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Abstract. Our goal in this paper is to present well-posed results for nonclassical diffusion systems which
have applications in population dynamics. First, we establish the existence and uniqueness of a mild
solution to the initial value problem. The asymptotic behavior of the mild solution is also considered when
the parameter tends to zero. Second, we obtain a local well-posedness result for nonclassical diffusion
systems with a nonlocal time condition. The main idea to obtain the above theoretical results is to use

Banach’s theorem and some techniques in Fourier series analysis. Some numerical tests are also presented
to illustrate the theory.

1. Introduction

Let Q ¢ RN,N > 1 be a bounded and connected domain with a smooth boundary dQ. In this paper, we
consider the following problem

uy — kAuy — B(I(u), [(v)) Au = 0, in Qx(0,7),
vy — kAv; — B (l(u),[(v)) Av =0, in Qx(0,7), (1)
u(x, t) = ov(x, t) =0, on JQx(0,T),

where 8 is nonlocal term which is density dependent in diffusion and is given by
BIw)®), 1(v)(¢)) = B ( f fulx, tydx, f folx, t)dx) ,
o} Q

1) (t) = fQ F@u(x, i, @
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where (1, v) here is the density of population located at x at the time ¢, f is the external source and 8 is the
diffusion rate. In a simple case of the system, that is, there is only one equation of the form

= kAuy — B(I(u) Au = f(u) + h(t) 3)

was recently studied in [11]. The existence of a global attractor for the nonclassical diffusion equations with
Kirchhoff type

u = Auy = (1+ €l Vul?) Au = f(u) + h(t) (4)

was obtained in [17].

Our paper extends the above equation to a system of equations and explores some related properties of
the solution. Specially, our main method seems to be a slight modification of the method in [26]. We shall
study both the initial value problem and the nonlocal problem with Kirchhoff type. Nonclassical diffusion
equations arise in a variety of physical and biological applications, see e.g. [1H43} 11} 21} 27H29] and the
references therein. In order to study the interaction of two or more biological species, systems of parabolic
equations were proposed.

In the following, we outline some of the works that are related to our model. Regarding the system of
nonlocal problems, we pay attention to recent work in [4, 5] [7H10} [12] where the authors investigated the
system of two population densities as follows

1 — Dy (fl(u)(t),é’z(v)(t))Au + Al 2u = F(x, b), (x,H) € QX (0,T),
01 = Do ()0, C)() |0 + Aale 0 = G, b, (x,H) € QX (0,T),
u(x, t) =0, U(x/ t) =0, (x, t) € 0dQ x (0, T),
u(x/ 0) = Uy, 'U(X, O) = 0o, X € Q,

and they obtained results on the existence, uniqueness of a smooth global solution for the above system.
M. Chipot and B. Lovat [14] studied the nonlocal problem

up = Dw)H)Au = f,  inQx(0,7T),
u=0, on dQ x (0,T),
U = 1y, in Q x {0},

and similar models for nonlocal parabolic and parabolic with memory term were obtained in [13,[15][16} 18-
20| 22H25]. To the best of our knowledge, there has been no work concerning problem (I). The main
contributions of this paper are:

e The existence of a unique solution to problem (1) with the initial data

u(x,0) = uo(x), v(x,0) = vo()-
Also we study the asymptotic behaviour of the mild solution to this problem when k — 0.
e The existence and uniqueness of a solution to problem (1) with a nonlocal in time condition.
The structure of the paper is as follows. In section 2, we introduce some preliminaries and in Section 3,

we study the initial value problem for nonclassical diffusion equations. Section 4 gives a well-posedness
result for a nonlocal problem and Section 5 gives numerical tests.
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2. Preliminaries

For s > 0, we define the following space (as a type of Hilbert scale space)

H(Q) = D) = {AQ)30= Y 90 (0,9) st Y (0,0,) A% <o, 5)
j j

which is endowed with the norm

1

2
2
lellog = ol = [2 (2. 91) A?s] :

]

where A; and ¢; are the eigenvalues and complete orthonormal system of eigenfunctions forming an

orthogonal basis, respectively, such that —~Ap; = Ajp; and ¢ j| s =0forjeN.
For any b > 0, denote by L;°(0, T; H°) the function space L*(0, T; H*(Q)) associated with the norm

. — _ ) LTS
l9lle 0,715 ) - grslg);”exp( bt)o(., t)HHS(Q), Vv e LS (0, T, H(Q)).

We consider the following hypotheses:
(Hyp1): The functions 8 are non-negative such that the mapping

v B (21122) s (Hl)

is continuous for (z1,2;) € R X R;
(Hyp2): There are two real positive number L, 11 such that

to £ B(z1,22) <1, forall (z1,2z2) € RXR; (H2)
(Hyp3): Assume that B(0,0) = 0 and there exists a positive real number L such that Vz1,z; € R,
1B (21,%1) - B(22,%2)| < L(1z1 — 22l + 21 - Zal) - (H3)
In the next lemma, we present some useful embeddings between the spaces mentioned above.

