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Bounded approximate version of module character contractibility of
Banach algebras

Mina Ettefagh?

“Department of Mathematics, Tabriz Branch, Islamic Azad University, Tabriz, Iran

Abstract. The (bounded) approximate version of module character contractibility of Banach algebras is

introduced and studied. This new concept is characterized by several different concepts such as bounded

approximate module character diagonals. Moreover, this new concept is investigated for second dual,
unitization, tensor product and IP-direct sums of Banach algebras.

1. Introduction and preliminaries

Througout this paper, A is a Banach algebra. For a Banach A-bimodule X, a derivation is a bounded
linear map D : A — X such that

D(@b)=a-D(b)+D(@)-b (a,be A).

For each x € X, the derivation D, : A — X given by D,(a) = a - x — x - a is called an inner derivation. A
derivation D : A — X is called approximately inner, if there exists a net (x;) C X such that
D) = lign Dy(a) (a€A),
if also there is L > 0 such that
sup|[|Dy @) < Lllall (2 € A),
then D is called boundedly approximately inner.

Let ¢ € 0(A) be a character on A, and let Mg [resp. ¢ M?*] denotes the class of Banach A-bimodules X
such that x - a = ¢(a)x [resp. a - x = ¢p(a)x] for alla € A and x € X, [10].

Definition 1.1. Let A be a Banach algebra and ¢ € o(A). Then

(i) Ais called (approximately) (boundedly approximately) contractible if for each A-bimodule X, every derivation
D : A — Xis (approximately) (boundedly approximately) inner.
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(ii) A is called left [right] (approximately) (boundedly approximately) ¢-contractible if for each
X €y MA [resp. Mg], every derivation D : A — X is (approximately) (boundedly approximately) inner.

(iii) A is called left [right] (approximately) (boundedly approximately) character contractible if it is left [right]
(approximately) (boundedly approximately) ¢-contractible for each ¢ € a(A).

(iv) A is called (approximately) (boundedly approximately) character contractible if it is both left and right (approx-
imately) (boundedly approximately) character contractible.

Throughout this paper, % is a Banach algebra such that A is a Banach U-bimodule with compatible actions,
that is

a-@)=(@-a)b , @) -a=alb-a) @beA, ac).
Let X be a Banach A-bimodule and Banach U-bimodule with compatible actions, that is
a-@-x)=(@-a)-x , a-(a-x)=@-a)-x , (@-x)-a=a-(x-a) (@A, ael, xeX),

and similarly for the right and two-sided actions, in this case we say that X is a Banach A-U-module. If
moreover, @ -x = x -« for all @ € A and x € X, then X is called a commutative A-W-module.
Abounded map D : A — X is called an A-module derivation if it is A-bimodule homomorphism and

D(@+b)=D@) +D®) , D@b)=D@) b+a-D®) (a,beA).

The boundedness of D means that there is L > 0 such that ||D(a)|| < L||al|, for all a € A.
When X is a commutative A-2A-module, then for each x € X themap D, : A — X givenby D,(a) = a-x—x-a
is called inner N-module derivation [1].

Definition 1.2. The Banach algebra A is called (approximately) W-module contractible if for any commutative Banach
A-U-module X, each N-module derivation D : A — X is (approximately) inner [2, 18].

The concepts of contractible and amenable Banach algebras was introduced by Johnson in [12]. Then,
Bodaghi et al. investigated the concepts of module contractibility, module amenability and (n-weak) module
amenability in [2, 4-6, 8, 11, 17]. The concepts of character contractibilily and character amenability for Banach
algebras was introduced by Kaniut, Lau and Pym in [13] and by Monfared and Isfahani in [10, 14, 16]. The
approximate versions of these notions were introduced and studied by several authors, see [18, 19]. Fur-
thermore, the authors in [3, 7, 9], introduced and investigated the concepts of module character contractibility
and module (¢, 1)-amenability. They showed that such Banach algebras posses module character diagonals.
Finally, the authors in [20] studied the bounded version of approximate character contractibilily.

In this paper, we define and study the concept of approximate module character contractibility and
its bounded version. In addition, we have some results for second dual, unitization, tensor products and
IP-direct sums of Banach algebras. One of the consequences of this paper will be the bounded version of
approximate module contractibility.

2. Bounded approximate-module-character-contractibility

Throughout this section A and U are Banach algebras and A is Banach A-bimodule with compatible
actions. At first, we will define the concepts: approximate-module-character-contractibility and also its
bounded version.

Let ¢ € 0(Y) be a character on A and consider the multiplicative linear map ¢ : A — U such that

Pa-a)=dla-a)=pla)p@a) @eA, ael),

we denote the set of all such maps by Q4.
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Definition 2.1. Let ¢ € o(¥) and ¢ € Q4. We say that the Banach space X is a (((]), ), A—QI)—module or X €,
MAYif left module action of A on X is given by

a-x=¢@-x @ecA, xeX),
and the actions of A on X is given by
a-x=x-a=@p@)x (U, xeX).

Note that in this case we can write a - x = Pp(a) - x = @ o Pp(a)x, for all a € A and x € X. Similarly, we say that X is

(A—‘ZI, (o, (p))—module orX € M(f:(f;)’ if right module action of A on X is given by

x-a=¢@)-x @eA, xe€X),
and the actions of A on X is given by
a-x=x-a=@p@)x (U, xeX).

The authors in [9], introduced the concept of module-character-contractibility. In the following, we will
introduce the concept of approximate-module-character contractibility and also its bounded version.

Definition 2.2. Let A be a Banach N-bimodule, ¢ € Q4 and ¢ € o(N). Then

(i) Ais called left (boundedly) approximately-module-(¢, )-contractible, if every W-module derivation D : A — X
is (boundedly) approximately inner, for all X €,y M™Y. There is a similar definition for right (boundedly)
approximately-module-(¢p, p)-contractible Banach W-bimodule.

