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Abstract. In this paper, we first show that the quotient ring Z[x]/(x> + x) is an involution-ring with the
involution * given by (a1 + a,x)* = a1 —a, — a,x, where ay,a, € Z. Then, we determine explicitly all invertible
elements, regular elements, MP-inverses, group invertible elements, EP elements and SEP elements of
Z[x]/(x* + x). Furthermore, we give a new characterization for Abel rings.

1. Introduction

The studies of generalized inverses are popular in many branches of mathematics [6-8, 12], such as
matrix theory, operator theory and rings with involution, etc. For instances, the studies of EP, normal and
Hermitian matrices can be seen in [1, 2, 9, 24]. In [3-5], Djordjevi¢ and Koliha considered the EP, normal
and Hermitian operators. The researches of EP elements and MP-inverses in C*-algebras can be found in
[6, 10, 11]. Mosi¢ and Djordjevi¢ considered the EP elements, MP-inverses, partial isometries, etc in rings
with involution, see [12-17]. In recent years, the third author in this paper and his cooperators gave some
new characterizations of EP elements, SEP elements, normal elements, partial isometrices, etc in rings with
involution [19-23].

However, there are a few works on the concrete *-rings. In this paper, we consider the quotient ring
Z[x]/(x*+x). First, we prove that Z[x]/ (x*>+x)isa +-ring with the involution * given by (a1 +a2x)* = a1 —ax—ayx,
whereay,a, € Z. We then determine explicitly the invertible elements, regular elements, MP-inverses, group
invertible elements, EP elements and SEP elements of Z[x]/(x* + x). This paper is organized as follows. In
Section 2, we recall some basic definitions and results, and make preparations for the rest of the paper. In
Section 3, we study the invertible elements, regular elements, MP-inverses, group invertible elements, EP
elements and SEP elements of Z[x]/(x? + x). Moreover, we give a new characterization of Abel rings.

2. Preliminaries

Throughout, the letter Z stands for the ring of integers. In this section, we first recall the definitions of

involution rings, MP-inverses, EP elements, SEP elements, etc. Then, we review the concept of quotient
ring Z[x]/(x* + x).
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Let A be aring and *+ : A — A be a bijective map. Then * is called an involution of A provided that the
followings hold:

@) =a, (a+b)=a"+b", (ab)" =b*a". (1)
Definition 2.1. A ring A with an involution = is called an involution ring or a *-ring [21].
Definition 2.2. An element a in a »-ring A is called an Hermitian element [12] if a* = a.
The set of all Hermitian elements of A is denoted by A", It is clear that {aa*,a*a,a +a*} C A" foranya € A.

Definition 2.3. An element a in a *-ring A is called Moore-Penrose invertible (MP-invertible) (see [24]) if there
exists b € A such that

aba = a, bab = b, (ab)* = ab, (ba)" = ba, (2)
and b is called the Moore-Penrose inverse of a, which is unique if it exists and is always written by a*.
The set of all MP-invertible elements in A is denoted by A*.
Definition 2.4. An element a in a ring A is said to be a von Neumann reqular element if there exists b € A such that
a = aba, 3)
and b is called an inner inverse of a.

The set of all regular elements in A is denoted by A™. In general, if 2 € A™, the inner inverse of a is not
unique. We denote the set of all inner inverses of a by a{1}, and a~ denotes some fixed inner inverse of a.

An element e € A is called idempotent if ¢? = ¢, and the set of all idempotent elements of A is denoted
by E(A).

Definition 2.5. An element e € E(A) is called left (resp. right) semicentral idempotent if ae = eae (resp. ea = eae)
foreach a € A. If e is both left and right semicentral idempotent, then e is called central idempotent.
Clearly, e € E(A) is left semicentral if and only if 1 — e is right semicentral.

A is called an Abel ring if each element e € E(A) is central. It is easy to see that A is Abel if and only if each
e € E(A) is left semicentral.

Definition 2.6. An element e € E(A) is called a projection if e* = e.
The set of all projections of A is denoted by A”/. Clearly, e € AP/ if and only if e = e¢” if and only if e = e*e.
Definition 2.7. An element a in a ring A is called a group invertible element if there exists x € A such that
a = axa, X = xax, ax = xa,
where x is called the group inverse of a, which is unique if it exists and is denoted by a*.