Lemma 2.1. (See Theorem 6.7, [6]) For N > 1, and —=§ < p <0 < a < &, we have the following embeddings:

N 2N
p B if =
LP(Q) — DA, fif 4<ﬁsO, pZN—4ﬁ’
N 2N ©)
a p ; -
D(AY) — L[F(Q), if 0Sa<4, pSN—4a'

A couple (u,v) of functions u(x, t), v(x, t) : @T - R, (QT = Q x [0, T]) is called a function of two variables
x,t

(u,v): @T — RR?
(u,v)(x, t) = (u(x, t), v(x, t)).

Note the norm of (1, v) € X x X (for any space X) is defined by
1w, 0)lixy2 = Mullx + [[ollx-

Remark 2.2. Let f € L2(Q). For v1,v2,71,72 € L™(0, T; L*(Q)), we obtain the following estimate
B((v1), l(v1)) — B((v2), 1(02)) |

< Llifllc2 (||01(-/ t) — 02(., DIz + o1 (-, 1) — 02, f)||L2(Q>) . 7)



N.H. Tuan et al. / Filomat 37:24 (2023), 8289-8307 8292

3. The initial value problem
In this section, we are interested in the following initial value problem

uy — kAuy — B(I(u),l(v)) Au =0, in Qx(0,7),
vy — kAvy — B (I(u), [(v)) Av = 0, in QX (0,7),
u(x,t) =0, on JQx(0,T),
u(x, 0) = up(x), v(x,0) = vo(x), in Q.

3.1. Existence and uniqueness

Theorem 3.1. Fors > 0, let H® be given as in (5)) and let the initial datum (uo, vo) € H*(QQ) x H*(Q). Then Problem
has a unique solution u which satisfies the nonlinear equation

A’ t
u(x, t) = Z exp (— o ;c)L]- fo B (I(u)(r), [(v)(r) dV) Uo,jPj,

/\4 t
o(x, t) = Z exp (— " ;{/\j f(; B ((u)(r), (v)(1)) dr) 00,jP)- 9)
j

Proof. Let us consider the function u as the Fourier series u(x, ) = ), jui(Opj(x), withu;(t) = (u(, t), ;). Then
we arrive at the following ordinary differential equations

wi(t) + kAju(t) + A8 (u)(8), [(o)(B) uj(t) = 0, (10)
() + kAV(E) + A8 (H(u)(D), (0)(B) vj(#) = 0.
The equation is equivalent to the following equation
duy  ABU® IR0 o ABU@O )
ﬁ + 1+ k/\] M]'(t) =0, E + 1+ k)\] ’l)](t) =0. (11)
Solving the latter equation, we get
, t
ui(t) = exp (—1 =y [ Buwo 1o dr) o o = (o, ) (12
and
() = N (7 e, 10y dr) 0y 0, = @00, 13
0,(t) = exp (—1 oy | Buwo, o) r) 20 20; = (00, (13)

Hence, the mild solution is given by the Fourier series as in (9). Now, we show that (9) has a unique mild
2
solution. For any b > 0, denote by (LZ" 0, T; HS)) the function space (L*(0, T; Hs))2 associated with the norm

0, )l = max | exp(=bryuc. |+ max || exp(=btyot. )]

0<t<T

for any (u,v) € (L*(0, T; H®))?. Let us define the operator

T, o)) = (T2, 0)(), Ta(u, 0)(1)), (14)
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where (1,v) is a solution of (9), and 77 and 7 are defined by

Aj
‘Tl(u,v)(f)=ze><p( vy f B(l(u)()Z<v><r>>dr)uo,jqo,-, (15)
j

A.
%(um)(t)zZexp(—H;{k fo B(l(u)(f’)/Z(U)(T’))dr)vo,j(l)j' (16)
i )

2
We show that T has a fixed point # in the space (LZ" 0, T; HS)) , where b and s are suitably chosen. Now we
estimate the term ||T(u1, v1) — T(u2, v2)|lp,s where (111, v1), (112, v2) are solutions of (9). We use |e™¥ —e7%| < |y —z,
forany y,z € R,y > 0,z > 0 to obtain

N 7 g, o) d N 7 B, e ) d
‘eXp(—1+k/\j [ s 10000 i) - exp (- [ B0 100

t
<7 +7]</\‘fo |B(l(u1)(r), [(01)(r)) = B ((u2)(r), [(v2)(1)) ’dT
/\ t
<17 e L||f||L2(Q)f (||M1(',V) — 2, Nz + o (., 7) — v, 7’)||L2(Q))d7’~ (17)
This implies that

2T (w1, 01)(t) — T (12, 02)(

:e—zmz)\]zs
]
Aj
(i [ Bt eona)

