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Anti-invariant and Clairaut anti-invariant pseudo-Riemannian
submersions in para-Kenmotsu geometry

Esra Basarir Noyan?, Yilmaz Giindiizalp?

?Department of Mathematics, Dicle University, 21280, Sur, Diyarbakir, Turkey

Abstract. In this paper, we describe anti-invariant and Clairaut anti-invariant pseudo-Riemannian sub-
mersions (AIPR and CAIPR submersions, respectively, briefly) from para-Kenmotsu manifolds onto Rie-
mannian manifolds. We introduce new Clairaut circumstances for anti-invariant submersions whose total
space is para-Kenmotsu manifold. Also, we offer a obvious example of CAIPR submersion.

1. Introduction

In the the theory of the time-like geodesics upon a surface of revolution, the fundamental Clairaut’s
theorem states that for all time-like geodesic @ on a surface S the product © cosh § is constant along time-like
geodesic @ where O is the distance from a point on the surface to the axis of rotation and f is the angle
between @ and the meridian curve through @. This property was implemented to the pseudo-Riemannian
submersions ([21]) by Allison ([2]). In ([25]), Sahin investigated Clairaut Riemannian map by using a
geodesic curve on the total space and obtained necessary and sufficient conditions for Riemannian map to
be Clairaut Riemannian map. Compared with the giant literature on Riemannian submersions, it seems that
there are necessary new studies in anti-invariant Riemannian submersions; an interesting paper connecting
these fields is ([26]).

Given a C*—submersion ¢ from a pseudo-Riemannian manifold (8, gg) onto a pseudo-Riemannian mani-
fold (B, 93), according to the conditions on the map ¢ : (B, gg) — (B, g3), we have the following: A pseudo-
Riemannian submersion ([3],[9],[21],[23]), an almost Hermitian submersion ([24],[29]), a para-contact sub-
mersion ([10]), an anti-invariant submersion ([11],[13],[1],[8],[28],[14],[15]), a Clairaut submersion ([5],[20],
[27], [12]), etc. As we know, Riemannian submersions were severally introduced by B. O’Neill ([21]) and A.
Gray ([16]) in 1960s. In particular, by using the concept of almost Hermitian submersions, B. Watson ([30])
gave some differential geometric properties among fibers, base manifolds, and total manifolds. Actually

Riemannian submersions have their implementations in the Yang-Mills theory ([7]), Kaluza-Klein theory
([6],[17]), supergravity and superstring theories ([18]).

Motivated by the above studies, we presented CAIPR submersions from para-Kenmotsu manifolds onto
Riemannian manifolds. We organized our work in four sections. In section 2, we gather basic concepts
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and definitions needed in the following parts. In section 3, we examined AIPR submersions in para-
Kenmotsu geometry that satisfies certain conditions. In section 4, we examined CAIPR submersion of these
submersions which satisfy a new condition. Also, we give a obvious example of CAIPR submersion.

2. Preliminaries

2.1. Para-Kenmotsu manifolds

[31] Let (8B, gg) be an almost para-contact manifold of dimensionl (2m+1) with structure tensors (¢, &, 1)
where @ is a tensor field of type (1,1), £ is a vector field, 17 is a 1-form. Then these tensors satisfy

Pe=0, nop =0, nE)=1 @*=I-1®< (1)
If we take the 8 together with the pseudo-Riemannian metric gg such that
98(@Y, 9Z) = —95(Y, 2) + n(V)n(Z), Y, Z € x(B) 2)

(,&,1,98) is an almost para-contact metric structure and we can say that (8%"*1, ¢, &, 1, gg) is an almost
@re 19 p y e
para-contact metric manifold. From (1) and (2) can be deduced the following conclusion

98(Y, 9 2) = —gs(pY, ), n(U) =gs(U, &), U € x(B) 3)
Furthermore, the fundamental 2—form @ is defined ®(Y, Z) = gg(Y, 9Z) forany Y, Z € T8.