The set of all group invertible elements of A is denoted by A*. Furthermore, U(A) C A* and E(A) C A",
where U(A) is the set of invertible elements of A. Moreover A* = A™ when A is commutative.

Definition 2.8. An element a € A* N A" is said to be EP if a* = a* [12].
The set of all EP elements of A is denoted by A*F.

Definition 2.9. An element a € AL is called strongly EP (or SEP) [12, 20, 21, 23] ifa* = a".
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The set of all SEP elements of A is denoted by ASE”.

Lemma 2.10. Let A be a +-ring. Then the followings hold:
(1) Let a € A™. Then a{l} = {a~ + b —a~abaa™|b € A}, where a~ is some fixed inner inverse of a.
(1) U(A) € A* N AT C A™. Moreover, ifa € U(A), then a® = a* = a™ and a{1} = {a™}.
(3) APoi = E(A) N AHer,
(4) A'is an Abel ring if and only if for eacha € A™, aa” = a”a.

Proof. (1)-(3) is obvious, here we only prove (4).

“=" Assume that A is an Abel ring and a € A™, then aa~,a"a € E(A) € C(A), the center of A. Hence
aa~ = (aa"a)a” = (@ a)(aa”) =a (aa )a = a”a.

“<” Forany e € E(A), x € A, let g = e —ex(1 —¢), then eg = g, ge = ¢, g*> = g. Note that geg = g, hence
ge = eg by hypothesis, and so e = g, i.e., ex(1 — €) = 0. By the arbitrariness of x, we have eA(1 — ¢) = 0, which
implies that A is an Abel ring. [

Next, we review the concept of the quotient ring Z[x]/(x* + x). It is easy to see that Z[x]/(x? + x) has a
Z-basis {1,x}. Let * be the map given by (a1 + axx)" = a1 — ap — a»x of Z[x]/(x*> + x), where a;,a, € Z. Then
we have the following result.

Lemma 2.11. The quotient ring Z[x]/ (x> +x)isa +ring with = determined by (a1 + axx)* = a1 — ax — apx, where
ai,a, € Z.

Proof. Leta =ay +axx,b=0b; + byx € Z[x]/(x* + x),a;,b; € Z,i=1,2. Then

@) = (a1 + ax)")’
= (¢ — a2) — axx)’
=(m —a) +a; +axx
=a1 +arx

:ﬂ’

(@+b) = ((m +axx) + (by + box))*
= ((a1 + b1) + (a2 + b))’
=a +by—ay;—by—(ax + by)x
= (a1 —ax —apx) + (b1 — ba — byx)
=a +1,

and

(ab)" = ((a1 + axx)(b1 + byx))"
= (@101 + a1box + axbyx + azbzxz)*
= (a1b1 + (a1b2 + asby — axby)x)”
= (a1b1 — a1by — axby + axba) — (a1ba + azby — axbo)x
= (a1 —az — axx)(by — b2 — bax)
= (b1 = by = bpx)(a1 — a2 — a2x)
= (b1 + bpx)" (a1 + axx)”
=b'a".

Thus, by (1), Z[x]/(x* + x) is a *ring. [



L. Cao et al. / Filomat 37:22 (2023), 7467-7478

3. EP elements of Z[x]/(x®> + x)

7470

The aim of this section is to determine explicitly all invertible elements, projections, regular elements,

group invertible elements, MP-inverses, EP elements and SEP elements of Z[x]/(x* + x).
Lemma 3.1. (Z[x]/(x* + x))f" = Z.

Proof. Assume thata = a; + ayx € (Z[x]/(x* + ) aq,a, € Z, then
a = (a1 +ax) =ay —ax — ax = ay + axXx.

So
{ ap —4az =4ay,
—ap = ap.
It is easy to see that (k,0), k € Z are all solutions of (4). It follows that (Z[x]/(x* + x))f" =Z. O
Lemma 3.2. E(Z[x]/(x*> +x)) ={0,1,-x,1 + x}.
Proof. Assume thata = a; + ayx € E(Z[x]/ (x? + x)), a1,a; € Z, then

2

a (@ + azx)2

= a2 + 2a1a2x + @5x°
_ 2 2
=aj + 2aa; — a3)x
=a1 + arx
= a,

which implies that
aj =,

2ma; — a3 = a,.
Case I: 41 =0, then

2

_az

=a, =>a, =00ra, = —1.