Aj
—exp( T k/\ fB(l(uz)(r) l(vz)(r))dr)

t 2
< L2||f||L2(Q) (f e—b(l‘—i’)e—b’Hul(., 7’) - 1/[2(., T’)HLZ(Q)dT) {2 /\?Sluo’jFJ
0

i

2

2
[uo,1

t 2
+ LZ”f”LZ(Q) (f e—b(t—r)e—br”z)l(., 7’) - Uz(., I’)HLZ(Q)dT) [Z A]zsluo’j|2] (18)
0

j

where we note that %k’)\] < k71. Using the Holder inequality, we bound the integral term on the right hand
side of (I8) as follows

t
f ey (1) = o, Ml ( H)df) llur = wallipo, ()
0
1
EHMl — alr=(0, 10 () (19)

In a similar way, we get
t
f e oy (., 1) = v, Pllasdr S( _b(t_y)dT)HUl — Ul o mms( )
0

1
E”vl — Vol (0, 1H0 Q) - (20)
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Combining (I8) and (19), we obtain that

e—zmuﬂ(ul,vl)(t) — T1(uz, v2)(t)

2 201012 1252 2 2
weey S LAILET0™ M = wallfe o ey 40l

+ Lz”f”izk_Zb_zllvl - UZH%ZO(O,T;HS(Q»”uOH%_IS(Q)- (21)
By a similar explanation, we find that

E—th“ﬂ(ul,vl)(t) — T2(uz, v2)(t)

2 201 112 1-27,-2 2 2
H(Q) <L ”fHLZk b ”ul - MQ” ?(O,T;HS(Q))”’UOHHS(Q)

+ L2||f||i2k_2b_2”'01 - vZ“i;O(O,T;Hs(Q))“UOH%{s(Q)- (22)
Combining 1) and (22), we arrive at the following bound

||T(1/l1, U1)(t) - T(”Zr vz)(t)||(L;°(O,T;H5(Q)))2
< Lilfllek™ 67 (11, 01) = (u2, Uz)||(L;o(O,T;Hs(Q)))2||(u0,Uo)“(Hs(Q))Z- (23)
We can now choose b such that
b > LI|fllrzk ™ I(uo, 00)llers caye-
2
From the estimate (23), we deduce that T is a contraction on the space (LZ"(O, T; HS(Q))) . From (15), we see
that if (13, v3) = (0,0) then
2
T(us, v3) = (1o, v0) € (L0, T, HY(Q)) -

Therefore, we can conclude that the nonlinear equation (9) has a unique solution (u,v) in the space
2
(Lro, Q). O

3.2. Asymptotic behaviour of the mild solution to Problem (8)) when k — 0

In this section, we focus on the asymptotic behaviour of the mild solution to Problem (8) when k — 0.
Let the mild solution of Problem (8)) be (u(k) (x, 1), 00 (x, t)). Let (u*,0*) be the mild solution of the following
problem

ur — B((u), (v)) Au =0, in Qx(0,7),

v — B(l(u),l(v)) Av =0, in Qx(0,7), (24)
u(x,t) =0, on dQx (0,T),

u(x, 0) = up(x), v(x,0) = v(x), in Q.

First, we show the existence of Problem (24).

Theorem 3.2. Let the initial datum (1o, vo) € H3/2(Q) x H*3/2(Q)). Then Problem has a unique solution u
which satisfies the nonlinear equation

{ w(x,1) = Xy exp (=A; [§ BU@H@), 10H)(0) dr) o o, 5)

:
vt (x, 1) = ¥ exp (<A [ BUWH) ), [0*)(0) dr) vy ;.
Proof. The proof is similar to the proof of Theorem 3.1} so we omit it here. [

In the following theorem, we will show that (u(k)(x, 1), v® (x, t)) tends to (u*,v") in the appropriate space
when k — 0*.
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Theorem 3.3. Let (ug, vo) € H3/2(Q) x H***/2(Q)). Then we get the following estimate for any 0 <t < T,

(., £) = w9 Dl ey + 1107 (1) = 0O DIl

k —
< EL2|| 20y TD(T, £, o, 00) exp(D(T, g, vo)(T ~ 1)), (26)
where
DT, f, 19, 00) = 4TI I g3 (0l e ) + 100010y
and
D(T, 119, 00) = (ol + o0llgaryy) (10012 + Nl ) -