(B,9,&,1, 98) is known to be a para-Kenmotsu manifold ([31]) if and only if
Vy9)Z = gs(Y, 9D+ nN(D)pY, Y, Z € x(B) (4)
From (4) can be deduced the following conclusion
Vyé ==Y +n(Y)e ®)

2.2. Pseudo-Riemannian submersions

Let (B, g5) and (B, g3) be two pseudo-Riemannian manifolds. Being a pseudo-Riemannian submersion
Y : B — B provides the following three properties;
(i) ¢.p is onto for all p € B,
(i) the fibres 171(q), g € B, are r— dimensional pseudo-Riemannian submanifolds of B, where r =
dim(B) — dim(B).
(iii) 1. preserves scalar products of vectors normal to fibres.
The vectors tangent to the fibres are called vertical and those normal to the fibres are called horizontal. A
vector field U on B s called basic if U is horizontal and - related to a vector field U, on B, i.e., .U, = Uy,
for all p € 8. We indicate by V the vertical distribution, by H the horizontal distribution and by v and & the
vertical and horizontal projection. We know that (8, gg) is called total manifold and (8, g3) is called base
manifold of the submersion ¢ : (8, gg) — (B, g3).

Lemma 2.1. ([9], [21) If ¢ : B — B is a pseudo-Riemannian submersion and Y1, Y basic vector fields on B,
p—related to Y1. and Y. on B then we have the following properties

1. h[Y1, Y] is the basic vector field associated to {.h[Y1., Yo.] o ¢;

2. h(Vul(1 Y>) is the basic vector field {—related to (Vil»Yg*), where V' and V? are the Levi-Civita connection on B
and B.

3. [F Y3] € T'(keri.) for basic vector field F and Y3 € T'(keri.).
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Now, let’s denote O’'Neill’s tensors 7~ and ‘A([21]):
TuW = hVouoW + oVouh W (6)
and
AuW = oVuhW + hV oW (7)
for every U, ‘W € x(8B), on 8 where V is the Levi-Civita connection of gg.

Further, a pseudo-Riemannian submersion 1 : 8 — 8 has totally geodesic fibers if and only if 7~ = 0. Also,
if A vanishes then the horizontal distribution is integrable(see [3],[9]). Using (6) and (7), we get

VuW = TuW + VuWw; (8)
VuC = TuC+hVyG )
Vel = AU + oVl (10)
Ven = A+ hVen, (11)

for any C,n € T((kery.)*), U, W € I'(keri,). Also, if C is basic then iV C = hV U = AU
We can easily see that 7 is symmetric on the vertical distribution and A is alternating on the horizontal
distribution such that

Twl =TuW, W, U eT(kery.), (12)

AyV = -AyY = %U[Y, V], Y,V eI ((kerg.)b). (13)

Assume that Wi, ..., W,,_, be an orthonormal frame of I'(keri.). Further, H which is the horizontal vector
field is known as the mean curvature vector field of the fiber such that H = ml_n ZT:]" ‘T«W/,(VV . A pseudo-
Riemannian submersion is said to be minimal if and only if H = 0. Also, a pseudo-Riemannian submersion

is known as pseudo-Riemannian submersion with totally umbilical fibers if

Ty W = ga(V, W)H (14)
for V,' W e I'(kery.).

It is easily seen that for any W € I'(T8), 7w and Ay are skew-symmetric operators on I'(T'5) , such that

98(Twl, X) = —gs(TwX, U) (15)

g3(AwU, X) = —gg(Aw X, U) (16)

Y : B — Bis a differentiable map. Then, (B, gg) and (B, g3) be pseudo-Riemannian manifolds. Then, the
second fundamental form of ¢ is described by

(VP V) = ViV = (Ve V) (17)

for ¢,V € I'(B). When trace(Vi.) = 0, we can say that ¢ is harmonic and ¢ is a totally geodesic map when
(VY.)(C, V) =0 for C,V € T(TB) ([19]). Recall that V¥ is the pullback connection.
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3. Anti-invariant pseudo-Riemannian submersions

In this section, while we investigate AIPR submersions from a para-Kenmotsu manifold onto a Rieman-
nian manifold suppose that the characteristic vector field & is a horizontal vector field.