(ii) Adis called (boundedly) approximately-module-(¢, @)-contractible, if it is left and right (boundedly) approximately-
module-(¢p, p)-contractible.

(iii) Ais called (boundedly) approximately-module-character-contractible, if it is (boundedly) approximately-module-
(¢, p)-contractible for all p € Qp and all ¢ € o(N).

Notation. We will use the abbreviated symbol (b - app - m - (¢, p)-cont.) for bounded approximate-
module-(¢, p)-contractibility.

We remind that, if A = C and ¢ is the identity map, then all of the above definitions coincide with
their classical case.

Proposition 2.3. Let A be a Banach U-bimodule, ¢ € Qu and ¢ € o(N). Then the following statements are
equivalent:
(i) Aisrightb-app-m- (¢, p)-cont.
(ii) There exist a net (m;) C Aand L, L' > 0 such that: ¢ o ¢(m;) = 1, am; — P(a) - m; — 0, a - m; — p(aym; — 0,
llarm; — @(a) - myl| < Lllal| and |la - m; — p(a)m;)|| < L'Ilall,for alla € A and a € W.
(iii) There exist a net (m;) C Aand L,L’ > 0 such that: ¢ o ¢(m;) — 1, am; — p(a) - m; — 0, a - m; — p(a)ym; — 0,
llam; — ¢(a) - myl| < Lllall and |la - m; — p(a)ymy)|| < L'||ell, for alla € A and o € U.
There is a similar statements for the “left”" version.

Proof. (i) = (ii): We define the right A-module action on X =: A by x-a = ¢(a) - x and the left A-module
action is naturally, and we define A-module actionson X = Aby a-x = x-a = p(a)x, fora € Aand g, x € A.
Take b € A such that ¢ o ¢(b) = 1 and define a module derivation D : A — X by D(a) = ab - ¢(a) - b.
Obviousely, D(A) C ker ¢ o ¢. By (i), D is boundedly approximately inner. It follows that, there exist a net
(nj) Ckerpod Cc Aand L” > 0 such that D(a) = lim D,,(a) and ||D,,(a)|| < L”|jal|, for alla € A. Set m; = b —n;,

then ¢ o ¢p(m;) = 1 and for alla € A and a € A we have
llam; — ¢(a) - m| llab — an; — ¢(a) - b+ ¢p(a) - nill

ID(a) — Dy, (@)ll = O,

llam; — (a) - mill < IDfllall + L"|lall = (IDIl + L") llall,
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and also
lla - m; — p(a)mil| = 0,

(i1) = (iii): is obvious.
(iif) = (i): Let (m;) C A be anet satisfies in (iif). Without loss of generality we can assume that || o p(m;)|| < 1
for each i. Let X be a (A-‘)I, (o, (p))—bimodule and D : A — X be an A-module derivation. Set x; =: D(m;).

Since D is an A-module derivation, then for all 2 € A we have D(gb(u) . m,-) = ¢(a) - D(m;) and
lla - xi — ¢(a) - xi + D@l

= |la- D(m;) — ¢(a) - D(m;) + D(a)l|

= |ID(am;) — D(a) - m; — ¢(a) - D(m;) + D@)||

= ID(am; — @ o ¢(m:)D(a) - D(¢(a) - m;) + D(@)|

= ID(am; = p(a) - m;) = ¢ © p(m)D(@) + D@I| = 0,

lla - x; — x; -a+ D@l

also

lla - xi = x; - all IDIlllam; — (@) - mill + [l o pma)l[l|DIllall
IDIILllall + IDI[l|al]

(DL + 1Dl

IAIA

This shows that D is boundedly approximately inner. Since D was arbitrary, it follows that A is right
b-app-m-(¢p,p)-cont. O

Consider the module projective tensor product AQyA = A®A/Is, where I4 is the closed ideal of ARA
generated by

[a-a®b—a®a-b : a,be A, aec,
and consider the closed ideal 4 of A generated by
{a@a-a)p—a(a-b) : a,beA, ae}.

Then I4 and J4 are A-submodules and A-submodules of ARA and A, respectively. Then the quotients A/J4
and ARA/I4 = A®yA will be A-bimodules and UA-bimodules [9].

Let ¢ € Q4 and @ € o(). It is obvious that p = 0on Ja. So P : A/J4 — ‘II((f)(a + J4) = qb(a)) is well
defined and ¢ € Qguyj,.

Consider the map w : AQA — A(w(a ®b) = ab) and

@ : AQyA = ARA[Ix — Al]a

defined by @(a ® b + I4) =: ab + J4, which is A-module and A-module homomorphism [9]. The authors in
[9] defined the concept module-(¢, )-diagonal for A, and now we extend this definition.

Definition 2.4. Let A be a Banach W-bimodule, ¢ € Qu and ¢ € o(N). A net (1;) C AQyA is called a left multiplier
bounded approximate-module-(¢, ¢)-diagonal (mul - b - app - m - (¢, p)-diag.) for A if

(i) {p o ¢, a(m)) =1,
(ii) 1;-a — P(a) - 1i; — 0,

(iii) a -1 — p(a)m; — 0,
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(i) AL >0 : |- a— Pp(a) - myll < L'llall,
(v) AL >0 : |la- 1 — playmll < L ||all,
foreacha e Aand a € W.
By using above conditions we can write
i-a—@od@yi—0 ,  li-a—q@od@yul <Ll
There is a similar definition for the “right” case.

Proposition 2.5. Let A be a Banach left [right] essential A-bimodule, ¢ € Qa and ¢ € o(N). Then A is left [right]
b-app -m- (¢, p)-cont. if and only if A has left [right] mul - b - app - m - (¢, )-diag.