Remark 3.4. The result 26) holds for any t € [0, T, so it is clear that

lim ” (u®,0®) - (@, 0%) o = (27)
Proof. We have in view of Theorem
U (x, 1) = Z‘exp( o B (1), 10O)0) d )uo,j(p]-
(28)
WO, 1) = exp( e [ B (1), 109 0) )vo,j(pj
and Theorem3.2]
ut(x,t) = L exp(=A; fot BN, 1)) dr) uo jj, (29)
U+(X, t) = Z] eXp (_A] j(‘)tB(l(u+)(r)/ Z(U+)(7’)) di’) UOJ(P]"
Let Py and Qy be
Pt (v, 1) = N gy, 1)) dr 30
3, 1) = Zj:exp (- o | w1 r) o (30)
and
+ — Aj tz;l + (vt d 31
Q' (x ) = ) exp (—1 oy fo (U@ ), 1)) 7’)7]0,j(Pj- G

j

Step 1. Estimate the quantity [[u®(, £) — P (., 1], (ot lo® (., t) — Qrv*(,, t)lle(Q)

Applying |e™¥ —e™*| < |y—z|, forany y,z € R,y > 0,z > 0 and Remark[2.2} we obtain the following inequality

. t
exp (—1 f;{/\] L B(l(u(k))(r), l(v(k))(r)) d}’) — eXp( I AkA f B(l(l/l+)(r) l(’0+)(1’)) d?’)

t
< ;d], fo |8 (1690, 1609 (1)) - B Ut 0), L)) |

t t
< ALl fllez ) f lu®C,7) = u* ., )liz@dr + AL flleg) f lo®(., r) = 0* (., llzydr. (32)
0 0
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Using Parseval’s equality and Holder’s inequality, it follows from (32), and (30) that

1O, 1)~ Pt (, Dl

2
< 2L2||f||L2(Q [ A2+25 ](f ”u(k) 7’) )“LZ(Q)dr)
2
+ 2L2||f”i2(Q) {Z A?+zsué,]'] (‘[0‘ “v(k)('/ 1") - U+(., r)HLZ(Q)dr)
j
< 2L2T”f|| (Q)HMOHHH*(Q)(I ”u(k 7’) d?’ + f ”v(k 7’) -0 ( r)”LZ(Q ) (33)
From Parseval’s equality and Holder’s inequality, it follows from (32), and (31) that

”v(k)('/ t) - ka+(-r t)”%}s(g)

¢ 2
< 2L2I|f”L2(Q) {Z A?‘FZSU?),]‘} (f ||u(k)(‘/ T) - 1/[+(., r)“LZ(Q)dr)
- 0
]
2
+ 2121 g, [Z AZ*ZS%JJ ( f o, 7) = o* ()l )

<22T|P Z(Q)uvonﬂm(m( f 1O 1) = 0PI g+ f 109, 1) = o (. Al (34)

The inequality (c + d)? < 2¢® + 2d° and the two estimates (33), (34) allow us to obtain

1O, 1) = Pt (, Dl + 100 ) = Qe (4 DB
< 20, 1) = Pear (, OBy + 100, ) = Qo™ (Dl

< ALPT A1 ) (100 iy + 0001y

t
( f G = s [ 1690 =00 ). 35)

Step 2. Estimate the term |lu* (., t) — Pru*(., f)||H<(Q) + 0t (, t) — Quut(, B)I]? Q)

Using the inequality [e™Y —e7?| < |y — z|, for any y,z € R,y > 0,z > 0, we find that
||Ll+(., t) - Pku ( t)”Hs(Q)

Yy
j

Aj
exp( fB(l(u+)(r) l(v+)(r))dr) exp( T+ kA, fB(l(u (@), l(v*)(r))dr)

2

2
g ;

2

(Z/\ZS( )2 u? )(f B(Iur)(@), l(v™)(r)) dr) (36)
7 +k/\ Wi\ Jo ’ ’
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Also note
A 2 A25+4
2 (4. _ ] 2 _ 12 ] 2
Zj: g (AJ 1+kAf) o=k Z(HM-)Z”OJ
—ZEZ*M%J nwmwmy (37)

where we have used the fact that (1 + kA;)* > 2kA;. Next, we need to control the integral term on the right
hand side of (36). Applying Remark[2.2} we get

181w, 1070 | = |8 U@, 10" - B1(0), 10)
< Ll fllzllu™ (. Dlleay + Ll fllezllo” ¢ Dl (38)

Now use Holder’s inequality to obtain
t ) t
[ fo B0, @) dr| <T f 1B (1)), 1)) Pdr

< LI, T f e ()R + LR ) T f o, DIz gy

< DIy (11 N0 ey + 107l ey ) (39)
From (29), we have
t
" Blley = Y| exp( f B(u*)(r) dr) <Y ud = ol (40)
0 p
j ]

which allows us to deduce that

™ Nl 0,2 < ||H0||%Z(Q)- (41)
By a similar argument, we get that

0" 0,12 < ”U()”iZ(Q)' (42)

Combining (36), (37), (39), and (42), we deduce that

17 (, ) = Prae (., )l < 2L2||f||L2(Q)T||uo||ﬂs+3/2@ (Iloolf22 gy + oy ) - (43)
By a similar argument, we also find that

||U+( t) - ka+( t)Hz s(Q) L2||f||L2(Q)T||UO||Hs+’5/2(Q) (HUOHiZ(Q) + ”uOH%Z(Q)) . (44)