Definition 3.1. Suppose that { : (B,¢,&,1,98) — (B, g3) be a pseudo-Riemannian submersion. Let assume that
the total manifold as a para-Kenmotsu manifold and base manifold as a Riemannian manifold. Then, there exists a
pseudo-Riemannian submersion 1 such that kerip. is anti-invariant with respect to @, i.e., p(kery.) C (keri.)*. So,
we can say Y is an anti-invariant pseudo-Riemannian submersion.

Remark 3.2. In references ([2]) and ([4]), authors described the pseudo-Riemannian submersions from
a pseudo-Riemannian manifold onto a Riemannian manifold. Therefore, we have defined above AIPR
submersions from a para-Kenmotsu manifold onto a Riemannian manifold.

Suppose that ¥ : (8,¢,&,1,98) — (B,93) be an AIPR submersions with total manifold as a para-
Kenmotsu manifold and base manifold as a Riemannian manifold. Using Definition 3.1, we obtain ¢(kery.)N
(kerip.)* # 0. Now, we can indicate the complementary orthogonal distribution to ¢(kery.) in (keri.)* by p.
Such that

(kerip.)™ = p(kerip.) ® u (18)

We can say that for p € B, (kery.) is a time-like subspace and (kery.)"is a space-like subspace of T, 5.
Then, for any space-like vector field U € I'((keri.)*), we obtain

U =EU +FU (19)

where EU € T'(kerp.) and FU € I'(1). We know that ¢ a pseudo-Riemannian submersion and in addition to
Y.((kerp.)*+)) = TB. Then, using (19) we get gz(.V, Y.FU) = 0, for all space-like vector field U € T'((kerip.)*)
and time-like vector field V € I'((keri).)) such that

T8 = y.(p(kerip.) @ . (u) (20)

The concept of Lagrangian submersion is considered a special case from the concept of anti-invariant
submersion. Now, let us remember the definition of Lagrangian submersion.

Definition 3.3. Suppose that ¢ : (8,¢,&,1,98) — (B,95) be an AIPR submersions with total manifold
as a para-Kenmotsu manifold and base manifold as a Riemannian manifold. We can say that u = {0} or
p = span{&}, ie. @(kerip.) = (kerip.)* or p(ker.)® < & >= (kery.)*, in the same order, ¢ is known the
Lagrangian submersion.

Lemma 3.4. Suppose that ¢ : (B,¢,&,1,98) — (B,93) be an AIPR submersions with total manifold as a
para-Kenmotsu manifold and base manifold as a Riemannian manifold. Then we obtain

AwE =0 (21)
TzE=-Z (22)
gg(FW,9Z) =0 (23)
98(VwFY,9Z) = —gs(FY, pAw2) (24)

for space-like vector fields ‘W, Y € I'((keri.)*) and time-like vector fields Z € T'(kery.).

Proof. From (15) and (5), we obtain (21). Further, from (9) and (5), we obtain (22). Then from (2) and (19)
we obtain

gB(FW/ (PZ)

!]8((PW - E(W/ (P-Z)
—g98(W, ) + n(Wn(Z) + gg(pEW, 2Z)
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for space-like vector fields W e T'((kery.)*) and time-like vector fields Z € T'(keri.). Since EW €
I'((kerip.)*) and & € I'((kerip.)*) we arrive at (23). After from (10) and (4), we obtain

98(VwEY, p2Z) = —gg(FY, pAwZ) — g8(FY, pvVay )
Since vV Z € T'((kerip.)t) we arrive at (24).