So,a=0o0ra=—x.
Case II: a; = 1, then

a;=a, = ay =0orap = 1.
Hencea =1ora =1+ x. By above, we have

E(Z[x]/(x* +x)) = {0,1,-x,1 + x}.
[

Proposition 3.3. (Z[x]/(x? + x))""* = {0, 1}.

Proof. By Lemmas 2.10 (3), 3.1 and 3.2, (Z[x]/(x? + x))""*/ = E(Z[x]/(x* +x)) N (Z[x]/(x* + x))e" = {0,1, -

xynZ=10,1}. O

Theorem 3.4. (Z[x]/(x*> +x))*¥ ={0,1,-1,x,—x,1 +x,—1—x,1+2x, -1 — 2x}.

(4)

x, 1+
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Proof. Leta = aj+apxx € (Z[x]/(x*+x))"*/, whereay, a; € Z. Thenby (2), there exists b = by +box € Z[x]/(x>+x),
b1, by € Z, such that a = aba. That is,

aba = a®b
= (611 + Clzx)z(bl + bzx)
= (@3 + 2ayaz — a3)x)(by + bax)
= a%bl + (a%bz + 2&11&12171 - Ll%lh - 2&11&12172 + ﬂ%bz)x
=a1 + axx

= a,
which shows that

a2b1 =,
ﬂlbz + 2ﬂ1ﬂ2b1 - a§b1 - 2a1a2b2 + ﬂ%bz =dap.

Case I: 11 = 0. Then
a3(by — by) = as.
If a, = 0, then a = 0. It is obvious that 0 € (Z[x]/(x? + x))"® and 0{1} = Z[x]/(x? + x). If a, # 0, then
ay(b, — by) = 1.

Since ap, by, by € Z,ap =by—by =1ora, =by—by=-1.Incaseay =b, —b1 =1, a=xand b = by + (1 + by)x,
b, € Z, then
@b = x*(by + (1 + by)x)
—x(b1 + (1 + by)x)
—bix + (1 +b1)(—x?)
—-bix+ (1 +b1)x

=X

It follows that x € (Z[x]/(x* + x))* and x{1} = {k+ (1 + k)x|k € Z}. If a, = by — by = -1, thena = —x and
b=0b; —(1—-b1)x, b1 € Z. In this case,
a*b = (=x)*(by — (1 — by)x)
= —x(by — (1 - b1)x)
= —bix — (1= b)) (—x%)
= —blx - (1 - bl)x
= —x
= a,
which shows that —x € (Z[x]/(x* + x))* and —x{1} = {k — (1 — k)x|k € Z}.
CaseIl: a; # 0, thena by = 1. Sinceay,b1 € Z,a, = by = 1ora; = by = —1. If a1 = by = 1, then (5) becomes
b2 +2a, — ﬂ% - Zﬂzbz + a%bz =dy,

ie.,

ba(ay — 1)? = ax(ap — 1).
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If a; = 0, then a = 1. Obviously, 1 € (Z[x]/(x* + x))® and 1{1} = {1}. Ifap = 1, thena =1+ xand b = 1 + byx,
b, € Z. In this case,

2b = (1 + x)*(1 + box)

=1+ x)(1+ byx)

=1+ byx +x + bpx?

=1+x

=a.
It follows that 1 + x € (Z[x]/(x* + x))"? and 1 + x{1} = {1 + kx|k € Z}. In case a, # 0 and a, # 1, then

by(az — 1) = ay,
ie.,
(ﬂz - 1)(b2 - 1) =1.