From the two above estimates, we obtain

||Ll+( t) - Pku ( t)”HS(Q) + ||U+( t) - ka+( t)HHs(Q)

/\

< L2|| Iy T (10l ) + 001z ) (110112 ) + ltollF2igy)) - (45)
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Also from (33) , B5), (@5) and the inequality (c + d)* < 2¢ + 2d? it follows that

(., £) = O, Dl ey + 107 (1) = 0O, Dl
< 2||u(k)(‘, t) - Pku ( t)llz Hs(Q) + 2”U(k ( t) - ka+( t)”H 5(Q)
+ 20l (., £) = Pt (, Dl ) + 200% (-, 8) = Quo* (., Ol
L2||f||L2(Q) T(1ltt01y2icy + 10012y ) (0122 + N0l )

+ 4L2T”f||L2(Q)(”u0”H1+ 5(Q) + ||UO||H1+5 Q))

t
( fo 1, r) = 1 DBy + f 09, 7) = 0", P ) (46)

Applying Grénwall’s inequality, we get the desired result (26). The proof is completed. [J

4. The nonlocal value problem

In this section, we are interested in considering the following problem

— kAu? = B(1(uF), 109F)) Aush =0, in Qx(0,T),
— kAo’ - B(1(eF), I(w*F)) Auf =0, in Qx(0,T),

ub(x,t) = vP(x,t) = 0, on dQ x (0,T), (47)
euP(x,0) + pu(x,T) = O(x), inQ,
evP(x,0) + Bob(x, T) = P(x), in Q,

where €, are non-negative constants. Note that if € = 0 and § = 1 then the above problem is called the
backward in time problem which is well-known to be ill-posed in the sense of Hadamard.

Now, under a small enough input data 6, we will show the existence and uniqueness of solution of the
nonlocal problem. Let

”U(., t) - U(., t,)”Hs
0<t<t'<T |t - t’I’/

C” ([0, T H)) = {0 € C([0, TL HY)) : oo} fory > 0. (48)

Theorem 4.1. Let the input data 6 € H*(Q) for s > 0 and suppose we can choose L such that

L||f||sz‘1T((e +B exp(k‘lTyl))_1 + Zﬁ(e + ﬁexp(k‘lTy1))_2Cs) 10lla=) < p, (49)

where p € (0,1); here Cs is an embedding constant (noted in the proof). Then Problem (7)) has a unique solution in
L=(0, T; H3(Q)) n C7([0, TL; H*(QQ)).

Proof. Note
. T
[e+ﬁexp (— - 3;{ T f B (1)), 1w F)(r)) dr)]u (0) = (50)
A T
[€+ﬁe><p(—1+ 5 fo B(l(ue'%(r),l(vefﬁ)(r))dr)]vj'ﬁ«))=¢j, (51)

where 0; = (0, 9)), ¥;= (¢, ;). Hence, we obtain

-1

€p /\f g
u(0) = [€+,Bexp (— TR, fo B(1w)(r), 10™)(r) dr)] 0; (52)
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and

-1

€,p Af !
510 = e+ e~ [ Bl ie)al| v

This yields immediately that

uP(x, t) = —
T et pexp(~nitr ) BN, 1600 )

0jpj(x)

and

A

vB(x, 1) = —
T e+ pexp(~ e ) BUR)0), 100 dr

)IP;'(Pj(x)-

Let us define the operator
S, v P) () = (Qep(u, vP)(t), Pep(u, o)D),
where Qg and Py are defined by
Aj t
exp (—rk%j 8 (1), 109)n) dr)
; T
T e+ pexp (—% £ B @), i) r)

Peput, o)1) = Y exp (it y B ()0, 1) )
€p ur, v = -
j e+ﬁexp(——1+k/)\jf0 B(l(usrﬁ)(r)’l(ve,ﬁ)(r))dr)

Qe p(uF, v*P)(t) =

0ipi(x),

0(x).

Let

P(u,0)(t) = fo | BU(u)(r), [()(r)) dr
It is easy to verify that

Qep (ui )(x ) — Q. ﬁ( oF, E’ﬁ) (x,t) = Errory(x, t) + Errora(x, t),
where the first quantity Error;(x, t) is given by

Errory (x, t)

e(eXP(—lf,fA]@(MEﬁ Eﬁ)(t))—exp( 1+k/A,-9(u€ﬁ eﬁ)(t)))
] (e+ﬁexp(_13€j}‘j@(u€ﬁ eﬁ)(T)))(€+ﬁexp(—13<f/\i@( ; o )(T)))QJ(P/'

8299

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)
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and the second term Error;(x, f) is equal to

Error,(x, t)

_ ﬁexp( 1+k. uy? t))ex ( 1+kj/\ ueﬁ Eﬁ)(T)) 0.0
_ (€+ABGXP(_1+/\I<A iﬁ'veﬁ (T ))(€+ﬁexp( 1+"]A @( elﬁ)(T))) "
,Bexp( 1+k;\ Eﬁ eﬁ (t)) ex ( 1+kj" ueﬁ €ﬁ>(T))

(€+ﬁexp(_1fk'A Eﬁ eﬁ (T)))(e+[-§exp( 1+ij Q(Lffg €ﬁ)(T)))6j(Pj'

Step 1. Estimate the term IIQl,e,ﬁ(uE'ﬁ) - Ql,e,ﬁ(ve'ﬁ)llb,s.