We accept that i is Lagrangian submersion for space-like vector fields ‘W € I'((kery.)*), we have
EW =pW, FW=0. (25)

Lemma 3.5. Suppose that ¥ : (8,¢,&,1,98) — (B,93) be an AIPR submersion with g(kery,)® < & >=
(kery.)*. If the total manifold is a para-Kenmotsu manifold, then we obtain

TzpC=TzC (26)

AwpZ = pAwZ (27)
for space-like vector field ‘W € I'((kery.)*) and time-like vector fields Z, C € T'(keri.).

We now investigate the integrability of the distribution (keri.)* and we research the geometry of leaves
of (kerip.) and (kery.)*.

Theorem 3.6. Suppose that ¢ : (B,¢,&,1,98) — (B,93) be an AIPR submersions with total manifold as a
para-Kenmotsu manifold and base manifold as a Riemannian manifold. Then we obtain the following assertion;

(i) (keri.)* is integrable.
(ii) ga(Vp )V, EW, $.9Z) = (VY.)(W, EV), .0 2)
- 98(FW,pAv2Z) + gs(FV, pAyw )
(iii) ga(AwEV — AvEW,9Z) = —gg(FW,pAvZ) + g8(FV, pAw )
for space-like vector fields V," W € I'((kery.)*) and time-like vector fields Z € I'(keri.).

Proof. For space-like vector fields V, W € I'((kery.)*) and time-like vector fields Z € I'(keri,). From (2), (5)
and (19) we obtain

98V, W1, 2Z)

—98(VvoeW,02Z) + g8(VawV, pZ)
—g98(VvEW,0Z) — g8(VvEFW, )
98(VwEV, p2Z) + gs(VwFV, ¢ 2Z).

Using (10), (24) and we know that ¢ is a pseudo-Riemannian submersion, we get

98(lVVW1 ) = —g8(.-VvEW, .9 2Z) + g3(FW,pAvZ)
+  98(.VwEV, .9 2) - gs(FV, pAw )
Then, using (16) we obtain;
9s([V,W1L D) = gs(Vp)(V,EW) = (VY. )W, EV), .9 2) - gs(FV, pAw L)
+ gg(FW,pAv2Z)
which proves (i) <= (ii). Similarly, using (16) we obtain;

(V) (V,EW) = (V) (W, EV) = —.(VVEW — Vo EV)

+

Thus, from (10) easily obtained
(VP )(V,EW) = (Vi )W, EV) = - (AvEW — AywEV).
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Since AyEW — AwEV e I'((kery.)"), we arrive at (il) & (iii).

Corollary 3.7. Suppose that total manifold as a para-Kenmotsu manifold and base manifold as a Riemannian
manifold. Let ¢ : (B,9,&,1,98) = (8B, 93) be an AIPR submersions such that @(keri.) ® & = (kerip.)*. Then we
obtain the following assertion;

(i) (kery.)* is integrable.
(i) (VP )V, W) = (V. )(W, V)

for space-like vector fields V,' W € I'((kerip.)*).

Theorem 3.8. Suppose that ¢ : (B,¢,&,1,98) — (B,93) be an AIPR submersions with total manifold as a
para-Kenmotsu manifold and base manifold as a Riemannian manifold. Then we obtain the following assertion;

(i) (keri.)* is describes a totally geodesic foliation on B,
(il) gs(AvEW, 9 Z) = gs(pAvZ, FW)
(i) gs(V)(V,EW), Y.@Z) = —gs(pAvZ, FW)

Proof. For space-like vector fields V, W € I'((kery.)*) and time-like vector field Z € I'(keri).). From (2), (4),
(10) and (19) we obtain

g8(VyW,2Z) = —gg(AvEW, ) — g(AvEFW, 9 2).
By using (24), we obtain
gs(Vyv W, 2Z) = —gg(AvEW, p2) + ga(pAvZ, FW) (28)
which shows (i) < (ii).
We know that ¢ is a pseudo-Riemannian submersion and using (10), (24) in (28) we get
98(pAvZ, FW) = gs(=VY)(V,EW), Y.¢2)
which shows that (ii) < (iii).
Corollary 3.9. Suppose that total manifold as a para-Kenmotsu manifold and base manifold as a Riemannian

manifold. Let  : (B,¢,&,1,98) — (B, g3) be an AIPR submersions such that @(kery.) ® & = (kery.)*. Then we
obtain the following assertion;

(i) (kery.)* is describes a totally geodesic foliation on B,
(ii) AypW =0
(iii) (V. )(V,oW) =0

for space-like vector fields V,' W € I'((keri.)*).