Proof. Suppose that A is left b - app - m - (¢, p)-cont. We consider X = A®yA with left A-module action
a-x =) x fora € Aand x € X, and the right A-module action naturally. We define U-module actions
onXbya-x=x-a=¢(xforall x € Xand a € A Let 1y € A®yA such that (¢ o g?), o(g)y = 1.
Since A is a left essential A-module, then the map ¢ o ¢ is C-linear by the proof of Theorem 3.14 in [6]
and we conclude that ¢ o (a)rig — 11 - a € ker(p o ¢ o @). Now, we can define the A-module derivation
Dy, : A = ker(p o ¢ o @) C AQyA by

Dmo(ﬂ) =: ¢)(ﬂ) . ﬁ’lo - 11~10 -a ( =@o ¢)(ﬂ)1’710 - T?l() . 11).
Thus, by the hypothesis there exist a net (1i;) C ker(p o ¢ o @) and L > 0 such that for all 2 € A we have

Dy(a) = lim (¢(a) - 1t; — 17 - a)

1
= lim (¢ o ¢(@yi; — ;- a)

and

lip(a) - 7it; — 1it; - al| < Lilall.

Put M; = 1iig — 7i;. It is easy to check that (¢ o ¢, @(M;)) = 1, and for all a € A we have
p(a) - M = M -all = ip(a) - g — P(a) - 11 — 1itg - a + 1 - al|
1Dy (@) + 172 - a — p(a) - 1it]| — O,

and we conclude that
lp(a) - M; = N - all < [lioll(lp o Il + 1) + L]l

We also have a - M; = M, - a = ¢p(a)M; for all a € A. Finally, this shows that (M) is a left mul- b- app- m
(¢, p)-diag for A. y

Conversely, let there exist a net (7i1;) C A&yA and L', L” > 0 such that (p o $, @(7i1;)) = 1, and for alla € A
and a € U

d@) - —m-a—0 o) - i — iy - all < Llal],
playmi—mi-a—0 , |lp@)m; —m;-al <L |l
Suppose that X is a Banach A-bimodule and U-bimodule with module actions a - x =: ¢(a) - x and

a-x=x-a=@axforxe X,acAanda € ¥, and let D : A = X be an A-module derivation. We
consider X as an A/J4-bimodule by defining

x-d=x-a, ﬁ-xz:a-x(=d)(a)-x=cf)(d)-x=(poq~)(d)x) @=a+JacAl]a, xeX).
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We also define the map D : A/J4 — X (f)(iz) =: D(a)), which is an UA-module derivation. Put
X =: D(w(mi)) € X, then for all 4 € A/]4 we have

D(é@ - @) = $(@) - D(@(m),

and
lla-xi—xi-a— D@l =1a-xi—x;-d—- D@
= ld(@) - D(@(i;)) - D(@(7y)) - — D@
= ID((@) - (7)) - D(@(Ay) - a) + D7) - D(@) — D@
= D@ - W) - @) - 3] + @ o G(@w(rm))D(@) — D@l
= D] o $(@) - @ (i) — (i) - a
= ID[@(¢p o p(ayi; — i -a)|l
= ID[@(p o pl@yi; — i -a)]ll > 0,
and

lla - x; — x; - |
= |ID[@(p o p(ayi; — i -a)| + D@
DML+ 1D lall

lla - x; — x; - all

IA

This proves that A is left b - app - m - (¢, p)-cont. [

In the next proposition we consider the spacial case ¢ = 0.

Proposition 2.6. Let A be a Banach A-bimodule and ¢ € o(N), then A is left [right] b - app - m - (0, p)-cont. if and
only if it has multiplier bounded left [right] approximate identity.

Proof. At first, suppose that A is left b - app - m - (0, p)-cont. Let X =: A @; A with the following A-module
and A-module actions:

a-(b,c)=(0,00 , (bc)-a=(ba,ca),
a-(b,0) = (b,) - a = (p(a)b, la)c),

fora,b,c € A and a € A. Then, X is a Banach A-A-module with the compactible actions. We consider the
bounded A-module derivation D : A — A @, A by D(a) =: (a,a). It follows from the assumption that there

is a net ((a,-, bi)) Cc A®; A and L > 0 such that for all 2 € A we have

(a,4) = D(a) = lim Dy, 1,(@) = lim (a- (i, b) - (ai,b;) -a) = lim(~aia, ~bia),
and ||D, 5)@)l < Lljall. Therefore,

a= lign(—a,va) = li?l(—bia).

This shows that {—a;} and {-b;} are left approximate identities for A. We have for L > 0

ID@py@ll = lla-(ai, b;) — (ai, bi) - all
= |l —aall + || - bial| < Lllal|,
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and we conclude that A has multiplier bounded left approximate identity.
Conversely, let (2;) C A is a multiplier bounded left approximate identity for A. Consider the bounded
A-module derivation D : A — X, where X is an A-A-module with the following actions

a-x=:¢@-x=0 , a-x=x-a= @),

forae A,x e Xand a € A. Now, set x; =: —=D(a;) € X, then we have

D(a) D( lim a,'a) =lim [D(aia)]

lign [ai -D(a) + D(a;) - a]

im[0 + (=x;) - a] = lim(—x; - a)
= lim (a SXi— X a) = lim Dy, (a),
1 1

and also there is L > 0 such that

1Dy @Il = lla - x; = xi - all = ID(@; - a)|
< [IDIllla;all < IDIIL|lal|.

Thus D is boundedly approximately inner. [

Corollary 2.7. A Banach algebra A is left [right] boundedly approximately-module-character-contratible if and only
if it has a multiplier-bounded left [right] approximate identity.

Proposition 2.8. Let A and B be A-bimodules, and O : A — B be [norm-preserving] continuous A-module epimor-
phism. Then left [right] [bounded] approximate-module-(¢ o 0, @)-contractibility of A implies left [right] [bounded]
approximate-module-(¢p, @)-contractibility of B.

Proof. Let X €(4,p) MP¥ and D : B — X be an A-module derivation.