(61)

First, using the assumption (H2) and ; J:\k’ TS k™1, we note that

X T
crper (‘ T j B fo B(1*)) dr) > e+ pexplk™' Tp) (62)

and

€+ fexp (— 1 3]]‘(/\]' [)T B (l(ve'ﬁ)(r)) dr) > e+ Bexp(k ' Tw). (63)
Since the Sobolev embedding H*(Q) < L*(Q) holds and C; is an embedding constant, we see that
Q5P (8) - al,e,ﬁ(ve'ﬁ)<t>||;@)
GZAJZ'S(eXp( 1+k\ 0 (l(ueﬁ) ) ) - exp( 1;\k]A ot (l(veﬁ)(r)) ))

) 2
- (e  pexp (_ %k]% fOT B (1P dr))z (e + Bexp (_ %k/)t] foT B (1)) dr))z 6;

-2
< CELPYfIK (e + pexp(k' Tun)
t 2
X (fo [P (., r) = v, r)IIHs(Q)dr) [Z A?se?}
j

-2
< CLAIFIRKT? (e + Bexp(k™ Tpan)) 14 = 01 o 1 O - (64)

2

The right hand side of (64) is independent of ¢, so we deduce

Q1 ,6,5(1P) — QeI (0,mm: )
-
< CsL||f||L2k_1T(€ + ﬁexp(k‘lTyl)) 1P — 0|0 715 1Ol () - (65)

Step 2. Estimate the term [|Qy,¢ g(uF) — Qoc5(0°F )|l (0,:1:(C2))-
Note

Qo p(UP)(E) = Qo s (0 F)(E) = (D(x, 1) + (ID)(x, 1), (66)
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where

(D(x, t) =pexp (—1 AIiA- f B(l(ue'ﬁ)(r))dr)
[exp( i [ B(109)() dr) —exp( o [ B W) dr)]

(e + Bexp (_Tkjﬂ\] fo B (l(ueP)(r)) dr)) (e +p exp( = o | B () dr)) "

and

A. T
(I)(x, t) = Bexp (—1 " Ifdj fo B(l(u 'ﬁ)(r)) dr)
[exp (—HATJA] fOtB(l(ue'ﬁ)(r))dr)—exp (—%k;/ [ 8U@©) dr)]

(e +pexp (—% (" B 1wk ) dr)) (e + Bexp (—1% [ T8 dr)) o

Let us treat the term ||(I)(., #)|lus (). We see that
A t
o = FAZ exp (—2 — T j; B(1uP) () dr)
[exP (_% foT B (l(z}e/ﬁ)(r)) dr) —exp (_%kz}\/ foT B ((u)(r)) dr) ]2
A T 2
(e ; ﬁexp( o B B @A) dr)) (e + Bexp (—rk’A,. [ 8@ n) dr))

[[eales

Now

2

A T A T
[exp(— 1+ch/\]~ fo B(l(ve'ﬁ)(r))dr)—exp(— 1+1]<Aj j{: B(l(uefﬁ)(r))dr)]

2

T
< CL2IfIIFk? (f [P (., r) = 0P, 7’)||Hs(0)d7’) :
0

2
6]..

8301

(67)

(68)

(69)

(70)

Noting that exp (—Z%kf/\j fot B (l(ueﬁ)(r)) dr) is less than 1 and using Holder’s inequality, it follows from

that

(®)

< 52(6 +B exp(k_lTyl)) C2Lz||f||2 k™

T 2
(f(; lluf(.,r) - Ue’ﬁ(-/T)HHs(Q)dT) [Z /\]2-59?]