Theorem 3.10. Suppose that ¢ : (B,9,&,1,98) — (B, 93) be an AIPR submersion with total manifold as a para-
Kenmotsu manifold and base manifold as a Riemannian manifold. Then (keri).) does not describe a totally geodesic
foliation on B.

Proof. The proof is obtained directly using (8) and (22).

Theorem 3.11. Suppose that ¢ : (B,9,&,1,98) — (B, 93) be an AIPR submersion with total manifold as a para-
Kenmotsu manifold and base manifold as a Riemannian manifold. Then 1 is not a totally geodesic map.

Proof. We arrive at the proof using Theorem 3.10.

Theorem 3.12. Suppose that ¢ : (B,9,&,1,98) — (B, 93) be an AIPR submersion with total manifold as a para-
Kenmotsu manifold and base manifold as a Riemannian manifold. Then 1) is not harmonic.
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Proof. Recall that ¢ is harmonic if and only if has minimal fibers. Also, from the equation H = 2 Yia TEE)
(8) and (14) we obtain

ngg(H,&) = g8(TEE1, &) +98(TE,E2, &) + ... + 98(TE,En, &)

= —g98(TE & E1) —98(TE,E Ex) — ... — 98(TE,&, En)
= _98(E1/ El) - gB(EZr EZ) e T HB(Em El’l)
= -n

Since gg(H, &) = —1, ker1p. does not have minimal fibers. So, we can say that i is not harmonic.

4. Clairaut anti-invariant pseudo-Riemannian submersions

Suppose that ¢ : (B, gg) — (B, g3) be a pseudo-Riemannian submersion with total manifold as a pseudo-
Riemannian manifold and base manifold as a Riemannian manifold. Asssume that for any ¢ € B, every
horizontal vector field is space-like in 7,8. We easily see that keri. is a time-like subspace and (keri.)* is
a space-like of 7,8 [22].

Assume that @ is time-like geodesic in (8, gg). For every V horizontal and every Z is time-like from the
above expression @ = F = C + Z. The C space-like and time-like character of @ indicate that Z is time-like.
At every point @(s), we describe f(s) to be the hyperbolic angle between F and Z, i.e., § > 0 is the number
satisfying

9s8(F, Z) = —IF||Z| cosh g (29)

where |FI* = —gg(F,F) and |Z|*> = —gg(Z, Z). Assuming B is the angle between the velocity vector of a
time-like geodesic and a meridian, and O is the distance from the axis of a rotation surface. By the famous
Clairaut’s theorem, we know that ® cosh 8 is constant. [2] defined the idea of Clairaut submersion as follows.

Y : B — Bis called as the Clairaut submersion in case we can talk about the existence of a positive
function such that for all time-like geodesic, generating p angles from space-like subspaces, ® cosh f8 is
constant.

Theorem 4.1. [2] Suppose that  : (B, gg) — (B, g3) be a pseudo-Riemannian submersion with connected fibers.
Then v is a Clairaut submersion with ©® = e* if and only if each fiber is totally umbilic and has the mean curvature
vector field H = =V, where Vg is the gradient of the function o with respect to gg.

By looking at the above explanations, the idea of Clairaut’s submersion comes from the time-like
geodesic on a surface. Hence, we will investigate necessary conditions for a curve on the total space to be
time-like geodesic.