Note that ay,b, € Z,s0a, -1 =b,—1=1ora,—-1=by—1=-1. Whena, =b, =2, thena=1+2x €
(Z[x]/(x? + x))®? and 1 + 2x{1} = {1 + 2x}. In case a, = b, = 0, then a = 1, which we consider above.
If a1 = b; = —1, then (5) becomes

by + 20 + a2 + 2a2b, + a2by = a5,
ie.,
by(az + 1) = —ay(ax + 1).
If a;, = 0, then a = 1, which we study before. If a; = -1, thena = -1 —xand b = -1 + byx, b, € Z. In this case,

a*b = (=1 — x)3(=1 + byx)
=1 +x)(—1+ byx)
=-1-x

:a,

which shows thata = =1 — x € (Z[x]/(x* + x))"? and —1 — x{1} = {~1 + kx|k € Z}. In case a, # 0 and a, # —1,
then

by(az + 1) = —ay,
ie.,
(a2 + 1)(b2 +1)=1.
Notice that ay,b, € Z,s0a, +1 =b,+1 =1ora,+1 =0b+1 = -1. Whena, = b, = 0, thena =
-1 € (Z[x]/(x* + x)) and —1{1} = {-1}. Incase a, = b, = =2, thena = -1 — 2x € (Z[x]/(x* + x))"*Y and
-1 -2x{1} = {-1 — 2x}. Summarizing the discussion above, we have
(Z[x]/(2 +x))7 ={0,1,-1,x,—x,1 +x, -1 —x, 1+ 2x, -1 — 2x},

and 0{1} = Z[x1/(2 + x), 1{1} = {1}, =1{1}, x{1} = tk+ (1 + Kxk € Z}, —x{1} = (k- 1 - kxlk € 2},
1+ x(1) = {1+ kxfk € Z}, —1 — x{1} = {-1 + kxlk € Z), 1 + 2x{1} = {1 + 2} and 1—2x{1} -1-2x}. O

Corollary 3.5. U(Z[x]/(x* +x)) = {1,-1,1 + 2x, -1 — 2x}.
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Proof. By Lemma 2.10 (1), U(Z[x]/(x* + x)) € (Z[x]/(x* + x))"¢, and one can easily prove that the element 0
is not invertible, and 17! =1, -17! = =1, (1 + 2x)™! = 1+ 2x and (-1 — 2x)~! = =1 — 2x. Now, it remains to
show that x, —x, 1 + x, =1 — x ¢ U(Z[x]/(x* + x)). In fact, for any a = a; + ay € Z[x]/(x* + x), 41,42 € Z,

xa = x(a1 + axx)

=mx+ azxz
= (a1 —az)x
#1,

and

1+ x)a=1+x)a +axx)
= a1 + X + 41X + apx2
= +mx
=a1(1+x)
# 1.

Hence x, 1 + x ¢ U(Z[x]/(x* + x)). Similarly, one can prove that —x, -1 — x ¢ U(Z[x]/(x* + x)). O

Proposition 3.6. The followings hold:
(1) (Z[x]/(x* +x))" =1{0,1,-1,1 +2x, -1 — 2x}.
(2) (Z[x]/(x* +x))* ={0,1,-1,x,—x,1 + x,—1 —x,1 + 2x, -1 — 2x}.

Proof. We first show (2). Since Z[x]/(x> + x) is commutative, (Z[x]/(x* + x))* = (Z[x]/(x* + x))". Tt is easy
to see that 0 = 0. By Lemma 2.10 (1), we have that for any a € U(Z[x]/(x* + x)) C (Z[x]/(x* + x))"*,a* = a7 L.
Next we consider x*, (-x)*, (1 + x)*, (=1 — x)*. First, we consider x*. By the proof of Theorem 3.4, we know
that x* has the form k + (1 + k)x, k € Z. Then by a straightforward computation, we have
(k+ 1 +k)x)xtk+ (1 +k)x) = (kx + (1 + k)x?)(k + (1 + k)x)
= —x(k+ (1 +k)x)
= (-9
=x.
Hencek+(1+kx=x=k=0,ie., x" = x. Similarly, one can prove that if a(—x)a = a, then a must be —x, i.e,,
(=x)* = —x. For 1 + x, we know that (1 + x)* has the form 1 + kx, k € Z. By a direct computation,
(1 + k)1 +x)(1 +kx) = (1 + kx)*(1 + x)
=1 +kx)*(1+x)
= (1+ (2k = k*)x)(1 + )
=1+x+ 2k —K)x + 2k — kK*)x?
=1+x

Hencel+kx=1+x=k=0,ie,(1+x)* =1+x. Similarly, one can check that if (=1 — x)a = g, then a must
be -1 —x,i.e., (-1 — x)¥ = =1 — x. Thus (2) follows.