]
-4
< B(e + Bexp(k Tuny))  CALAIARK 2T — 01 g sy 10

This implies immediately that

-2
sy < Ple+ Fexp( Tun)) LIk Tl = olli= a0l

(D,

(71)

(72)
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Next, we look at the term ”(II)”HS o Now

f—IS(Q)
. T
- e (-2 [ B
[exp (- § 8 (1000) ) - exp (i f 80t ar)]|

(¢ + pexp (- ) BUE@H() dr))2 (¢ + pexp (- ) BUEH() dr))2 /

D, )

Also note

. t A t
[exp (— I :L]]C/\j f(; B(l(z}e/ﬁ)(r)) dr) —exp (— e ;{/\j j(; B (l(ue,ﬁ)(r)) dr) ]2

¢ 2
< CL2IfIk (f lusb (., r) — v, 7’)||Hs(g))d1’)
0

< CLRRT = 0P vy

Then, we obtain

-2
D gy < Bl + Bexp™ Tun)) ~CoLlfllizk™ Tl = vllio IOl -
From the observations (66), (73) and (74), we obtain
Qe = Ques@ D@, o < IO Olgiy + 1D Ay

< 2B *CoLI|fllizk ™ TlIuP — 0P|l 0,11: ) 1Olls -
The right hand side of is independent of ¢, so we deduce
1Q2,e5(uF) = Qo 5(0P)IL0, 1150
< 2[‘3(5 +p exp(k‘lTyl))_2C5L||f||sz‘1T||u€'ﬁ — 0P|l 0,15 1Ol () -

Combining (59), (5), (77), we find that

Qe (1) = Qe g (0P)ll(0, 11050
< 1Que (1) = Q1 e s (0PI, 7105 + 1,65 (UF) = Qo (V)10 1185 2))

< LIfllk T (e + pexpk ' Tyn) +26(e + pexp(k 'Tun) C.)

X [ — 0P| 0,5 1Ol ()

8302

(73)

(74)

(75)

(76)

(77)

(78)

From condition [9), we have that Q. is a contraction in L*(0, T; H*(Q2)). Thus, there exists a function u.
which is a solution of Problem (#7). If w*# = 0 then we get the following equality Qe g(w*f) = ¥, j 16,p(x).

It follows from (78) that

P om0y < Qe p(uP) = Qe (W)l (0,710 + I1Qe p (W )| 0, 71852

< L||f||L2k‘1T((e + ﬁexp(k‘lT‘ul))_1 + Zﬁ(e + ﬂexp(k_le))_zCs)

1
X [P | 0,m510: ) 1Ol (0) + E”QHHS(Q)-

(79)
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Hence, we deduce that the regularity of the mild solution u*# is as follows

1|0, 7152

< 1101l
< - _
1= Lilfllk='T ((6 +Bexp(k1Tp1))  +2B(e + Bexp(k'Tyn)) cs) 161160
1
A3 a=p 16ll:) Where assumption [@9) is used to evaluate the denominator. (80)

Let0 <t <t <T. Itis easy to see that
uP(x, ')y — uP(x, t)
Azt Azt
exp (—rk%, I 8(1weh)») dr) —exp (—ka@, [ B (10 dr)

_ 0ip(x). (81)
Zj: e+ poxp (it | BUwH) ) "

Therefore, using Parseval’s equality and using |e™ — ™| < C,|m — n|”, for any y > 0, C, is a constant
depending on y, we obtain at

iIS(Q)
exp (-t ) B(1wD0)dr) - exp (e ) B (1)) dr)]z

lue(, ) = uck(, t
e+ pexp (-t ) BUH) )

=X
i
2y

Sy ool N N1 ; ’
<< : A3 (1+kA]-) (ft B(l(u')(r))dr) 0

2
0]

Cz/ + 2)/

< 621227’ ( ft B (1)) dr) 161 - (82)
From Remark 2.2lwe have

8 (1)) | = |8 (105)1)) - BAOY| < LIz luP . Mz

< CLI flli2o 1P lleo, 1502 - (83)
Hence, we get immediately that
,
f B(1uP)(r) dr < CLIIfllz(t = )Pl () (84)
t

Combining (82) and (84), we deduce that u¢# € C7([0, T]; H*(Q2)). O

5. Numerical tests

In this section, we present some examples to compare the evaluations between the theoretical and
numerical estimates. For convenience in calculations, we begin with a domain Q = (0,L) = (0, t) and T = 1.
In addition, we consider the Dirichlet boundary conditions

u(0,1) = u(r, ) = (0, ) = v(r, £) = 0, t € (0,1). (85)
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Then, we have the eigenvalues of the problem

. \2
jTT ; .
w=(T) =7 g2

and the corresponding eigenfunctions are given by
TTX
Pjx) = sin(]T) =sin(jx), j>1.
First, we define the inner product in the L%(0, 1) space between two functions f and g as follows

S, Dz = fo f(@g(r)d

and the norm respectively

fllc20,7) = W= (j: IfI? dx)m.

Second, by applying the middle Riemann sum method, we can approximate an integral as follows. Let f(x)
be defined on the closed interval [4, b] and let P = {x1, xy, ..., Xu41} be a partition of [, b], with

A=x1 <Xy <...<Xy <Xp41 =D.