Theorem 4.2. Suppose that V¥ : (B, ¢,&,1,98) — (B, g5) be an AIPR submersion with total manifold as a para-
Kenmotsu manifold and base manifold as a Riemannian manifold. In case @ : J C R — B is a reqular curve and
C(s) and Z(s) are the vertical and horizontal parts of the tangent vector field &(s) = F of @(s), respectively, therefore
@ is time-like geodesic if and only if through @ the following two equations:

VVoEZ + Azl + (T + AZz)FZ - n(Z)EZ = 0. (30)

h(VopC + VoFZ) + (Te + AZ)EZ = n(Z)NEZ + ¢C) = 0. (31)
Proof. Using (4), we get

Vopd = pVed + gg(@, po)é + n(@)po.
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Since ® = C + Z and n(C) = 0, we arrive at
Vepl+ VepZ +Vzpl+Vz9Z = pVod + () @C + 9 2).
From (8), (11) and (19) we arrive at
h(Vo@Cl+ VoFZ) + (T + AZNEZ + FZ) + vVoEZ + AzpC
= pVed + N(Z)EZ +FZ + ¢0)

Now, we capture the vertical and horizontal components from the last equation, we have
OVGEZ + Azl + (Te + AZ)FZ = vpVed + n(Z)EZ. (32)
h(Vo@l+ VoFZ) + (T + AZ)EZ = hpVed + ((Z)EZ + ¢0). (33)
From (32) and (33), we can say that @ is geodesic if and only if (30) and (31) are valid.

Theorem 4.3. Suppose that V¥ : (B, ¢,&,1,98) — (B, 93) be an AIPR submersion with total manifold as a para-
Kenmotsu manifold and base manifold as a Riemannian manifold. Then v is a Clairaut submersion with © = e if
and only if through @

98N FZ + (T + AZ)EZ, ¢0) = {g8(Ve, Z) + n(DHICIP. (34)

holds, where C(s) and Z(s) are vertical and horizontal components of the tangent vector field (s) of the time-like
geodesic @(s) at B, in the same order.

Proof. Let @(s) be a time-like geodesic at B, then we get
oI =1
So,

98(C,0) = Tcosh? B (35)

since @ is a time-like geodesic, T = gg(F, F) is a negative constant. Moreover

98(Z, Z) = —tsinh® 6. (36)
Differentiating (35), we obtain

98(Va)C(s), C(s)) = —7 cosh f sinh ﬁg—‘[j (37)

Using the para-Kenmotsu structure, we obtain

J
98(@VeasC(s), C(s)) = T cosh fsinh ‘Ba—f (38)
Further,
R/
—g8(heV s C(s), pC(s)) = T cosh fsinh ﬁ£ (39)

since n(C) = 0 and we know that ¢C is horizontal. From (31), we obtain

0
g8(hNoFZ + (Tc + AZ)EZ — ()L, ¢C) = tcosh B sinhﬁa—f. (40)
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Taking into account that ¢ is a Clairaut submersion with ® = ¢¥ if and only if

J Ip 1 9P
—(e® = o i —) =
> (e”coshpf)=0 < e <85 cosh f + smhﬁas) 0.

Now, let’s product of above equation by the non-zero factor 7 cosh 3, we get

I 2 : 9P -
ER T cosh”  + 7 cosh fsinh % 0. (41)

Adopting equations (40) and (41), we obtain
d
98(WVoFZ + (Tc + AZ)EZ, ¢0) - n(D)ICI = a—i)(KD(S))IICllz- (42)

Then, at the point, it is clear to view that %—i’(@(s)) = o[p] = g8(Ve, Z) the assertion (34) follows from (42).
Hence, the following corollary is dedicated:

Corollary 4.4. Suppose that ¢ : (B,9,&,1,98) — (B,95) be a CAIPR submersion with total manifold as a
para-Kenmotsu manifold and base manifold as a Riemannian manifold. Then, we infer

78V, &) = 1. (43)

Theorem 4.5. Suppose that { : (B,9,&,1,98) — (B,gz) be a CAIPR submersion with total manifold as a
para-Kenmotsu manifold and base manifold as a Riemannian manifold with © = e®. After, we obtain

ApvpW = -W(p)V (44)
for space-like vector field W € u and time-like vector field V € kerip. such that ¢V is fundamental.