Thus X €(go0,p) M by defining the following A-bimodule actions on X

a-x=:9(a)-x:<p(6(a))-x , x-a=:x-0@@) @eA,6 xeX),

and also Do § : A — X is an A-module derivation. By hypothesis, there is a net (x;) C X such that
Do 0(a) =lim(a - x; — x; - a) = lim (6({1) S Xi— X - 6(11)), for all a € A. Since 0 is surjective, for each b € B there
1 1

is a € A such that 6(a) = b. Now, we can write

D(b) = (D 0 6)(@) = lim(b - x; - x; - ),

this shows that D is approximately inner. For proving the bounded part, by hypothesis we can find L > 0
such that

lla-xi—x;-all <Lllall (a€A).

Since 6 is norm-preserving, we have [|b|| = ||0(a)|| = |la|| and
Wb-xi—xi-bll = |6@a)- xi—x;- 0@l
= la-xi—x;-all
< Lllall = LIbll.
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Corollary 2.9. Let I be a closed ideal and N-submodule of a Banach A-bimodule A, and . : A — A/I be the canonical
projection. If A is approximately-module-(¢pom, p)-contractible then A/l is approximately-module-(¢p, p)-contractible.
The boundedness holds only if I = {0}

Proposition 2.10. Let I be a closed left ideal and -submodule of a Banach W-bimodule A. If ¢ € Q4 and ¢ € o(N)
such that I € ker(¢p o ¢), then the following statements are equivalant:

(i) Aisright [left] b - app - m - (¢, p)-cont.
(it) Lisright [left] b-app - m - (¢ |1, @)-cont.

Proof. Suppose that A is right b - app - m - (¢, )-cont., then by Proposition 2.3, there exist a net (m;) C A and
L,L" > 0 such that ¢ o ¢(m;) = 1 and foralla € Aand o € A

llam; = ¢a) -mill -0, llam; — ¢(a) - mj|| < Lllall;

llev-mj = p@mill -0, lla-mj = p@)mjll < L|lall.

Choose b € I such that ¢ o ¢(b) = 1, and set n; =: m;b. Now for the net (1;) C I, we have ((p X0l )(n]-) =1
and for all i € [ we can write

llinj =@l @) -njll = [li(m;b) — p@)(m;b)l
< llimj = p@mylllibll — 0,

and
llinj — @ |r (i) - njll < LIBIII,

also for all & € A we have

lle - 11 = pla)nl| lla - (mb) = p(a)(m;b)l

lle - m — p(a)ym|||bl] — 0,

IA

and
lla - nj — ()l < L'|blllledl,

and we conclude that (ii) is true by Proposition 2.3. Conversely, suppose that I is right b-app-m- (CP Ir, (p)-cont.

then by Proposition 2.3, there exist a net (m;) C Iand L, L’ > 0 such that @o@ | (mj) =1and foralli e [and
aeU

llimj=¢ It @) -mill =0, |limj = |r (@) - m;l| < LJall;
llw-mj = p@mill -0, lla-mj = p@)mjl| < L llall.

Choose s € I such that ¢ o ¢(s) = 1 and set 11; =: sm;. Now for the net (1;) C A, p o p(1n;) = 1and foralla € A
we have

lan; = p(@) - myll = lla(sm;) = P(a) - (sm))l
< lasym; — (as) - mjll + lip(as) - m; — p(a) - smjl
< lasym; — (as) - mll + () - m; — smjllip(@)ll — 0
and
llan; = ¢(@) - il < Lilasll + Lisllig (@)l
< (LIS + lgpID)lall
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Moreover, for all « € A we have

lla -1 — p(a)nj|| = lla - (smj) — p(a)smil|

ll(a - s)m; — Pp(as) - mj|| + llp(as) - m; — p(a)sm|

(e - sym;j — Pp(as) - mjll + lp(a)p(s) - m; — p(a)smi|
lI(a - s)m; — Pp(as) - mjl| + [p(a)llip(s) - m; — smjl]| — 0

and

A

lle - nj = p(@)nill < Lila- sl + il LIl
[LUsI + i el

IA

Thus (i) is true by Proposition 2.3. 0O

Proposition 2.11. Let A be a Banach W-bimodule. If A/ ] is left [right] b-app - m - (§, @)-cont. then A is left [right]
b-app -m - (¢, p)-cont.

Proof. Let X € (4,5 M** and D : A — X be an A-module derivation. We can assume that X € (5 ,, M*//4¥
by the following A/J4-bimodule actions on X

@+Ja)-x=a-x=¢@-x=d@a+Ja)-x

x-(@a+Ja)=x-a @eA,6 xeX),

note that the above actions are well-defined because XJ4 = J4X = 0. On the other hand, we can extend D
to A-module derivation D : A/J4 — X (D(a +Ja) = D(a)), and D is well-defined because D |}, = 0.
Now, by hypothesis, there is a net (x;) C X and L > 0 such that foralla € A

D(@+]a) = lim [(@+ ) - xi =i @+ Ja)],
IDx;(@ + Ja)ll < Llla + Jall,
so we have

D(a) = lim(a - x; — x; - a),

IDx @)l < Lla + Jall < Lilall.
This shows that D is boundedly approximately inner. [J

Corollary 2.12. For a Banach U-bimodule A, A/]4 is left [right] approximately-module-(p, ¢)-contractible if and
only if A is left [right] approximately-module-(¢, @)-contractible.

Proof. This is a consequence of Proposition 2.11 and Corollarly 2.9. [

Proposition 2.13. Let A be a Banach A-bimodule, € o(N), ¢ € Q4 such that ker ¢ = ker ¢ o ¢ and ¢ is surjective
[norm-preserving]. If ker ¢ o ¢ has a multiplier bounded right [left] approximate identity, then A is right [left]
[boundedly] approximately-module-(¢, ¢)-contractible.

