (28)
R (FDP)N+1 R (FD)N+1 PNQ
has FCR.

. 13 0 |12 0] .p 1033 0 12 0 |1 4 .
Example 2.11. Consider F = [O O]’ R = [O 1], F~ = [ 0 O]’ P = [O 1], Q= [2 O] corresponding to

200 0 0 0
3.00 1.00 O 0

(14), where ind(F) = 1, we can determine (28) as 1320 0.66 2.64 , since it has FCR 4, so the corresponding
198 0 099 3.96

system is polynomial ID.

Furthermore, for the next results, keeping in view [4, Theorem 1] and [5, Theorem 9] for DI matrices
and singular systems respectively, we have:

Corollary 2.12. Suppose that FP = PF and n > r =rank(F) , we have

r

Z a; (FDP)i =0, (29)

i=0

det(sF —P) = a,s" + a,15"' +--- + ay5 + ap. (30)
Hence, it follows from Corollary 2.12, (28) is equivalent to
[ R 0
RFPP RFPP
R(FPP) R(FP) PQ

» R(FDP)r R(FD)VPHQ |

has a FCR.
Let us consider the following modified LDS:

_ (Ez®=(Pi-AR)z()+Qa (),
Ti:q 2o(0) = Zo,
g =Rz(®),
for A € C. Similar to previous notations (see e.g. (11) and (12)), let us consider the following system
ISZ’ H=r- AF) Z (t) + Qii ()

Z(0) =2y (31)
Y () =RZ(®),
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where, for Zy € C¥" and ¢ € C", (Zo, c;) #0.
We claim that the solution of (31) related to Z and ii (t) = ¢ satisfying Y (t) # 0 on R* U {0}, analogously,

Tl and 7:2 are 0-th polynomial ID. If it is not the situation, then (Zo, g) # 0 provided that Y (t) = 0. Consider
that

Z(H=eMZ(t), Y =e"Y(t),
implies (Z “),Y ()) solves (14) with the following
Zo = ZO and u (t) = eAtﬁ (t) .

Since Y (t) = eMY () = 0. By Lemma 2.10, :I"\l and Tz are not distinguishable. This is a contradiction. Thus,
from Theorem 2.1

[ R 0
RFP(P—AF)  RFPQ

~ D 2 D 2

M, = | R(FP(P=AR)" R(F?) (P-1PQ 32)

i .R(FD (P-AP)) }z(FD)r (P-AF)'Q |

has FCR. While, if ﬁ and Tz are not distinguishable, then Lemma 2.10 implies that we can determine
(Zo, il (-)) satisfies (24) with

i()=e'e,
where A € C and ¢ € C™. It follows that fl and TZ are not 0-th polynomial ID. As a consequence, MA has
not FCR.

Summing up the above arguments, we acquire our main result as:

Theorem 2.13. Ty and T are analytic ID, if and only if for any A € C, M), has a FCR.

Example 2.14. Consider the following in (31) as: P = [1 2] ,0= [3 1], R = [0 3] JF = [2 O] and take A = 1.

20 2 0 1 0 0 0
We get that (32) is
5 3 0 0
My = —;.5 g 7(.)5 2(.)5'
-05 1 15 05

Since, M, has FCR 4, so the corresponding system is analytic ID.

3. Conclusion

This paper has examined the observability of time-invariant descriptor systems. We have given char-
acterizations of different distinguishability criteria in terms of rank conditions. Some rank conditions and
also the equivalent criteria related to polynomial input distinguishability, analytic and smooth input dis-
tinguishability has been developed. We see these criteria are somehow difficult to verify. To overcome this,
with the help of Laplace transform and Cayley-Hamilton theorem, we obtained a more simple Hautus-type
condition for distinguishability ( see, Theorem 2.13).
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