Proof. Suppose that ¢ : (8,¢,&,1,98) — (B,93) be a CAIPR submersion with total manifold as a para-
Kenmotsu manifold and base manifold as a Riemannian manifold with ® = e®. Using Theorem 4.1, we
acquire

TcZ = —98(C, 2)Vyp. (45)

for time-like vector fields C, Z € keri.. If we extended equation (45) with ¢V, time-like vector field
V € kerip. such that ¢V is fundamental and using (8), we find

98(VeZ, V) = —g5(C, )98V, V).

98(VepV, Z) = gs(C, 2)g5(Ve, V).
In fact gg(Z, V) = 0. Involving (2) and (4), we find

—98(VV, 92) = 98(C, )8V, V).
Once again, using (8), we find

=987V, 92) = 98(C, D)5V, V).
Attained with equation (45)

98(C, V)gs(Vp, pZ) = g8(C, 2)98(Vp, V). (46)
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Putting C = V and exchange C with by Z in equation (46), we arrive at

1ZIP95(Ve, p0) = 98(C, 2)98(V9, 92). (47)
Accepting equation (46) with setting C =V, we obtain
93 2)
Vg, Q) = —=————g5(Vp, Q). 48
98V, pC) IIZIIZIICIIZ%( ©,¢C) (43)

Then, using (4) and (2) we reveal
98(VzoV, W) = ga(VzV, W) = —gs(VZV, W)

for space-like vector field W € p.
Attained with equation (8) and (45)

98(VzoV,oW) = g5(Z,V)g5(Vp, W) (49)
Then, all ¢V is fundamental and using the case that hVzpV = A,y Z, we reveal

98(VzoV, 9W) = g5(Apv Z, 9 W). (50)
From (49) and (50) and the anti-symmetric nature of A, we arrive at

98(ApyeW, Z) = —g5(Z,V)gs(Vep, W.) (51)

Because of AyypW, Z and V are vertical and Vg is horizontal, we discover statement (44).

Especially, by reason of Vg € ¢(keri).), from (48) and the equality condition of Schwarz disparity, we
arrive at that:

Corollary 4.6. Suppose that ¢ : (8,¢9,&,1,98) — (@, 93) be a CAIPR submersion with total manifold as a para-
Kenmotsu manifold and base manifold as a Riemannian manifold with ® = e®. By reason of Vg € @(kerip.) by then
either @ is constant on @(kerip.) or the fibers of Y are one-dimensional.

Additionlly, Vo = 0 if and only if g is constant.

Corollary 4.7. Suppose that V¥ : (B,9,&,1,98) — (B, g3) be a CAIPR submersion with total manifold as a para-
Kenmotsu manifold and base manifold as a Riemannian manifold with © = e® and Vo € @(kery.). By reason of
Dim(ker.) > 1 for time-like vector field V € @(kery.), ¢V is fundamental and space-like vector field W € p,
therefore fibers of 1 are totally geodesic if and only if AyyW,Z = 0.

Additionally, We can say that ApyeW,Z = 0 with u is always zero or p = span{&} if and only if ¢ :
(B,9,5,1,98) = (B,g3) in Theorem 4.5 is Lagrangian.

Corollary 4.8. Suppose that V¥ : (B,9,&,1,98) — (B, g3) be a CAIPR submersion with total manifold as a para-
Kenmotsu manifold and base manifold as a Riemannian manifold with © = e¥. As a result, either fibers of 1 can be
one-dimensional or totally geodesic.

Finally, we offer a non-trivial example of CAIPR submersion with total manifold as a para-Kenmotsu
manifold accepting horizontal Reeb vector field.