Now we prove (1). By Lemma 2.10 (1), {1,-1,1 + 2x, -1 — 2x} = U(Z[x]/(x* + x)) € (Z[x]/(x* + x))*.
It is obvious that 0* = 0. By the proof of (2), we know that in order to prove that (Z[x]/(x* + x))* =
{0,1,-1,1 + 2x,—1 — 2x}, it is sufficient to show that (x?)* # x? and ((1 + x)?)* # (1 + x)%. In fact,

() =(=x)'=1+x#—x=2x2,

and
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(Q+x2)=0+x)=-x#1+x=(1+x)?>
Thus, the proof is finished. [J

Proposition 3.7. The following statements hold:
(1) (Z[x]/(x* + x))*’ ={0,1,-1,1 + 2x, -1 — 2x}.
(2)(ZIx]/ (¥ + 2))°F" = {0,1, -1}.

Proof. (1) follows form Proposition 3.6. (2) follows from the fact that

T+20)*=1+2x#-1-2x=(1+2x)", (-1-20)* =-1-2x#1+2x=(-1-2x)".
0

Corollary 3.8. Z[x]/(x> + x) is an Abel ring.

Proof. Tt follows the fact that Z[x]/(x> + x) is commutative and Lemma 2.10 (4). [

Let R be a ring with unit 1 and

TY(R) = {( 0

where e € E(R). For any
a1 a2
(6 %)

where a1, a5, b1, by € R, define the addition and multiplication of T;e) (R) respectively given by

(b b ©
_( 0 b )eT2 (R),

A+B= a + b1 ap + b2 AB = a1b1 Hlbz + a2b1 - eazbz .
0 a1 + by 0 a1y

Then we have the following results.
Theorem 3.9. e € E(R) is central if and only z'fT;e)(R) is a ring.

Proof. “=" Assume that e € E(R) is central, then in order to show that ng) (R) is a ring, it is sufficient to
prove that for any A, B,C € Tge)(R), (AB)C = A(BC),A(B+ C) = AB+ AC,(B+ C)A = BA + CA. Assume that

[ m a _ b1 b, | a &
A_(O ai )/ B_(O b1 )/ C_(O C1 )/

then by a straightforward computation, we have

_ {Illbl a1by + arby — eazbz c1 €
(AB)C - ( 0 1111’)1 )( 0 C1 )
a1b101 a1b1C2 + (ﬂlbz + a2b1 — Eazbz)cl - e(a1b2 + azbl - 6&12[72)(!2 )

abicy

(6)

a1b101

( a1b1c1 {11b1C2 + a1bzcl + {ZzblCl - etlzbzcl - 6ﬂ1b2C2 - €ﬂ2b162 + 621121’]2C2 )

a1b161 a1bica + a1brcq + axbicq — earbycy — earbacy — earbicy + earbocn
arbicy ’
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N S %) b1C1 blcz + b2C1 - €b2C2
A(BC) - ( 0 a )( 0 b1C1 )
_ ﬂ1b1C1 Lll(blCz + b2C1 - Eszz) + ﬂ2b1C1 - eaz(b1c2 + b2C1 - €b2C2)
- 0 u1b1c1 (7)
_ {IllblCl alb1C2 +ajbycr — 6(111’12C2 + IlgblCl — earbicy — earbycy + Ezllzszz
- 0 a1b1c1
_ a1b161 611b1C2 + ﬂ1b2C1 + a2b161 - Eazszl - €H1b2€2 - €a2b1C2 + ECIzszQ
- 0 a1b1c1 ’
N ] bl + bz + Cp
A(B+C)_( 0 m )( 0 b1+C1)
_ [ m(br+c1) ar(bz +c2) +az(b1 + 1) — eaz (b2 + ¢2) (®)
0 a1(br + ¢1)
_ a1b1 +aic; a1by +ajc + a2b1 + ac1 — ea2b2 — edrCy
- 0 a1b1 + a1 !
AB + AC = 1111’)1 {11b2 + a2b1 - eazbz n a101 a1Cy + asc1 — eacy
0 albl 0 ai1c1 9
_ ﬂlbl +ai1c1 a1b2 +aic + llzbl + arc1 — €H2b2 — eancy ( )
- 0 lllbl + a1 ’
_ bi+c b+ ay az
(B+C)A_( 0 by +c1 0 m
_ | b1+ ci)ar (br+ca)az + (b2 + c2)ar — e(bz + c2)az (10)
0 (b1 +c1)m
_ b1a1 + c1m b1a2 + C1ap + b2a1 + Craq — eb2a2 — eCcrdy
B 0 blﬂl + a1 !
and
BA + CA = biay  biay + bray — eboas N C141 €143 + Cody — eCarddy
0 bim 0 1
(11)
_ bllll + 141 b1112 + 145 + bray + cay — ebrar — ecran
- 0 b1ﬂ1 + C1aq ’