Proof. Suppose that (b;) € ker ¢ o ¢ be a multiplier bounded right approximate identity (i - e- there is k > 0
such that for all b € kerp o ¢ : ||[b — bb;|| — 0 and ||bb;]| < k||bl|). Choose uy € A such that ¢ o ¢(ug) = 1, then
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A =Cup®kerpo¢. Wesetay =: ué —(up) - up and m; =: uyg —upb;. Hence, ay € ker p o = ker ¢ and for each
a=Ap+beAAeC , bekerpo¢d)wehavepop(a)=A, p(a) = Ap(ug) and @ o Pp(m;) = 1. Furthermore

llam; — ¢(a) - mil| I(Aug + b)ym; — Ap(uo) - mi|

IAllluom; — ¢ (uo) - mill + |[bm]]

IAllluo(uo — uobi) — p(uto) - (o — obi)ll + [1b(uo — uobi)ll
IAllug — ugbi — Pp(uo) - o + Puo) - uobjll + llbuo — bugbl|
Al = P(uto) - tt0) = (g — P(uto) - tt0)bill + |Ibrig — bugbl
= |Alllao — aobill + ||bug — bugbil| — 0

IA

and

| Alllag — aobill + [|buo — buobill
|AIlaoll + llaobill) + [|buoll + |buobill
|AI(laoll + Kllao) + IIbllllzcoll + Kllbllllusoll
|Allaoll(1 + k) + |Iblllluol|(1 + k)

1
I)\Illuollmllaoll(l + k) + {[blllfuoll(1 + k)

< L(Allluoll + 1Ibll) = Lilall,

llam; — p(a) - ml|

IN N IA

in which L = Max{”;—ullaoll(l +k , lull@ + k).  On the other hand, for each
0

a € U= PA) = ¢(Cuy ® kerp o ¢) = Cop(up), there is A € C such that a« = Ap(uy). Then p(a) = A

and since u3 — 1y € ker ¢ o ¢, we can write

IAP(ug) - m; — Ami|

IMllp(uo) - mi — mil|

IAI(1lep(ato) - 1m; = wgrmill + llugm; — mil)

IAI(1lep(ato) - s = wgmill + lluo (o — wtobi) = (tto = uoby)l)

= AUl uto) - 1m; = womil + 1§ — g — (1§ — 0)bill) = 0.

Il - m; — @(cr)ml|

IA

If ¢ be norm-preserving then ||a|| = |All|uol| and we have

IA

IAI(1lep(ato) - s = wgrmill + [l = 1o — (u3 = uo)bill)
IAI(Llutoll + et 11 = weoll + Klue — )

(L + 111 = oll(1 + K)) Al

(L+ 111 = uoll@ + &)l

llo - m; — p(a)mi|

I IA

The proof is completed by using Proposition 2.3. [J

Proposition 2.14. Let A be right [left] b - app - m - (¢, @)-cont. Banach N-bimodule for some @ € o(NA) and ¢ € Qq
and let A has a multiplier bounded right [left] approximate identity. Then ker ¢ o ¢ has a multiplier bounded right
[left] approximate identity.

Proof. Choose uy € A such that ¢ o ¢p(up) = 1, then A = Cug ® ker g o ¢. Let (ng = Agug +bg) C A be a
multiplier bounded right approximate identity for A with multiplier bound k > 0, where (bg) C ker ¢ o ¢
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and Ag = @ o ¢(ng) — 1. By using Proposition 2.3, we can find a net (m;) = (Aiug + b;) C A such that
@ o ¢(m;) = A; = 1 and there exist L, L' >0suchthatforallae Aand a € A

llam; = pa) -mill =0, llam; — ¢p(a) - mjl| < Lllall;
llac-mi —p(@mill >0, la-m; — pla)m|] < L all.

So
llam; — @ o p(@)ymill = 0, |lam; — @ o Pp(a)ym;l| < Lllal|.

Sete;g =: bg — b;, where bg = ng — Agug and b; = m; — Ajug. Then, for all b € ker ¢ o ¢ we have

llbm; — ) - mill = |lbm; — ¢ o Pp(b)mil
= |lbmill — 0.
and
llbm; — (D) - myll = [lbm|| < LI|bll.
Therefore

lIbeip — bl

|lbbg — bb; — bl|
llb(ng — Aguo) — b(m; — Ajug) — bl
llbrig — Bl + llbuollllA; — Agll + |[bm;]| — 0.

IA

Since (A; — Ag) — 1, it is a bounded net with bound k" and

lbeigll = [lbbg — bbi|

lb(ng — Agug) — b(m; — Ajuo)ll
lIbuollllA; = Agll + llbrgll + [1bm;]]
l1Blllzeollk” + Kllbl| + Lilbll

(lluollk” + k + L)|Ibll.

IA

IA

This shows that (e; ) is a multiplier bounded right approximate identity for kergp o ¢. [

3. Unitization and second dual of Banach algebras

In this section, A* = A® C and A" = A C are unitizations of A and U, respectively. Similar to notations
in [7], let B = A @ A* with following multiplication

(a,u)(bv)=:@b+a-v+u-buv) (@beA, uvedh),
in which %¥-module actions on A defined by

a-(aA)=a-a+Aa , (@A)-a=a-a+da (@acA, (o) eA".
Moreover, we can define A*-module actions on B by

u-@,v) =W -a,uv) , (@v)-u= (@ uou) @cA,; uveAh.
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Then, B is a unital Banach algebra and Banach %*-bimodule with compatible actions and with identity
eg = (0,eq#) , where ey = (0, 1) is the identity of A*. Now, suppose that ¢ € Q4 and ¢ € o(A). We can define
the extensions of ¢ and ¢ by

¢: W ->C , @ ld)=¢)+A
Ge: AW pula) = (¢(a),0).

¢:B=A0W > A, §a,u)= (@), pu)).
It is easy to check that ¢, € Qq4, ¢ € o(A*) and q:b € Qp.