Example 4.9. We consider 8 = {(p, 1,5) € R%}. We establish a para-Kenmotsu structure (¢, &, 1, gg) at 8 given
by

n=ds, &= % Jgg = —e‘zs(dp)2 + e_zs(dr)2 + (ds)z, s#0
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and

010
p=|1 0 0},
0 00

an orthonormal ¢ -basis of this constructor is shown as

N, ., d .0
{E1=c g T Baes 5
Also, we consider 8 = {(t,s) € R?} and its Riemannian metric gz = e >(dt)* + (ds). Let’s specify map
R} = R3
Y(p,1,s) = (sinh xp, cosh xr, s)

Here by computations, we obtain
keri. = span{"V = —E; coshx + E; sinh x}

and

(kery,)* = span{‘Wl = —E;sinhx + E;coshx, Wy, =E3=¢& = %}

We can easily seen that ¢ is a pseudo-Riemannian submersion. In addition, we have ¢V = —W;. As aresult,
Y is the AIPR submersion allowing horizontal Reeb vector field. Also, the fibres of ¢ are one-dimensional,
after all they are plainly totally umbilical.

Here, we shall provide that a p € C*(8) satisfying T4V = —gg(V, V)Vgp for all ‘V € I'(kery.). Since covari-
ant derivative for vector fields E = E ja%,F = Fk&ixk on B is described as

d JFx d

VBF=EFV, — +E—— 2
E Itk %v,axk+ jaxj(?xk’ (5 )
where the covariant derivatives of basis vector fields a% and aixk is described as
g O J
VAR
= ox ko, (53)
Also, Christoffel symbols are described by
1 (998  998jc  99sij
= _gm + - 4
jk 293 ( 83(]' 8xk 89(( ) (5 )

Then, we get

= 0 0 (=& 0 0
ger=| 0 > 0|, gh=[ 0 ¢ 0|

0O 0 1 0 0 1

From (54) and the above expression, we find

1 2 _ T3 _ -2
Iy 0T}, =0Ty, =-~
[p = 0I3,=0I%=¢%

I}, 0T, =013 =0T%,=01I3,=0TI3 =0. (55)
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From (52), (53) and (55), we find

d
B, _
VBZEZ = =

J
Vie,=Voer =0, Voey = —— o

s’

Here by computations, we obtain

d
VvV = " 0s
from (8), we find
d
TvV=-2

Furthermore, for any p € C*(8) the gradient of p with respect to the metric gz is

T LY.

Ve == dp dp ar or " s I

In that case, it is easily seen that Vg = % with the function p = s. As a result, we arrive at

Ty V = —l[VIPVg.

Hence, by Theorem 4.1, the submersion 1 is CAIPR.

8258

Now, by Theorem 4.3, we can show that the submersion 1 is a CAIPR submersion from para-Kenmotsu
manifold onto Riemannian manifold. Assume that Z is a space-like horizontal vector field orthogonal to &

and C is a time-like vertical vector field. Thus, by applying (2), (26) and (25), we get

g98(TcEZ, ¢0) 98(TcpZ, 9C) = g8(pT L, pC)

—98(TcZ,0) = 98(TC, )

Then, we obtain

98(TepZ, #0) = g5(Ve, DI

In the same way, using (2), (27) and (25), we have

98(AZEZ,90) = g(AzpZ, ¢C) = —gs(AzpC, 9Z)
= —98(pAZC,92Z) = g8(AzZ,0).

Then, we obtain
98Az9Z, 9C) = O,
since Az Z = 0. Further, we get

hVoFZ =0,

(56)

(57)

(58)

since ¢ is g(kery.) ® & = (kery.)*. By applying, (56), (57) and (58), the condition (34) is fulfilled. Hence, by

Theorem 4.3 the given submersion ¢ is CAIPR.

Remark 4.10. We note that Example 4.9 satisfies the condition (43) in Corollary 4.4 and Theorem 4.5.
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