Then (AB)C = A(BC) by (6) and (7), A(B + C) = AB + AC by (8) and (9), (B + C)A = BA + CA by (10) and (11).
Hence Tée) (R) is a ring.
“<” Assume that Tée) (R) is a ring, then for any 4 € R, let

(a1 (11 {01 ©
a=(h) m=(a 1) c=(b )

Then (AB)C = A(BC), that is
0 a-ea ) (0 a-—ae
0 0 {0 o )

Hence a — ea = a — ae, it follows that ae = ea. Hence e is central. [
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Theorem 3.10. R is an Abel ring if and only if for each e € E(R), T;e)(R) is a ring.

Proof. It follows from Theorem 3.9. [

Now let( ?) Z ) € Tée)(R). Define

a b *_ a (=1+2e)b
0 al] \O a ¢

where g,b € R. Then we have the following.

7476

(12)

Theorem 3.11. Let R be a commutative ring and e € E(R). Then T;e) (R) is a *-ring, where * is defined as in (12).

Proof. Assume that

[ m a (b b ©
(4 ) o=t e

then by a straightforward computation, we have

(A*)* _ ( ay (—1 + 26)&2 )>E

i
E

a

[iry

o

(=1 + 2¢)%a,
a1

az
(5]

x
flry

o

7

(A+B 611+b1 a2+b2
a + bl
N + bl ( 1+ 26)(612 + bz)
- a + bl
N (-1+ 26)112 + by (-1+ 26)1’]2
V0 0 by
[ m ' b b\
Lo 0 b
=A"+B
(AB a1b2 + azbl - €u2b2 :
a1b1

a1by

ab
0
( b1 (—1 + 26)(ﬂ1b2 + a2b1 - €ﬂ2b2) )
0
mb
0 111b1

(=1 + 2e)(a1b, + axby) — eazb, )
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and
“ax bl (—1 + 2€)b2 ap (—1 + 26)612
BA = ( 0 bl )( 0 ai
_ 141 b1(—1 + 26)&2 + (—1 + 2€)b2ﬂ1 - 6(—1 + 26)2a2b2
- 0 blﬁll
_ a1by (—1 + 26)(&1b2 + azbl) - E{lebz
- ﬂ1b1 ’

Thus, by (1), T;e) (R)isa*ring. O
Theorem 3.12. Z[x]/(x? + x) = T;l)(Z).

Proof. Consider the map f : Z[x]/(x* + x) — Tf)(Z),

(1o (o1
0 1) * 00}/

ie.,
ay ax
a1+ ax — ( 0 ),

where a1,a, € Z. Then for any a; + axx, by + box € Z[x]/(x? + x), we have

f(cll + arx + bl + bzx) = f(bl] + bl + (le + bz)x)

_ a1+ by (12+b2
- 0 a1+b1

_ a dp b1 bz

‘(o a1)+(0 bl)

= f(a +azx) + f(by + box),
and

f((a1 + azx)(by + bax)) = f(ai1by + (a1b2 + azby — azb2)x)

_ ﬂlbl Ellbz + a2b1 - a2b2
- 0 a1b1

[ a1 a2 bl bz
- 0 ay 0 bl

= f(a1 + ax)f(b1 + box).

7477

Thus, f is a ring homomorphism. It is easy to see that f is injective and surjective. This completes the

proof. O
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