Now, suppose that X be a Banach A-A-module. We define B-module and A*-module actions on X
by
(au)-x=a-x+u-x , x-(@u=x-a+x-u xeX, acA, uel®).
(@A) -x="a-x+Ax , x- (@A) =x-a+Ax (xeX, (aA)ecUH.

Therefore

@0)-x=a-x , x-@0=x-a xeX, ach),
Ou)-x=u-x , x-Ou)=x-u (xeX, uedh.

On the other hand, if D : B = A & % — X is a A*-module derivation, then for each u, v € A*

D(0, uv) = D[ (0, u)(0, )] D(0,u) - (0,0) + (0, ) - D(0,)

DO,u)-v+u-D(0,v),

also

D(0, uv) D[u - (0, v)] =u-D(0,v),

D[(0,u) -] = DO, u) - .

D(0, uv)

We conclude that u - D(0,v) = D(0,u) - v = 0, hence

DO,u) = D((0,u)es)
= D((0,u)(0, ew))
= D(O, MEQI#)
= u-D(0,eq) =0,
so D |‘H"E 0.

Proposition 3.1. The Banach algebra and N-bimodule A is left [right] b - app - m - (¢, p)-cont. if and only if the
Banach algebra B =: A @ ¥ as an W*-bimodule is left [right] b - app - m - (¢, §)-cont.

Proof. Let A be left b - app - m - (¢, p)-cont. Suppose that X € - MB¥ and D : B — X be an Af-module
derivation. We can define A-module and A-module actions on X by

a-x=:(a,0)-x= qz)(a,O) ‘X = ((b(a), <p(0)) “x =) x,
x-a=:x-(a,0) (xeX,6 acA),

and

a-x=x-a= (0,(0(,0))~x=¢)(a,0)-x=(p(a)x (xeX, ae).



M. Ettefagh / Filomat 37:23 (2023), 7741-7759 7753

We consider D = D [4: A — X by D(a) =: D(a, Og). It is easy to check that X € (44 M*¥ and D is an
A-module derivation. By hypothesis, there exist a net (x;) C X and L > 0 such that foralla € A

D(@) = lilm(a “Xi— X+ 0),
lla - x; — x; - al| < Lllal|.
Since D |y#= 0, for each (4, u) € B we have
D(,u) = D|(a,0)+(0,u)| = D(a,0)
= lim [(a, 0) -xi—xi-(a, 0)]
= lilm(a - Xi— X;-4a)
= li;n(a-xi+u-xi—xi-u—xi-a)
= lilm [(a, u)-xi—xi-(a, u)],

and

lla - x; — x; - all
Liall < L(llall + [ull)
Lll(a, wl.

I(a, 1) - x; — x; - (@, u)ll

IA

This shows that D is boundedly approximately inner.
For the converse, suppose that X € (4, M** and D : A — X is an U-module derivation. We define
B-module and A*-module actions on X by
Pa) - x + @(u) - x
= [¢@ +pw)-x

@u)-x=a-x+u-x

= ¢a,u)-x,
x-(@u)=x-a+x-u (xeX,acA, uel¥,
and
u-x=x-u=a-x+Ax = @la)x+Ax
= [(p(a)+/\]x

= ¢wx (xeX, u=(aA) eq.
We consider D : B = A® %* — X by D(a,u) =: D(a). It is easy to check that X € &9 MBEY and D is an
A*-module derivation. By hypothesis, there exist a net (x;) C X and L > 0 such that for all (a,u) € B

D(a,u) = lim [(a, u)-xi—xi-(a, u)],

@, u) - x; = x; - (@, w)ll < Lll(@, w)ll = L(llall + [ull).

Hence
D(@) = D(a,0) = lim|(@a,0)-xi—xi-(a,0)]
= lim@-x;—x;-a),

and
lla-xi—xi-all = |l(a,0)-x;i—x;- (a0l
< L(llall + 10ll) = Liall
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This shows that D is boundedly approximately inner. [J

Proposition 3.2. The Banach algebra A is right [left] b - app - m - (¢, @)-cont. as an A-bimodule if and only if it is
right [left] b - app - m - (¢e, @)-cont. as an Wr-bimodule.

Proof. 1t is easy to check that for eacha,m € A

P o p(m)=q@op(m) , Pc(a)-m=¢a)-m.

Suppose that A is right b-app - m - (¢, )-cont. Then by Proposition 2.3, there exist a net (m;) C Aand L,L" > 0
such that p o p(m;) = 1and foralla € Aand o € A

llam; — @) -mill - 0, |lam; — ¢p(a) - myl| < Lllall;
la-m;— @) -mill >0, o m— @) mll < Ll

Therefore, ¢ o p.(m;) = @ o p(m;) =1 and foralla € Aand u = (o, A) € A#

llam; = e(a) - mil llam; — ¢(a) - m|| — 0,
llam; — ¢e(@) - mill = |lam; — ¢(a) - m|| < Llall,

llaw - m; + Am; — p(a)ym; — Am|

[t - m; — @(u)ym;]|

lla - m; — p(a)ymyl| — 0,

llov - m; — p(a)m|
< Llledl < L (lledl + 1A) = L[l

[t - m; — P(u)ym|

This shows that A is right b - app - m - (¢, ¢)-cont. The proof for the converse is similar and it is omitted. [J

Proposition 3.3. Let A be a banach algebra and W*-bimodule. Then A is left [right] b - app - m - (¢e, §)-cont. if and
only if B= A ® W is left [right] b - app - m - (¢, §)-cont.

Proof. We can suppose that A is an right [and left] ideal and %*-submodule of B = A @ A* because
a-(b,u)=:(a,0)bu)=@b+a-u0) @eA, (bu)eB).

Furthermore
$ 14 @,0) = (p(@), $(0)) = (¢(2),0) = pe(a) (@€ A).