Let Ax; denote the length of the ith subinterval [x;, xi11] and let ¢; denote any value in the it subinterval.
The sum

n

Y fe)Ax;

i=1
is a Riemann sum of f(x) on [a, b]. Then

b-a

i) When the n subintervals have equal length, Ax; = Ax =
ii) The " term of the partition is x; = a + (i — 1)Ax. (This makes Xp+1 = b))

Xi + Xiy1 )Ax

iii) The Midpoint Rule summation is: Z f ( >
i=1

Approximating f at the midpoint of intervals gives f(a + Ax/2) for the first interval, for the next one
f(a+3Ax/2), and so on until f(b — Ax/2). Summing up gives

Amid =Ax[f(a+%)+f(a+?’;ﬁ)+---+f(b—%)].

The error of this formula will be

f f(x)dx m1d ( — a)3

C 24m2
where M, is the maximum value of the absolute value of f”’(x) on the interval. This error is half of that of
the Trapezoid rule and as such the Midpoint rule is the most accurate approach to the Riemann sum.
Next, the time and spatial domains are partitioned as follows

(- i-1
i = RS
YTTN, ITN,

,fori=1, .. ,Ny+landj=1, ..,N;+1,
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where two given integer numbers are N,, N; > 0. By applying the finite difference method with the
following partitions of temporal and spatial variables, for x € [0, 7] and t € [0, 1], we consider the following
partitions D, X Dy

1 2 i—1 .
Dy = {x1 =0, xp, = ﬁxl X3 = ﬁx’ v, X = N, v XN, =1, fori=1,2, ...,Nx+1},
Dymdtc0 et e =l 1 fori=12, . N +1
t = 1 - IZ_Nt/ 3_Nt/°"/]_ Nt/'"/NHl_ 7 ]_ 7y ey t .

In test examples, the illustration is supported by the Python software (version 3.10) run on Win-
dows 10-64bit, 16GB RAM, GPU NVIDIA 3050Ti, i7-11370H. Here, CPU times (seconds) are estimated
by the Python Calculate Runtime in the library import time by the command code start = time.time(),
end = time.time().

Test 1. We focus on the estimate in Remark[2.2]

In this test, we compare the estimate between theory and numerical estimates of the operation 8 which
is a non-local term in Remark In this example, we choose the functions

B(z1,22) = sin(zq) + sin(zy) + 3 (86)

and we choose the following test functions

{M%n:a+1mm6m (87)

v(x, t) = (t + 2) sin(4x).

Then, we obtain yy = 1and u; = 5.

Truncated series N = 20, N, = 100, N; = 100

Lt =t+e
{ } € Theory errors Calculation errors ~ CPU times(s) by Python
{0.1,0.11} 0.01  0.15216252426680665 0.15542878878449115 8.624
{0.1,0.101} ~ 0.001  0.11875858857869495 0.09103388168847913 7.314
{0.1,0.1001}  0.0001 0.06634852287631532 0.06713696707319854 8.160
{0.5,0.51} 0.01  0.10253211218646219  0.10988490556048607 5.332
{0.5,0.501}  0.001 0.08177708379028531 0.02701317361533908 4.670
{0.5,0.5001}  0.0001 0.03926458697054691  0.04495235041540915 6.299
{0.7,0.71) 0.01  0.09119491386297059  0.08903635480883027 7.305
{0.7,0.701}  0.001  0.08232492332941625 0.07585845147500128 5.442
{0.7,0.7001}  0.0001 0.04568552758279035 0.04164531720712175 7.500

Table 1: The error estimate at t € {0.1,0.5,0.7} and t’ + ¢, respectively

Test 2. In this test, we compare the estimate between theory and numerical estimation of ||Q,¢s(uF) —
Qo 5(0°P)||= (0,152 Which is given by In this example, we choose

7

Q=

€= %, B =
0(x) = gsin(?)x), (88)
P(x) = 2 sin(4x).
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Truncated series N, = 20, N, = 100, N; = 100

Lt =t+e
{ } € Theory errors Calculation errors ~ CPU times(s) by Python
{0.1,0.11} 0.01  0.12447115325905414  0.11455702385634205 08.593
{0.1,0.101} ~ 0.001  0.07696337246573869  0.07315372279363776 15.348
{0.1,0.1001}  0.0001  0.03472844795540667 0.04378750215898009 12.793
{0.5,0.51} 0.01  0.09859619072167503  0.09999250647428548 10.044
{0.5,0.501}  0.001  0.07904475978421273  0.07463925359386366 09.512
{0.5,0.5001}  0.0001 0.03978042763065304 0.04069826837800516 14.365
{0.7,0.71} 0.01  0.08023423716025158 0.07703612966733741 11.978
{0.7,0.701}  0.001  0.05483434132912536  0.03921421759010715 19.356
{0.7,0.7001}  0.0001 0.02857589727522703  0.02857589727527073 15.177

Table 2: The error estimate at t € {0.1,0.5,0.7} and t’ + ¢, respectively

The results obtained from Tables [T] and 2| show that the errors are tolerable. In other words, when the

values os the time are close together, we have the smaller error between the solutions.
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