So, this proposition is a consequence of Proposition 2.10. [J

In the next proposition, we assume that A™, the second dual of A is equipped with the first Arens product,

and we denote it by O. The canonical image of a € A in A* is denoted by @, and A = {4 : a € A}. Let

F=w'-1lima; and G = w* — lim B]- are members of A” and A = w* - li£n & € A, where (4;) and (b)) are nets
1

in A and (ay) is a net in A. We consider the module U™ actions on A™ by
A-F=w" - liin w' —lim(ay-a;) , F-A=w —limw - liin(a,- o),
1 1
and also for the first Arens product O on A™ we have
FOG =w" —limw" - lim(a,-bj)A.
i j

Let @ € o(A) and ¢ € Q4. Itis easy to check that ¢™ € o(U™) and ™ € Qp-..
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Proposition 3.4. Let A™ be right [left] b - app - m - (¢, @**)-cont. and A is a right [left] ideal of A™, then A is right
[left] b - app - m - (¢, @)-cont.

Proof. By hypothesis, there is a net (M;) € A® and L, L' > 0 such that: @™ o @™ (M;) =1, and for all F € A™
and A € A

IFoM; - ¢™(F)-Mill - 0, [IFoM; — ¢™(F) - Mill < L||F||;

IA-Mi= @ (MMl =0, lIA-M; =" (MM < LAl
Now, choose b € A such that ¢ o ¢(b) = 1. Since A is right ideal in A*, we can choose the net (1;) C A such
that 71; = bM,-( = EI:IM,-). Hence

(@ o P)(ni) = (@ © §)" () = (p 0 ¢)" ()@ © P)" (M) = 1,

and alsoforallae Aand a € A

llan; — ¢(a) - nill = llabM; — ¢p(a) - bM;|
< |labM; — ¢(ab) - Mill + l|p(a)p(b) - M; — ¢p(a) - bM,||
< |labM; = ¢(ab) - Mill + lp(b) - M; — bMilllip(a)ll — O,

A

lan; — ¢(a) - il < Lilabll + LIlbllig
(LB + i) ] all

IA

and
lla - n; — p(a)nill = [l - bM; — p(a)bM;||
< la - bM; = p(ab)Mil| + |lp(ab)M; — @(a)bMi|
< lae - bM; — p(ab)M;| + llp(b)M; — bMi|lllp(a)ll — 0,

A

llac - i — p(a)mill < Lilabll + Lillllgllllall
[L1B11 + llgpl e
This proves that A is right b - app - m - (¢, ¢)-cont. by Proposition 2.3. [

IA

4. Projective tensor product and /”-direct sum of Banach algebras

In this section, A and B are Banach A-bimodules. The projective tensor product A®B of A and B is a
Banach A®A-bimodule with following actions

@®p)-@®b) = (a-0)®@-b),
@®b)-(a®p)=(@-a)®b-p) (@A, beB; apec.

For ¢1 € Q4, ¢ € Qp and @1, @2 € o(A), consider

b1 ® P : AGB — UG (1 ® o ® b) =: P1(a) ® Pa(D)),
and

P1® @y : ARA — C (<P1 ® pa(a®p) =: (Pl(a)(PZ(ﬁ))-
Clearly, ¢1 ® ¢2 € Qep and @1 ® @, € o(ASA).

Proposition 4.1. If A&B is right [left] b-app-m-(p1® P2, 1 @@2)-cont. then Ais right [left] b-app-m-(P1, p1)-cont.
and B is right [left] b - app - m - (¢2, @2)-cont.
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Proof. By Proposition 2.3, there exist a net (m;) C A®B and L, L’ > 0 such that [((pl ®@2)o(P1® (j)z)](mi) =1,
and for all w € A®B and w € AKYA

llom; — (1 @ P2)(w) -myll > 0, |lwm; — (P1 ® P2)(w) - my|| < Ll
lw - m; — (@1 ® P2)(@ymill > 0, lw-m; — (@1 ® p2)(w)mill < L'l|wll.

Now, consider the linear map p4 : ASB — A (pA(a ®b)=¢@y0 ¢2(b)a). Then, fora® b € AYB
(P10 P)(pa@®b)) = (910 ¢1)(p2 0 Pa(b)a)

(¢2 0 P2)(b) (1 © P1)(a)

(@10 P @ (20 do)) @@ )

(@18 p2) 0 (1 ® ) @@D),

so for each m; € A®B we have
(P10 1)(palm)) = (@1 ® 2) © (b1 ® ) )(mi) = 1.

Now, choose ay, fy € A such that ¢1(ag) = @2(fo) = 1. Then

I(axo ® Po) - m; —myll = |l(ao ® Po) - m; — (1 ® P2)(axo ® Po)mll — 0,
(o ® Bo) - mi —mill < L'llewo ® foll,

and for all @ € A we have

I(aexo ® Bo) - m; — @1 (a)ml| [(cco ® Bo) - mi — (@1 ® @2)(aap ® Bo)mill — 0,
ll(aao ® Bo) - m; — pr(a@)mill < L'llaary ® Boll-

A

Since a - pa(m;) = pa(a - m;) and p, is linear, then we have
la - pa(ms) = p1(@)patmi)ll < lpallllac - m; = @1 (@ymil
< lipall[llec - m; = (acto ® Boymill + ll(eato @ Bo)m; — i (a)mill]
< lipall[llallim; = (a0 ® Boymill + ll(acto @ Bo)m; — pr(@)mill| — 0,

and

IA

”PA”[”“”L/”0(0””,80” + Llllallllaollllﬁolll
(2llpAllL ol Boll )l
For the rest of proof, choose ay ® by € A®B such that
@1 0 P1(a0) = @2 © Pa(bo) = 1.
Then

llow - pa(mi) = pr(a)pa(mi)ll

lI(ao ® bo)m; — mi|| = [I(ao ® bo)m; — (@1 © P1)(@0)(P2 © P2)(bo)mill
lI(a0 ® bo)m; — ((<P1 ®@2)o (1 ® 9152))(110 ® bo)ll = 0,
lI(ao ® bo)m; — mi|| < Lllao ® boll,
and foralla e A
ll(aao ® bo)m; — @1 0 Ppr(a)ym|| = [|(aao ® bo)m; — @1 © P1(aao)pa © P2(bo)mill
= ll(aao ® bo)m; — (1 ® p2) 0 (1 & 2))(aay @ bo)l| — 0,
|l(ago ® bo)m; — @1 o Pp1(a)ym;|| < Lllaag ® bol.
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Since apa(m;) = pa(am;), we conclude that
llapa(m;) — @1 o pr(@)pa(m)ll < lpallllam; — @1 o ¢1(aymi|
< llpall[llam; — (aag & bo)mill + Il(aao ® bo)m; — @1 © Pr(@)mil]
< lIpall[lalllim; = (a0 ® bo)m;l| + (aao ® bo)rm; = 1 © P (@ymil]] — 0,
and also
lapa(m) = @1 0 pr@pa(mIl < lipallllaliLliaolliboll + Lilalllaollliol ]
(2llpallLNaollibolllall

Finally, this shows that A is right b - app - m - (¢1, p1)-cont. by Proposition 2.3. There is a similar proof for
B. O

Now let ¢ € Q4,9 € Qp, ¢ € c(A) and 1 < p < +oo. The IP-direct sums A ® B and A &, B are Banach
algebras with respect to multiplication defined by

(a,b)(c,d) =: (ac,bd) (a,ce A, b,deB),
and norms
1@, D)l =2 max{lall, 16}, 1@, D), = (lalP +161F) " @eA, beB.
Furthermore, A @, B and A @, B are Banach A-bimodules under the following 2A-module actions
a-@b)=(-aa-b , @b -a=@-ab-a) @A, beB, ac.
We define
(¢,00:A®, B> U , (¢,0)(a, b) =: P(a),
O0,¢9):A®,B—->U , (0,9)(a, b) =: P(b),
for (a,b) € A®y, Band 1 < p < +00. Then (0,1),(¢,0) € Que,B forl <p < 400, and (¢,0) la= ¢, (0,9) = 9.

Proposition 4.2. Let A and B be Banach algebras and -bimodules, ¢ € Qu, P € Qp, ¢ € 6(W) and 1 < p < +o0.
Then

(i) A®, Bis right [left] b-app - m - ((qb, 0), qo)—cont. if and only if A is right [left] b - app - m - (¢, p)-cont.
(i) A @y B isright [left] b-app -m - ((O, V), (p)—cont. if and only if B is right [left] b - app - m - (Y, @)-cont.

Proof. This is a consequence of Proposition 2.10. [

5. Examples

We start this section with following definitions.

Definition 5.1. [1] A discrete semigroup S is called an inverse semigroup if for each s € S there is a unique element
s* € S such that ss's = s and s*ss* = s*. An element e € S is called an idempotent if e = ¢* = ¢*. The set of all
idempotents of S is denoted by E.

It is easy to see that E is a commutative subsemigroup of S and I'(E) is a subalgebra of I'(S). Suppose that
I(S) is a I'(E)-bimodule by following actions, that is multiplication from right and trivially from left

Do 0s=:0s , O30, =:0u(=0:40,) (s€S, ek

We denote Jj () by | that is the closed ideal of I'(s) generated by {6S€t -0y : s,t€S,e€ E}.
Next, we consider the congruence relation -~ on S by
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s~t & deeE : se=te (s,t€b).

The quotient semigroup Gs := S/ - is a group by Theorem 1 in [15]. Furthermore, ['(Gs) is a quotient of
I1(S) by Lemma 3.2 in [1]. Indeed I*(Gs) = I'(S)/], and by lifting the I'(E)-module actions on I*(S) to I'(Gs)
it becomes a Banach ['(E)-bimodule. But, the right and left I'(E)-module actions on I'(Gs) are trivial, so we
have

IN(Gs)®pp)'(Gs) = I'(Gs)&I'(Gs),

see Lemma 3.3 in [1].
Now we are ready to show the main results of this section.

Proposition 5.2. Let S be an inverse semigroup with idempotents E. Consider I'(S) as a Banach I'(E)-bimodule with
multiplication right action and the trivial left action. Suppose that ¢ € Qp gy and ¢ € a(ll(E)), such that | C ker ¢.
The following statements are equivalent:

(i) 1M(S) is left [right] approximately-module-(¢, ¢)-contractible.
(ii) 1N(Gs) is left [right] approximately-module-(¢, g)-contractible.
(iii) 1Y(Gs) is left [right] approximately-@ o ¢-contractible.

Proof. The equivalence of (i) and (ii) follows from Colloary 2.12. Since L!(Gs) is a commutative Banach
IY(Gs) — I'(E)-module and

N(Gs)®p ) (Gs) = I'(Gs)&I'(Gs),

then every approximate-module-(¢), ¢)-diagonal for I'(Gs) is an approximate-¢ o ¢-diagonal and vice versa.
So (ii) and (iii) are equivalent by Proposition 2.5 and by Theorem 2.7. in [20]. O

Corollary 5.3. With the setting of above proposition, the following statements are equivalent:

(i) 1Y(Gs) is left [right] b - app - m - (p, p)-cont.
(ii) I'(Gs) is left [right] b - app - (¢ o p)-cont.

Proof. This a consequence of Proposition 2.5 and Proposition 5.2. ]

Corollary 5.4. With the setting of above proposition, if I'(Gs) is left [right] b - app - m - ({, @)-cont then I'(S) is left
[right] b - app - m - (p, @)-cont.

Proof. This is a consequence of Proposition 2.11. [J
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